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On a Class of Degenerate Parabolic Equations
of Kolmogorov Type

Marco Di Francesco and Andrea Pascucci

1 Introduction

In this paper, we adapt the classical Levi parametrix method to construct a global fun-

damental solution to the following differential equation of Kolmogorov type:

Po
Lu= Z a5 (2)0x;x; U

i,j=1

Po N
+ Z ai(z)0x, u+ Z bijxi0x, U+ c(z)u — du =0,

i=1 i,j=1

wherez = (x,t) € RNxRand 1 < po < N. By convenience, hereafter the term “Kolmogorov
equation” will be shortened to KE. We assume the following hypotheses:
(H.1) the matrix Ap = (aij)i j—1

RPo: there exists a positive constant u such that

po 1s symmetric and uniformly positive definite in

.....

m? &

e Y alzmim; <P, VneRP, zeRNYY (1.2)

i,j=1

(H.2) the matrix B = (by;) has constant real entries and takes the following block
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form:
* B] 0
x % B
: (1.3)
* % * B,
* * * *
where Bj is a p;_; X p; matrix of rank pj, with
Po>p1>-->2pr 21,  po+pit--+pr=N, (1.4)

and the x-blocks are arbitrary.
The regularity hypotheses on the coefficients ayj, ai, ¢ will be specified later:
roughly speaking, we assume the Hélder continuity with respect to some homogeneous
norm naturally induced by the equation.

The prototype of (1.1) is the following equation:
dyx, W+ X105, —du =0, (x1,%2,t) € R3, (1.5)

whose fundamental solution was explicitly constructed by Kolmogorov [23]. In his cel-
ebrated paper [21], Hormander generalized this result to constant coefficients KEs, that
is, equations of the form (1.1), with constant aj; and a; =c =0fori=1,...,po, satisfying

the following condition:

Ker(A) does not contain nontrivial subspaces which are invariant for B. (1.6)

n (1.6), A denotes the N x N matrix

(A0 0
() i

We recall that, for constant coefficients equations, condition (1.6) is equivalent to the
structural assumptions (H.1) and (H.2) which in turn are equivalent to the classical

Hoérmander condition:

rank Lie(Xy,..., Xp,,Y) =N+ 1, (1.8)
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at any point of RN*1.In (1.8), Lie(Xy,..., X,,, Y) denotes the Lie algebra generated by the

vector fields
Po
Xi:ZaUan, i=1,...,po, Y = (x,BD) — 0y, (1.9)
i=1

where (-, -) and D, respectively, denote the inner product and the gradient in RN. A proof
of the equivalence of these conditions is given by Kupcov in [24, Theorem 3] and by
Lanconelli and Polidoro in [26, Proposition A.1].

We recall that constant coefficients KEs have the remarkable property of being

invariant with respect to the left translations in the law defined by

(x,t)0 (& 1) = (E+E(TO)x,t+1), (x1),(§T) € RN xR, (1.10)
where

E(t) =e B, (1.11)
Moreover, we consider the family of dilations (D(A))x~o on RN*! defined by

D(A) = (Do(A),A\?) = diag (AL, AT, , ..., A2 1L, A%), (1.12)

where I,; denotes the p; x p; identity matrix. It is known that if (and only if) all the *-
blocks in (1.3) are zero matrices, then L is also homogeneous of degree two with respect
to (D(A)) in the sense that

LoD(A\) =A*(D(A)oL), VA>0. (1.13)

We remark explicitly that Gz = (RN*',0,D(A)) is a homogeneous Lie group only deter-
mined by the matrix B.

