
On C~-Regularity of  the Gradient of  Solutions 
of  Degenerate Parabolic Systems (*). 

I~ICHAEL WIEGNER 

Summary.  - We conslger weak solutions u ~ L~([O, T], W~(D)) r~ ]5oo([0, T], 15 3(t9)) o] the degen- 
erate parabolic (model).system 

E-T- die (IVu]~-z Vu ~) -- 0 on t'2 c R ~r , 1 -< i ~ m with p > 2 .  

By  local techniques it is proved, using sequences o] time-space cylinders, which are adjusted 
to the alternative whether one is at a point o/degeneracy or not, that the spatial gradient el u 
is ~.Hdldercontin4tous on compact subsets el f2 • [0, T] with%ores ~. which depends only on ~g 
and p. 

1. - I n t r o d u c t i o n .  

L e t  /2 c R ~ be  an  open  sot, p > 2, an4  consider  t h e  degenera te  parabol ic  s y s t e m  

(1.1) 0--{-- div (]Vu?-~ Vu') = 0 ,  l s  

A vec to r func t ion  u : (u 1, . . . ,  u m) 4ef ine4 on ~gT : :  (0, T]  • f2 wi th  

(1.2) u,e L~([o, T], L~(~)) n L~([o, r], w~(~)) 

is cal led a weak  solut ion of (1.1), if 

~[u*~', - IVu?-~Vu'V~']dxdt= 0 for all 

The  a i m  of this  pape r  is t o  give a proof~ t h a t  for  such solut ions  t he  g rad ien t  of u 

is local ly ~-H61der cont inuous ,  wi th  an  exponen t  =, depend ing  on ly  on  iV a n d  p 

(and no t  on u, m, or  ~QT). 

(*) Entrata  in Redazione il 4 luglio 1985. 
Indirizzo dell'A.: Insti tut  ftir Mathematik tier Universit~t Bayreuth, Postfach 3008, 

8580 Bayreuth, BRD. 
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The corresponding degenerate elliptic system was first considered by  U~LE~ ~- 
~ECK [10], where the similar conclusion was proved, Extensions,  also for p ~ (1, 2), 
were given by  TOLKSD0n]~ [9]. 

The parabolic case appears ~o be considerably more complicated to t reat .  In  
the case of one equation, &LI~K0S and EVANS [1] proved just  cont inui ty  of Vu; 
no modulus of cont inui ty  was obtained. 5low in a recent  article DIBE~EDE~O and 
FRIE])~A~ [5] gave a modulus w(~) of cont inui ty  for the gradient  of solutions of 
(1.1) of *he compliea*e4 form w(~) ~ (log log A/q) -~ with A and a depending on ~9~ 
and some norm of u. 

Inspired by  their  me ,hod  we present  the following new idea for proving Vu 
~ a , V a .  
~ l o o  " 

One is used to  consider bails of volume eQ N in the  elliptic case and cylinders of 
volume e~ ~+~ in the  parabolic case for proving" (H6lder)-coutinuity.  In  the degenerate  
case we consider instead sequences of cylinders, whose volumes tm'n out  to  behave 
like QN§ and it  might  be, ~hat the ratio of height over radius squared approaches 
infinity (at points at  which the system degenerates),  though the sequence of cylinders 
keeps nested. 

I t  seems clear to us tha t  this observat ion and the *eclmiquo presented below 
also allows to prove HOlder-continuity of solutions of other  degenerar problems, 
as there  is e.g. the  t empera tu re  in *he two-phase Stefan problem [3], or of general 
porous medium equations [4]. We will come back to  this problems elsewhere. 

For  more information on degenerate problems consult e.g. the  references given 
in [2]. 

We s tar t  with the assumption,  tha t  for K c ~ we know already a uniform bound 
]]Vu][~(E) ~ M(K) ;  see [5], Theorem 2.1. t~urthermore by  [5], Theorem 2.4, we know 
tha t  

( (]Vul~-~lD~ul ~ dx dt ~ MI(K)  
K 

the  constants M(K),  MI(K)  depending addit ionally on the norm of u in the spaces 

of (1.2). Then we prove the following 

THEOBE~ (1). _ There is an ~ e (O, 1/(p -- 1)), depending only on p and _~Y, such 
that ]or all eompaet subsets K c QT and all solutions u of (1.1) with IVu] < M on .K 
we have 

IVu(x, t) - Vu(x', t')l <-_ r  M, p,  N) .  e~ 

/ o r  Q = Ix - x ' l  + It - t ' l~, w i t h  ~, = 11(2 + (2 - -  p ) ~ )  > �89 

