ON 3-NONDEGENERATE CR MANIFOLDS IN DIMENSION 7 (I):
THE TRANSITIVE CASE

BORIS KRUGLIKOV, ANDREA SANTI

ABSTRACT. We investigate 3-nondegenerate CR structures in the lowest possible dimension
7, and one of our goals is to prove Beloshapka’s conjecture on the symmetry dimension
bound for hypersurfaces in C*. We claim that 8 is the maximal symmetry dimension of 3-
nondegenerate CR structures in dimension 7, which is achieved on the homogeneous model.
This part (I) is devoted to the homogeneous case: we prove that the model is locally the only
homogeneous 3-nondegenerate CR structure in dimension 7.
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1. INTRODUCTION

An almost CR-structure on a connected manifold M is a subbundle D C T M of the
tangent bundle, called the CR-distribution, endowed with a field of complex structures J €
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I'(End(D)). The complexified CR-distribution splits as the direct sum D ® C = D19 & Doy of
its holomorphic and antiholomorphic parts, where

’DlO:{X—iJX‘XG’D}, D01:{X+iJX‘X€D}.

The almost CR-structure (M, D, J) is called integrable, or a CR-structure, if the distribution
Do (or equivalently the distribution Dy, = D—l()) is involutive. In this paper we consider only
CR-hypersurfaces, i.e., integrable CR manifolds of CR-codimension equal to 1, and denote by
n = (dim M — 1) = rankc (D) the CR-dimension.

We are interested in the infinitesimal symmetry algebra g of the CR structure (M, D, J).
We will work in the analytic category, so all objects are real-analytic, and g can consist of
infinitesimal analytic transformations on the entire M or defined on a fixed domain 4 C M,
but it can also be the space of germs around a fixed point € M of the infinitesimal analytic
automorphisms of this structure. In what follows we can adapt any of these notions, and we
interchangeably use either the notation g = inf(M, D, J) or g = inf(M, D, J;x), if we wish
to emphasize locality around = € M. We also remark that (M, D, J) can be assumed regular,
i.e., the rank of all involved bundles are constant. In fact, they are constant on an open dense
subset of M due to upper-semicontinuity, and we may restrict to it by analyticity. For locally
homogeneous CR manifolds, our results automatically hold in the smooth situation, see §2.11

The Levi form of a CR-hypersurface is the tensor .Z : Dig ® Dg1 — Vj(\:/tv where Vi(\:/t =
(TM/D) ® C is the complexified normal bundle, given by the formula

L(Z,7")=i|Z,Z') mod D®C.

In the case the Levi form is nondegenerate, and identifying locally vaq = TM /D with R, this
is a Hermitian form on the CR-distribution defined up to a real scalar multiple at each point.

As shown in classical works [3] [5 28], 29], the dimension of the symmetry algebra of a Levi-
nondegenerate connected CR-hypersurface M of CR-dimension n does not exceed n?+4n+3.
If dim inf(M, D, J) attains this bound then M is spherical, i.e., locally CR~equivalent to an
open subset of the hyperquadric, which can be written as the tube

Q?;‘)H = {z: (20, -+, 2n) € C"T 1 2 = Me(2) satisfies 2 :x%—i----—l—x?,—xgﬂ—---—xi},

for some 0 < p < n/2.

In the absence of Levi-nondegeneracy, finding the maximal dimension of the symmetry alge-
bra is much harder. It is known [I}, §12.5] that g = inf(M, D, J) is finite-dimensional provided
that M is holomorphically nondegenerate. Moreover, this is equivalent to k-nondegeneracy
for some 1 < k < n, cf. [I, §11.1-11.3]. (The case k = 1 corresponds to Levi-nondegeneracy.)
We will recall this notion in §2.Tlin relation to the Freeman filtration [9], but presently notice
that a Levi-degenerate (M, D, J) has a Cauchy characteristic distribution Ch(D) C D that
is independent of 7, and that the 2- and higher nondegeneracy conditions measure a failure
of straightening of the distribution Ch(D);o and its subfiltrands. From 3-nondegeneracy on,
the Freeman sequence relies on the complex structure 7.

Regarding the maximal symmetry dimension in CR geometry, the following conjecture is a
variant of Beloshapka’s conjecture, cf. [2], p. 38].

Conjecture 1. For any real-analytic and connected holomorphically nondegenerate CR-hyper-
surface (M, D, J) of CR-dimension n one has dimg < n? + 4n + 3, with the mazximal value
n? + 4n + 3 attained only if on a dense open set M is spherical.

For n = 1 the above conjecture is true since a 3-dimensional holomorphically nondegenerate
CR-hypersurface always has points of Levi-nondegeneracy. For n = 2 the conjecture was
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established in [12] 20], where the proof relied on the reduction of 5-dimensional uniformly 2-
nondegenerate CR-structures to absolute parallelisms. See also [0, 21]. The most symmetric
CR manifold in such class is the tube over the future light cone

Co = {z = (20,21, 22) € C? : & = Re(z) satisfies 23 = 2% + 23, 29 > O}. (1.1)

Further results in this direction for n = 1 (sphericity of M near z if diminf(M, D, J;x) > 5)
and n = 2 (sphericity of M near z if diminf(M, D, J;x) > 11) are contained in [I3] and [11]
respectively. (For related results in the case n > 2 see [14].)

Our goal is to prove Beloshapka’s conjecture for n = 3. In fact, this was recently done by
V. Beloshapka himself [2], using the homological technique of Poincaré, but our approach is
quite different and it leads to finer results. In particular, we completely answer the questions
on homogeneous 3-nondegenerate CR manifolds in dimension 7 posed by V. Beloshapka to
the second author, during Vitushkin’s seminar at Moscow State University in April 2021.

The proof in [2] goes as follows. If there exists a point z € M of Levi-nondegeneracy on M,
then diminf(M, D, J;z) < 24. If M is uniformly Levi-degenerate but 2-nondegenerate then
diminf(M, D, J;x) < 17 and, finally, if M is 3-nondegenerate then dim inf(M, D, J;x) < 20.

In fact, for 2-nondegenerate (M, D, J) satisfying a constancy assumption on CR-symbols
the situation can be improved due to the results of [23] 27]: a combination of those implies
diminf(M, D, J;x) < 16 and this bound is sharp. This includes the classification of CR-~
symbols, indeed there are more 2-nondegenerate models than those in dimension 5, i.e., (LI).

We are going to significantly improve the dimension bound for the 3-nondegenerate CR
structures in dimension 7 from [2]. Namely, the first of our main results is:

Theorem 2. A 3-nondegenerate 7-dimensional CR real-analytic hypersurface has symmetry
dimension dim g < 8 and this bound is sharp.

Our proof uses various techniques from differential geometry, Lie theory, different notions
of Tanaka prolongations, etc. In particular we treat in a completely different manner the cases
where the symmetry algebra g acts locally transitively on M (there exists an open orbit) and
intransitively (there exist local invariants for the action). Due to this reason, we split the
presentation of our results in two separate works, cf. [I5]. This part (I) is dedicated to the
locally transitive case. By this we mean that M has an open subset i, where the structure
is locally homogeneous — since restriction to an open subset does not reduce the symmetry
dimension, we lose no generality in assuming M itself to be locally homogeneous.

In [25] several results about homogeneous models for CR manifolds were obtained, in par-
ticular, this concerned 3-nondegenerate CR structures in dimension 7. We will show that the
abstract model derived in loc.cit. is also a tube, namely, it can be realized as follows

RT = {z = (20,21, 22, 23) € C* : = Me(z) satisfies
xo = rPu — 3rist, xy = rPsu+ (13- 2rs?)t, xo = rsPu — (55— 2r%s)t,  (1.2)

r3 = s°u + 3rs’t, for real 7, s,t,u s.t. (r,s) # (0,0), t # O}

Note that R7 is not a parametrization, since all fixed u # 0 yield the same subset in RZ,
but we need its entire image including v = 0. A more convenient local parametrization is
given by xg = r®, 11 = r?(s +t), 29 = rs(s +2t), z3 = s*(s + 3t), with r,t # 0, but for
a global description we would then need to add another chart; one can prove that this CR
manifold coincides with the example from the end of [7 §5.1]. The symmetry algebra of the
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CR hypersurface R” is generated by the symmetry algebra of the underlying hypersurface in
R% and the translations along the subspace R‘;, namely it is gly(R) x R*, where R* = S3R2.

We can compute the automorphism group as well. Moreover, we will develop further the
technique from [25] and exploit Lie theory to arrive at our second main result, the classification
of 3-nondegenerate locally homogeneous CR manifolds in dimension 7:

Theorem 3. There exists a unique locally homogeneous 3-nondegenerate CR structure in
dimension 7, and it is locally isomorphic to the model R”. Furthermore:

(1) This model is globally homogenous, i.e., the automorphism group G acts transitively,
and G = GLy(R) x S3R?;

(2) Every connected globally homogenous 3-nondegenerate CR manifold in dimension 7
with automorphism group of mazximal dimension is isomorphic to a finite or countable
covering of R7. The automorphism group is the universal cover

G = GLy(R) x S°R?
of G or a quotient by a subgroup mZ of the discrete normal subgroup Z = w1 (G) of G.

We note that G is not connected (but it is Zariski connected, and a posteriori we see that
symmetries are algebraic) while R” is connected, and the action of G on R7 is effective. The
classification of globally homogeneous 3-nondegenerate CR manifolds in dimension 7 is then
finished in [15], see part (1) of Theorem 3 therein.

There is a growing interest in uniformly Levi-degenerate CR structures, in particular, many
recent papers marked progress for 2-nondegenerate ones [10] 23, 27]. In [17] a question was
raised on classifying Levi-degenerate locally homogeneous CR structures in dimension 7, as the
next step after the celebrated article [7]. Theorem [3lfinishes this classification problem in the
3-nondegenerate case. In the 2-nondegenerate case, there are nine locally homogeneous models
(w.r.t. the so-called abstract reduced modified symbols), see [26], but there are uncountably
many locally homogeneous CR structures and so far the classification is incomplete.

Structure of the paper. In §2 we recall the notions of the Freeman sequence, CR algebra and
universal CR algebra, and establish some relations of the Freeman filtration with an another
natural filtration on the Lie algebra of infinitesimal CR symmetries. The following §3] deals
with the interplay of the filtrations introduced in §2] and the associated graded Lie algebras.
It is the most general and technical part of the paper, and its results might be of independent
interest. It finishes with a subsection on k-nondegenerate homogeneous models in the sense
of [25]. In 0l we specialize to the 7-dimensional case and, with a careful analysis of all
the possibilities for the CR algebra, establish the main results, via Theorem and global
topological considerations. Then in §6 we further describe the maximal symmetric model R7,
provide a characterization of it in terms of the rational normal curve of degree 3, and relate
it to the geometry of 4th order scalar ODEs. We also consider some generalizations.

Notations. For a real vector space V we set Vi = {v € V |v # 0} and frequently V =V & C;
for a bundle K on M, we denote the space of its sections by L. We decompose any section X
of D = D®C into the sum X = X10+ Xo1 of its holomorphic X9 € D, and antiholomorphic
Xo1 € Dy; components. In §4, we will make contact with the notation in [25] and the symbols
M, N, L, etc., will denote basis elements of Lie algebras as in loc.cit.

Acknowledgments. The research leading to these results has received funding from the Nor-
wegian Financial Mechanism 2014-2021 (project registration number 2019/34/H/ST1/00636)
and the Tromsg Research Foundation (project “Pure Mathematics in Norway”). The second
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2. FREEMAN FILTRATION AND UNIVERSAL CR ALGEBRAS

2.1. The filtration of Freeman. Let (M, D,J) be a 2n + 1-dimensional CR manifold of
hypersurface type. The associated Freeman sequence [9] is the decreasing filtration of sheaves
of complex vector fields F ' > FO > Fl o ... o Fr~t 5 FP 5 FPtL 5 ... iteratively
defined by F ! = ﬁ and

FP=Fl @ FhL ., where Fp =F7%, and
Fry = {X € F{5 | [X, Dyl = 0 mod Ef;' @Dy | -

Each term FP of the sequence is a C*°(M)-module and, for p > 0, also a Lie subalgebra of

the Lie algebra TM. Clearly F ~! consists of the complexified sections of D whereas F by for
p > 0 coincides with the left kernel of the higher order Levi form

L1 lejo_l ®coomy Doy — (£1170_2 ©® 201)/(£€51 ® D)
(X,Y) — [X,Y] mod F¥' @Dy, .

(2.1)

For this definition to work in the case p = 0, we have to understand F 1 2 @® D, just as TM.
We note that (2.1)) is a tensorial map.

Remark 4.

