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1. Introduction

S.S. Schrikhande [2], [3], W.S. Conner [4] and A.]. Hoffman [5] determined
all of the graphs with intersection matrices B(2t—2, t—2, 2) for t=2 and B
(2t—4, t—2, 4) for t=4.

The lattice graphs of dimension 2 with intersection matrices B(2t—2, ¢—2, 2)
for =3 and the triangle graphs with intersection matrices B(2t—4, t—2, 4) for
t=6 have the remarkable property that for any three vertices which are not
joined to each other, no vertex is joined to all of these three vertices.

The purpose of this paper is to prove the following.

Theorem 1. Let T be the regular graph of diameter 2 satisfying the follow-
ing conditions :

1. For any two vertices which are joined to each other, the number of the vertices
joined to them is constant.

2. There exist three vertices which are not joined each other.

3. For any three vertices which are not joined to each other, no vertex is joined
to all of these three vertices.

Then, T is one of the following graphs :

a) L,-graphs, that is, the lattice graphs of dimension 2 with intersection matrices
B(2t—2,t—2, 2) for t=3.

b) T,-graphs, that is, the triangle graphs with intersection matrices B(2t—4,
t—2, 4) for t=6.

c) the graph defined by 27 lines on cubic surface with intersection matrix B
(16, 10, 8).

d) Lj-graphs, that is, the graphs such that for any two vertices which are not
joined to each other, the number of the vertices joined to them is one or two. The
number of the vertices of the graph is 5-h* for h=2, and the graph exists uniquely
for any integer h=2.
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Lj-graph when k=2 Lj-graph when k=4

2. General definitions and notation

An undirected linear graph T is a pair (V, B) where V' is a finite set and
B is a subset of the unordered pair of the elements of V. The elements of V'
are called vertices. We say that a vertex « is joined to a vertex (3 if the unordered
pair of ¢ and 3 is an element of B.

We define for any vertex « of V'

Ala) = {BeV (B, a)eB}, T(a) = V\A(a)\{a} .

T'=(V, B) is regular if the number of the vertices of A(a) is constant for any
vertex «, and is of diameter 2 if for any two vertices « and 7 such that v is
not joined to «, the intersection of A(a) and A(v) is not empty and B is a
proper subset of the set of all the unordered pairs of V. The regular graph T"
is strongly regular when the number of vertices joined to each of two distinct
vertices @ and 3 depends only on whether or not « is joined to S.

For the strongly regular graph T'=(V, B) of diameter 2, we put

a for BeA(a)
A =k, A A = .
4@ | A@)NAR)] {c for BeTl(a)
We call the matrix with three parameters &, a and ¢
0 1 0
B(k,a,c)= |k a c

0 k—a—1 k—c

the intersection matrix of the strongly regular graph.

The following condition is necessary for the existance of the strongly regular
graph of diameter 2 with intersection matrix B(%, a, ¢);

(1) k=2c,a=c—1, or

(i1) (a—c)*+4(k—c)=s’ for some integer s, and

m=% {(k—1+c—a) (s-+c—a)—2c}

is a positive integer.
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The matrix B(k, a, ¢), c=1, is feasible if three parameters satisfy the condi-
tion (i) or (ii), and is realizable if there is the strongly regular graph of diameter
2 with intersection matrix B(%, a, c).

3. Proof of the Theorem 1

Let T'=(V, B) be a regular graph of diameter 2 satisfying the conditions of
Theorem 1. We put

|A(@)] =k, |A(@)NA(B)] =a for B A(a) and
& ={la@NAM)!) a,vEV, vET(a)}.

Let 8 be the vertex of A(a) N A(Y), where yeT'(a). Then, we have by the
condition 3 of the Theorem 1,

A@®) = {AE)NAM}FU{AB) N A(@N\A(T)}U{a, 7} .
Therefore, if we set | A(8) N A(a)\A(7)| ==, then we have
(1) k=atxt2
In addition, we have
(2) lA@NAM)Iza—x+1, [A(@)NAMT)NAG)| = a—=x

I. At first, we show that &={a—x+2} or {a—x+1, a—x+2}.

If @={a—x+1}={c}; then k=2a—c+3. From the condition that the
intersection matrix B(2a—c+3, a, ¢) is feasible, we have

1) 2a—c+3=2, a+l=c or

i) (a—c)*+4(2a—c+3—c) = (a—c+4)’—4 = §*, for some integer s.

These cases collapse.

We assume that for the vertex v, of T'(ax), | A(at) N A(7,)| =¢>a—x+1 and
T'(a) NT'(7,) is not empty.