(1;) After finishing this manuscript we were informed that DIB~D]~TTO and FRIEDMAN 
have achieved a similar result (with an ~ depending additionally on ti?) . . . .  
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The proof is organized as follows. We will consider the differentiated system 

( ) (1.3) ~(u~,)--div I V u l ~ - ~ V u ~ + ~ ( I V u l ' - ~ ) v u  ' = o ,  ~ < i - < m ,  

and will apply various testfunctions to it. 
The typical  cylinders used are defined in (2.0) below. In  w 2 we present two 

alternatives A and B, and we will derive the theorem from them. 

w 3 contains the proof of al ternative A - - i n  fact, it  is similar to a lemma, already 
used by  the author in proving regulari ty results for elliptic systems (see [11], Lem- 
ma 4, p. 371 or [12]). I t  roughly states, tha t  if IVu[ < (1 -- Q) sup IVu] on a fixed 
portion of a cylinder, then  sup ]Vu I is smaller by  a fixed amount  on some smaller 
cylinder. 

w 4 is devoted r the proof of al ternative B, which is in the spiri~ of the italian 
school (see e.g. [6]), and we conclude wi th  some remarks in w 5. 

We restric~ to the case p > 2, because there are (some more) technical difficulties 
in the case p e (22V/(h r + 2), 2). Fur thermore only the model-problem is consider- 
ed- - i t  is easily possible *o generalize to systems of the form 

at 

with certain conditions concerning A and ]. 
Last,  the letter e will denote various constants, which may  differ from line to 

line, but  will depend only on h r and p;  a n d  we use the summatioll  convention 
throughout.  

2. - The two alternatives a n d t h e  proof of  the theorem. 

Note first ~hat we may  assume tha t  ]Vu] < �89 on zPz---otherw~se consider ~(x, t) = 
-= ~-lu(x,  a~-~t) for a large which solves the same equation on f2~_~ T. 

Let  us define for (xo, to) ~ f)z 

(2.0) Q~ = Q~(xo, to) = B~(xo) • [to-- g~-~.R~, to] = B ~ •  

and consider only those /~, ~ ~ �89 such tha t  Q~R(Xo, to)c/23. 
We will show, t ha t  there are constants rio, 8, a, 0, @ ~ (0, �89 depending only on 2r 

and p, such tha t  the following alternatives hold: 
Suppose [Vu] < # on Q~(xo, to). 

AL~E~A~CXVE A. - If meas {(x, t) E Q~(l§ too)[[Vu[~< (x - ~)~} > QIQ~(I§ 
= n~(1-~)/~ to ) for all fi ~ (0, fl0). then [Vu] < (1 -- fi)# on '~e~ ~*o, 
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A r ~ A T ~ V ~  B. - I~ meas {(x, t )~  q~(~+.<,(Xo, to)llVul~< ( 1 -  ~o)# ~} < ~IQ~<~+~)I 
then  

f f  I ra (x ,  s) - -  (Vu),+~l ~ dx as ~_ 

for. i e No with Q~ = QnU~, and 

(vu), = f f  v (x, s) 
Q~ 

dx ds 

o f f  lVu(x, s) --  (Vu),[~ dx as 
Q~ 

l-~,] f f vu(x, s) ax as. 
f& 

Concerning the constants,  0 can be choosen a rb i t ra r i ly ,  while a and 0 are der 

in Lemma 4.5 and fie and ~ at  the end of w 3. 
Le t  us now prove the  theorem,  assuming thzr A and B are correcr 

Define 

/~o = �89  # .  = �89 (1 -/~)-, R .  = a-_~o. 

Consider first two points (Xo, to) and (xa, to) with the same t ime-coordinate,  Ixx - x0[ = 
o <= Re/2, and we will assume, tha t  

Q2Ro(X~,Uo to) c f2r for i = 0, 1 .  

Then for both  points there  are numbers  h i =  n,(x~, to) e NoL) {oo}, i = 0, 1 such 

thar (by s l ternat ivo A) 

(2 .1)  IV~l ~ ~ o ~  Q~=~,(x,, to) for  j = o ,  , , , ,  n, 

and (by a l ternat ive  B) 

(2.2) f f  IVu(x, s) - -  (Vu)s,~[ ~ dx ds =< 4 "j ' v ju., for j e No 

wiCh 

Q~,~.~ D~.~ / x  to) f f  vu(x, .) d.. 