(1) Sometimes it is convenient to extend the domain of definition of (2.1]) allowing for two
antiholomorphic entries, that is, to the space of sections (£ T o 201) ®coe (M) Do
This is the trivial extension, so the resulting map will be denoted by the same symbol.

(2) It is an easy induction to see that [zlfgl ®Do, ENlC £If81 @Dy, forall p>0, so
we have in fact a map Zp41 ¢ (55! @ Do1) Qce(amy (Ron/E ) — E5 2/ ER

From now on, we shall assume that (M, D, J) is regular, i.e., the vector fields in F ¥ are the
sections of an associated distribution F};,, and consider the subbundles FP = Re(Fi, & Fp;)
of D with complexifications FP = Fry @ Fb,. We will also work in the real-analytic category.

The focus of this first part (I) is on homogeneous CR manifolds and our results automati-
cally holds in the smooth situation as well, due to the following well-known facts: If M is a
smooth CR manifold that is locally homogeneous under a finite-dimensional Lie algebra g of
smooth infinitesimal CR automorphisms, then it is regular and there is a real-analytic atlas
on M such that all vector fields in g become real-analytic.

Definition 5. [I, 0] The CR manifold (M, D, ) is k-nondegenerate at x € M if FP|, # 0
for all -1 < p <k —2and F*71|, =0.

2.2. Locally homogeneous CR manifolds and CR algebras. Let (M,D,J) be a CR
manifold of hypersurface type, or a germ of it at a fixed point x € M, which is locally homoge-
neous k-nondegenerate, and g the associated Lie algebra of infinitesimal CR automorphisms.
Transitivity of the action amounts to T, M = {ev,(§) | £ € g}, where ev, : g — T, M is the
evaluation map at x € M. (Sometimes we will use the simpler notation ¢|, instead of ev(&).)
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We set
q= {5 €gleva(§) € Dlo}
and note that

(i) g is a real Lie algebra;
(i) q is a complex subalgebra of g, thanks to the integrability condition of CR manifolds;
(iii) the quotient g/stab is finite-dimensional, where

stab = g.Nq = Re(q N7) = {€ € gl eva(§) = 0}
is the stabilizer subalgebra at .

The pair (g, q) is called an abstract CR algebra, in the terminology of [19].

Conversely any abstract CR algebra determines a unique germ of a locally homogeneous
CR manifold (M, D, J;x) with T, M = g/stab and Dol = q/(q N q), see [8, [19] for more
details. The Freeman bundles are locally homogeneous bundles with fiber F1|, = g7 /(qN7),
where 7! =q2q° DD gP ' D¢? D gP™! O - D gN7qis the nested sequence of complex
subalgebras of q iteratively defined by (see []]):

= {6 €F | eva(&) € 7y}
—{eeq [ gaca+a}.
Remark 6.
(1) Parallel to the fact that FP? is a Lie subalgebra of TM for all p > 0, we have that
Re(qP +q°) = {5 €glevy(§) € ]:p} is a Lie subalgebra of g for all p > 0.
(2) We stress that the filtration {g”} is not respected by the Lie brackets in general. For
instance [q', q'] is not included in g2 for the CR algebra (g, q) of Example [0 later on.

One has k-nondegeneracy when q°=2 # qN g and ¢°*~! = qN 7, as it can be readily seen
from the following simple but useful lemma.

Lemma 7. If€ € g~ + and 5 € 3, then Ly (€l nle) = —[€, 1l mod (FLy ' & Dog)l.

Proof. Let X € £If81 and Y, Z € D, such that X|,; = (£]2)10, Y]z = (€]2)o1, Z|z = 1|z, and
compute [§—X —Y,n—Z] = [§,n] = [§, Z] - [X +Y, 9] +[X +Y, Z]. Now [{-X—Y,n—Z][, =0
since both vector fields vanish at x, while [{,Z] € Dy; and [X +Y,7n] € £1170_1 @ D, since

and 7 are CR symmetries. d

2.3. A filtration on the Lie algebra of infinitesimal CR automorphisms. Following
[25], we now introduce a novel filtration on g, cf. also [I§]. It is given by
o gilogiogMl o ogl o oglo gl ogP o gD
with .
g ={{eglevs({) €D}
g =g+ o7 g7 (2:2)
g={¢ed " &a g}
for all ¢ < —2, p > 0. We emphasize that ([Z.2]) does not coincide with the traditional filtration
on g introduced by Weisfeiler and independently by Morimoto and Tanaka to study transitive

Lie algebras of vector fields [31, 22, 28]. In general, their terms of non-negative degree do
not coincide with ours, since g° = stab for them, while g° = {¢ € g7! | [¢,g7!] C g~} for us,
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which is generally bigger. An analogous filtration --- D g?~! D gP D g’T! O - .- is introduced
on g, and each term gP coincides in fact with the complexification of g?. In particular, it is
stable under conjugation.

We note that these filtrations do not use the complex structure J anywhere but only D,
and refer to them as contact filtrations of the CR algebra.

Proposition 8. The filtration 2.2) satisfies the following basic properties
(i) [g”, 9% C g"" for all p,q € Z,
(i) g={¢eg’ &g Cco? '} ={¢ecg ! &g C o'} forallp >0,
(i) 97> =g,
(iv) stab C g°,
and analogous ones hold for the complexified filtration on g. Moreover
(v) ¥ =7 +q° for p=—1,0,
(vi) g C q? + G for allp > 1.

Proof. Properties (i)-(ii) follow by a straightforward induction, which we omit. Now, by k-
nondegeneracy, the Levi form % is not identically zero and, by transitivity and Lemma [7]
there exist ¢ € q, n € § such that [¢,1] ¢ §~!. Since (M, D, J;z) is of hypersurface type,
g2 =17, and (iii) holds. Let ¢ € stab. For any n € g~! and X € D with X|, = 7|, we have
[€,n]]2 = [¢, X]|z, which is in D|, since ¢ is a CR symmetry. Therefore stab C g°.

Transitivity gives (v) for p = —1. We prove that gP C ¢” + @ for all p > —1 by induction.
Let £ € g7, p > 0, and first note that g7 C g?~' € ¢?~' +§*~! C ¢?~! 4 q by the induction
hypothesis; in particular €, = (€[z)10 + (€|)o1 € F&y ' @ F&7'. Lemma [ then says that
[€;m]]z mod (-7:{)0_1 ® Do)z = —ZLp+1(&lznls) for all n € 7, but [§, 7] € gl cgr! +ﬁ”_1
since £ € gP, 0 Zp11(€le,n]z) = 0. By transitivity, this is equivalent to (£|;)10 € F. One
similarly establishes that (§|;)o1 € Fp;. Let now & € g and £” € g such that &'|, = (£]2)10
and £"|, = (€|z)o1- Then & — (£ +&”) is an element of the complexified stabilizer subalgebra
stab = qNg=g” NgP and the inclusion g C g? + q* is settled.

To finish the proof of (v)-(vi), it remains to show that q° 4+q° € g°. Let ¢ € " andn € g1,
which we may write as n = 1/ +7" for some 7' € q and i’ € §. Then [£, ]|, mod D|, = [¢,7"]2
mod Dl = —ZL(|s,n"|2) = 0, since q is a subalgebra and where we used Lemmal[fl with p = 0.
Since ¢ C g1, this readily says that q° C g°, and by conjugation q° + g° c g°. O
Remark 9.

(1) Property (v) of Proposition 8 does not hold for p > 1 in general. In fact, if g* = q”+g?,

then g? includes the stabilizer subalgebra, fzcﬁa, which is typically not the case for p > 1.
(2) Property (vi) of Proposition [§ implies that
o + stab C q° + ¢ (2.3)
for all p > 1. Requiring the opposite inclusion is equivalent to ask that the evaluation
map ev, : g¢ — FP|, is surjective, and it seems unlikely that this can always be true.
A counterexample in dimension 9 can be found in Example
As a consequence of our classification result in §3-§4] the property gP+stab = P +q”

holds for the full infinitesimal symmetry algebra of all homolorphically nondegenerate
locally homogeneous CR manifolds of hypersurface type up to dimension 7.

Example 10. We consider the homogeneous CR manifold M*¢ :=T'(a) +iV as in [T §5] for
k =4, ¢ = 1. It is the tube over the 4-dimensional group orbit I'(a) C V, where V = S*R?
with the action induced by that of I' = GL3 (R) on R? = (u1,us), and a = uj + uju3 + udui.
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The CR manifold M*! is 9-dimensional, 4-nondegenerate, and homogeneous for the action

of the complex affine group G = I' x V. The action is almost effective and simply transitive.

We consider z = (a,0) € M*! as base point and let (g, q) be the associated CR algebra.
Abstractly g = gly(R) x S*R2, and q is the subalgebra of g = gly(C) x S*C? generated by

10 .
A= (O O) —z(ugul +2u%u%) ,

0 1 .
B = <0 0> — i(4uduy + 3udul + 2u9u?) |

0 0 .
C= <1 0> —z(ug‘+2u§’u1) ,

0 0 .
D= (O 1) — z(4u§1 + 3uduy + Zu%u%) .

It is isomorphic to gly(C). We note q+7q = gly(C) x (uj, udu1, udu?, ugu) and g/(q+q) = (uj),
in particular stab = q N g = 0, coherent with the fact that the stabilizer of z in G is

10 1 0
2o x 2 = { (o 1>’i<1 —1>}’
hence discrete.

The terms of the Freeman sequence are given by
' =924"=(A,CD)Dq' =(A-D,C) D¢ =(A-D+C) D¢’ =0,

thus decreasing by one dimension at each step, as expected. We then see that
_ 1 0 0 0
q1+q1:<<1 _1>7<1 0>,’LL%,’LL§U1> )
_ 1 0
9’ +3° = <<1 _1> ud)

A_ . _ 1 0\ (0 0) (0 0 -
Now g 1=q+q,g°=q°+q°=<<0 0>,<1 0>,<0 1>,U%,U§U1,U§U?> and §° = 0

due to Proposition 8] however a direction computation shows that

- 0 0
o= <<1 0> b )
0% = (u3) ,

and (23] is a proper inclusion for p = 1,2.

Remark 11. We recall that a filtered deformation of a graded Lie algebra is a variation of its
structure constants inducing a trivial change at the graded level, see [4]. Such a deformation
g is called trivial if we have an isomorphism of filtered Lie algebras g 2 gr(g).

We will introduce in §82sufficient conditions for the surjectivity of the map ev, : g¥ — FP|,
in terms of certain kinds of trivial filtered deformations. This result will be crucial for our
main classification in dimension 7 and, before establishing it, we need to recall the notion of
universal CR algebra as introduced in [25].
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2.4. Universal CR algebra. Let ¢ = @p2—2 ¢, be the infinite-dimensional contact algebra,
i.e, the maximal transitive prolongation, in the sense of Tanaka, of the Heisenberg Lie algebra
c_ =c o®c_1] 2R®R™ in dimension n [22]. There are natural identifications

¢ = Sp+2(t_1) @SP(c)®---

where £, = SP2(c_;) is the subspace of ¢, consisting of the elements acting trivially on c¢_s. In
particular, the zero-degree part is isomorphic to the linear conformal Lie algebra ¢g = ¢y PRE,
with &) = sp(c_1) and F the grading element. Analogous observations are true for ¢ = ¢ @ C.
Fix a complex structure J on c¢_; such that J € €. Clearly c_; decomposes into the direct
sum ¢ g = ¢_1(10) & ¢_1(o1) of its holomorphic and antihomolorphic parts and the action of J
extends to each symmetric power of ¢_; via the adjoint action.
For any fixed p > —2, we denote the ad(J)-eigenspace of eigenvalue i in S¥(¢_;) C ¢, by

k kit k=t
oy =S 2 (c110) ® S 2 (c—101))

so that we decompose

&= G i= D G
tp = @ (po and = “p.0) -
k=p+2,p,p—2,... p=-2,-10,...

| =k, k—2,k—4,... k=p+2,p,p—2,...
| =k, k—2,k—4,...

The lower indices (p,¢) in c'(fp 0 define a Z-bigrading of the contact algebra ¢ that is compatible

with the Lie algebra structure. The upper index k indicates the symmetric power S¥(¢_1) C ).
More is true, however, as it follows directly from the explicit expressions of the Lie brackets

of ¢ as obtained in [25, Prop. 3.2]:

Proposition 12. The inclusion [c'(f;l’zl), Cl(?ﬂz)] C Clz;;f;z,eﬁeg) ® Clz;:—f;;gzﬁgg) holds for all

indices for which the expression makes sense. (The first component on the r.h.s. is absent if

k1 = p1 + 2, ko = pa + 2, while the second one is absent if k1 + ko < 1.)

