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The Sz.-Nagy-Foias model theory uses generalized restricted
shifts as canonical models for contractions in Hilbert space. This
paper considers a class of contractive and unitary perturbations of
a generalized restricted shift acting on a Sz.-Nagy-Foias space gen-
erated by an analytic operator-valued function S(z) whose values
are contractions on a separable Hilbert space. The spectra and
characteristic functions of the perturbations are computed and re-
lated to the original operator. When the perturbation is unitary,
a unitary equivalence to multiplication by ¢ on L*(tt), for an operator-
valued measure /¢, is given.

In [2], D. N. Clark studied the one-dimensional unitary pertur-
bations of restricted shifts in H? i.e. S(z) a scalar inner function,
and in {3], he announced results for the case where S(z) is an
arbitrary scalar (characteristic) function. The general unitary per-
turbations are implicit in work of de Branges and Rovnyak [1],
though in the context of the de Branges-Rovnyak model theory
rather than the Sz.-Nagy-Foias. P. A. Fuhrmann [5] considered a
class of completely nonunitary and unitary perturbations for the
case of S(z) an inner function on a finite-dimensional space. In this
case, the maps considered are always compact perturbations. Here
we generalize results of [5] and [2]. We will follow the general
outline of [5], and we correct a minor error occurring there so our
description of the perturbations in the general case is actually as
sharp as in the finite-dimensional case. As was pointed out in [5],
these perturbations have applications to the theory of stability of
linear control systems.

1. Preliminary results. For notation, let C and C, be separable
Hilbert spaces, and let L¥C), LYC,), HXC), H¥C,) denote the standard
vector-valued Lebesgue and Hardy spaces defined on the unit circle.
(See [6] or [8] for general references.) We will use “t” to denote
the argument of a function (vector or operator valued) defined on
the unit circle, and for analytic functions, we will freely identify
h(t) on the circle with its extension to the dise, denoted i(z). S will
denote a fixed purely contractive analytic operator-valued function
from C to C,, i.e. S(z): C—C,, [|S(2)/] = 1 for all [z] <1 and || S(0)]| <
[lel] for all eeC, and let A4(t) = (I — S(t)*S(¢))*. (Note that this
denotes the unique positive root of the positive operator.) Let H =
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H*C,)@ 4L*(C), where the second summand denotes the L¥C) closure
of {4(t)g(¢)19e LXC)}, and M = {(S(2)f(2), 4)f(¢))| fe H(C)} C H.
Then M is invariant under the (unilateral) shift U. in H defined
by U/, 9) = (2f(»), ¢g(t)), so K= H O M is invariant under U?%,
where U% is the left-shift defined by U*(f, 9)=(="(f(z)— F(0)), e **g(¢)).
We call K the Sz.-Nagy-Foias space generated by S. Let T denote
the restricted right shift in K, i.e. the compression of U. to K.
Thus, for (f, 9)e K, T(f, g) = P(zf, ¢*9), where P denotes projection
onto K, and T* =U*|,. Note that if S is inner, then 4(¢) = 0 a.e.
and K = H¥C)S SH¥C).

Let S(z) be the analytic operator-valued function defined by
S(z) = S(Z)*, i.e. 8(t) = S(—t)*: C. — C. Analogously to above, define
A(t): C, —C, by 4(t) = (I — S@E)*St)?, H = H(C)P IL(C.), M =
{(SF, 4N feH(CY, K = HO M, and T = PU. |3, where U. is the
unilateral shift in H and P is projection onto K. Note that S is
inner if and only if S is inner. (We use “inner” in the sense of
[6], i.e. S(¢): C— C, is unitary a.e.; in the terminology of (8], this
is called “inner from both sides”.) The following is an extension of
[4, Theorem 2.1].

THEOREM 1.1. The right shift T on K is unitarily equivalent
to the left shift T* on K.