In some particular cases, variable coefficients KEs were first studied by Weber
[36], I'in [22], and Sonin [35] who used the parametrix method to construct a funda-
mental solution. Yet in these papers unnecessary restrictive conditions on the regular-
ity of the coefficients are required. Assuming that the KE in (1.1) satisfies hypotheses
(H.1) and (H.2) and that the *-blocks in (1.3) are zero matrices, the previous results were
considerably generalized in a series of papers by Polidoro [31, 32, 33], by assuming a
notion of regularity modeled on the homogeneous Lie group Gg (cf. Definitions 1.2 and
1.3 below). Some of the results of Polidoro were extended to nonhomogeneous KEs by

Morbidelli [27]. We also refer to [25] for a survey of the most recent results about KEs.
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In this paper, we aim to consider the general case of (1.1) satisfying (H.1) and (H.2) with
arbitrary *-blocks.

The interest in obtaining results for the general class of KEs is not academic. It
is well known that “homogeneous” KEs (i.e., KEs with null -blocks in (1.3)) play a cen-
tral role in the stochastic theory of diffusion processes. On the other hand, more general
KEs have been recently considered for applications in mathematical finance. In the next
section, we briefly recall some of the main motivations for studying KEs.

In order to state our main results, we recall the definition of homogeneous norm

and B-Holder continuity given by Polidoro [31].

Definition 1.1. Given a constant matrix B of the form (1.3) and (D(A)),~o defined as in
(1.12), let (qj);j=1,... N be such that

D(A) = diag (A\91,A92,...,A9N A7), (1.14)

Forevery z = (x,t) € RN*T set

N
1/a;
e => Pl lzle =Ixls + 1t'/2 (1.15)
=1
Clearly || - | is @ norm on RN*! homogeneous of degree one with respect to the

dilations (D(A)).

Definition 1.2. A function f is B-Ho6lder continuous of order « € ]0,1] on a domain Q of
RN+1 and f € C§(Q), if there exists a constant C such that

[f(z) —f(Q)] <C||¢ " oz||ly, Vz,l€Q. (1.16)
In (1.16), "' denotes the inverse of ¢ in the law “o” in (1.10).
Next, we give the definition of solution to equation Lu = f.

Definition 1.3. A function u is a solution to the equation Lu = f in a domain Q of RN+,
if there exist the Euclidean derivatives 0,,u,0,,x,u € C(Q) fori,j = 1,...,po, the Lie!

derivative Yu € C(Q), and equation

Y a2k ul(z) + ) ai(2)dxulz) + Yu(z) + c(z)u(z) = f(2) (1.17)
i=1

i,j=1
is satisfied at any z € Q.

1A function u is Lie differentiable with respect to the vector field Y in (1.9), at the point z = (x,1), if
limgs o (w(y(8)) — w(y(0)))/d = Yu(z) exists and is finite, where -y denotes the integral curve of Y from z:
Y(8) = (E(—=8)x,t— 8), & € R. Clearly, if u € C', then Yu(x, t) = (x, BDu(x, t)) — d¢u(x, t).
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We are now in a position to state the following.

Theorem 1.4. Assume that L in (1.1) verifies hypotheses (H.1) and (H.2) and that the co-
efficients aij, a;,c € CF(RN*") are bounded functions. Then there exists a fundamental
solution I' to L with the following properties:
(1) T(+, ) € LI (RN+1) N C(RN*T\ {¢}) for every ¢ € RN*T;
(2) T(-,¢) is a solution to Lu = 0 in RN+ \ {¢} for every ¢ € RN*! (in the sense of
Definition 1.3);

(3) let g € C(RN) such that
lg(x)| < CoeCol* wx e RN, (1.18)

for some positive constant Cy; then there exists

lim J F(x,t,&1)g(8)dé = g(x), ¥x € RN TeR; (1.19)

t—Tt RN

(4) let g € C(RN) verifying (1.18) and let f be a continuous function in the strip
St,.1, = RN x ]To, Ty [, such that

f(x,t)| < C1eC M V(x,t) € Sty 7, (1.20)

and for any compact subset M of RN, there exists a positive constant C
such that

|f(X,t)—f(y,t)| SC‘X_U@» VX,yEM,tE}TO,T] I:» (1‘21)

for some 3 €0, 1[; then there exists T € |Tp, T1] such that the function

t

u(x,t) = J

RN

N(x,t,& To)g(&)dE —J

To

J Mot &0 DdEdr (1.22)
RN
is a solution to the Cauchy problem

Lu=f in STO,Ty
(1.23)
u(,To) =g inRNY;