The first component of the bracket is proportional to the full symmetrization operation
Ski(c_)@8k2(c_1) — Sk+F2(¢_1) but the coefficient of proportionality can sometimes vanish
(cf. the coefficients “5” in equation (3.5) and “a(p,i;¢,7)” in equation (3.6) of [25]). On the
other hand, the second component is always a non-zero multiple of the full symmetrization of
the partial contraction S*1(¢_1) ® S*2(¢_1) — Sk1=1(c 1) @ Sk2=1(c_y) — Skitha=2(T 1) (cf.
“1” in equation (3.5) and “B(i;4)” in equation (3.6) of [25]). We refer the reader to the original
source for more details and only remark here that ¢ = €@ 3 decomposes into the direct sum of
two graded subalgebras ¢ = @, _, ¢, and 3 = @, _; 3p, where 3, = SP(c_1)®SP 2 (c_1)D- --
is the unique £y-submodule that is complementary to £, inside c,.

Definition 13. [25] §3] The universal CR algebra is the pair (c,u), where u = ®p2—1 u, is
the Z-graded subspace of ¢ with graded component
_ pt2 p+2 k
U = Cppt2) Q% C(,0) S, “(p.0)

lel=p,p—2,p—4,... k=pp—2,...
el =k, k—2,k—4,...
given by the direct sum of all ad(J)-eigenspaces in ¢, except the eigenspace of minimal eigen-

value —i(p 4 2), namely, c’(’;fp_z) & SPH2(c_y(o1))-
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The name “universal CR algebra” stems from the fact that u is a complex subalgebra of ¢.
Moreover a pointwise invariant of k-nondegenerate CR manifolds of hypersurface type that
has been first introduced in [25] under the name of “core” (a generalization of the usual CR-~

symbol of Levi-nondegenerate CR manifolds) always has a natural injection into u [25] §3.1].
p+2

. K " pp—2)
However, as Example [I0] demonstrates, the image of + does not necessarily land in the graded
Lie algebra gr(g) associated to the contact filtration, making it less useful for our purposes.
A more transparent version of this result is then given in Proposition [IH] later on.

We note that 1, is the sum of all ad(J)-eigenspaces in ¢, except that CI();;?H) = SPF2(c_y (1))

of maximal eigenvalue, and that the intersection uNu can be regarded as the formal analogue
of the usual complexified stabilizer subalgebra of a finite-dimensional CR. algebra.

In our locally homogeneous context, this reads as the injection 2 : gP/gP™1 — ¢

3. INFINITESIMAL CR AUTOMORPHISMS OF LEVI DEGENERATE CR HYPERSURFACES

3.1. From filtrations to gradings. Let (M, D, J) be a CR manifold of hypersurface type,
or a germ of it at a fixed point x € M, which is locally homogeneous and k-nondegenerate,
and let g be the associated Lie algebra of infinitesimal CR automorphisms, endowed with the

compatible filtration (2:2]). We let
g@=EPg, on=0/",
p=—2

be the associated graded Lie algebra. The analogous construction clearly holds for g = g® C.
By Lemma [ and (zii) and (v) of Proposition B, we have:
Lemma 14. The negatively-graded part g— = g_o®g_1 = (I, M/D|;) & (D|+/F°|z) of gr(g)
is isomorphic to the Heisenberg algebra c_. If v € g,, p > 0, satisfies [v,g—1] = 0 then v = 0.

It follows that gr(g) is a graded subalgebra of the contact algebra c¢. Moreover J|, induces
a complex structure J on c¢_; that satisfies [Jv, Jw] = [v,w] for all v,w € ¢_7; this complex
structure can be used to construct the universal CR algebra (¢,u) as in §2.41

The Lie algebra gr(g) has complexified graded components

~ ~ p+2
O C & =D po)

for all p > —2. Our aim is to constrain it.
Proposition 15. Let & € gP for some p > —1, with the equivalence class v = [£] € 8p. Then
£cqg?+79°” and

(i) € € q? +qPT if and only if v € wy;

(i1) &€ € Pt + Pt if and only if v € w, N1,
Proof. We recall that g¥ C g+ always due to (23] and set to prove claim (i) by induction.
Case p = —1. First of all ¢ € 7! = q+7, so we may write £ = & +¢” with ¢’ € qand ¢” € 7.
Let then n € q with equivalence class w = ] € u_; = C%—1,1) and decompose v = v’ + v”
according to g_1 =u_1 ®uU_1 = c%_l’l) $5) C%—L—l)' By construction

[6//777] mod ﬁ_l = [5777] mod ﬁ_l = [an] = [’UH,U)] ’

which vanishes for all 7 if and only if £” € §° or, equivalently, v = 0. The latter condition
just means that v € u_y.

Case p > 0. Let n and w be as above and note that € = [£,7] € gP~!. We decompose € = ¢/ +¢”
according to g7~ € ¢! + g~ and let u = [€] be the class of € in g,—1.
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If v € uy, then u = [v,w] € [up,u_1] C u,_; trivially projects to cf;_ll’_p_l) and e € P71+

by the induction hypothesis. We write £ = &' + ¢’ with & € g? and £” € §P by Proposition [§
so that [¢”,1] mod q+GP = ¢ mod q +§° = 0 and ¢” € gL, This proves one direction.

Conversely, assume & = & + & with & € ¢P and ¢” € P+, If i, € q with equivalence class
wg = [mk] € 9-1, for k=1,....p+ 2, then

[ [[57771]7772]7--- 777p+2] €q +a

so its equivalence class [... [[v,w;],wa], ..., wp+2] in g_o vanishes. Since all wy, € u_q = c%_l 1
and v = v + 0" with v € u, and v" € cfljrip_z), we finally see that

O - [ o [[U7w1]7w2]7 T 7wp+2] = [ te [[U”,wl],'IUQ], Tt 7wp+2]
as element of g_o. By Proposition 2] each bracket [c’(“k_z’_k), C%—Ll)] - c'(flz_l?)’_kﬂ) is a non-

zero multiple of full symmetrization of contraction, showing that v” = 0.

Claim (7) has been proved. Claim (i7) follows then from (7) and its conjugate statement. [J

Corollary 16. Let £ € q7\ q9!, ¢ > —1. Then & € gP for some mazimal possible p < q, that
is £ ¢ g1, and its equivalence class v = [€] € §p is non-trivial and satisfies:

{”eup\(upmﬁp) if p=gq,

vEU,NU, ifp<gq.

Proof. 1f ¢ were an element of g¢+!, then ¢ € g7+ + ™! thanks to (v)-(vi) of Proposition Bl
Since £ € q, this implies £ € q97!, which is a contradiction. The first claim has been proved.
The second claim follows then immediately from Proposition O

These last two results don’t make use of k-nondegeneracy. The next subsection deals with
the graded case and the stronger results therein rely on k-nondegeneracy.

3.2. Trivial filtered deformations. In this section, we assume that the filtered deformation
g of gr(g) is trivial, in other words, g = gr(g) as filtered algebra with filtrands g” = @,-,, 9,
We emphasize that while the embedding of ¢ in g and the contact filtration on g are canonical,
the identification g = gr(g) is not.

We fix one identification once and for all and decompose any element £ € gas& =) j>—2&5
with graded components &; € g;. The following notions and results also involve the complex
structure, i.e., they depend on the whole CR algebra (g, q). To introduce them, we recall that
the component n_; of any n = Zj>_1 nj € q\ q° is a non-zero element of u_1, thanks to
Corollary [I6] and the fact that u_; Nu_; = 0.

Definition 17. A trivial filtered deformation g is called:

(1) Semi-aligned (w.r.t. q) if there exist elements n;) € gNu, 1 < i < d = dim(u_y),
decomposed as

NGy = Z NG; > M6 €W (3.1)
j>-1

such that the set {ng) _1 : 1 <7 < d} is a basis of u_y;
(2) Aligned (w.r.t. q) if u_y C q.

We note that an aligned trivial filtered deformation is always semi-aligned, by simply taking
a basis of u_j.
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Example 18. The graded Lie algebras g considered in [25, Examples 4.4, 4.5] are aligned.
An example of a trivial filtered deformation which admits a graded Lie algebra structure that
is not semi-aligned is given by Example [I0l In this case, g =g_o@® - - @ g2 as a graded Lie

algebra with components
01
g-2 = (U@ y 8-1= <<0 0> 7U2U:1))> )

o3 0.0 %))
g1 = <<? 8) ,U§U1> ;g2 = (us)

and the element B = (8 é) — 2iugu} — 3iudu? — diudu; € g1 O go D g1 is in q\ q°, as is

its sum with any element from q”. However, it is not difficult to check that —3iuju? & ug
and that modifying B with elements from q° just results in adding terms from g to —3iu3u?.

This graded Lie algebra structure is therefore not semi-aligned.

For (semi-)aligned trivial filtered deformations, Corollary [I6] can be extended to the next
graded components.

Lemma 19. Assume g is a semi-aligned trivial filtered deformation and let & = Zj>_1 & em.
If £ € q then & € uj for all j > —1. -

Proof. By k-nondegeneracy, the dimension of g is finite, hence there exists A > —1 such that
gp=0forallp>h+1. We write { =37 oo, §j €qwith —1 <pu<v <h §#0,§ #0,
and assume, by contradiction, that &, ¢ u, for some minimal integer p < g < .

We decompose & = g+ &g+ &~q, where {, € u, and consider the iterated (q+ 2)-brackets
e=[..[[§&n],nl,-..,nl, where n denotes, at each step, any of the elements 1), ..., 7 as in
part (1) of Definition [I7 (repetitions are allowed). First of all e € q C g~!, as all 1’s are in q.
We then compute

["'[[§<q777]777]7---777]+[---H§q777]777]7---777]+[~'H§>q777]777]7---777]
["'quvrl]?n]v"wn]+["'[[§>q777]777]7”’777] mod u
["'[[54777—1]777—1]7"'777—1] mod /9\_17

which is an element of Z-degree —2 and therefore has to vanish. Using Proposition [I2] as at
the end of the proof of Proposition [[3] we infer {, € u,, a contradiction. O

€

Proposition 20. Assume g is an aligned trivial filtered deformation and let £ = ij_l £ €0
Then & € q if and only if § € u; for all j > —1.

Proof. One direction follows from Lemma [T9] we now set to prove the converse direction: we
have that £ € q, provided all {; € u;. We write { = ., &; as in the proof of Lemma [[J
and note that £ € g* C g* + g due to Proposition 8. We work by induction on v > —1 and
we will use that u_; = qNg_1, since g is aligned.

If v =—1, then £ =&_1 € u_; C q; this is the base of our induction. We assume the claim
holds for all v < N for some given N > —1 and set to prove the claim for v = N 4+ 1. Let
&= Zu§j§N+1 &; with all {; € u; and note that the difference £ —{x 1 is in q by the induction

hypothesis. Moreover x4 1 € gVt +§V*2 by (i) of Proposition Take an arbitrary number
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of elements 71y, ..., n) in g, each of which decomposes as
@) = j{: UIOVE
—1<j<h
with 7;); € u; by Lemma[I9l We consider the iterated bracket [... [Exv1, 7)), n@2)]s - - - s )]s

which is an element of g Nu. Its graded components of degree < N are in q by the induction
hypothesis, while those of degree > N +1 are in ¢V ! 4+ 2 by Proposition In summary

[ [Evsnnmlngl, nmy) € a+7 2

and it is straightforward to check that this is equivalent to say that &viq € gVt +7
By k-nondegeneracy §' 2t" = q N g for n sufficiently large, so éy41 € q and € € q too. [

N+2+n

This result can be reformulated in a more suggestive way: if the filtered algebra structure
is aligned, then the complex structure is completely determined:

Corollary 21. If g is an aligned trivial filtered deformation, then q =g Nu and
8 N (7! +7+!) = §, N stab
for allp > —1.

Proof. The first claim is just a reformulation of Proposition For the second claim, we
start with the obvious inclusion g, N stab C g, N (qP* + g"*1). On the other hand, if

Eegpn(gPtt+ qp+1) then & € u, N, by (i4) of Proposition [[5land therefore £ € stab = qnNq
by Proposition 20l This proves the opposite inclusion. O

Summing up, we are now ready to prove the following. (See also Remark [9])

Proposition 22. If g is an aligned trivial filtered deformation, then the complexified stabilizer
subalgebra stab = g NuNu is Z-graded and

¢ +q" =9 + stab
for allp > —1.