There is at most ¢/2-vertices of A(a) N A(7,) which are joined to each other.
Hence, for any vertex § of A(a)\A(7,),

| A@N A NAG) 2| A@) N A
If 8 is joined to all vertices of A(a)\A(7,)\{8}, then we have

a—x = 2(a+1)—k = 2| A(a) N A(3)| +2—k
= | A\A(T) | = | Al@) N A(Y,)| =a—a+1
(7. ET(@) N T(71))

This is impossible.
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Therefore, for any vertex 8 of A(a)\A(7,), there is the vertex & of A(a)\
A(7;,)\{8} such that & is nlot jointed to §. From the condition 3 of the Theorem
1, we have

AN A(Y)NAB)NAS) = ¢

Hence, we obtain
| A@) N AM) N AG)| = %| Al@) N AW -

Counting in two ways quadrilaterals (a, 7v,, 8, B) B A(a) N A(v,) N A(S), we
have

\VI-(1V) —k—1)(k—c)e|2 = | V| (|1 V| —k—1)-cx,

that is,
2x—k=c.

From (1), we conclude
c=a—x+2.

II. We suppose that ©={a—x+2}={c}.

If ¢=2, the graphs with intersection matrices B(2a+2, a, 2) satisfying the
conditions of the Theorem 1 are only the lattice graphs of dimension 2 with
intersection matrices B(2t—2, t—2, 2) for t=3 from [2].

If c=4, the graphs with intersection matrices B(2a, a, 4) satisfying the con-
ditions of the Theorem 1 are only the triangle graphs with intersection matrices
B(2t—4, t—2, 4) for t=6 from [4], [3], [5]-

Now, we assume that ¢=6.

Let 8,, B, be vertices of A(c) such that 3, is not joined to 8,. Then, we
have

[A()NAB)NAB,)| = 2a+2—k = 2a+2—(2a—c+4) =c—2.

Therefore, |A(B,)NA(B,) NT(a)|=1.
Let {v}=A(8)NA(B)NT(@). Then, A(@)N A[)={A@NARB)NA(B)}U
{B,, B.} and for each vertex £ of A(a)N A(B;) N A(/B,), there is only one vertex
£’ of A(a) N A(B,) N A(B,) such that £’ is not joined to &.

Let 8 be the vertex of A(a) NT(B,)\{/3.}, then we have

[A@NABY)NAB)NAB) = S —1, |A@NT(B)NAG)| = <—1.
2 2

Furthermore, all vertices of A(ar) N A(B,) N A(/3;) N A(8) are joined to each other.
Hence, let 7 be a vertex of A(a)NA(B,)NA(B,)NA(S), then we have A(a)N
A@)NT(B)NAM)E¢ and A(ax) NAGYNT(B)NT(7)+=¢. Therefore,
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A@NT(B)NT(m)*¢ and A()NT(B)NT(7)* .

Since | A(@) NT(B) NT )|+ | A(@) NT(B) N T () |=a—c+3—1=a—c+2,
we may assume | A(a) NT(B,) NT'(n)| =(a—c+2)/2.
Let p be a vertex of A(a)NT(B,) NT'(n), then p is joined to all vertices of

A()NT(B)NT(n). Hence, |A(@)NT(B)NT(7)] g%_1
Thus we have
(a—c+2)2= | A(@)NT(B,) NT(n)] é%—l ,
that is
) a=2(c—2)
Hence we have
k=2a—c+4=<3c—4<3c.

This means that there are not four vertices which are not joined to each
other. Let v,, v, be vertices of T'(«t), ¥,T'(v,). Then, we have

T(a) = {T(a) N A(v)} U{T(a) N A(72)} U {7y 72} -
Hence,
(2a—c+4)(a—c+3)jc = 2(2a—2c+4)—c+2.
Thus we have
2a—3c+4=0 or a—2c+3=0

From (3), when we set c=2d, we have
a= %c—2= 3d—2, k—4d.

We note that the complement of the intersection matrix B(4d, 3d—2, 2d)
is B(2d+2, 1, d+1). We show that the intersection matrices B(2d+2, 1, d+41)
for d >4 are not realized.

Let v be a vertex of I'(«), then vertices of A(a)N A(Y) are not joined to
each other and | A(a) N A(v)|=d+1. Therefore, vertices of A(v) N T'(ar) are not
joined to each other and | A(Y) N T(a)| =d+1. Let B be a vertex of A(Y)NT(«),
then B is joined to only one vertex of A(v)N A(a). Thus, let 8,, B, be two
vertices of A(v) N T'(«), then we have

d= | AB)N ABY N Ad)| =d—1.
Therefore
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|ABYNAB)NT(a@N\{7r} =0 or 1.
Let B; be vertices of A(Y)NT(a), i=1,2,3,4. Then, CJ (A(B)NT(a)\{7})
CT(a)NT(7). Thus, we have -
(@d+1—1)+(d+1—1)— 1+ (d+1—1)—24(d+1—1)—3=3d—2,
that is,
4d—6=3d—2.