(5) if uis a solution to the Cauchy problem (1.23) with null f and g, and verifies
estimate (1.20), then u = 0 (see also Theorem 1.6 below); in particular,
the function in (1.22) is the unique solution to problem (1.23) verifying
estimate (1.20);
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(6) the reproduction property holds:

I(x,t,& 1) = JRN I'(x,t,y,8)T(y,s, & 1)dy, Vx,§& € RN t<s<t (1.24)
(7) if c(z) = c is constant, then

JRN Mx,t,&1)dE =e Y vx e RN 1<t (1.25)
(8) letI'* denote the fundamental solution to the constant coefficients KE

L® = (u+¢e)Agro + (x,BV) — 04, (1.26)

where ¢ > 0, pis as in (1.2), and Agro denotes the Laplacian in the vari-

ables x1,...,%p,; then for every positive ¢ and T, there exists a constant

C, only dependent on , B, ¢, and T, such that

Nz, ) < Cré(z, ), (1.27)
C

0x,I'(z,0)| < I(z,0), 1.28

05, T'(2,0)| i (z,0) (1.28)
C £ C €

10x.x, T(z, Q)| < :r (z,0), YP(z,0)| < mr (z,0), (1.29)

foranyi,j=1,...,poandz, (€ RN*Twith0 <t—1<T. O

Under the further hypothesis
(H.3) for every i,j = 1,...,po, there exist the derivatives 0, aij, 0x,x;aij, 0x, ai €
C&(RN*") and they are bounded functions,

we define as usual the adjoint operator L* of L:

Po Po
Lv= ) aydxV+ ) aidxv—{(BYv) + v+ 0w, (1.30)
i,j=1 i
where
Po Po Po
(l? = —qi +Zzaxiaij, cf=c+ Z axixjaij—zaxiai—tr(B), (1.31)
=1 i,j=1 i=1

and we prove the following result.
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Theorem 1.5. There exists a fundamental solution I'* of L* verifying the dual properties

in the statement of Theorem 1.4. Moreover, it holds that
M(z,0) =T((,z), Yz, e RN*T z 4. (1.32)

We close this section by stating a further uniqueness result.

Theorem 1.6. Assume that L in (1.1) verifies hypotheses (H.1), (H.2), and (H.3) and that
the coefficients aij, ai,c € CZ(RN*') are bounded functions. If u is a solution to the

Cauchy problem (1.23) with null f and g, such that

.
J J }u(x,t)|e*C‘X|2dx dt < +o0 (1.33)

To JRN
for some positive constant C, then u = 0. O

The paper is organized as follows. In the next section, we present some moti-
vation for studying KEs. In Section 3, we collect some preliminaries. In Section 4, we
present the parametrix method for constructing a fundamental solution. In Section 5,
we provide some potential estimates. Section 6 is devoted to the proofs of Theorems 1.4,
1.5,and 1.6.

2 Some motivation

In this section, we give some motivation for the study of KEs from probability, physics,
and finance. The operator (1.5) is the lowest dimension version of the following degener-

ate parabolic operator in RN*" with N = 2n:

n n
L=> 0% +) X0x,., — Ot (2.1)
j=1 j=1

Kolmogorov introduced (2.1) in [23] in order to describe the probability density of a sys-
tem with 2n degree of freedom. The 2n-dimensional space is the phase space, (x1,...,
xn ) is the velocity, and (xn41,...,%2n) is the position of the system. We also recall that
(2.1) is a prototype for a family of evolution equations arising in the kinetic theory of

gases that take the following general form:

Yu =J(u). (2.2)
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Here R’™ 3 x — u(x,t) € R is the density of particles which have velocity (x1,...,x,) and
position (xn11,...,X2n) at time t,
n
Yu = ijaxmumtu (2.3)

j=1

is the so-called total derivative of u, and J(u) describes some kind of collision. This last
term can take different form, either linear or nonlinear. For instance, in the usual Fokker-

Planck equation, we have

mn n
J(u) = — Z Ox (@ij0x,u + biu) + Z @iy, u+ cu, (2.4)

i,j=1 i=1

where aij, ai, bi, and ¢ are functions of (x, t). (1) may also occur in nondivergence form
and the coefficients may depend on z € R?™*! as well as on the solution u through some
integral expressions. This kind of operator is studied as a simplified version of the Boltz-
mann collision operator. A description of wide classes of stochastic processes and ki-
netic models leading to equations of the previous type can be found in the classical
monographies [9, 10, 15].

Linear KEs also arise in mathematical finance in some generalization of the cel-
ebrated Black-Scholes model [8]. Consider a “stock” whose price S; is given by the sto-

chastic differential equation
dSt = Hstdt + GStth, (2.5)

where 1 and ¢ are positive constants and W, is a Wiener process. Also consider a “bond”

whose price B; only depends on a constant interest rate :
Bt - Boetr. (2.6)

Finally, consider a “European option” which is a contract which gives the right (but not
the obligation) to buy the stock at a given “exercise price” E and at a given “expiry time”
T. The problem studied in [8] is to find a fair price of the option contract. Under some
assumptions on the financial market, Black and Scholes show that the price of the option,
as a function of the time and of the stock price V(t, St), is the solution of the following
partial differential equation:

ov ov 1, g2 22V

—TV+a+TS¥+zU asz—
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in the domain (S,t) € R x ]0, T[, with the final condition
V(T, ST) = max (ST — E, 0) (2.8)

In the last decades, the Black-Scholes theory has been developed by many authors and
mathematical models involving KEs have appeared in the study of the so-called path-
dependent contingent claims (see, e.g., [1, 4, 5, 37]). Asian options are options whose
exercise price is not fixed as a given constant E, but depends on some average of the his-
tory of the stock price. In this case, the value of the option at the expiry time T is (for a

geometric average option)

t
V(St,M7) = max (St — eMT/T 0), M= J log (S<)dr. (2.9)

0
If we suppose by simplicity that the interest rate is r = 0, the Black-Scholes method leads

to the following degenerate equation:
S?03V + (logS) oMV +3, V=0, S,t>0, MeR, (2.10)

which can be reduced to the KE (1.5) by means of an elementary change of variables (see
[6, page 479]). A numerical study of the solution of the Cauchy problem related to (2.10)
is also proposed in [6].

A more recent motivation from finance comes from the model by Hobson and
Rogers [20]. In the Black-Scholes theory, the hypothesis that the volatility o in the sto-
chastic differential equation (2.5) is constant contrasts with the empirical observations.
Aiming to overcome this problem, many authors proposed different models based on a
stochastic volatility (see [16] for a survey). However, the presence of a second Wiener pro-
cess leads to some difficulties in the arbitrage argument underlying the Black-Scholes
theory. The model proposed by Hobson and Rogers for European options assumes that
the volatility only depends on the difference between the present stock price and the past
price. This simple model seems to capture the features observed in the market and avoid
the problems related to the use of many sources of randomness.

As in the study of Asian options, in the Hobson-Rogers model for European op-
tions, the value of the option V(t, S¢, M) is supposed to depend on the time t, on the price

of the stock Sy, on some average M, and must satisfy the differential equation

%UZ(S—M)(Q%,V—aSV)+(S—M)aMV+atV:O (2.11)



86 M. Di Francesco and A. Pascucci

that is a nonhomogeneous KE with Hoélder continuous coefficients. In the recent paper
[14], the Cauchy problem related to (2.11) has been studied numerically. In [13] the sta-
bility and the rate of convergence of different numerical methods for solving (2.11) are
tested. The numerical schemes proposed in these papers rely on the approximation of the
directional derivative Y by the finite difference —(u(x,y,t) — u(x,y + 6x,t — §))/8, hence
this method, which is respectful of the non-Euclidean geometry of the Lie group, seems
to provide a good approximation of the solution.