Proof. The first claim follows readily by q = gNu of Corollary 2I]and the fact that stab = qN{.
We already saw that gP + stab C g? + q° and we now establish the opposite inclusion. Let
¢ € gP, which we decompose into & = ZMSJSV § with =1 <p<v<h & #0,and & # 0.
By Proposition 20 and Proposition [I5] each component eq.
If 4 > p, there is nothing to prove, since § € gP automatically. If instead p < p, then §,
has to be in qqul since £ € g”, hence §, € stab by Corollary 211 Iterating the argument we

see that &; € stab for all 1 < j < p, whence £ € stab +g?. We have shown that ¢” C g? + stab
and the desired inclusion follows from conjugation. O

Taking the intersection with ¢ = gNu immediately yields the following nice characterization
of the g-th term of the Freeman sequence of (g, q), which is in agreement with [25] eq. (4.1)
in the proof of Thm. 4.2]:

Corollary 23. If g is an aligned trivial filtered deformation, then
"= P stab,o@PFNu,.
0<p<g-1 P29
for all ¢ > 0.
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3.3. k-nondegenerate homogeneous models. We conclude this section with the first main
result of this paper. To do so, we first recall the definition of homogeneous model in the sense
of [25] Def. 4.1]. (The definition we give below is slightly reformulated so to make no reference
to the concept of core. Since there exists only one core for 3-nondegenerate 7-dimensional CR
manifolds, this will be enough for our purposes.)

Definition 24. A k-nondegenerate model is the datum of a Z-graded Lie subalgebra
1=Daw
PEL
of the infinite-dimensional contact algebra ¢ satisfying the following properties:
(i) g- =c_;
ii) the grading element F is in go;
(iii) gp = (gp Nup) + (8p N11,) for all p > 0;
(iv) projects to the ad(J)-eigenspace of maximum eigenvalue ¢
all p < k — 2 and trivially for all p > k — 1.

p+2

[
Op (p,p+2)

non-trivially for

We refer the interested reader to the original source [25], §4] for more details, in particular
to Theorem 4.2 and Examples 4.4 and 4.5 therein. We now show that the graded Lie algebras
g considered in §3.21 (possibly supplemented by the grading element if this is originally absent)
are in fact models in the sense of Definition

Theorem 25. Let (M, D, J) be a locally homogeneous and k-nondegenerate CR manifold of
hypersurface type and assume that the Lie algebra g = inf(M, D, T) of its infinitesimal CR
automorphisms is a trivial filtered deformation w.r.t. the contact filtration (Z2) and that the
identification g = gr(g) can be chosen aligned w.r.t. q in the sense of Definition[17. Then:

(1) The corresponding CR algebra is given by (g,q) = (g,¢ Nu) and it is a Z-graded CR
subalgebra of the universal CR algebra (c,u),
(2) 9+ RE=@D,> o9y + RE is a k-nondegenerate model.

Proof. The first claim has been already proved in Corollary 211 so it only remains to establish
properties (iii) and (iv) of Definition 24] for the Lie algebra g+ RE.

Now g, C qP 4+ by Proposition 8] so any £ € g, decomposes into § = ' +¢”, with £’ € gP,
§"eqp. Writing &' = 7.5 &0, & =375 1 &}, we note that &, € g,Nuy, and & € g, N1, by
Proposition This shows g, C (g Nup) + (gp NU,), and the converse inclusion is obvious.

If ¢ < k — 2, then there exists some ¢ € g7\ q?F1. Writing ¢ = > j>-1&, then &; € stab for

all j <g—1and & €g,Nu, \ga\bq by Corollary 23l Now &, € q¢ and if it were to project
q+2 P

(9,9+2)
the desired element projecting non-trivially to ¢

then it would be in g%, hence in stab, which is a contradiction. Hence & is

q+2
(q,q+2)

Let ¢ > k — 1 and assume that there exists £ € g, with a non-trivial projection to ¢

trivially to ¢

q+2
~ R (2,9+2)"
By property (4it), we may decompose { = &' + &, where &' € g, Nu, and £’ € g, N1,. Hence

¢ € q? with a non-trivial projection to c?;§+2)’ so& ¢ stab and q? # qN{q, a contradiction. [

4. HOMOGENEOUS 7-DIMENSIONAL 3-NONDEGENERATE CR MANIFOLDS

Here we classify the locally homogeneous 7-dimensional 3-nondegenerate CR manifolds of
hypersurface type up to local CR equivalence. We will consider global CR equivalence in §5l
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4.1. The maximal symmetric homogeneous space: abstract model. The model we
now describe is realized as a real Lie subalgebra of the complex contact algebrac = @, with
negatively-graded part ¢_o = Ce_s, ¢_1 = (2,%), where e_5 is a real generator of ¢_5 and z a
basis of C%—l,l)’ We note that each term of the universal CR algebra

k+¢ k=t

k Y
= 2 2
C(p,f) Cz z

is one-dimensional, where we dropped the symbol ® in the expression of symmetric products.

In our conventions the grading element £ = —2 € c(()o,o) and J = 22z € C%Op). Furthermore

c%l 1) =~ Cz and c%l 1 =~ Cz, and we will always make clear from the context if z,Z have to be
regarded as elements in degree +1 instead of —1.

Theorem 6.1 of [25] states that there exists a 7-dimensional 3-nondegenerate homogeneous
model g, unique up to isomorphism: it is the 8-dimensional Z-graded Lie subalgebra

s=Pa,
PEZL

of the real contact algebra ¢ with components

0 forall p>1,
B 9{2<N,W> for p=1,
%= 9{2<E,M,M> for p=0,
% for p=-2,—1,

where M = 22 + 2Z and N = 23 + 2222 + 222 — 3iz — 3iz. The non-trivial Lie brackets are
given by the obvious action of the grading element and the following relations (together with
their conjugates):

[272]:_%6—27 [M7Z]:%Zy [M7z]:—22—%§,
M) = ~i(M+TD), [N,eo]=-3i(z+7), [Vel=-SM-2E, (41

(N3] = —gz’M 9 + ZE . IMN]=—iN, [M,N]= gz‘N—i—iN .
The associated terms of the Freeman sequence are
9! =q=(2E,MN), o =(EMN),
¢ =(E.N), g®=qng=(E),
and the contact filtration (2.2)) coincides with the natural filtration associated to the grading.
The Lie algebra gg is the Borel subalgebra of gl(g_1) stabilizing the line z +Z in g_1. As
abstract Lie algebra g 2 gly(R) x S3R?, with 5-dimensional radical rad(g) = 3(gly(R)) x S?R?
and Levi factor sla(R) as follows:
tad(g) = (e_2,2+2,M + M,E —i(M — M), N + N) ,
sh(R)=(E=—-3(M -M)-3B,X = —5(z=2),Y = —5(
Here the element E —i(M — M) = diag(—2/3, —2/3) generates the center 3(gly(R)) of gly(R)
whereas F = diag(—2/3,1/3) the stabilizer subalgebra.

We summarize the Lie algebra structure and grading corresponding to the contact filtration
in the following root diagram of g (as usual, nontrivial brackets of root vectors correspond

N-T)).
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to nontrivial sums of roots), where we also indicated generators of graded components and
circled the stabilizer Subalgebra:

(2) E Jm(M) Jm(N

//\\

— e(2) 9% ]\[

For an explicit coordinate embedding in C* of this model, see m It is a refinement of that
found at the end of [7} §5.1] — our proposed geometric interpretation in terms of the rational
normal curve of degree 3 is also amenable to generalizations, see again 6l

4.2. The maximal symmetric homogeneous space in disguise. In this auxiliary section,
we present some locally homogeneous 7-dimensional 3-nondegenerate CR manifolds relevant
for the proof of our local classification result in §431 They are given in terms of their CR
algebras (s,p), where, in all cases, s is a subalgebra of the 8-dimensional Lie algebra g of §4.1]
but p is not readily related to q. A posteriori, it turns out that all these examples are (locally)
geometrically equivalent to the maximally symmetric model.

Example 26. The locally homogeneous model (g, q) of §4.1] admits a 1-parameter family of
deformations (s, p;), t € C, defined as follows: s, = g for all ¢ € C, whereas p; is generated by

n:z—i-tM—tzN,
e=M+tN,

§=N,
E,=E — 2iIN + 2itN .

It is straightforward to see that p; is a complex subalgebra of 5; = g and that the associated
terms of the Freeman sequence are

pt_l =Pt = (77767£7E0> s Pg = <€7£7Eo> >
pr={(&E) . P =pinP = (Eo) .

However, this is just the maximally symmetric homogeneous space (g,q) in disguise. In fact,
the CR algebra (s;,p;) = €*4X - (g,q) for X = %z‘(fN —tN ) € g1 and the 1-parameter family
of deformations consists of CR algebras that are all isomorphic.

Example 27. Consider the 7-dimensional graded subalgebra s of g with components

0 forall p>1,
o %e<N,_N> for p=1,
P Re (L, L) for p=0,

(S for p=-2,—-1,

where L = 2iM + 3E. It is isomorphic to sla(R) x SR? and its brackets are given in (ZIS])
later on. If we endow it with the complex subalgebra p = qN% = (2, L, N) of 5, we just get a
simply transitive CR subalgebra (s, p) of the maximally symmetric homogeneous space (g, q).
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We define the 1-parameter family of deformations (s¢,p;), t € C, as follows: s, = s for all
parameters, and p; is generated by
n=z+tL+ 8N,
e=L+8tN,
E=N.

The latter is a complex subalgebra of 5; = 5 and the associated terms of the Freeman sequence
are

pl=pe= (66, b= (66,

pp=1() . Pi=pNP=0.
In this case (s¢,p;) = 24X . (s,p) for X = —%(fN +tN) € s1 and the 1-parameter family of
deformations consists of isomorphic CR algebras. Again, this is just the maximally symmetric
homogeneous model in disguise.

Example 28. Finally we consider the 7-dimensional graded subalgebra s of g with compo-
nents

0 forall p>1,
o - 9%<E::N+W> for p=1,
P %e(E,M,H> for p=0,

p for p=-2,—1,

together with the complex subalgebra p; of 5 generated by
n=z+tM — ’=
e=M+1t=,
§=E+ Fit= .
Again we set 5; = s for all ¢ € C and we obtain the 1-parameter family of CR algebras (s¢, p¢).
We also let p = pl—g = (2, M, E) and note that p; = e24%: - p for X; = —%z‘tE € 5.
If t € iR is purely imaginary, then X, € s; is real and the CR algebra (s, p;) = e2dx, . (s,p)
is isomorphic to (s,p). The complexified stabilizer p, Np;, = (&) is non-trivial, in fact we get a
6-dimensional locally homogeneous CR manifold of CR-dimension 2 and CR-codimension 2.
(One may show that this can be realized as an hypersurface inside the maximally symmetric
homogenoeus model, but we won’t need this fact.)
Ift ¢ iR, we write Xy = Xae(r) + Xigm(r)» 50 Pt = e Ximw) . "o . p = ™ Ximmen Pore(t)
and

(ﬁt, pt) = eadxijm(t) ’ (57 pi)‘ie(t))
= (5, Pore(r))

as CR algebras. We may then restrict to the case where the parameter ¢ is real and non-zero.
We have a simply transitive action on a 7-dimensional CR manifold of hypersurface type,
with associated terms of the Freeman sequence

prl=pe= (68, P =(e¢),
pr=(, pi=pNp,=0.

It is therefore 3-nondegenerate.
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However, this is again geometrically equivalent to the maximally symmetric homogeneous
model. In fact, the CR algebra (s¢,p;) can be embedded in (g, q) as follows:

e_o > e_p — 4t(z +Z) + W3 (M + M) — 8=,
24z z+7— 5t(M+ M)+ L=,
z—Zr 2 —Z+2tE — 3(M — M) — §*(N - N) ,
Ew E+2it(N—-N), (4.2)
M+ M~ M+ M- 3=,
M—Mw~M-M+3t(N—-N),
===,

The explicit verification that (A2]) defines an injection of real Lie algebras from s; to g, whose
complex-linear extension sends p; into q, can be found in the Maple supplement accompanying
the arXiv posting of this article.

4.3. Proof of the main results: local theory. Our aim here is to prove the local homoge-
neous claim of Theorem 2] namely the part of Theorem [ concerning infinitesimal symmetry.

Let g = inf(M, D, J) be the Lie algebra of infinitesimal CR automorphisms of a locally
homogeneous 7-dimensional 3-nondegenerate CR manifold (M, D, J) of hypersurface type,
with the contact filtration ([2.2]) and the sequence of Freeman subalgebras ¢ © ¢ D q' D qN§g
of the complexification § = g®@C. By the results of § we have the inclusion g' C q'+g* ¢ g°,
and we also note that dim q*/(qNgq) = 1 and dim F*|, = 2 by obvious reasons. The evaluation
map

evy: gt = Flp =2 (q" +7")/aNg (4.3)

at a fixed point € M can therefore be the zero map, have rank 1, or be surjective.