Proof. Let L = L¥C.)@ 4LAC), L = LXC) @ 4L¥C,), and con-
sider 7: L — L defined by

o(f, 49) = e (S(—t)* f(—t) + S(—t)g(—1),
AN S(—2t) — S(—t)g(—1))) .
Then

12(f, 49)|1z = [1S(—t)* f(—1) + £(—8)9(— 1) |32c
+ L AEF (1) — S(—1)o(— 1)) [3eccn
= L F(=)]F + (lg(—DIF — [ S(—t)*S(—t)g(—1)|I*)
= | £ B2 + 11 A0 ey = (S, d0)IE

so T extends to an isometry from L to L. For feL¥C), g e L*(C.),
(f, 49) = =(c*(f, 49)), where *(f, 4g) = ¢ (S()f(—¢) + 4 (—t)g(—7),
AN F(—1t) — S@)*g(—1t))), so = is unitary.

We can decompose L = K@ M B K¥C.), where

KXCy) =/, O f e L{(C.)© HYC.)}

and similarily L = K@ M@ K*(C). It is easy to see that o(M)=
K¥C) and 7(K*C,)) = M, so therefore T(K)= K. Hence, tP = Pr
(here we consider the domains of P and P to be L and L respectively),
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and U =U%z, where U and U are the bilateral shifts on L and L.
Thus, PU = PU*r, which implies ©T = T*r on K, Thegefore, Tl x,
which we denote simply by 7, is a unitary map from K to K satisfying

the theorem.

It is now easy to derive an explicit formula for T will which

be useful later on.

COROLLARY. For (f, 49)€ K,
T(f, 49) = (2f(2) — S(2)Q(0), e**4(t)g(t) — 4(¢)Q(0))
where Q(z) s the first component of ©(f, 4¢9).

Proof. This is obtained by computing
(*T*o)(f, 4g) .

If F=(f,9)eK and 7(F)=(Q, h), denote by (z.F)z) the C-
valued function Q(z). We derive several technical lemmas needed

later on.

LEMMA 1.2. For |(w|<1,2eC, yeC, let
e = (155080, A0S0 )

1 — 2@ ! 1 — e
- ( S(z) — S() y 4(t) y)
2 — D T et — D

Then k., ., K and
P((x/(1 — 2®@), 0)) = ko0 »

P<<e“s -(f)ﬁ; v e“A(—t)w ) = Funs -

Proof. Note, for (Sf, 4f)e M,

(kuven (57, 45)) = (£ 2500, ) 1)
_ ( A(t)ZS(.fw)* x, f(t)) =0

1 — e

and hence k&, ,,€ K.
Similarly

(kw,o,m (Sj" Af))
_ (My S(z) f(z)) + (—f@éy f (t))
z — W e —w
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= (P3O, 1)) + (v 10)

et — W
=0+0=0,
since f(¢)e H¥C). Hence k,,, € K.
Furthermore,

(9'/'/(1 - Z’II)), 0) - kw,x,o

- <S(z)ls(’“’)*_ v, 4(t) )
— Z2W 1

_x)eM

- e"w

and

(S(t)yy/(e” — w), At)y/(e” — B)) — Kooy
- (ﬂ@_y o) e (K@ M)* .

et —

All the assertions of the lemma follow.

LeMmA 1.3. If (f, 9) = FeK, then
(1) (F, kuzodx = (f(w), ),
(ii) (F, kuou)e = (TF)w), ¥)e-
In particular
(iii) for z,yeC,, { and % in D,

(Kt 2000 Konodx = (“I_l‘——s_(_yi‘z‘?%(‘c—)ix, ?/>C*

@iv) for z, yeC,

_ (L= 87)*S()
(kCynyy kv,o,y)K - ( 1 — 77& x! y)g
and
(v) for xeC,yeC,,

(Eero,er Enyo)x = <§(27])——}_C§@x, y)C* .

Proof. For (f, 9)e K, xcC,, we have

(), 2) = (7, ), (2= 0))

- ((f’ 9 P<1 jzﬁ)x 0))
= ((f 9), bu,s,0)
by Lemma 1.2, proving (i).
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For (ii) note that

(T.F)(t) = ¢ “(S(—1)* f(—1t) + 4 —1)g(—1))
is in H¥C). Hence

(7. F")(w), ¥)o

I

& (S(— 8 F() + A=D1, ————)

(
(s s @) + 2096, ——v)
(9
(

i

i

(0 )
& o (= s v, 20 )

zt__/L

i

— 0 2

Il

((f, g)’ w,o,y)

by Lemma 1.2, and (ii) follows.
A straight-forward computation gives

(ckuo)e) = 2@ = 8@,

2 — W
and

Hence (iii)-(v) follows from (i) and (ii).