Nonhomogeneous KEs also arise in the theory of bonds and interest rates and are
considered in the study of the possible realization of Heath-Jarrow-Morton [19] models
in terms of a finite-dimensional Markov diffusion (see, e.g., [7, 34]).

Recently, in [12] Corielli and one of the authors investigated the parametric ap-
proximation of risk neutral transition densities in the option valuation: more precisely
they considered the approximation and estimation of general probability density func-
tions in terms of fundamental solutions of suitable PDEs with constant coefficients. Ex-
pansions of this kind seem a natural tool for obtaining approximate solution for val-
uation problems while controlling the approximation error. However they are still un-
known in the financial literature.

Finally, we recall that KEs with nonlinear total derivative term of the form

Acu+0yg(u) —du="f, x=(x1,...,xn) ER™, Y, t €R, (2.12)

have been considered for convection-diffusion models (cf. [17, 28]), for pricing models of
options with memory feedback (cf. [30]), and for mathematical models for utility func-

tional and decision making (cf. [2, 3, 11, 29]). The linearized equation of (2.12)

9’ (u)dyv — By = —Ayv, (2.13)

if g’(u) is different from zero and smooth enough, can be reduced to the form (1.1) with
N=n+2and

—_
o
o
o
o
—_

A= " |, B=|" " - . (2.14)

o
o
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3 Preliminaries

In this section, we recall some known results for constant coefficients KEs, that is, equa-

tions of the form
Po
D aijdyxu+ (x,BDU) — 3y =0, (3.1)
i,j=1

with constant ai;’s and satisfying hypotheses (H.1) and (H.2). Moreover, we prove some
preliminary results.
First we recall the explicit expression of the fundamental solution to (3.1). We

set

e(t) = E E(s)AET(s)ds, teR, (3.2)

where E(-) isasin (1.11). It is known (see, e.g., [26]) that (H.1) and (H.2) are equivalent to

the condition

C(t) >0, Vt>0. (3.3)
If (3.3) holds, then a fundamental solution to (3.1) is given by

M(x,t,&1) =T(x—E(t—T1)&,t—1), (3.4)
where I'(x,t) =0if t < 0and

M(x,t) = (4 N2 exp (— %(e*‘ (t)x,x) — ttr(B)) ift > 0. (3.5)

\/det C(t)

We remark that I'(, ) is a C*® function outside the diagonal of RN*' x RN*1 and satisfies
the usual properties (1.24) and (1.25) (with ¢ = 0). If all the x-blocks in (1.3) are zero

matrices, then I'is also D(A)-homogeneous:
MDA)z) =AU(z), VYze RN\ {0}, A >0, (3.6)
where

Q=po+3p1+---+2r+T)p, (3.7)
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is the so-called homogeneous dimension of RN with respect to the dilations group in
RN:

Do(A) = diag (ALpo, ALy, ..., A2, ). (3.8)

Next we prove some estimates for the fundamental solution to constant coeffi-
cients KEs which generalize some result in [31, Section 2]. Given B in the form (1.3), we
denote by By the matrix obtained by substituting the *-blocks with null blocks and we
set Eo(t) = e tBd t € R. Moreover, for t € R and ¢ € RN*! | we set

e.(t) = L ESAQE (s)ds,  Coolt) = L Eo(s)A()ES (s)ds. (3.9)

In the following statements, we also denote by € the matrix in (3.2) with A = ( I‘(’)O g ) and