Theorem 29. Fvery locally homogeneous T-dimensional 3-nondegenerate CR manifold of
hypersurface type (M, D, T) is locally CR diffeomorphic to the homogeneous model of §4-1]

The proof of this result splits in three parts. In the first part, we show that (M, D, J) is either
locally CR diffeomorphic to the homogeneous model or its symmetry algebra g = inf(M, D, J)
is a filtered deformation of sly(R) x S®R2. In the second part, we prove filtration rigidity,
i.e., no such non-trivial deformations are possible. In the last part, we show that such trivial
deformations are simply-transitive subalgebras of the symmetry algebra of the maximally
symmetric homogeneous model.

First part of the proof.

The map @3) has rank 0. We know that the evaluation map ev,, : g° — F°|, = (q0+ﬁ0)/qﬂﬁ
is surjective, thanks to (v) of Proposition 8 If (43]) is the trivial map, we may quotient by
¢! and the map ev, : §°/g" — FO|, = (¢° +3°)/q N7 is still surjective, so gy = g°/g" has
dimension at least 4. Since ¢y = gl,(C) and gy C ¢p, we see that gy = co, go = ¢o, hence gr(g)
contains the grading element E. By a classical result of Singer—Sternberg and Kac (see, e.g.,
[4, Corollary 2.2]), the Lie algebra g = gr(g) is a trivial filtered deformation. Moreover, since
g is finite-dimensional, a classical result [22] Proposition 3.2] of Morimoto and Tanaka implies
that either g = g_o @ g—1 @ go or g is isomorphic to the projective contact algebra sp,(R).
In the first case g is simply transitive, whereas g = g_o @ - - - @ g2 for the projective contact
algebra with stab = g! = g1 @ go (since ([&3) is the trivial map and by dimensional reasons).
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We now deal with the two cases simultaneously, with the understanding that the components
of positive degree are absent in the simply transitive case.

By 3- nondegeneracy assumptlon we can choose (umque up to a triangular transformation)
elements n € q\ q°, e € q°\ q', € € g \5tab where stab = qN7q is the complexified stabilizer

as usual, and write them as n = > 1, comp, € = D gcpca€ps and & = 35, 9&. By
appropriately substracting elements from

stab=3§' =1,
we may assume w.l.o.g. that n = n_1 4+ 1, € = €y, and & = &. Corollary [I6] then tells us that
n=z+mn, €=224+7v2Z+0E, {=pZ+71E, (4.4)

by possibly rescaling/n\ and e. Here 7,9, p, 7 € C, with at least one of p and 7 non-zero. Since
& = p2Z+7E € §'\ stab is not parallel to £, we see Jm(p7) # 0 and both p and 7 are non-zero.
We may assume that 19 € (2, E) by substracting appropriate multiples of € and £ to 7, and
that v = 0 by substracting an appropriate multiple of £ to e. We normalize £ with p = 1. In
summary, we arrive at

n=z+az+BE, e=22+0FE, £=22+7F, (4.5)

where «, 8,0,7 € C, and Jm(7) # 0.

We now exploit that q is a subalgebra of g, by the integrability condition of CR manifolds.
The bracket [, €] = 0]z, E] + a[z?, 2%] = 6z + 2iazZ is in q and it has graded components of
degree —1 and 0. It can then be written as a linear combination of 7, € and &, and this readily
implies the conditions

ad =0, L6
B+ 2iar =0. (4.6)
Similarly [, €] = [z,22] + 7[z, E] + o[22, 22] = (7 — )2 +iaz? and [¢,{] = [22, 2] = —iz? are
elements in q, which says
(T %)a =ia,
(r— 50, )
5=0.

Since 7 # 0, the system ([L6])- (7)) is equivalent to § = a = (7'— %)ﬂ = 0. In particular, we see
that n =n_1 + 19 = z + BE, where ny = SE € ug. This is the semi-aligned constraint, which

in this case contradicts 3-nondegeneracy: the iterated bracket [[[£,7],7],7] = —(T + %)322

1

belongs to g~ ! =q+q,s0é€qg?=qNg= stab. In summary, this case cannot happen.

The map ([@3) has rank 1. There exists an element = € g', with non-zero Value eve(Z) € Fy,

such that evx( ) and ev,(Z) are linearly dependent In particular = € q +q' but it is not in
q or in q . We may then write it as the sum = = =19+ Z¢1, Z10 € q \stab and =g1 € q1 \5tab,
with

) =X er(Elo) s
10 ) =% er(Em) .

It is easy to see that A = e for some 0 € [0,27). We also note that =19 € g \ g' (otherwise
the map (A3 would be surjective), and similarly Zo; € g° \ g*.

evx(

\ [”\
o

(4.8)

[1]

evx(
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The class [Z] € g; is not in uy or &; by Proposition [f applied with > = qN g = ga\b, in
particular this class is non-trivial. Finally, we emphasize that

P+ =qng=stab, (49)

§' C(5) @ stab, '

by 3-nondegeneracy and, respectively, since the map (£3]) has rank 1.

We consider any € € q°\ ' and ¢ € ¢! \EICEJ We note that €, & € g°, and that e ¢ g' due to
Proposition B and ¢ ¢ g' too (otherwise (@3] would be surjective). We claim 3 < dimgy < 4,
with the equivalence classes [€], [e], [€] in go = g°/g" linearly independent. Let us assume
that A1 [€]+ 2] +A3[€] = 0, i.e., \i&+Aae+A3€ € g and let us apply (&3] so to get the value
Aevz(€) + Aoevy(€) + Azevy(€) € Fl;. Since ev,(€) € Fiyle, we have that Asev,(€) € Figla
and Azev,(€) € Fa|z. It then follows from € ¢ q' that Ao = A3 = 0 and we finally infer that
A1 = 0 as well, since A\1[¢] =0 and ¢ ¢ g'. This proves 3 < dimgy < 4.

If dimgp = 4, then g = gr(g) is a trivial filtered deformation, with g, =T, for p = —2,—1,0.
Moreover gy # 0, since the class [Z] is non-trivial, so g = g_o @ - - - @ g2 is isomorphic to the
projective contact algebra by [22, Proposition 3.2]. However g; = 31 = S'(¢_1) is the unique
to-submodule that is complementary to ¢; inside ¢; (see the discussion before Definition [I3]
and [22 Proposition 3.2]), so that [Z] € g1 =31 C u3 NU;y. This is a contradiction.

Therefore the classes [£], [€], [€] in go are linearly independent, generate go, and dim gy is
exactly 3. In this case, Corollary [I6l tells us that

[€] = a2z + BE,

4.10
[e] = 2* + 722 + 0, (4.10)

by possibly rescaling e. Here «, 8,4, € C, with at least a or § different from zero. If o £ 0,
then [[¢], [e]] = [a2Z, 22] = iaz? and [22,7%] = —2i2Z, so that gg = (22,72, 2Z) = sly(C).
Again [22, Proposition 3.2] tells us that gr(g) = g_2®g—1 ®go. Thus dim(g) = dim(grg) = 6,
which is a contradiction.

We have thus shown that a = 0, gg = (F, 22 + 72%,2% + 72Z) and g is a trivial filtered
deformation. Now [22 +72%, 22 +722] = —2i2%Z —iy2% — ivZ? € go, so that 2i(||v]|* —1)2% € Go.
Since dimgo = 3, we have that [|y||> = 1, v = ¢ for some ¥ € [0, 27), and go equals the Borel
subalgebra of ¢y 2 gl,(C) given by

by = <E, 22 + 6“922, 72+ e_w22> .

In this case [22], Proposition 3.2] does not apply and we need much finer arguments, which we
split in different claims. We preliminary note that, by rescaling z to e~%/2
w.l.o.g. that ¥ = 0 and that

Z, We may assume

a(] = <E7 Mv M>
is the Borel subalgebra stabilizing the line of z +7% in g_1.
First claim: the stabilizer subalgebra is graded in positive degrees.

By appropriately subtracting elements from g2 C EICEJ, we may take 219 and Z¢; in go D g1.
Hence Z = Z19 + Zg1 € g1, and

G =(2)® (stabNg) -
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By simple dimensional reasons, we arrive at stab = (fIa\b ﬂﬁl) @®g2%. In particular the stabilizer
subalgebra is graded. (Since the grading element is not in the stabilizer subalgebra, this claim
is not immediate.)

Second claim: the a priori estimate 1 < dimg; < 3.

We now make use of some results from [25, Step 2, proof Thm. 6.1]. Clearly, the space g1
is a non-trivial go-submodule of the first prolongation

5= {X e | [X, 5] cao} (4.11)

of the Borel subalgebra gy. The space (dI1]) is 4-dimensional, more precisely, it is generated
by the elements {N ,N,V, W}, where

9t i_

V:z2z+zz2—|—§z—§z,

W=z+42,

N =2*+22%2 + 22% — 3iz — 3iz .
We note that V = V, W = W. The element N has already appeared in §&.I] and it is
characterized by the following property: it is the unique non-trivial element in g3 N (uy \ 1)
which commutes with its conjugate. The adjoint action of gy on g is given by the obvious
action of the grading element and the following formulae, together with their conjugates:

[M,N] = —3iN ,

[M,N] = 3iN +iN,

[M,V] = —iN + iV + 5W ,
(M, W] = -4

(4.12)

By (ii) of Proposition [I[5] and 3-nondegeneracy, we get the following chain of inclusions
stab NG C (w NTL) NG
C (mnu)ng =(V,W)
and the a priori estimate 1 < dimg; < 3.
Third claim: the element == N + N.

Since = = [Z] is not in u; or in Wy, we may write it as Z = alN + bV + c¢W + dN, for some
a,b,c,d € C with a, d non-zero. As already advertised below (ZS8]), we have = — €= ¢ stab ,
and this translates in the condition d = e?’a. Normalizing = so that a = 1, we finally arrive
at

E=N+V +cW +e N .
A direct computation then gives
[M,E]

M,=] = %iz?’ + i(l +b+ %e‘ie)ig mod (2%, 272, 2,%) ,

—z(% +b+ e_w)z?’ — %z’e_wig mod (225, 222,z,z> ,

and both terms have to be proportional to E mod (22Z, z22, 2,Z) = 23 +e773, since the map
(@.3) has rank 1. This leads to b = 1 — e and b = e — 1, that is, b = 0 and e™% = 1.
Thus £ = N + cW + N and we then observe that [M,E] 4+ 3iZ = icW € gi. If ¢ = 0, then
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E=N+ N/.\If ¢ # 0, then W € gy, so that W € stab N g1 thanks to Proposition 5] applied
with g% = stab, and once more we may assume that = = N 4+ N.
Fourth claim: the refined estimate 1 < dimg; < 2.
We established the chain of inclusions
(E) Cdi= E)e (stabngr) C (V. W), (4.13)

where Z = N + N. If an element of the form V + §W € gy, we may bracket it with M and,
using ([4.12), get an element that contradicts the last inclusion in (£I3]). In summary

stabNg C (W) and G C (E,W).
Using (A12)), we see that the lines of = and W are both go-stable.

Fifth and last claim: the spaces g1 = () and g* = 0.
By the discussion below (410 on the equiva/leglce classes of e € q° \ g and ¢ € ¢! \ga\b,
and by subtracting appropriate elements from stab, we may write
€E=¢€y+ € = (M+5E) + 7=,
=& +& =E+p=,

by possibly rescaling £. Here 9, 7, p € C and, by subtracting a multiple of € to €, we set § = 0.
Finally, we may choose 1 € q \ q° of the form

(4.14)

n=1n-1+mn+m=z+puM+vE, (4.15)

for some p,v € C. Since q = (n,€,£) ® (53% N ﬁl) is a subalgebra and the components of
degree 1 of the brackets of elements in (n,¢,&) are always parallel to =, we see that in fact
(n,€,€) is a subalgebra. A straightforward computation shows that this condition is equivalent
to the following system of equations

B=T,
2v = 3ipp (4.16)
T = —i%p .
Its solution is given by 7 = pu, v = —u?, p = %z‘u.