We note that if F = (f, g)e K is orthogonal to %, , for all
weD, xeC, and yeC, then f =0 and 7,/ = 0. From the formula
for z,, it follows that also g = 0, and hence F' is the zero element
of K. This implies that {k,.,lweD,xeC,, yeC} spans a dense
subset of K. This fact will make the formulas (iii)~(v) useful for
computations later on.

The next lemma follows from the corollary to Theorem 1.1 and
direct computations.

LEMMA 1.4, () Thy.o = @ (kuso — Fosn)y w = 0.
(11) Tkw,o,y = 'wkw,o,y - ko,s(ﬁ)y,o-

(lil) T*kw,w,o = ,L_[)kw,x,o - k0,0‘S(w)*x

(iV) T*kw,o,y = —ﬂ(kw,o,y - ko,o,y); w # 0.

We wish to distinguish two subspaces of K defined by

k, = the closure of {k,.. xcC.}
K, = the closure of {k,,,ly€C}.
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Let us simplify the notation for this special case by writing d,
for k, ., and D, for k,,,,.

LEMMA 1.5. Let F =(f, g€ K. Then
(1) T*F = (z7'f(z), e *g(t)) if and only if F Lk,
(ii) TF = (zf(z), eg(t)) if and only +f F L K,.

Proof. (i) holds if and only if f(0) = 0 which holds if and only
if F L k, by Lemma 1.3 (i). By the corollary to Theorem 1.1, (ii)
follows similarly, using Lemma 1.8 (ii).

LemMA 1.6. Let P,, and Pg, denote the orthogonal projection
onto k, and K, respectively. Then P, F = d,, where

@ = (I — 8(0)S(0)*)™f(0)

and Py F' = D,, where y = (I — S(0)*S(0))"(z,.F')0). (Note since S(z)
is a pure contractive function, x and y are well-defined for F in
some dense subset of K.)

Proof. The map e, densely defined by e;: 2 — d_sqs0n—12, IS an
isometry (using Lemma 1.8iii) of C, into K with range equal to £k,
and with adjoint given by e¢*: f — (I — S(0)S(0)*)"2f(0) (using Lemma
1.3i). The formula for P, follows by computing ee’. The formula
for Py, follows similarly.

2. The perturbations.

DErFINITION 2.1. Let A:C—C, be a bounded linear map. We
define Z(A) to be the unique bounded linear map on K such that

TF if F LK,

Z(A)F = i, if F=D,.

ReEmMARK 2.2. It follows that Z(A)* is given by

T*F if F 1k,
Z(AYF = {D, if F = d,, where y
= (I — S(0)*S(0)) " A*(I — S(0)S(0)*)z .

We note that T = Z(—S(0)) (by Lemma 1.3), and that Z(A)*d, =
D,., if and only if

(1) AS(0)*S(0) = S(0)S(0)*A .

THEOREM 2.3. (i) Z(A) is a contraction if and only if
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(2) AXI — S0)*S(0)A < (I — S(0)S(0)*) .

(i1) Z(A) is unitary if and only if A = (I — S(0)S(0)*)**V(I —
S(0)*S(0))* for some unitary V.

(iii) If A satisfies condition (1), then Z(A) is a contraction if
and only if A1 L1 and Z(A) s unitary tf and only if A s
unitary.

Proof. (i) Since Z(A) maps K; isometrically onto %k and sends
K, onto k, Z(A) is a contraction if and only if it is contractive on
K, By Lemma 1.3, this holds precisely when || Ay || — ||S(0)*Ay|]* <
Ny |2 — || S(0)y])* for all y €C, but this is clearly equivalent to (2).

(i1) As above, Z(A) is isometric precisely when equality holds
in (2). By [5, Theorem 1.7(i)], this holds if and only if A= (I—
S(0)S(0)*) * V(I — S(0)*S(0))* for some isometry V. By Lemma 1.3,
Z(A)* is isometric if and only if (I—S(0)S(0)*)=(I—S(0)S(0)*)"*VV*(I—
S(0)S(0)*)*/2, whieh holds if and only if VV* = I, so V must be unitary.