Cot) = E Eo(s) (Ig g) El(s)ds, (3.10)

where I,,, denotes the identity matrix in RP°. Hypothesis (1.2) yields an immediate com-

parison between the quadratic forms associated to C; and C:
wTe(t) < C.(1) < ne(y) (3.11)

for any t € R* and ¢ € RN*'. Since C.(t), t > 0, is symmetric and positive definite,
analogous estimates hold for (?g1 , Czo,and 65,10 in terms of @', Gy, and 651 , respectively.
We now denote, respectively, by I'" and '™ the fundamental solutions of the op-

erators
1
Lt = ].LA]RPO + <X,BV> - at, L = EARPO + <X,BV> - at. (312)

Moreover, for fixed w € RN*' we denote by Z,, the fundamental solution to the frozen

Kolmogorov operator
Po
Lw = ) ai(W)dsx, + (x, BDU) — 0y (3.13)
i,j=1
An explicit expression of I't, '™ and T}, is given by (3.4) and (3.5).

Proposition 3.1. For every z, {,w € RN*! with z # ¢, it holds that

1
H—Nr*(z, 0) < Zw(z,0) < uNT*(z,0). (3.14)
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Proof. We only prove the second inequality. We first note that, by (3.11), we have

det G, (t) > p NdetC(t), Vt>0, (3.15)

exp <— %@@1 (t)w»w>> < exp (— 4]—u<€’1 (Hw, w)) vt>0, weRN.  (3.16)

Given z,( € RN*! for convenience, we set s = t — T, w = x — E(s)& and cn = (471)~N/2,

Then we have

Zw(z,0) = ﬂex (— l<(‘3*1(s)w w>>
BRRVCETRO R S

N/2 CNeis trB

det C(s)
= 1T (2, 0).

exp (— 41—“<(‘3*] (s)w, w)) (by (3.15) and (3.16))

(3.17)
[ |

The next lemma provides an asymptotic comparison near 0 of €; and C¢ o.

Lemma 3.2. There exist two positive constants Cy and to, only dependent on p in (1.2)
and the matrix B, such that

(1 — Cot) Ceo(t) <Cc(t) < (1 + Cot)ec’o(t) (3.18)

forany ¢ € RN*Tand t € [0, to]. O

Lemma 3.2 can be proved following the arguments in [26], handling with care the

dependence of the coefficients on (. The proof will be omitted.

Remark 3.3. As animmediate consequence of (3.11) and Lemma 3.2, for some positive t;,

we have
2€0(t) < 3Cco(t) < Ee(t) < 2eca(t) < 2uea(t) (3.19)
N N det C(t) N N
(Zu.) det€0(1) <2 det6¢,0(1) < ——= < 2% det GC,0(1) < (Zu) det 60(1),

<—3
(3.20)

for any ¢ € RN and t € [0,t;]. Analogous estimates also hold for ¢, .
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Lemma 3.4. For every T > 0, there exists a positive constant C, only dependent on w, B,
and T, such that

1
(1)
e 1(t)y). <c‘ Vi , 3.21
(€0 | < e (3.21)
[CHOMESS (3.22)
w il = g .
foreveryi,j=1,...,po,t €]0,T|,w € RN*! andy € RN, O

Proof. We only show (3.21) since the proof of (3.22) is analogous. Let t; be as in Remark
3.3: we first consider the case t € ]0,t;]. We recall that (Do(A)y)i = Ayi fori = 1,...,po

and

e;1o(t) = Do (J{) e;'o(1)Do (;{) (3.23)

see [26]. Then we have

(e )| <] (€ @ = el @)y)| + (€ 0),
T2/ (Do 0 - €. (0)De(viDo 2 )u)
t i
(3.24)
17, 1
(s ()s),
=1 + 1.
In order to estimate 17, we note that
[Do(V) (€] (1) — €15 (1)) Do (V)|
= sup (€31 (1) = €.} (1)) Do(VH)E, Do (V)E)|
< sup [(€,}s(1)Do(VH)E, Do(V)E)| (by Remark 3.3 since 0 <t < t;) (3.25)
[E]=1
=sup (€ s(NE, &) < ul[eg'(1)]| (by (3.23) and Remark 3.3).
[E]=1