We now claim that stab = 0. First of all, using the explicit expressions of the Lie brackets
of g1 with g_; in [25, Step 2, proof Thm. 6.1], we see that
(W,n] = [W, 2] + u[W, M) — i[W,E] = [W,2] mod stab
_ 1 1,
= e+ Li¢ — Lig
does not belong to q. This contradicts W € gy, from which g; = (Z). Since its prolongation in
degree > 2 is trivial by [25] Step 3, proof Thm. 6.1], we finally see that g?> = 0 and stab = 0.
In summary, we have arrived to the CR algebras of Example Those corresponding to
7-dimensional manifolds are geometrically equivalent to the maximally homogeneous model.
The map ([E3) has rank 2. We are left to study the case where (4.3)) is surjective. In this case,
there exist n € g\ q°, € € q°\ q! and ¢ € g'Nq! such that ev,(¢) # 0. (In particular ev,(¢) and
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ev,(€) span the image of ([@3).) Their equivalence classes [] € g_1, [e] € o and [¢] € @1
are in u but not in u, by Corollary Moreover

2 C g+ =qNg=stab,
so that g, C u, N1, for all p > 2.

If E € gr(g), then one verifies directly that gr(g) is a 3-nondegenerate 7-dimensional ho-
mogeneous model in the sense of Definition 24] and |25 Theorem 6.1] says that there is only
one such model, up to isomorphism. Since E € gr(g), the Lie algebra g is a trivial filtered
deformation, so g = gr(g) is the graded Lie algebra described in §4.11 If there is an identifica-
tion g = gr(g) that is aligned, then q = g Nu by Corollary 211 i.e., we obtain the CR algebra

(g,q) of the homogeneous model of §4.11 In general, via appropriate normalizations as usual,
we may write

n=z+BE+uM+vN ,

e=M+0E+7N ,

=N,
where 3, pu,v,0,7 € C. The complexified stabilizer stab is 1-dimensional and generated by a
non-zero element of the form A\ E + AN + A3N, thanks to Proposition Clearly A1 # 0,

again by Proposition [I5] and the fact that g3 Nu; N1; = 0. We normalize A\; = 1 and, since
the complexified stabilizer is stable by conjugation, we finally see that

ga\b: <EO ::E+)\2N+X2N>,

where Ao € C. In particular, we may substract appropriate multiples of F, and £ to n and €
so to arrange for § =6 = 0.
We now compute

[Eo,€] = TN + Ao[N, M] + N[N, M]
= ()\2% + ZXQ)N + (T + %ZXQ)N s
which has to be an element of q. Hence 7+ 3iXy = 0. If Ay = 0, then stab = (E). Since q is
stable under the adjoint action of the stabilizer, it is Z-graded and equal to (z, E, M, N); i.e.,
uw=rv =1 =0, and this is, again, our homogeneous model of 1] If x = v = 0, then g is

aligned in the sense of Definition [I7, 7 = 0 by Lemma [I9 and then Ay = 0 again.
We are then led to study the case where q is generated by

n:z—l—,uﬁ—l—yﬁ,
EZM—%iXQN,
§=N,
E,=FE+ XN+ XN ,

with Ay # 0 and at least one of p and v non-zero as well. Using the Lie brackets ([@Il), the
fact that q is a subalgebra turns out to be equivalent to the following system of equations:

n= _%ZX2 )
—%/u' + 2iv + %TXQ +2ir?2 =0.
We omit the somewhat long but straightforward check. It solutionis y =171 = —%iXQ, v=—1%

in other words, we obtained the 1-parameter family described in Example As explained
there, this is nothing but the maximally symmetric homogeneous model in disguise.



24 BORIS KRUGLIKOV, ANDREA SANTI

If E ¢ gr(g), then a = gr(g) xRE is a 3-nondegenerate 7-dimensional homogeneous model in
the sense of Definition (24]) and again we may apply [25] Theorem 6.1]. In this case dima = 8
and dim(grg) = 7. Clearly e_o,2,%Z € gr(g) and N, N too, since [£],[¢] € g1 and dima; = 2.
Since

N=-‘M-3p, W=
[N,2] = —5M—-3F, N3] =

[N,z] = —giM—2iM+ ZE, [N, z] = giM—FQiM—l—%E,

— 3
M—--F
4 )

N[ =

(4.17)

we have go = (2iM + 3E,2iM — 3E) and gr(g) = sl>(R) x S?R? as an abstract Lie algebra.
We will now turn to show that the graded Lie algebra gr(g) is filtration rigid, i.e., g = gr(g)
as filtered Lie algebra with filtrands g¥ = >, 9;-

Second part of the proof.

We now study the remaining simply-transitive case in more detail. The graded Lie algebra
gr(g) = sla(R) x S3R? has components

0 forall p>1,
_ 9{2<N,W> for p=1,
% = D‘ie<L,f> for p=0,
% for p=-2,—1,

where L = 2iM + 3FE, and the following formulae (together with their conjugates) give the
non-trivial structure relations of this Lie algebra:

[2,7] = —%e_Q . [L2]=—4z, [L,Z]=2:—2%, [L,e_s]=—6e_s,

_ — 1
LI)=-2L+2L, [Nes]=-3i(z+%), [N,4=—-3L, (4.18)
N3] = —ZL+Z, [L,N] = 4N, (L,N]=6N +2N .

Infinitesimal filtered deformations are governed by Spencer cohomology groups H%?(g_, gr(g))
in positive degrees d. The following two results come by direct computations, which we omit.

Lemma 30. The group H*?(g_, gr(g)) vanishes for d = 1 and all d > 4. On the other hand,
we have:

(i) H*%(g_,gr(g)) is 1-dimensional and it is generated by the map ¥? : g o @ g_1 — g_1
given by
Vie_g,2)=i(z—%), v*(e_2,Z)=i(z—%). (4.19)
(ii) H*>?(g_,gr(g)) is 2-dimensional and it is generated by the maps V3 : g—2 ® g—_1 — 9o,
1=1,2, given by
wil;(e—27z) = L ) wil;(e—27z) = _z )
Y3(e—2,2) =L+1L, v3(e,z)=L+L.
(iii) H*?(g_,gr(g)) is 2-dimensional and it is generated by the maps ¥} : g_o ® g_1 — g1,
1=1,2, given by
Vile-2,2) =N +7TN, ti(e-2,7) =TN+ N,
ZZ)%(E_Q,Z) =N +W ) Tﬁ%(e—%?) = _(N +N) :

(4.20)

(4.21)
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Lemma 31. The spectrum of the adjoint action of the element E= —i(L + L) on gr(g) is
as follows:

(4.22)

It then follows that all the cocycles displayed in Lemma [30] are rescaled by the action of E ,
and the rescaling is never trivial (the eigenvalues are —2, —5, —4, —7, and —8, respectively).
Using Lemmas BO3I], we now set to prove the following.

Proposition 32. The graded Lie algebra gr(g) = sla(R) x S3R? is filtration rigid.

By the first part of the proof, we need to consider filtered deformations of gr(g) = sla(R) x
S3R2. We first note that gr(g) is an almost full prolongation (of degree 1) in the sense of [4].
In fact

Homt(Hd’l(g_,gr(g)),gl) =0 forall d>1,

where t = (F) is the maximal reductive subalgebra of gg. We omit the straightforward check,
which uses the eigenvalues of E on Spencer cochains and the brackets [Z.18]

Now, it is well-known that the restriction to g_ of the first non-zero contribution of a filtered
deformation is a cohomology class in positive degree which is go-invariant (see [4, Prop. 2.2])
and that, in case of a coboundary, this can be absorbed via redefinition of the complementary
subspaces in the chain of filtrands (see [4, Prop. 2.3]). By Lemmas [BOH3I], this is our case.
Being an almost full deformation, the same is true for all the contributions: we may apply [4]
Cor. 2.3] and infer that gr(g) = sla(R) x S3R? has no non-trivial filtered deformations. The
reader interested in more explicit details for these last steps may use the following argument.

Let X, E,Y be the standard basis of the Levi factor sl (R) of gr(g) as in §.Tland v, vy, va, v3
the basis of the 4-dimensional radical corresponding to the elements x2, 2%y, zy?,y> in S3R2.
In this basis the contact filtration is the following:

9_2 =9, g_l :5[2(R) X <U17U27U3>7 g() = <E7Y7 U27U3>7 gl = <Y7 U3>'

In a filtered deformation of gr(g), we are allowed to modify the brackets [¢, ] for € € g, n € ¢/
by terms from gt/ We can modify ¢ by g"t! and 5 by g/*!, and if this restores the graded
brackets, then the algebra is filtration rigid.

Since F has a simple spectrum, the filtered deformation can be assumed to be compatible
with it via a redefinition of the complementary subspaces in the chain of filtrands. In order
to preserve the Jacobi Identities, the deformations of the brackets should not only respect the
filtration but also the grading w.r.t. the adjoint action of E. With these restrictions, one can
directly see that no deformation terms exist for the Lie brackets of sla(R) with itself as well as
with S3R?, i.e., both the Levi factor and its representation are filtration rigid. On the other
hand, the Lie brackets of S3R? with itself do admit possible non-trivial deformations terms,
which are indicated by the real parameters A; in the last line:

[H,X] = 2X, [H,Y] = —2Y, [X,Y] = H,
[H,vo] = 3vg, [H,v1] =v1, [H,vs] = —ve, [H,vs] = —3vs,
(X, v1] = vo, [X,v2] =2v1, [X,v3] = 3va, [Y,v0] = 3v1, [Y,v1] = 2vs, [Y,v2] = vs,
[vo,v2] = Ao X, [vo,vs3] = A1 H, [v1,v2] = AeH, [v1,v3] = AsY.
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It turns out that the Jacobi Identities rule out all of them, that is, \; =0 foralli=1,...3 —
the computation has been done using the symbolic package Maple and it can be found in the
supplement accompanying the arXiv posting of this article. Again, gr(g) is filtration rigid.

Third and last part of the proof.

If there exists an identification g = gr(g) that is aligned in the sense of Definition [I7, then
the complex structure is completely determined by Corollary 21} we have a simply-transitive
subalgebra of the full CR algebra of infinitesimal automorphisms of the maximally symmetric
homogeneous model.

Otherwise we consider n € q\ q", e € q°\ q* and ¢ € g' N q' such that ev,(¢) # 0. Their
equivalence classes [n] € g-1, [€] € go and [¢] € g1 are in u but not in u, by Corollary
Via appropriate normalizations, we may write

n:z+,uf—|—yﬁ,
e=L+71N,
§=N,

for some p,v,7 € C. Since stab = 0 by dimensional reasons, these three vectors generate q.
Using ([@.I8)), we see that q is a subalgebra if and only if 7 = 8y and 2u7 — 10v + 72 = 0, i.e.,
7 = 8u and v = 8u2. In other words, we obtained the 1-parameter family of Example 27 and
it was shown in §4.2] that this is the maximally symmetric homogeneous model.

End of the proof.

5. GLOBAL MODELS

We now complete the proof of the second part of Theorem [3]concerning the global behaviour
of the model. We need the universal cover of the automorphism group, but since universal
covers of disconnected groups are not well-known, we will first discuss them here.

5.1. The universal cover of GLy(R). For any Lie group G, its connected component G of
the unity F is a normal subgroup, so mo(G) = G/G° can be considered as a discrete group.
Moreover, the fundamental group 71 (G°) is Abelian, so we will use additive notation for it.
In what follows, we are going to relax the connectedness assumption for the universal cover.

The universal cover of SLy(R) is well-known, it is a non-algebraic simple Lie group with
Lie algebra sl3(R). In the same vein, we define the universal cover of the connected Lie group
GL3 (R) = {A € End(R?) : det A > 0} = SLy(R) x R4 it is the collection

GL3 (R) = {[1] |y :[0,1] = GL3 (R) s.t. 4(0) = E}

of continuous path in GL; (R) with starting point the unity, up to homotopy with both ends
fixed. The group structure is given by the pointwise multiplication of paths [y1]-[v2] = [y1-72],
with (71 - y2)(t) = 71(t) - y2(t) for all ¢t € [0, 1].

To extend this construction to GLa(R) = GLT (R)UGL; (R), we define By = E = diag(1,1),
E_; = diag(1, —1), and note that we have a group homomorphism

70(GLa(R)) = Zy = {1} — GLy(R)

P

given by € — E.. We can then perform the universal cover GLy(R) = GL3 (R) LI GL; (R) for
the two connected components and lift the multiplication operations. Explicitly
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—_——

GLy; (R) ={[7] : 7:[0,1] = GL; (R) s.t. v(0) = E_ }

and the group structure for GLy(R) is again given by the pointwise multiplication of paths.
(We note that it is well-defined since E_; squares to F).

Remark 33.

(1) Obstructions controlling the existence of a group structure on the universal cover for
disconnected groups G rely on the fact that one has to specify multiplication of paths
living on different connected components. The obstructions are due to the work [30]
by R. L. Taylor and belong to H*(mo(G), m1(G°)) for k = 3. See also [24]. In our case
G = GL2(R), we have that m1(G°) = Z is the nontrivial representation of my(G) = Zs,
and one can compute that the above cohomology groups vanish for k even and are
isomorphic to Zs for k odd. In particular the group H?(mo(G), 71 (G?)) is non-trivial,
yet the obstruction class is trivial, since we made explicit its group structure. On a
more general level, whenever the natural exact sequence 1 — G° - G — 7(G) — 1
admits a splitting of groups, such an obstruction vanishes.

(2) According to [30} (6.5)] the cohomology group H?(m(G),m1(G?)) acts simply transi-
tively on the space of group coverings, therefore the covering is unique for G = GLy(R).