Here  n~---- c~ means, t ha t  A holds for all R~, hence (2.1) for all j e-hro . 
First  of all, (2.2) implies, t ha t  (Vu)j.~ is a Cauchy-sequence for i :  0, 1, because 

[ (Vub+ , , , -  (Vub, , l~< 2]Vu(x, s) - (VuL.+~,,p + 21Vu(x, s) - (vub, ,I  ~ 

and integrat ing over Qi+~,i gives 
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Therefore (Vu)r converges to Vu(x~, to) (for almost all points) and 

(2.3) ]Vu(x,, to) -- (Vu)r 2 ~ e(0)~-~-sOr for j e No. 

We consider three different cases. 

Case I .  - n~ <, no< oo ~nd 2[x~ -- xot = 2~ _~ R . . ~  ~ . .  
Then there is a number joe No such tha t  

(2A) 

~n4 we est imate 

(2.5) lvu(xo, t o )  - vu(x~,  to) l s ~_ alVu(xo, to) - (vu)jo,op + 3 IVu(x,, to) - (Vu)~,,~p + 

+ 31(Vu)+,,o- ( v u ) ~ . , d ~  o(0;V,~,. + 0 s ' . s '  - ~.,J + 3 l ( V u b ~  ( V u b . d  s 

with the number  j l~ N still to choose. The last term in (2.5) can be est imate4 by  
the usual trick: 

l (Vub , ,o -  (Vu) j , ,ds~ 2lVu(x, s) - (Vu)j.,op + 2lVu(x, s) - (Vu)j .d  s 

an4 integrating over Qj,,on Q~,,~ gives 

(2.6) I ( v u b , , o - ( V u ) ~ . d ' =  < 8  tO~o,of o " *  - s  Iq~,,d ~ , , ,  
IQJ~ # " ' T  i Q J , , - ~ Q , . d =  ~"*" 

~ o w  we choose j ~  N, such tha t  the two *erms on the right hail4 si4o are equal 
hi size. We note t ha t  

[Q;,,oi 0 J~ t * . o - S  _ ea4-~l(9~c+2~o+nol~+s~.~o~ , o Oj~ -~ e [ ( 1  - fl) ~-~ 5 "~+~ ] ~~ [(~+s 0] ~0 -~o~+~ 

Let  

(2.7) a : =  (1  - -  f l ) ~ - ~ 8 N + s <  1 , b : =  ~ + ~ 0  < a . 

Then we choose jl such tha t  a'~ a"lb sl, which means 

(2.8) n~-- nl = ]i:(jl-- jo) wi th  

In  or4er to est imate lObe, on  Q~I,11, we note tha t  

]lab 
~ = l--ha> 1 �9 
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iff 

(2.9) 

and 

R~+&_~ ~ 2/~nt+~ x , 

because 

by  (2.8). 
Hence by  (2.4) 

CoIIec$ing all est imates gives 

lVu(xo, to) - V u ( x ,  to)l~<= 4(1 -~)~,0~.:+ (1 -~)~-,0~i). 

As (1 -- fl)~,~,O&<= (1 -- fl)2~005., if 

(2.10) (1 -- ~)~0 -~/~> = 1 

we finally gee 

(J e(l--fi) 0 = c(l--fi)~.+i,<= e [Vu(xo, to)--Vu(x~, to)] ~ ~~ ~~ ~ ~ (2.11) 

with 

in (1 - t~) < 

Case II .  2~ > Rn~ nx<= no<  cr 
Then R~+~< 2 0 </~,o for some k ~ {0,...~ no-- 1}, (x~, to) ~ Q~a~(xo, to), and therefore 

{Vu(xo, to ) - -Vu(&, t . ) [<2  sup [VuI<2~k=e(1 - - f l )~Ne  �9 
O~t~(xo , tD 

Case I I I .  - I f  no = ~ ,  then  ]Vu I ~ / &  on Q~(Xo, to), n e N. Choose ~oe N with 
RT~ 2Q --<_ B~ ~ and *he same reasoning as in case I I  yields the  resul$. 

Iqext consider two points of the  form (xo, to), (xo, &) and let  0 2--  I%-- tl]. Then 
case I is given, if 
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and ]o is determined by  

~ <  ~e~'~;~((1 - ~ ) ~ - ~ - ~ ) ' . ~ - ~ . <  1 .  

The same reasoning as above leads to 

IVu(xo, to) - V u ( x o ,  t~)l < e(1  - ~ )" .0~;  ~ . 

Take a ! <  1 with ( 1 -  f l ) :  ((1-/?)2-~(~)~,, which is possible, if 

(2.12) (1 - -  fi)r-~ > (~. 