Hence, we infer

I < %“65](1)’|’D0<%>y’. (3.26)
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On the other hand, again by Remark 3.3, we have

A0, (4 S

The proof of the case t € [t;, T] is easier:

1 1
(€ ()| = —=|[ Do(VDEL ()Do(VE)Do [ —= |y
‘ t ( (\/E> ) (3.28)
Sﬂttos;I;THDo(\/E)G—’(t)Do(\/E)H‘DO(%)J‘ (by (3.11)). ]

In the next statement, Z(z, () denotes the parametrix of L, that is, the fundamen-

tal solution, with pole at ¢, to the constant coefficients Kolmogorov operator

Po
Le= ) aij(0)dx, + (x,BV) =0y (3.29)

i,j=1
Moreover, I'*, ¢ > 0, denotes the fundamental solution to the constant coefficients KE
(1.26).

Proposition 3.5. Given ¢ > 0 and a polynomial function p, there exists a constant C, only
dependent on ¢, y, B, and p, such that, if we setn = |[Do((t — 1)~ "/?)(x — E(t — T)&)|, then

we have

[p(M)|Zw(z,0) < CT¥(2,0), (3.30)

for any z, {,w € RN*T, O

Proof. For convenience, we sets =t—7and w = x—E(s)&. By Lemma 3.2, we may consider
to > 0 such that (3.18) holds and

£
ht 5
(1—Coto)? > u+§’ (3.31)
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where Cy is the constant in (3.18). We first prove (3.30) for s € [0, to]. Then, by (3.11), we

have

N/2,—strB 1
lp(nl)|Zw(z, Q) < %!p(mm exp (— Z(Q’J (S)w,w>>
cN HN/ZefstrB (] _ Coto) i
SNE 2 _ N >0 1
< D) [p(Il)] exp ™ (€' (Im,m)
(by Lemma 3.2 and (3.11))
C —strB 1 —Cht
< ]deT(‘f(s)exp —(7080)<€51(1)n,n>
(uw+3)
C]€_StrB (1 — Coto)z 1
<——exp | —F(C ' (s)w,w
/detC(s) 4<u+ §> ( )

(by Lemma 3.2 applied to the matrix C)
< Cré(z,¢) (by(3.31)).

(3.32)

We next consider s > to. In this case, by Proposition 3.1, we have
lp(Inl)|Z(z,¢) < Cip(lwl) [T (2, ) (3.33)
and the thesis follows by a standard argument. |

Next we prove some estimates for the derivatives of Z,,(z, Q).

Proposition 3.6. Forevery ¢ > 0and T > 0, there exists a positive constant C, only depen-
dent on , B, ¢, and T, such that

C C
‘aXiZW(Z) C)‘ S FE(Z) C)) |aXinZW(Z) C)’ S —FE(Z) C)) (334)
t—7 t—7
for every z, (,w € RN*! suchthat0 <t — T < Tand everyi,j =1,...,po. 0
Proof. We put agains =t— tand w = x — E(s)&. Then, fori=1,...,po, we have
1
105, Zw(2,0)] = 5 (€ (s)w)i‘Zw(Z, 0)
C 1 (3.35)
< —|Do| — Zw(z, by (3.21
< |po( 5 Jwfzata) Gy 320)
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and the first estimate follows by Proposition 3.5. The proof of the second estimate is

analogous. [ |

4 The parametrix method

In this section, we describe the Levi parametrix method to construct a fundamental so-
lution I for the KE (1.1). Throughout this section, we assume that L in (1.1) verifies hy-
potheses (H.1) and (H.2) and that the coefficients aij, ai,c € C§(RN*") are bounded func-
tions. We remind that Z,, denotes the fundamental solution to the “frozen” Kolmogorov

operator
Po
Lw = D @ij(w)ds,x, + (x,BDu) — 0y, (4.1)
i,j=1

and Z(z,0) = Z(z,() is the so-called parametrix. Hereafter z = (x,t) and ¢ = (&, 1). Ac-

cording to Levi's method, we look for the fundamental solution I' in the form

(z,0) = Z(z,0) +](z, 0). (4.2)