We have an epimorphism p : GLy(R) — GL2(R), [7] — ~(1). This is a covering map with
deck transformation group

p ' (E) =m(GLf (R)) = Z, (5.23)
a discrete normal subgroup of GLy(R). The generators of (5.23)) are given by the fundamental
group of SO(2) = U(1), i.e., p~1(E) = {[yx]} with paths 4 (t) = e2™* ¢ € [0, 1], for all k € Z.
(Every time we write a complex 1 x 1 matrix we mean the corresponding real 2 X 2 matrix.)
As explained later, the deck transformation group p~!(E) is not central in the universal cover
group.
In summary, the space GLy(R) has two connected components, both simply connected:

e~ —_—~—

m0(GL2(R)) 2 Zo, m(GLy (R),E1) =0, m(GL;(R),E_1)=0, (5.24)

where we identified F41 with the corresponding constant paths. We have the following exact
sequence of group homomorphisms

—_——

1—7Z— GL2(R) — GLy(R) — 1 (5.25)

~——

and similarly for GL3 (R). The sequence does not split, by the above (5.24)) on mo(GLa(R)).
Sequence (5.25]) has the following retract

1—7Z— 0(2) — 0(2) — 1. (5.26)
Here O(2) = S}r U ST is the non-Abelian 1-dimensional group with two connected components
and group operation (¢!, 1) - (%2, e5) = (e!¥1+€1%2) ¢1¢5). (The sign in S! is, of course,

—

nothing but the determinant.) Its universal cover is O(2) = R} URL with the group operation

(p1,€1) - (p2,€2) = (1 + €192, €1€2) and we again have 770(5(\2/)) =m(0(2)) = Zs.
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The center of GLy(R) is Z = {diag(a,a) : a € Ry} C GL3 (R), and its preimage via the

—_—

covering map is the subgroup Z= {]:a#0,k € Z} of GL$ (R), where the paths are

p2mkit+tIn(a) for a > 0,

ay) — .
Y (1) { e2w(k+%)lt+tln(—“) for a < 0.

Consequently, Z is central in GL$ (R) but due to

E_\yWE_1=~%, fora>0,
E_\yiE_1 =~%_, fora<0,
it is only normal in GLo(R). In particular, the action of m(GLa(R)) & Zy on 711 (GL3 (R)) 2 Z
is non-trivial and the deck transformation group is not central. (In fact, it is actually easy to
see that the center of the universal cover is formed by the paths [y{] with ¢ > 0 and k = 0.)
We conclude this section with the following crucial observation on 1-dimensional subgroups.
The subgroup H = {diag(a?,1/a) : a € Ry} = {diag(e**,ece™) : A € R,e = £1} = R, x Zy
determines the following subsequence of (5.25]):

1—Z—H-—H-—1, (5.27)

where H = p~}(H) = {Iraek(®) = v (t) - diag(e**, ee )] : A € R,e = £1,k € Z} C GLa(R).
This subsequence splits, using the above formula for the paths v, . x(t) with & = 0, thus

HeHXZYR, xZy xZ

as a Lie group. Since mo (I{ ) & Zo, we get mo(H) = Zo X Z, with the natural component group
homomorphism H — 7,(H) simply given by [yx ¢ x(t)] — (€, k).

5.2. Proof of the main results: global models. Let us now integrate the Lie algebra of
infinitesimal CR automorphisms g = gly(R) x R*, R* = S3R2, to the connected Lie group
G° = GL§ (R) x R*, and the stabilizer subalgebra h = stab = (diag(—2/3,1/3)) C gly(R) to
the closed connected subgroup H® = {diag(a?,1/a) : a € R} }. Let us first note that the center
of g is trivial and that the group of inner automorphisms of g is precisely G° = GLg (R) x R%.
In particular any other connected Lie group with Lie algebra g covers G° and it is a quotient
of the universal cover G° of G° by a discrete central subgroup. The Zariski closure yields
G = GLy(R) x R* and H = {diag(a®,1/a) : a € Ry} — the quotient is the same manifold
M" = G/H = G°/H°, with the action of the full G that is still effective (since GL3(R) acts
effectively on R* = §3R?). Passing to G/H° yields a disconnected manifold, which we do not
allow in our analytic setup.

Since the model is locally unique, all other global models are obtained by coverings and by
quotients. The quotient of G by a discrete normal subgroup is in fact not possible because
such a subgroup would project along the nilradical to a discrete normal subgroup in G Ly (R),
which is central, and so is Zo = {£FE}. It is then easy to see that the unique discrete normal
subgroup of G is the unity subgroup. On the other hand, H is a maximal subgroup in G with
Lie algebra h C g. In summary M” = G/H cannot be quotiented.

Now we shall pass to the automorphism group G' = G'La(R) x R%. Tt also has two connected
components, mo(G) = Zo, so G = G U G~ according to the determinant of the reductive
part. Each component is not simply connected, namely, we have the same retracts as in §5.1¢
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m(G1,E) 2 Z and m(G~, E_1) 2 Z. The passage to the universal cover is similar to (5.25]):
we get the short exact sequence

1—Z-—G—G—1, (5.28)

where G = GLy(R) x RY. The group structure of GLy(R) is as in §5.1 and GL2(R) acts on
R* = S3R? by factorization through GLy(R). We note that

G=GrUG,

with simply-connected components G = GLF (R) x R*.

The retract (5.26]) and the subsequence (.27) hold for the sequence (5.28]) as well. In this
case the center Z of G is trivial, yet its preimage Z = {[y] : k € Z} via the covering map is
central only in G+ , and it is normal in G (by the same reasons as in §5.1]). The group Z is
the maximal discrete normal subgroup in G.

Using that the sequence (5.27) splits, so that H =~ H x Z =~ H x 7 as groups, we may
obtain all the homogeneous models as quotients

M, = (G/mZ)/H = G/(H x mZ)

by a subgroup mZ of Z Z, for m > 0. Clearly Mvm is an Zj,-covering of M = G/H = é/]?l
(If m = 1 we get back our initial manifold M7, if m = 0 we get the universal cover of M".)
Each of the models Mvm has the structure of a 3-nondegenerate CR manifold of hypersurface
type and its automorphism group is G /mZ.

6. THE MAXIMAL SYMMETRIC MODEL: CR REALIZATION AND BEYOND

Here we will provide a realization M7 C C* as a real hypersurface in C* and give a local
coordinate expression for the homogeneous model G/H of §1l where G = GL(R) x S°R?
and H = {diag(a,1/a?) : a # 0}. (For simplicity of exposition in this section, the stabilizer is
conjugated to that of §&1] namely h = Lie(H) is generated by diag(1/3, —2/3) here.)

6.1. Tube realization. To realize it we note that the Abelian part R* = S3R? acts by
translations on itself, which we denote R;, and the reductive part GLz(R) acts on R = S3R?
with the minimal orbit in the projectivization given by the degree 3 rational normal curve
{[L:A:A2: 7] | A€ RP} € RP2. Let R = {(r3,7%s,75%,5%) | r,s € R} C R} be the
cone over it, which we refer to as the rational normal cone in Ri It is given by the relations
di == zoT2 — x% =0, dg := xgr3 — T129 = 0, d3 := T1T3 — :17% = 0, where (xg,x1,x2,x3) are
the coordinates of R%. Note that the syzgies between the generators of the ideal (dy,da, ds3)
defining the rational normal cone are x3d; — xods + x1d3s = 0, xody — x1ds + x9d3 = 0.

We let TR C R be the tangent variety to the rational normal cone, which is locally
parametrized as zo = 73, 11 = r%(s + t), 13 = rs(s + 2t), v3 = s2(s + 3t), where 7,s,t € R.
Note that not only ¢ = 0 but also » = 0 is in the singular locus, so we may either require an
additional chart like g = r2(r—3t), x1 = rs(r—t), zo = s?(r—t), 3 = 53, or have a surjective
map as in (L.2) in the Introduction. With any approach, eliminating the parameters, one gets
the following global defining equations

TR = {z € R} | 2§23 — 6zov12973 + 43075 + 423 — 32323 =0} ,

which are in agreement with and give a geometric interpretation to the equations in [7, §5.1].
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. by . . . .
We note that a matrix <i d> in GLy(R) acts on R2 via the matrix representation

a’ 3a2b 3ab? b3
a’c a?d+ 2abc 2abd + b*c b%d
ac® bc® + 2acd 2bed + ad?  bd?
3 3c2d 3ed? a3

and that the GLgo(R)-orbit through the point p; = (1,0,0,0) is R\ 0. On the other hand,
the orbit through the point p, = (0,1,0,0) € TR\ R is the full complement TR\ R. The
stabilizers of those points in GLg(R) are the 2-dimensional solvable group

1 b
Stab,, = :d#0p = Sol(2), (6.29)
0 d
and the subgroups
a 0
H = Stab,, = 1] e #0,p . (6.30)
0 =
a

We note that the stabilizer Stab,, is the subgroup H of GL2(R) from §5l We set ¥ := TR\ R.
Proposition 34. The orbit ¥ is diffeomorphic to S* x R2.

Proof. Consider the map ¥ : (R! mod 27Z) x R x R — R% given by
(6,b,t) = (bcos® ¢ — 3t cos? ¢ sin ¢, beos? ¢ sin ¢ + t(cos® ¢ — 2 cos psin? ¢),
bcos ¢sin? ¢ — t(sin® ¢ — 2 cos? ¢psin @), bsin® ¢ + 3t cos ¢ sin? ¢).

We claim that the restriction of ¥ to (R! mod 27Z) x R x R, is injective, with the image 3.
Indeed, the above map has the form W(¢,b,t) = by(d) + t7'(¢) and one easily checks that the
4 x 2 matrix [y(¢),7'(¢)] has rank 2 for any fixed parameter ¢, so any half-plane parametrized
by (b,t) € R x Ry is embedded. We also note that the boundary (R! mod 27Z) x R x {t = 0}
corresponds to the rational normal cone R.

Consequently the image ¥ ((R! mod 27Z) x R x R,.) is fibered by half-planes parametrized
by (b,t) € R x Ry over the rational normal curve ¥ ((R* mod 27Z) x {b = 1} x {t = 0}) C S%
note that the parametrization of the rational normal curve is injective. This proves injectivity
of our map.

The change ¢ — ¢ + 7 results in the reflection (b,¢) — (—b, —t) and therefore interchanges
the half-planes {b € R,¢ > 0} and {b € R,¢ < 0}. This implies the claim about the image. [

Remark 35. The projective version PY gives the Mdbius band, as it is a line bundle over
PR with connected complement to the (central) rational normal curve RP!.

We define the tube TR x R* ¢ C4 = R2 x R;, where the coordinates zi = xi + iy specify
the standard complex structure J of C%, namely, .J Oy, = Oy, for all 0 < k < 3. Now the group
GLo(R) acts diagonally on C# and it preserves J, since it is in fact a subgroup of GLa(C).
Thus G = GL2(R) x S?R? is a group of complex affine transformations of the CR manifold
(TR xR* D, J), with D the maximal J-complex subbundle of the tangent bundle of TR x R*
and J the restriction of J to D.

Note that the 7-dimensional manifold TR x R* is not homogeneous for the action of G, as
there are three orbits: two orbits in R x ]R; (determined by the punctured rational normal cone
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and, respectively, its vertex), and the open orbit ¥ x Rg that is complementary to R x R;. The
3-nondegenerate 7-dimensional CR homogeneous model is the latter orbit, which we denoted
R” in the Introduction.

Theorem 36. The above T-dimensional CR manifold M” = ¥ x R;‘; 18 3-nondegenerate and

it is diffeomorphic to S*' x RS. Its automorphism group is G, which acts transitively, and
MT 2= G/H, where the stabilizer subgroup is as in ([6.30).