We may  also assume, �9 0�89 (I '~,, f rom which we get 

(2.13) . ,Vu(xo, t o ) -  VU(Xo, t,) l __--< e ( ~ ) "  

and the s~me est imate holds in the corresponding cases I I  and I I I .  Combining (2.11) 
and (2.13), we see that  

I V u ( x ,  t) - Vu(x', t ' ) l <  e(/C)e ~ 

for e = I x -  x'J + I t -  t'l, with 

1 and a = lln (1 --~)I 
~' --2 § ( 2 - - p ) ~  [In~ I 

depending only on _~, p, on compact  subsets K c (0, T) • •. c(K) depends also on 
sup Iv~I. 

I t  remains to check the conditions (2.7), (2.9), (2.10), (2.12), which are easily 
seen to be fulfilled for  fl smal l  enough. 

3. - P r o o f  o f  a l ternat ive  A .  

A similar s ta tement  in the  context  of elliptic systems was given by  us in [11], 
Lemma 4, p. 371--in fact, the  method relies oll an old device b y  Moser. Let  e < ~o 
and 

(3.1) V = -- In (i -- iVui2# -: + e) + 111 ~. 

With Ro = (I + a)/~ ~ ~R we have by assumption 

(3.2) j{v+ o} c~ Q~.I => ~)[ ~~ 
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and the  tr ivial  est imate V+ <= In (e/s) on Q" .~ : The aim is to give a be t t e r  es t imate  

on some smaller cylinder Q~,, which will be achieved in three steps. 

S~EP 1. - We have  

(3.3) 

- -~ ' e ) - ~  with ~ > a test-time- P a c e r  o~ (3.3). Take  2~ u~(~ -- )Vu]'~- '  § 0 as 

~io~ m (1.3). ~s  v , o =  ~- ' ( IWl%(~ - I W l ' ~ - ' +  ~)-', we got 

(3.4) 

Let  ~(x, t) denote the  usual cutoff f lmction on Q~R with respect to Q ~  an4 insert  
~ ~ in (3.4), Then  by  s tandard  estimations 

f f lwl~-*lVV[* ax as <= off ax as + 2111Vlln,I ax a~ 

As )Vu),> (1 - e)~' on  W + >  0}, we get (3.3). 

S T E P  2 .  - There  are y < 1, 0 > 0 (with (1 ~- 0)(1 ~- a) < ~), such tha t  ei ther  

(3.5) f f ( v  M ' 

for  some 12 = o(Q)/~ > /~  or 

(3.7) below is not  fulfilled. 

P ~ o o r  o r  (3.5). - Le t  A,,~(t) : =  {x e B~W(x, t) > k}. Fi rs t  of all, ~here is a t i e  

e I : =  [ t o -  R~tt 2-~, to-- (q/2)R~t~-'], such tha t  

(3.6) 

because otherwise l { r + >  O} r ~flAo.m(s)t ds > (1 - e)lQ~ol contradicting (3.2). 
I 
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Now let 0o(x) deuoCe the cutoff function on Bgoo+a)with respecr to Bg~ and insert 
~ 2F+(x, t)q~(x)z~h,t,~(t) in (3.4) for any  t~e [t~, to]. Then 

f f V+(x,t ) dx + e ff  V+(x,s)[Vu{~-~[V~v]~dxds<= 
B~o B.eoO.+~ ) B,e~O.+~) x [t~ ,f~] 

"Q(l--i){BRo'lng(~)+ e,to--tl)]AP-2(~.~o)-2[Ul~~ ) �9 
Hence, if Y < 1 and 2 ~-~ 6 < 5/8 

We will assume 

(3.7) In ~ <: (1 + O)~vM ~ and c6 -~ In g g �9 

Then 

if ~ small and ? close to 1 enough, depending on 5. By [7], p. 56, w e  ! n ~ e r  

f(V(x, t.) - rM)~ d~ =< cN f{W+l ~ dx. 
�9 B/Ca( l+~) J~.~oO.+O) 

Inr over t~e [to-- ((S/2)Rg)# ~-', to] = [to-- (Re(1 -k 6))~/2 ~-', to] we get 

Q~~ ) Q~o(I+~) 

with /~-~(1 + 6) 2 =/~*-~(5[2), hence (3.5). 

S~EP 3. - Consists of the following lemma, which is a variant  of [8], Theorem 6.2, 
p. 105. As we must  be careful about the dependence on #, we present a proof below. 

L E ~ . -  Let  So, no<�89 and M : - -  Sup V + > 0 .  
tha t  for all 9 g 50, a g no, k >= y M  o~_~.)Q. 