(iit) If (1) holds, then (2) reduces to (A*4)(I — S(0)*S(0)) =
(I — S(0)*8(0)), which, using (1) again, holds if and only if A*4 <
Iie. |]A]] £1. In the second case, (1) implies that 4 =1V,

REmMARK 2.4. In [5], it was claimed that (1) was a necessary
condition for Z(A) to be a contraction. Clearly, if A is bounded,
then Z(MA) will be a contraction for all sufficiently small scalars .
There is also an error in Theorem 1.7(1ii) in [5], which states that
if P and @ are unitarily equivalent strictly positive operators and
X is a solution of P = X*QX and @ = XPX*, then X is a contraction
such that XP = QX. The matrices

po 10 T2 0 X___1__1 0
_[o 2](’2’"[0 1]’ _1/’2'[0 0}

provide a counterexample.

3. Characteristic functions and spectra. The Sz.-Nagy-Foiag
model theory for contractions assigns to each contraction 7T on a
Hilbert space H the triple {<;, <., O,(\)} where D, = (I — T*T),
D,.=(I— TT*)"?, &, = D;H, . = DpH, and O,(\) = [—T -+ ADp(I —
MT*)Y'Drlls, is an analytic operator-valued function whose values
are contractions from <7, to =, the defect spaces of 7. (This
holds since T'D, = D,.T.) We call this triple the characteristic function
of T, and if T is completely nonunitary (c.n.u.), i.e. there is no
reducing subspace on which T is unitary, then T is unitarily equi-
valent to the adjoint of the restricted shift on the Sz.-Nagy-Foias
space generated by its characteristic function [8, p. 248]. In most
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cases, one is unable to get any “concrete” information from this
representation for a specific operator because of computational difficul-
ties involved in simplifying the form of the characteristic function.
However, if A satisfies (1), then we can apply Fuhrmann’s proof
[5, p. 169-172] verbatim to get the following two theorems.

THEOREM 3.1. If A is a strict contraction satisfying (1), then
Z(A) is a ¢.m.u. contraction on K with characteristic function
(K., ko, O,4(2)}, where O,,(z) is given by O, (2)D, = dg,, where

(I — S(0)S(0)*)"*G(2)XI — S(0)*5(0))~"*
= (I — AA*YAI — T(R)AY)(I'(z) — AXI — A*A) >

and
I(z) = (I — S(0)S(0*)*(I — S(2)S(0)*)"(S(2) — SOOI — S(0)*S(0))~* .

Note that the above are matrix fractional linear transformations.

We call an open arc ¥ of the unit circle regular for S(z) if S(z)
has analytic continuation over 7 and for all xev, S(\) is unitary.
Let o(T) and o(Z(A)) denote the spectrum of 7 and Z(A) respectively.
Recall [8, Theorem VI, 4.1] that o(T) = {/z, < 1!5(z) is not boundedly
invertible} U {{x] = 1|\ lies on no regular arc of Sj}.

THEOREM 3.2. Under the assumptions of 3.1, (i) 0(Z(A)) = [N =
1|\ lies on no regular arc of S}U{|z] < 1'(/(z) — A) is not boundedly
invertible}.

(i) Z(A)" and Z(A)Y™ both converge to zero in the strong operator
topology 1f and only if (Z) is inner.

REMARK 3.8. (a) If A is a strict contraction not satisfying (1),
0,.,(2) as defined above still has an interpretation as a characteristic
function. (b) Note that W = Z(0) is the completely nonunitary
partial isometry with initial space K, and final space k, and agreeing
with T on K, With this choice of A, (1) is satisfied and Theorem
3.1 says 0, (2)D, = du_somsmm—1r2rma—sosonizg. 1t 18 not difficult to
see that 0,(z) coincides (see [8] page 192 for definition) with 7°(2):
C—C,. Hence the partial isometry W can be represented as the
compressed right shift 7" on the Sz.-Nagy-Foias space K associated
with 7I'(2) rather than with S(z). (¢) For A a contraction from C
to C,, let Z'(4) be the associated perturbation of 7' in K’'. Since
I'(0) = 0, (1) is satisfied for any A. In particular, for 4 = —S(0),
Theorem 3.1 gives @, _so,(2)D] = d%.y,, and hence 0, s, (2) coincides
with S(z). Hence the operator T on K is unitarily equivalent to
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Z'(—S(0)) on K'. It is then clear that the formula above for 6,
(4 not necessarily satisfying (1)), interpreted for D, and d, in
K', gives the characteristic function for Z'(4). In this sense, it is
perhaps more natural to study perturbations of Z'(—S(0)) on K’
rather than of T on K. It is now seen that (1) is the condition
that Z(A) and Z'(A) be unitarily equivalent.