We present here a straightforward coordinate computation. Another argument, adaptable
to higher dimensions, will be given in §6.41

Proof. The claim on the diffeomorphism type of M7 follows immediately by Proposition B4l
The CR-distribution D is generated by the vector fields

X; = xoaxo + a:lc‘)xl + 1’28;,;2 + $38x3,

Xy = 4d20,, + 4dydyd,, + 3d30,,,

X3 = 2d18x1 + d28x2,
and Y7 = JX1, Yy = JX,, Y3 = JX3. Using the local parametrization zo = 3, 1 = 7‘2(s+t),
wo = rs(s + 2t), z3 = s%(s + 3t) of TR, we get more symmetric formulae

1

_WX3 = 'I"aml + s@m

and
(X1, X2) = (3120, + 2150y, + §%0py, 7204, + 2150y, + 35°0,).
Hence D is generated by
Z1 = 200y + 110z, + 220, + 1304,
Zy = 4d30,, + 4d,d0.,, + 3d30..,
Z3 = 2d10,, + d20.,,

where 0,, = %(&C,c — i(‘)yk) as usual, and Dy, is generated by Z1, Z», Zs.
The following commutation relations hold modulo Dy; on M7 = ¥ x R;:

_ 1 _ _
(21, Z1] = 521, (Z1, Zo) = 225, |21, Z3] = Z3,

8d1 (xodg — xgdl)
dy
2 2 —
B rodi + x1ds 7o+ dq (330(13 :Egdl)
2 do do
_2x2d1 + x1do Zs + dl(xodg — xgdl)aZl ¢ D.
2do ds
Therefore we have F{, = (Z1, Z) and the next term of the Freeman sequence is Fj, = (Z),
for the vector field 42¢0Z = 4d;(zods — x2d1)Z1 — d2Z>. We can simplify this vector field as
Z = dl(x()dg - xgdl)az() - dl(xldg - xgdl)azl - dg(x()dg - x2d1)8Z2 - dg(xldg - xgdl)az3 s

and in the local parametrization, we get the simpler expression
1
—mZ = 130, + 1250, + 1r5°0., + 530., .

Finally 7, = 0, and this finishes the proof of 3-nondegeneracy.

_ 1 _ _
(2o, Z1] = 522, (2o, Zo) = Za, 2o, Z3] = 2(xoda — 221d1) Z3,

_ 1 _
(Z3, Z1) = =23, [Z3,Z3) = Z3,

(Z3, Z3) =
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By our classification of locally homogeneous 3-nondegenerate 7-dimensional CR manifolds,
the dimension of G is the upper bound for the dimension of the automorphism group of such
a structure. The affine automorphism group is exactly G, since GL2(R) is known to be the
affine automorphism group of the rational normal cone and its tangent variety. The fact that
the entire automorphism group is G follows since any discrete extension of G acts linearly on
the radical R;, therefore it normalizes the action of GLy(R), it preserves the minimal orbit
(the rational normal curve), and it factors through the action of GLy(R). In §5, we proved
that any non-trivial cover of G acts non-effectively on M" = G//H, whence the claim. O

6.2. Tube over rational normal cone. The G-orbit N = (R\0) x }R; can be interpreted in
its own right as a CR manifold of CR-dimension 2 and CR-codimension 2, and it also satisfies
the Hormander condition, i.e., the corresponding CR-distribution D is bracket generating.
We remark that the Freeman filtration and the notion of k-nondegeneracy equally apply to
higher CR-codimensions.

Theorem 37. The above 6-dimensional CR manifold N°® = (R \ 0) x R; is 2-nondegenerate

and it is diffeomorphic to S' x R5. Its automorphism group is G, which acts transitively, and
NC = G/Sol(2), where the stabilizer subgroup is as in (6.29).

Proof. The claim on the diffeomorphism type of M7 follows by the proof of Proposition [34l
In the standard parametrization of R\ 0 given by zo = 73,21 = r2s,29 = rs?,13 = 5°,

(r,s) # (0,0), the CR~distribution D is generated by the vector fields
X = 37"28% + 2rs0y, + 828902,
X9 = 7‘289“ + 2rs0y, + 3328903,

together with Y7 = J X1, Yo = J Xs.
The Hormander condition then follows from

Ys = [X1,Ys] = [ X2, Y1] =10y, + $0y,, [X1,Y3] =0y, [X2,Y3] =0y, ,
while the Cauchy characteristic space is easily seen to be generated by
Xy = %(er +sXo) = 7"38900 + 7‘238901 + 7"52%2 + 33813,
Yo =2(rYy + sYa) = 30y, + 17250y, + 1520y, + 530,,.

The distribution Diq is generated by the vector fields Z; = %(Xl —iY1), Zy = %(Xg —1Y5).
We then have F{ = (Zy), where Zy = %(rZ; + sZ5), while the next term F7; of the Freeman
sequence is trivial. This proves 2-nondegeneracy.

The symmetry algebra is obtained by a somewhat tedious but straightforward computation,
which we omit and make available in Maple supplement to the arXiv version of this paper.
The claim on the automorphism group follows by applying Lie theoretic arguments as in the
end of the proof of Theorem O

6.3. Relation to other geometries. Here we describe the maximal symmetric CR model
M7 and some related geometries in the spirit of Klein’s Erlangen program. The automorphism
group for all of them is G = GLy(R) x R*, the models are all homogeneous and the stabilizer
subgroup is the subgroup of GLy(R) indicated on the edges of the diagram below (for edges
not emanating from G the meaning of the label is a fiber, a subgroup that has to be added to
the one above it to generate the desired stabilizer). All maps in the diagram are G-equivariant,
except for the dashed horizontal arrow that represents a natural fibration, which is not a group
quotient (note that Sol(2) does not include H as a subgroup).
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This contributes to the Segre correspondence between CR manifolds and related finite type
differential equations, well developed for Levi-nondegenerate case, in our degenerate situation.

G8
Cartan H Sol(2)
£6 diag M7 7777777777777 N _N‘G

We have already discussed the M7 and N nodes in §6.11and §6.2 The bottom node & is
the forth order trivial ODE 'V (z) = 0 considered as a submanifold in jets

= {ys =0} C JHR,R) = R(z,y0, Y1, Y2, Y3, ¥4) -

Its symmetry algebra is known to be g = Lie(G), but in order to make the automorphism group
precisely G one has to assume the independent variable z € S = R mod 7Z to be periodic, so
that actually £° = S x R* (instead of £ =2 R%). In this case the stabilizer group is the Borel
subgroup B of GLy(R) and the periodicity is due to the fact that GLo(R)/B = RP! = S
This quotient £ = G/B can be conveniently represented by the root diagram of g below,
compare to that of §&I1 The stabilizer subalgebra corresponds to gg @ g1 — for the moment,
ignore the circle around the first component as well as the integral sign above the second. The
grading corresponds to the Tanaka prolongation of the negatively graded part g_4®---®g_1,
which is the symbol of the Cartan distribution of the equation £. We also indicate generators
for the weak derived flag of vector distributions corresponding to the graded components of
negative degree, where D, = 9, + yl(?yo + 20y, + Y30y, is the truncated total derivative.

art an

//\g\

JO 7}.5

The final node of the diagram is the quotient £6 = G/Gyp, with Gy the completely non-
compact Cartan subgroup of GL2(R) given by the invertible diagonal matrices. This node is
intermediate between M7 and £°, and it can be described as follows.

First of all note that GLa(R)/Go = SLa(R)/(GoNSLy(R)) is an adjoint orbit, in particular
it has a naturally associated symplectic form up to homothety (we will not make use of it,
however). There are three types of non-zero orbits on slz(R), ours is diffeomorphic to T*S!
and it is the orbit that admits a Lorentzian metric of constant curvature w.r.t. the Killing
form. Thus £ = T*S! x R* = §1 x RS,
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Next, the quotient £5 = G'/Gy can be again represented by the root diagram of g, as £ is
a line bundle over £°. In fact, the stabilizer reduces from the Borel subgroup B to the Cartan
subgroup Go and we indicate the changes on the above diagram: the stabilizer subalgebra gg
is circled and the fiber of the line bundle is g;. The latter is generated by the symbol fx above
the top right node, which is an “algebraic” integration (a differential operator inverse to D,
in the sense that it acts in the opposite direction for the corresponding vector distributions).
We stress that the Cartan subalgebra gg acts as a bigrading on the root spaces of g, thus £°
is line-parallelizable, in the sense that each root space gives rise to a 1-dimensional subbundle
of TLS%. Consequently we have many canonical vector distributions.

More explicitly fx and D, form a pair of raising and lowering operators

[=Dy,-] : <ayk> = <ayk71> m0d<Dx,(9yk> ) [fxv] : <8yk> = <ayk+1> m0d<fxvayk> )

where the formulae have to be understood with the agreement that (9, ,) = (9,,) = 0. Denot-
ing X = (D), I = fm>, and Y, = (0,,), we get the following integrable vector distributions

XI, XYy, XYY, XYpY1Ys, XYY1YoY3,
YoY1YaYs, IV, IY3Ys, 1Y3YoY1, 1Y3YoY1Yy,

where we omitted the direct sum symbol. Thus the invariant geometric structure on £ consists
of a line-parallelization satisfying the above integrability constraints.

Finally, we can write this structure in local coordinates. We use the coordinates x, yq, . . ., y3
on &9 lifted to £, keep the same expressions for the generators D,, 0y, and add a coordinate
t and the generator

/ =0 + 220, + 3zyoOy, + (3yo + zy1)0y, + (4y1 — 2y2)0y, + 3(y2 — 2y3)0y, -

A straightforward computation in Maple then shows that the symmetry algebra of the above
line-parallelism is precisely g = gly(R) x R*.

6.4. Higher dimensional generalizations. For CR-codimension 1 and CR-dimension k£ >
2 we have the following constructions in C**!. Consider the rational normal cone R in RA+!
as the cone over the degree k rational normal curve {[1: X :---: \¥]} € RPE. Its subsequent
tangent varieties T9R for ¢ = 1,...,k — 2 are obtained by uniting the osculating spaces at
any fixed point (for ¢ = k — 1 we simply have T#*~1R = RF*1),

We consider TF7?R and the tube T#72R x REFT € CF = RF x R | which inherits a
natural CR-distribution D with complex structure 7. It turns out that the non-singular part

M2k+1 - Y % RZ+1
is holomorphically nondegenerate. Here and in the following ¥ := T*~2R \ T*~3R.

Proposition 38. The Freeman sequence of (M%“,D,j) decreases by one dimension at
each step, so this CR structure is k-nondegenerate.

Proof. We use local coordinates where v : A+ (1, A,...,AF) is a curve in RE*! so that the
rational normal cone R is parametrized as (A, tg) — toy(A). Then the tangent variety TYR is
parametrized as

W1 = Nty ..o tg) e toy(A) + 117 (A) + -+t D (V)

which we will consider for ¢ = k — 2. This parametrization covers only a proper open dense
subset of T*~2R, but this is sufficient due to G Lo (R)-equivariancy.
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Note that at nonsingular points ¥ = T*~2R\ T*~3R we have

T’w('r)E = </77/7/7 cee 7/7(k_1)>‘

The first (k—1) terms correspond to ¢,0,, . . . , Y0, _,, whereas the last term is a combination
of them and 1,0y. Note that v is a radial vector field for R parallelly translated along T*2R.
The other generators are also ts-independent, i.e., they are constant along the foliation of X
by (k — 1)-planes. In particular, for the standard affine connection V on RE+1 we have

Vw*ats’}’(r) = O Whlle V@b*aA’Y(T) — ,Y(T-l-l) ,

for all 0 < s < k — 2. The CR-distribution D is generated by the vectors X € TY C R’;*l
and their counterparts JX € R’yf“, which respectively have the form

X = Zai(az)@xj and JX = Za{(az)(‘)yj .

Therefore the commutator of such vector fields X and Y is VxY € R';H for the above trivial
affine connection V. This allows to easily compute the terms of the Freeman filtration.
Let us denote
1 .
Zo =5 (0 — i)
for all 0 < s < k — 1, where the subscripts z,y indicate to which of the two components in
Ch1 =R x RFF! the vector belongs. Then

180 = <Z()7217' . '7Zk‘—8—2> ;

so that .7-"{“0_2 # 0 and ffo_l =0. g

Furthermore the affine automorphism group of M+ is clearly G = GL2(R) x S*R? and
we expect that this is equal to the entire automorphism group, namely

Aut (M D7) = GLa(R) x S*R2. (6.31)

It is important here that k > 2. In fact, for £ = 2, the rational normal cone is a quadric, the
null cone for a Lorentzian 3-dimensional metric, and this results in a bigger automorphism
group, the conformal group SO(2,3) acting on the tube over the future light cone, see [12] 20].
If the above conjecture (6.31]) is true then the model will be almost simply transitive for k = 4
and inhomogeneous for k£ > 5. (We remark that for £ = 4 our model here is locally equivalent
to that of Example [[0l Indeed, identifying points in R% = S*R? with the coefficients of a
quartic, one can show that the second tangent of the rational normal curve passes through
the point (1,1, 1,0,0), which lies on the same G Lo(R)-orbit as (0,0, 1,1,1).) For a construction
of homogeneous k-nondegenerate CR manifolds in dimension 2k + 3, we refer to [16] [18§].

Relations to other geometries, like higher codimension CR tubes and higher order ODEs
also generalize. In particular, g = gly(R) x S*R? is the symmetry algebra of the trivial ODE
y+D(z) = 0. Again the case k = 2 is special: the symmetry algebra is sp,(R) = s0(2, 3).
Thus we have an affine bundle M2+ — €42 of rank (k — 1) over the equation manifold of
the trivial ODE for every k > 2, and the action of g is projectable.
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