(3.s) 

Suppose there is a y < 1, such 

}V(V-- k)+], dx dt 

_ el(aS)-~ I I  (V-- k ) ~ dx dt .  
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Then 

(3.9) dx dt . 

PR00~. - Let  v:-~ �89 §  1, ko>- ? M  and define for s e N o  

k, := Vko-- koV-'(v -- 1) 7 vko 

e, : =  ((1 - qo) § ~o.2-') eo ",~ (1 - ao)eo, e* : =  �89 (e, § e,+,) > e,+, 

and let ~o,(x) denote ~ cutoff-function, which equals 1 on Bq,§ and 0 outside Be;. 

Q~ 
Using Sobolev's inequali ty and (3.8), we got: 

f f  ( v - -  dx dt I , + ~  k~+~)+q~(x)~ 

On the �9 hand 

!! I ~"  . 

which combines to the reeursion relation 

\ 
Iv(v 

c "el" sup ]Ak.+, q.(t)[~/iv( e. - -  q.+D-~I.. 
ta~: 

sup IA~ . . . .  .:(t)l 

c[. ~-~k -s ^-(~+2)]~/~b~ I i+~/~ (3.10) I ,+1~ e((e,--  e,+~)-2Is)l+21N[#~-~)(k~§ - k , ) -~]2t~ [~ o So " 

with c depending only on e~, ~:, do, .57 and b = 4~+21N~r 1. 
Now if 0 ~ I ~ + ~  Ab~I~ +2/~ with b > 1, then Is -* 0, if I o ~  A -N/~ b -~'/4 (see [8] 

Lomma 5.6, p. 95). 
As l o < = f f ( v - - ~ M ) ~  dxdt ,  it suffices, tha t  

Q~, 

(V -- ~M)~ dx d~ N e# koO o . 

Hence let ko ----- max {rM, e ( ~ ( V  -- ? i ) ~  dx dr) �89 and we conclude from I.--~ 0, tha t  

M__< ~kO. 

As v~ < 1, the lemma is proved. 
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Now inserting ~ ~ 2(V--k)+~ ~ in (3.4) with appropriate cutoff-functions, we 
see ~hat (3.8) is val id  indeed, where we use again, tha t  IVu[ ~ > (1 -- ~)/~2 on (V > 0}. 

B u t  combining (3.3) and (3.5), we see tha* either 

hence 

/ - / .  I~\ 

J J  

(3.11a) M 2 ~  e In (~)  

by  the 1emma, or (3.7) is not  correc~ which amounts  r 

(3.11b) M ~ (1 + ~)-N/~ l n ( ~ ) .  

Choose e small enough, such tha t  e ~ ( 1  + ~)-~ln (~/e), which reduces (3.11a 
(3.11b) and by  elementary calculations we get 

Iwl<(1-fl)~ onQ~ 

with fl just  depending on e. ~emembering,  tha t  fi ---- c(9)#, we see tha t  also 

to 

where  ~ < ~0(e), fl < rio(e). 

4. - Proof  o f  a l ternat ive  B.  

This proof is essentially done along the lines of DIBv, NEDETTO and FI~IEI)~AN [5], 
w 4, w 5. We just  have to  be careful abou* the dependence on # and *he different 
cylinders used. We suppose aga in  [Vu[ g / ~  < ~ on Q2~ and star* with 

L E n A  4.1. - Le~ W =  (W~) be any  vector  in R s• Then 

g c~-~ff ( I w t - ~  + s~-~)lvu - w l  ~ ~ ~ .  

PROOF. - Use the test-function (u~--  W~)~ ~ ill (1.3), with ~] an appropriate cutoff- 
function. Noting tha t  I~l----< 2# ~-~R-2, the lemma follows b y  s t andard  estimations. 
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The idea of the following is to use the locally lhlearized system with constant 
coefficients wi th  the hope, ~hat the good estimates for its solutions can be used to 
derive at least not so bad estimates for the function u in question. This technique 
was employed with great success by the italian school--we refer here to the book 
of GIAqlII~A [6]. 

For  the following 1emma in  the elliptic version compare e . g . p .  78. 

_ V ~ R - •  ~ _ J~E~r~A 4.2. Le t  V = ( ~ )  e with/~/2 ~ IVI ~ 2# and let v be the unique 
solution of the linear parabolic system (cf. [8], p. 573) 

(4.2/ %--' div (tVI~-2VC+ (p--2)}Vl'-~r}v~ V)  = 0 in Q~/~, 

v -  ~ = 0 on the  parabolic boundary  of Q~/~. 
Then we have for all Q < R/4, W e R  "x~" 

with some c, depending only on p and N. 