4. Unitary perturbations. Since the characteristic function of
a unitary map is zero, the above method fails totally when Z(A4)
is unitary. However, when A4 satisfies (1) we can still get spectral
information about Z(A4) by adapting techniques of D. N. Clark [2]
to a more general setting. We begin with two technical lemmas.

LEMMA 4.1. If A is unitary and satisfies (1), then «¢ = a, =
—(I - S(OAHS0)Y* + A*)™* is unitary from C to C,.

Proof. « is a priori defined on some dense set D, C C since S(0)*
is a pure contraction and A* is unitary. (1) implies that

(I + AS(0)*)(I + S(0)A*)(S(0)* - A*)™ = (S(0) + A).

Thus, for xe D, (ax, az) = ((S(0)* + A*) 'z, (S(0) + A)z) = (x, x), so
& can be extended to an isometry on C. Similarly, «* is an isometry
on C, so « is unitary.

Note that in fact, (1) is also necessary for « to be unitary, and
o, determines A by A* = —(a + S(0))"(aS(0)* + I). Also, we have
(e + S(0)* = —(S(0)* + AL — S(0)S(0)*)™*; our « corresponds to
—a used in [2].

LeMMA 4.2. For F = (f, g)c K,
(1) (Z(A) — TYF) = koo where @ = —(a* + S(0)*)"(z.F")(0)
(i1) (Z(A)* — TUF) = ke, where y = —(a + S(0))7f(0)

Proof. Since Z(A) = T(I — Py,) + Z(A)Px,, we obtain
(Z(A) - T)(F) = d(s(o)»‘r:i)<I—S(0)*‘S(0))'1(71F)(O)
=d,,

with z as in (i).

(ii) follows similarly.

For |z]| < 1, define ¢(z): C, — C, by 9(2) = (I — S(z)a* )T+ S(z)a*)~.
Then straight-forward calculation gives

(3) 20+ 2" = 2 + SQa*) (L — SQSm)* NI + aS(n)*)™

and hence (let z = { = 7)®»(z) has nonnegative real part for [z| < 1.
By the operator-valued version of the Herglotz theorem, there exists
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a non-negative operator-valued measure g on [0, 27] such that @(z) =
|, (@ + 2)e" — ) dp(o).
Thus

(4) 2@+ 2 = 28(1 = )L — 7 )1 — ) tdp(0)

Comparing (3) and (4) yields

I - S@8m* _ ( I+ 8Qa* 5,5+ aSHp*
(5) SOOI S o) LS

Similar computations give

sm—@mz_gﬂﬁmmgﬁggﬂw+awma

o 7
_ SI + 802" gL+ ST,
. ——1.0C 6 . 77
and
I— 530" _ [ o + aSQ* 3, g L+ S
(7) SO = | o L o) L

We define Hilbert space L’() as in Shulman [7]. For f = X, +

- + x,X;, a simple C,-valued function, where X;, ---, X, are

characteristic functions of disjoint Borel sets and «, ---, z, are cor-
responding elements of C, define

Wl = S(d#(t)f () F@) = (UE )2, x) + - + (UE)z,, @) .

This does not depend on the representation of f(¢) in terms of charac-
teristic functions. Let .7 = { J(@): [0, 2x}—C, | f is Borel measurable,
SH F@)Pd(u(t)x, ) < = for all xeC,, the range of f(t)is contained in
a finite dimensional subspace of C*}. For fe. .o let e, e, ---, ¢, be

a basis for the smallest subspace which contains the range of f(¢),
and define

a(f, t) = (#(t)en 31) + e + (/"(t)ek’ ek) .
The definition is independent of the choice of basis for this subspace,

and || fI2 = Sll f@)|Pda(f, t) whenever f is a simple function. For

f €. there is a sequence of simple functions {f,.(t)} such that the
range of f,(t) is contained in the range of f(¢t) for n=1, 2 ---,

and such that S” £ — F)Pd(f, ) — 0 as n— . We can define
[| f(¢)|]2 unambiguously as
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1 11E = lim £ .