This is impossible for d>4.

When d=4, the intersection matrix B(16, 10, 8) is realized and satisfies the
conditions of the Theorem 1 from [1].

When d=3, the intersection matrix B(12, 7, 6) is not feasible.

When d=2 or 1, the graphs with intersection matrix B(8, 4, 4) or B(4, 1, 2)
do not satisfy the condition 2 of the Theorem 1.

ITI. We suppose that S={a—x+1, a—x+2}.

Step 1. We show that a—x—l—lgg .

Assume that a—x+1>% . Then, it is trivial that there are not four

vertices which are not joined to each other. Let a, 7, and v, be not joined to
each other, and |A(a) N A(7,)| =a—x+2. We note that all vertices of A(a)\
A(7)\A(7,) are joined to each other. If |A(a)NA(Y,)|=a—x41, for any
vertex § of A(a)\A(7,)\A(7.) and for any vertex 7 of A(a)N A(7,), we have
| A(a) N A7) NT(E)] = {A@NATNA[T)} N T(n)| >O0.

Therefore,

[A(@)NA(Y2)] = | A()\AYI\A(T)] -
Hence we have

a—x+1= | A(a)NA(Y)] <§.

This is a contradiction.

Thus, we obtain that |A(a)NA(7,)|=a—x+2 and |A(7,)NA(Y,)|=a
—x+2. From the fact that there are not four vertices which are not joined
to each other, we have

[V —k—1= |AM™) |+ AM) | —AM:) N A®) ] —TA(7) N Aa)
— A7) UA(a)| +2.

Therefore, |A(7)N A(a)|l+ | Ala) N A7)+ A(2;) N A(n,)| are constant
for any two vertices 7,, 7, of I'(a) such that 5, is not joined to 7,.
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Hence, for the vertex v, of T'(at) such that | A(a) N A(7,)| =a—x+1, 7, is
joined to all vertices of T'(a)\{v,}. Therefore, we have

T(a) = {7y 73 U{A(7) N A7)} -

From | A(7,) N A(7,)| =a—x+2, for any vertex v of A(7,) N A(7.), there is the
vertex v’ of A(v,) N A(7:)\{7} such that 9’ is not joined to . This contradicts
the existance of «y,.

Step 2. Now, we assume that for some vertex v of T'(a), | A(a)NA(7)I
=c=a—x}+1=Z % .
From (1), (2), we have
kR, 1
1=+ =.
=ty

Let 8,, B, be vertices of A(a)\A(7), B.€T(B,). Then, from the condition
3 of the Theorem 1, we have

A(@)NAMY)NA(B)NA(B,) = ¢ and
{A(@)NAMNAB)U{A) NAM) N AB)} = Ala) N A(Y) -

Each vertex of A(a) NT(B,)\A(7) is joined to all vertices of A(a) NT(B;)N
A(7), and not joined to any vertex of A(a)NT(B,)NA(Y). Let & be the vertex
of A(@)NA(B)NA(B,). If there is the vertex £ of A(a) N T(B,)\A(7) such that
£ is not joined to §, then § is not joined to any vertex of A(a) NT(B,)N A(v) and
joined to all vertices of A(a) NT(B,) N A(Y).

If § is joined to all vertices of {A(a) NT(BI\A(Y)} U {A(a) NT(B\AM)},
there is the vertex » of A(a)N A(B,) N A(B.)\{8} such that % is not joined to 8.
From |A(a)NT(B)\A®) |+ | A(a) NT(B)\A(7)| =2x+2—c>c there is the
vertex p of {A(a) N T(B:)\A(Y)} U{A(a) NT(B:)\A(7)} such that p is not joined
to 7.

If p is the vertex of A(a) NT(B,)\A(7), then % is not joined to any vertex
of A(x)NT(B;) N A(Y) and joined to all vertices of A(ad) NT(B)NA(Y). Ifpis
the vertex of A(a) N T(B,)\A(7), then 7% is not joined to any vertex of A(a)N
T'(B,) N A(v) and joined to all vertices of A(a) NT(B,) N A(Y).

Hence, § is not joined to any vertex of A(a) N T(8.) N A(v) and joined to all
vertices of A(a) NT(B;) N A(Y), or & is joined to all vertices of A(a)NT(B,)N
A(7) and not joined to any vertex of A(a) NT(B,) N A(Y).