PI~OOF. - Let  C~----- B0(O)• [ -  ~ ,  0] and consider w(x, s) = v(xo+ (R/2)x, to+ 
+ �88 solving 

(4.4) ~ ~ J %-- (A~w~)~-~ 0 on C~ 

with the  constant  matr ix  

J~ ~ s 

where we se~ ]~ ----- V'# -1, �89 _--< I~'l < 2. 
5Tote tha t  

with 0 < e_(p)< %(P) independent of # and V. I t  is clear, t ha t  w is C ~ inside. 
Now differentiate (4.4) and test  with 

(Vw- $)V2 

which gives 

f f lD2wJ 2 dx ds ~ 
ot O t  
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l~epeating *his procedure (now wish ~ = 0) for ~he higher order derivatives gives 
for all k ~ N 

rr -~D~w dx ds N e(p, k)3 J IVw --  F~Vp dx ds 

where D*w denotes She veeCor of ai1 spuSial 4erivatives of order k. Hence by Sobolev 

m ~  ID~p + ID~wp< c(p, 2r f IW -- VCp d~ ds . 
Ot C~ 

B, [--r*,O] Or 

0 0 

f l l(s)- (w).p e. _< ~ . f  l~'(,)t' es _< ~ro ~up~ ll'(s)l'_~ ~.~ ~upo. tw,I 'S ~~ ~up~, IL,~t, 

with She last inequali ty following dfi'ectly from (4.4). Hence 

O 0 

Cr 0 - - ~  B r  - - t  a 

C, 0~ -~ B, ~ ~ I 
Cr ~+~3.f IVw(x, s) - -  ]~/-[' dx ds for r < ~ . 

C~ 

Let  l~ = (R/2)W alld t ransform buck *o get (4.3)--note, thaS j::f Vw(x. s)dx ds = 
= R/2 ~ w(x ,  s) ax d~. ~" 

o~,R n 

L E n A  4.3. - Let v be given by (4.2). Then for @ < 2~/2 

o F o~ o~  

wish s  if N > 2  and N * > 2  if N = 2 .  

PROOF. -- Subtracting (4.2) from (1.1) gives 

2 ~ - 4  J! J J ~ ~ r i  (4.5) ( u ' -  r  air (frl~-~(vu ' -  w')  + (p - )lrl r~(%~- % ) r )  = air 

and  by  [5], (4.8), p. 103, we have 

IHI < ~-'(tVul + lvl),-'lVu - v p .  



398 ~ICHAEL WIEG~EZ: On Cc,-regularity o/the gradient o] solutions, etc. 

Multiplying (4.5) by (u ~-- V*), summing over i and iategrating over Q~/~ gives 

P P  P lVl~-,//IVu - Wl  ~ d~,~t </IHIIw - w / ~ x  ,~t 

Q~/~ Q~r 
hence 

(4.6) 

Let r = R/2 an4 consi4er 

I=f(IWl + Ivl)=~-fiw- rl ~ dx.  
Br 

Splitting the integrand in 

{(IVul + IVl){~-=,,-~,qVu- rl=(*-~,~,} x{(Iv< + IV)>:~,,~+(~-=,lW- Vl =z~+=} 

and using HSldor's inequality gives for q > 1: 

Bt ~r 

Now we need the elementary inequality 

(4.7) II~rl~-Irl~r[~e(Ir.rl + Irl)~l~r-rl for ~>o ,  

which is prove4 in [5], p. 103, and we get 

(4.8) 

Br Br 

For abbreviation let X = IVu](~-~)I~Vu--IVI(~-2J)2V. 
(4.8) with the help of (4.1) an4 take q = s / ( s -  2) 
(4.6), this gives 

Estimate t h e  firs~ factor of 
hence 1 -- I/q = 2/s). Recall 

(4.9) �9 f f  l w -  wj . , -~x  
Q~ Q~ 

VI* ax at) */'. 

I~ .Br 
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lqow the last factor is est imated by Sobolev's inequali ty 

for s = 5V* on balls B~/~. 
This implies, using [XI~_< c I V u -  V]~# ~-~ 

IVu -- V] ~ dx dt 

by (4.1), which combined with (4.9) proves the lemma. 
l~ext we give a condition, which implies %he conchisioI1 of Alternative B (com- 

pare [5], Lemma 4.4, 4.5). Keep in mind, tha t  IVu[ ~< # on Q2~. 