By L*tt) is meant the Hilbert space completion of the inner product
space of equivalence classes of functions with finite-dimensional range
in p-norm. The definition of L*x) is such that explicit formulas
can be written only for an element associated with the equivalence
class of an element of o4 This, however, causes no difficulties for
our purposes. It is clear, for example, that the transformation i(t) —
e"h(t) is unitary in L*(pt), with spectrum equal to supp (z¢) (the comple-
ment of the largest open set on which p is zero).

We are now in position to define a unitary transformation of
K onto L*(t) which transforms the operator Z(A) on K to the operator
of multiplication on e” on L* ).

THEOREM 4.3. Define V on clements in K of the form k.., by

Vo, y = 12 a8Q* I+ S@Quar

1-—6”C zt_c ay .

Then V is well-defined and extends uniquely to a unitary transfor-
mation (also V) of K onto LX) such that VZ(A) = " V.

Proof. We first check that V is an isometry on those vectors
where it is defined. Note, for z, y € C,,

(kﬁ,y,o’ k‘:»xyo)

(L= S8t ),
l — Y]C y *
/(T + S(C)a* I+ aS(n)*
= (=2 a5 250, o). by )
<I + C(S(U)* I + aS(E)* >
1—e'y v — " L2
= (Vkr ¥.0s ch z, O)L 2(py o

Also, for z, yeC,

(k’),’u‘;y’ k[,o,x)lx I _ S(C)*S(ﬁ) >0

~7,t —

=%
(S I+aS( )* dﬁ(t\n Siv%a . ”>c

12__7] t't__z

(I + S(v)a*“y’ I+ SEa* m)
72(2)
(V0.0 Vr,o,m)rzwm

f

and finally, for xcC, and yeC,
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o e = (2 =20y, )

= (- [ 520 a0y L0y, ) by 0
= (VEknou VEesou -

Hence V is isometric (and hence also well-defined) on its domain.

Since elements of the form %, ,, span a dense set in K, V extends

by linearity and continuity to be an isometry of K into L*(¢). Since

the range of V contains all elements of the form 2/(1 — ¢"*w) and

x/(e’ — w) for xeC, and [w| < 1, it follows that V is onto L*(x).
It remains to show VZ(A) = ¢*V. By Lemmas 1.4 and 4.2,

Z(A)(kw,:c:o) = ?’—Uﬂlkw,m,o - w—lko,x,o
+ WKy, (ari st0m— LS @S () 5,0
= w—l(kw,w,o - ko; (a*+S(0)*) ~a*+ S (w))e, 0)
and hence
VZ(Ak,, .o = 07 (1 — e"w0) (I + aS(w)*)x — 07 (I + aS(w)*)z
= (1 ~ @) — 1) + aS(w)*)
S U

1 — e*%ib
Similarly
A w0,y = Whino,y — ko,s(&?)y,o
- ko,(a*+s<o>*)—1(z—s(o)*s(E))y,o
= Wkw,o,y - ko, (a*+8 (0t I+a*S(w))w,0 »
So

VZ(A)e,,oy = —w(e" — @)y (I + S(W)a*)ay — (I + S(B)ax*)ay
”I + S(w)a*

1.t — W
= 6" Viyoy -

The theorem follows.

We note the following inversion formula for V.

THEOREM 4.4. Let V*: L*— K be defined, for F in 7 by V¥F =
(W.F, W,F) where (W F)z)= I+ S(z)a*) S(l — e M)A p(t)F (t) and
(W,FXt) = lim,_, (I — S(re*y*S(re*))y /2
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(" + S(re*))* S(@”H) — 7)7dp(O)F(6)

— g(S(re”)* — S(re)*S(retyar )1 — ret Y d(0)F(B) .

Then V* is the adjoint of V defined in Theorem 4.3.