From the fact mentioned above, each vertex of A(a)\A(7) is joined to all
vertices of A(a)NT(B;)N A(Y) and not joined to any vertex of A(a)NT(B,)N
A(7), or joined to all vertices of A(a) NT(B3,) N A(7y) and not joined to any vertex
of A(a) NT(B,) N A(Y).

If A(e)NA(Y)NT(B;) is not empty, for i=1, 2, let 7; be a vertex of A(a)N
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A(Y)NT(B;), for i=1,2. Then we have
k—c = | A(@\AM)] = [{A@\AM)}N A@@) |+ [ {A@NA(Y)} N A7)

= 2x.
Thus, from (1) we obtain
c=a—x+2.

This is the contradiction.

Therefore, each vertex of A(ar)\A(7) is joined to all vertices of A(ar) N A(7)
or not joined to any vertex of A(ax) N A(y). We define 37 the set of the vertices
of A(a)\A(7) which are joined to all vertices of A(a)N A(Y). Then, all vertices
of 3) are joined to each other. Hence, all vertices of 31U {A(a)N A(7)} are
joined to each other and |>IU{A(a) N A(7)}| = a+1. Therefore, we have

kE=2(a+1), ©&={l,2}.

Step 3. We assume that &={1, 2}, k=2a-+2.

We define the largest subset L of V line such that all vertices of L are joined
to each other. Then, we have the following properties

i) each vertex is contained within exactly two lines

ii) each line consists of exactly a-2-vertices

iii) two vertices are contained within at most one line

iv) there are not three lines such that any two of them intersect.

v) if for two vertices a, 3 there is not the line containing them, there are
two lines 4, B such that 4 contains «, B contains 3, and A intersects with B.

Now, we choose the line L.={l, 1, -*+,1,,,} and the line L; which con-
tains ;, L;= L.., i=0, ---, a1, and the line B; which intersect with L, B;% L..,

j=1, -, a+1. Letn=|B\UL;| and n;=max{n;|i=1, -+, a+1}.
=20
We put
a+1
Bt‘o\jl:_!OLi = {x,, -+, x”io} and Bionij =¢, k=1,,m;.
Any vertex is contained within at least one of L.., L, ***, L1, By, +++, Bais

from the property v).
From &={1, 2}, we have

ﬂ,‘o>0 .

We choose the line X; containing x;, X;=B;, i=1, -+, n;,, and show that
any line is one of L, Ly, **+, Ly1y, By, *++, Boyy X5 =0+, Xy,

We assume that there exists a line X different from the lines above. Then,
there exists the line B;, which intersect with X. Let {x}=X NB,. Then, the
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vertex x is not joined to the vertex x;, i=1, .-, n;. From B; NB;=XNB;,
=XNX,=¢, i=1, -+, n;, by the property v), we have '

Biln X,':%:(ﬁ, i = 1) My e
Therefore,
|BNUL, | 275,41
=

This contradicts the maximality of #; .
The vertex x; is not joined to the vertex I, i=1, -, n;, k=1, ---, n;.
From the fact that L, N B; =L, NX,=L;,NB; =¢, we have L;, N X;=*¢, i=1,
oy My, k=1, .-+, m; , by the property v).
On the other hand if L;=L;,, k=1, ---,n;, then L;NB; %¢, B;;N X;*¢.
Therefore, we have L; N X;=¢ by the property (iii). Hence, we have
1X,0'UB;| = at2—n,, i=1,
j=1

ig*
Change the places of L and L,, we have a+2—n,; =n;, that is

a2 a
io 2 2 =+
For any positive even number g, the graph satisfying the conditions exists
uniquely. Automorphism group of the graph is transitive, imprimitive and
rank 6 on the vertices of the graph. The number of the vertices of the graph

is equal to 5- (a—é—Z)z. q.e.d.

Theorem 2. Let T=(V, B) be the connected regular graph satisfying the
conditions 1,2 and 3 of the Theorem 1 and the diameter of T is at least three. Then
we have

1). k=2(a+1), 8={1} or

2). k=2(a+1), ©={1, 2} or

3). T is isomorphic to the graph induced by the vertices and the edges of the

icosahedron.

= |Ala)|, a = |A(a)NA(B)| for BeA(a),
S = {lA()NAW)]d(a,v)=2,a,vEV})
Proof of Theorem 2.
Let o, v and § be the vertices such that d(a, 8)=3, d(a, ¥)=2 and d(v, 8)=1,

and & be the vertex of A(a) N A(Y). Since any vertex of A(a) N A(7) is not joined
to §, all vertices of A(a) N A(7) are joined to each other. Therefore we have

| A() N A®Y)| = 2a—k+3,
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Next time, we have

AE)NAG)S{AMNA@} U{rINAE) .