LE]u-lvi)~ 4.4. - I~et V0~R r• ~/z ~ [Vo[ ~ ~/z and Oe(0 ,  1). Then there are e, (~, 
positive, small ~n4 depending only on O, N, and p, such tha~ 

(4.10) f f  ]Vu - -  gel ' eft = dx dt _< 

Q~ 

implies: For  i e No %here holds for Q~ = Q~6, 

Q~ 

(iii) IV• (Vu)~] g ~ 
- - 4  

wi th  ( V u ) ~ = f f V u d x d t .  
Q~ 

dx dt; 

I~]~AI~I~. - We can fil14 a 6 > 0 of this kind, which is smaller than  a give~ 
number,  say (~o(~) from alternative A. 

Q~ 

for all constant vectors W e R~• Then the remark is easily seen to be true, because 
whenever we have found a ~1 such tha t  (i)-(iii) holds, choose ]ce N with 3 = 6 ~  ~0(e) 
and consider those Q~ with i -~  0 me4 k. Then the lemma is t rue with this & 
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We sCar~ wiCh V = Vo uncl use only #/2 < IVI ~ 2/z so %har in view of (iii), 
we can procee4 induci~ively. B y  assumpi~ion and  L e m m a  4.3 we get 

f f -- Vop dX dt cff  lvu -- 

which implies b y  (4.3) (if 6 < ~) 

(4.11) f f lVv -- dx dt ca +'f f lvu -- Vop dX dt . 

Iqow b y  lemm~ 4.3 an4  (4.11) 

f , ( ,  / , [ ,  

Q~ ~ ~ 

and  we see Chat 

f f  ]Vu -- (Vu)~a[2 dx dt < c(6~--~ s2/N*(3-(N+2)) ~ f  [Vu - Vop dx dt 

Q~" Q~ < O ~ ,Vu -- Vop 
Q~ 

if we choose firsr (~ un4 %hen e, depending on O. 
We  ~ssume ~4di~ionslly t h a t  

dx dt 

~-(~-+2)< 1 0~), _ i - ~  ( : [  - . 

I t  remains  %o check the  th i r4  assert ion 

](Vu)~-- Vol2~ ] f f  (Vu-- Vo) dx dtl~< f ~  lVu-- Vop dx d~ < 

Q~ 

We can cozztinue this  process, now wi th  V ~ (Vu)~,  if we show t h a t  (iii) remains  
t rue .  :But as above,  we have  

\ 
~ O  
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by  (4.12), hence 

I(w) .+ ,~-  Vol =< ,=o -~ ~ o~,,(~ . o ~ )  { =< er 

So all what  is left to prove alternative B is the following lemm% differing only 
from [5], Lemma 5.1 by ~he use of ~he cylinder Q~ instead of Q~, In  order  to keep 
this paper selfcontained, we give the full proof. 

implies: 

(~.1o) 

L~i 4.5. - There are (r, @ ~ (0, �89 such tha t  

moas {(x, t) c q~(,+.)(Xo, to)[Null< (1 - -  ~)#2} < QI{0/~ag(l+ a)[ 

There is a V e e r  ~• ~lz < IV0[ < ~/*, such ~ha~ 

~ f  lVu -- Vol~ dx dt ~ ~# ~ holds 

w i t h  e determined ill Zemma 4A. 

PlmoF. - We mimicry the proof of [5], Lemma 5.1. Define W : =  ([Vul ~ -  
-- (1 -- 2~)/~ ') and use the test-ftmctio,t 2u~ W+V = in (1.3) with ~ denoting a cutoff- 
function on Q~R with respect ~o Q(~+o)~. W e  get by  s tandard estimations 

Observing tha t  W + <  2p#" on Q~R and W+=> p#2 on 

Ac,+.)~ {(x, t) e Q(,+.)~llvul" > (1 - e)# =} 

we get 

f f  IWl.=OlD-'<, d~ a~ ~c(~.~)-~4e.,ff (tw[.-~rv, I ~ + >f)  ax at =< (~ . la )  C@/*~./~ iv . 

Note tha t  we h~ve also from (4.1) 

(4.14) f f lw>'-I.'<' ax at <= cz.R~ . 

Now define for t e I~+o :e ( ) 

V(t) := f [Vu[(.-~>/~ Vu 
-B(I+a)R 

dx.  
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We want to prove 

(~.15)  

Q[~+o)~ 

We aeed :the iaequulity 

.Be .B~ .Be 

v~lid for functions buying ~ver~ge zero oa Be; see e.g. [7], (2.10), p. 45 with a 
= :~/(~v + ~),  r = ~,  p = ~,  m = 2~v/(_,V 4-  ~). 