Proof. To obtain W,, rewrite equation (5) substituting 2 for {
and noting that

th’x’o = J.__{is(l?_.)_ix to obtain
1—e"y
I — S(z)S(m)*,. _(I+ Sk)a*
St )C 77“7) o = | LG gy v,

Similarly, using equation (6),

SE) = S0y — (1L SE 40y, )0
z—7 1—e

This proves the correctness of the formula for W, for all ¥ of the
form Vk,,. ., and hence by approximation for all F e.o7 To obtain
the formula for W,, we first find a formula for (r,V*F)z). By an
argument dual to that above, we find

(2. V¥E)z) = —a*(I + aS(E)) S(w — ) dMOF()

The formula for W, is then obtained by using the explicit formulas
for z and ¥ in Theorem 1.1.

THEOREM 4.5. Let A be unitary and sotisfy (1). Then o(Z(A)) =
{{n{ = 1|\ lies on no regular arc of S} U {{» = 1|\ lies on a regular
arc of S but (I + S(\v)a*) is not boundedly invertible}.

Proof. Since Z(A) has a representation as multiplication by
¢’ on L*¢), we have od(Z(A)) = supp(y), the complement of the
largest open set on which p is zero. By the integral representation
of », we see that the complement of supp () is the set of ) at
which #(z) has analytic continuation with Re (A) = 0. Since @(z) =
(I — S)a*)I + S(z)a*y*, we have (I + ®(z)) = 2(L + S(z)a*)"" and
S(z) = (I — P()U + P(2)) .

Now, suppose ®(z) has continuation at » and Re @(\) = 0. Then
(I + »(\)) is boundedly invertible, and hence (I + ®(z))™* extends to
an analytic function in a neighborhood of x. Thus, S(z) has analytic
continuation at A and (I + S(\)a*) is boundedly invertible; since
Re o(\) = 0, S(\) is unitary. Conversely, suppose S(z) has analytic
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continuation at A, (I + S(\)a*) is boundedly invertible, and S(\) is
unitary. Then (I + S(z)a*)™* is analytic in some neighborhood of
A, 80 ®(z) has analytic continuation at X; since S(\) is unitary,
Re #(\) = 0. By taking complements, the theorem now follows.

Since (I + S(\)a*) = [(I+ S(0)A*) — SON(S(0)* + A" + S(0)A*)™,
we see that (I + S(\)a*) is boundedly invertible if and only if
B(\) = —[(I + S(0)4A*) — S(\)(S(0)* + A*)] is boundedly invertible.
With I as in Theorem 3.1, we have, since A satisfies (1), (I'(\) — 4) =
(I—S(0)S(0)*y/2(I— S(\)S(0)Y*) *B(WA(I—S(0)*S(0))*%. Thus, (I'(A)—4)
is invertible, but not necessarily boundedly, if and only if B(\)
is invertible. Since boundedness follows immediately in the finite-
dimensional case, we have the following generalization of [5, Theorem
3.6] to the case of general analytic contractions S(z).

COROLLARY 4.6. If A s wunitary on C, C finite-dimensional,
and A satisfies (1), then o(Z(A)) = {{x| = 1|\ lies on no regular arc
of S}U{{x] =1|n lies on a regular are for S but ('(\) — A) is not
invertible}.

In the finite-dimensional case, Z(A) is a compact perturbation of
T. Hence by the known spectral behavior of T and Weyl’s theorem,
{Ix] = 1|x lies on a regular arc for S but I'(M) — A is not invertible}
must be eigenvalues for Z(A).

We can also adapt Fuhrmann’s calculations [5, page 174] to
determine eigenvalues in our more general setting,

THEOREM 4.7. If A is unitary and satisfies (1), and N\ lies on
o regular arc for S, then ) is an eigenvalue for Z(A) if and only
iof the range of I'(A) — A is not dense in C,.

REMARK 4.8 If A does not satisfy (1), all of the above results
apply to Z’(4), as in Remark 3.3. Also, we still have from Theorem
2.3 that A = (I — S(0)S(0)*)2 V(I — S(0)*S(0))"* for some unitary V.
This implies that &, = & = (4* + S(0)*) (I + A*S(0)) is unitary.
(Note that if A satisfies (1), then & = a used above.) In this case,
the results of §4 still hold with & in place of «.
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