Therefore,
2a—k+3<k—a—1,
that is,
k_>_—3—a+2 .
2

Case I. We suppose that k>»23—a+2.
Then, we have
[ A(@)\A(Y)| = k—(2a—k+3)>a+1, and
[ A(\A(Y)| —2 = k—(2a—k+3)—2>2a—k+2.
By the same way to the proof of the step 2 of the Theorem 1, we conclude that
k= (2a+2), &= {1} or &= {1, 2}.
Case II. We assume that k=-%a—|—2.

When a=2, it is easy to prove that the graph T' is isomorphic to the graph
induced by the vertices and the edges of the icosahedron.

We assume that a>2.

Since | A(T)\A(7Y)]=a+1, A(x)\A(7) is not complete. Let @ and B’ be two
vertices of A(a)\A(v) which are not joined to each other. From that a>2, we
have

Al)NAB)NA(B) S A()\AMNB, B’}

By the same way to the proof of the step 2 of the Theorem 1, we conclude that
each vertex of A(a)\A(7) is joined to all vertices of A(a)N A(Y)N A(B) and not
joined to any vertex of A(a)N A(Y)N A(B’), or joined to all vertices of A(a)N
A(Y)N A(B’) and not joined to any vertex of A(a) N A(Y)N A(B), or not joined
to any vertex of A(a) N A(7). Itis easy to prove that A(a) N A(v) N A(B) and

Ala) N A(Y) N A(B’) are not empty from that k———%a—}—Z.

Let » be the vertex of A(a) N A(Y)N A(B) and 7’ be the vertex of A(a) N A(Y)N
A(B). We have

| A(@N\A(YNA@\A(7)| = 1.
Let p be the vertex of A(a)\A(Y)\A(M\A(7). p is joined to all vertices of
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A()\A(Y)\{p} and not joined to any vertex of A(a) N A(7).
Now, we show that ©={2a—k+3}. We define I'(a) the set of the vertices
which are distant 2 from «. Let v’ be the vertex of T'(a). If v'=v, |[A(a)N
A(Y)|=2a—k+-3. If " is the vertex of I'(a) N A(7), since v’ is joint to §, & is
not joined to any vertex of A(a) N A(y’). therefore, we have

[A(@)NA(Y)] = 2a—k+3.
If v’ is the vertex of T'(a)\A(Y)\{7}, we have
Ala) N A(Y)SA()\A(Y)
By the existance of p, we obtain
[A(@)NA(Y)| = 2a—k+3 =k—a—1.

Thus, we conclude that |T'(«)|=k. If there exist two vertices £ and £’ which
are not joined to each other and | A(§) N A(¢’)| =2a—k-+4, then we have

V= {E}UAE)UT(¥) and |T(¥)|<k.

This is impossible.
Count by two ways the number of the pair of the vertex of A(a) N A(7)\A(7)
and the vertex of A(a) N A(7)\A(v) which are not joined to each other. Then

we have
[A()NAMY)NA(B)] = Al@) NA(Y)NA(B)] = %(24—k+3) .

We divide the set A(a) N A(7) into three subsets A(a) N A(B)NA(Y), A(a)N
AM\A(Y) and A(a)NA(Y)\A(B). Each vertex of A(a)NA(7)\A(Y) is not
joined to any vertex of A(a)NA(Y)\A(B), and |A(a) NA(YNA(R) I < [A(a)N
A(7)\A(7)| because that a>2. Now, p is the vertex of A(a) N A(B) and joined

to all vertices of {A(a) N A(B)\A(Y)\{p}} U{B} and not joined to any vertex of
A(@)NA(B)N A(7y). Therefore there exists not vertex of T'(a) such that is
joined to B and p.

For any vertex of A(a)A(Y)\{p}, the above holds. Thus, let o be the vertex of
A(p)\A(a)\{a}, then we have

A(e) N A(e) = {p} -
This is a contradiction. q.e.d.

EXAMPLE.

Let G=S2 be the symmetric group on Q={0, 1, ---, 2r} for r=2, and the
subgroup H=S, [z, of G be the wreath product of the symmetric group of
degree or and the group of order 2 and act on {1, .-+, 2r}.
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We choose the subset E of the unordered pair of {Hx},cc such that (Hx, Hy)
is the element of E if and only if xy~" is the element of HoH

0=1,1"=0,"=1di=2, -, 2r).

Then, T=({Hx},<c, E) satisfies the conditions 1, 2, 3 of the Theorem 1 and the
diameter of T" is at least three and &S=1.
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