:Let w-~  ]Vu](~-~)/:Vu- V(t), hence ]w I g e# ~/~, and we get 

Qfl4"~)R Q~l+a)z 

0 ,u e . Splir Che region of iategr~tion inlo the 1wo p~rts A(~+~)~ ~ d  Q(~+~)~A(~+o)~. By 
(4.13) we get 

~ + ~  ~5+.)" 

and using the assumption of the lemmu aa4 (4.14) we huve 

f f  (IVul~-~lD~ul~) zcj(~+~) ~v dt 

O~+a)R 

e, u2~l(~ + 1 )~1 (z r  + 1). ~i/(~ + 1) f l (2 -  ~)/(~ + x)/~(1r + 2)/(N + ~) .  

Collecting the estimstes gives (4.15). 
~ow define g(t) by V( t )=  g(t)Ig(t)[(~-~))12; note, thu~ [g(t)l<=ff. By (4.7) 

l lVul '~-=)r Vu  - v ( t )  l= ~ ~lV~ I , - = l v u  - g(t) 1 ~ 

which together with (4.15) implies 

f*/, 
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Let (Vu)~(t)=~Vu(x, t)dx; then obviously 

flw,(~, ,) - (vu)At)p dx <=flvu(x, t) - g(t)p ax 
B~ B~ 

hence 

(4.16) f f  ivu-(w)~(,)l~ a~ ~,_-< f f  I w -  ~(,)I ~ a~.a~ + ~.~Io~o,~.~,~l  
Q~ ~ + ~  ~ e#~-%W/~v+~)/~ ~+~ 

where the assumption of the lemma was used ugain. 
Next we want to estimute 

?P 
D = J  ] [(Vu)a(t) -- (Vu)al 2 dx dt, 

Q~ 

which can be bounded by 

1) </g~/sup Vu(x, t) 
t~l~ .B~ 

1 ~1 dx) ds ~ 

< IQ~IlB~I -~ s u p  (Vu(~, t) - Vu(~, ~)) e~ < 
t'S~IR ~n 

L! dx ~. <= c#~-~R~-~ sup (Vu(x, t) - -  Vu(x, s)) 
t,seI~ 

Let ~ be a cutoff function on B(i+,)~ with respect to B~. Then 

]~:_w-- f f (Vu(x , t ) -  VU(2, 8))d'~ "~ ] f (Vg(~, t ) -  V~/~(z, 8))~0(00)t~x -~- ~9/~t]B(I+a)2~\B/~I , 

Integrate (1.3) from s to t, multiply by ~0 and integrate over B(t+~ m to get 

t 

Q~+~)~ 

~-ow the right ha~4 side is t reated the same way as in the proof of (4.15) above ,  
giving 

f f lVu[~-~)l~ll)~u I dx dr <= 
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and we get 

Therefore 

E <= c#(~ § etcr-~)R ~r . 

I)  _~ e#~-~R~+:(a § Q~a-~) ~ . 

l~ec~lling (4.16) gives the final estimate " 

Q~ 

So choose first a and then ~ suitably small, depending on e, to ge~ 

ff (~.17) IVu(x, t) - -  ]zol~ ax dt <= e ~  

o~ 
with Vo :=  (Vu)~. 
I t  remains to check that ~# ~ IVol ~ ~#. But [(Vu)~[ ~ # ~ivially; and the o~her 
estimate follows this way: By (4.]7) we have 

%. 
But 

-jj twl~ d~ at ~ f f iVul ~ d~ a~ - ,'lq~+o,~o~, >-_ f f Iwl ~ ax a t -  ~,~lOZl 
Q~ Qfi +a)it A~l+a)/~ 

>= (1 - -  ~)/zz(1 -~- a)zc+ZlQ~l- c(r#zlQs 
Hence 

IVo] >_-/~[(1 - q)(1 + a) ~ + ~ -  e a ] ~ -  e~# >= } #  

if ~, a, and ~ are suitable small. 
Thereby the ploof of the 1emma is completed. 

5 .  - R e m a r k s .  

1. - One can get global estimates (on Is, T] • ~)  for Neuman~ boundary-conditions. 

2 . -  Further gonei'aliZations Concerning lower Order terms and ~ non-zero:right h a n d  
side indicated in [5] and [9] are possible. 

3. - Existence of weak solutions follows by standard Galerkin-~pproximation, as an 
a-priori-estimate in the spaces defined in (1.2) is easy available. 
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