The function ] is unknown and supposed to be of the form
J(z,0) = J Z(z,w)@(w, {)dw, S =RNx]T 1], (4.3)
S'r,t

where @ has to be determined by imposing that I' is solution to L:

0=1r(z,0) =LZ(z,0) + LJ(2,0), z#VC. (4.4)

Assuming that ] can be differentiated under the integral sign, we get

Uz, Q) = L LZ(z, w)®(w, {)dw — ®(z, 0), (4.5)
hence (4.4) yields

D(z,0) =1LZ(z, Q) + L LZ(z,w)D(w, )dw. (4.6)

Thus we obtain an integral equation whose solution ® can be determined by the succes-

sive approximation method:

+00

D(z,0) = ) (L2)(z,0), (4.7)

k=1
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where

(LZ)1(z,0) =LZ(z,0),
(4.8)

(LZ)xy1(z, Q) = L LZ(z,w)(LZ)y(w, {)dw.

The previous arguments are made rigorous by the following propositions.
Proposition 4.1. There exists ko € N such that, for every T > 0 and ¢ € RN*! | the series

+00

D> (LZ)(+ ) (4.9)

k=ko

converges uniformly in the strip S. 1 = {(x,t) € RN*! | T < t < T}. Moreover, the function
®(+, ¢) defined by (4.7) solves the integral equation (4.6) in S+ 1 and satisfies the following

estimate: for any ¢ > 0, there exists a positive constant C such that

r(z,0

|®(z, )| Scm»

Vz € Sy 7. (4.10)
O

Proposition 4.2. For every { € RN*!  the function J(-, () defined by (4.3) solves (4.5) in
RN+T\ {¢}in the sense of Definition 1.3. O

The remainder of this section is devoted to the proof of Proposition 4.1. The proof
of Proposition 4.2 is more involved since it requires the study of some singular integrals
which will be made in the next section. Then Proposition 4.2 will be a direct consequence

of the results in Section 5 and Lemma 6.1.

Lemma 4.3. Forevery ¢ > 0 and T > 0, there exists a positive constant C, only dependent

ong, T, u, and B, such that

My

T—ak/2 r(z,0), (4.11)

(122, 0)| <

foranyk € Nand z,{ € RN*! with0 <t — 7 < T, where

e
rk( =
(5)
akl’
()
and It the Euler Gamma function. As a consequence, there exists ko € N such that the
function (LZ)y (-, ¢) is bounded for k > k¢ in St 7. O

M, = C* (4.12)
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Proof. We use the notations of Proposition 3.5 and we prove estimate (4.11) by an induc-

tive argument. For z # (, we have

ILZ(z,0)| < .]?ZO (aij(2) — a5(0)) Ox,x; Z( 2)0x, Z(z, Q)| + |c(2)| Z(z, 0).
e (4.13)
By assumption ai; € C§(RN*1) so that
|laij(z) — i (Q)] < C1]|¢ T ozl = Ci(t— 1), 1)]|5- (4.14)
Hence, by Proposition 3.6, we infer
i (ai5(2) — a5 () 0xix; Z(2, Q)| < Ca|(, 1 H ol i)/z, (4.15)
i,j=1
and, since the coefficients are bounded functions,
2)0x. Z(z,0)| < Cg%. (4.16)
By Proposition 3.1, we have
|c(2)Z(z, Q)| < CaTe(z, Q). (4.17)

Therefore, (4.11) for k = 1 easily follows from the above estimates and Proposition 3.5.
We now assume that (4.11) holds for k and prove it for k + 1. We have

|(LZ)x41(2, Q)|

LT L2z W) (L2k(w, C)dw‘

IN

t
M; My J
Ié(x, t,u,s)I (y,s, & 1)dy ds
L (t=s)1o/2 (s = 1)1 "k/2 Jgn (4.18)

(by the inductive hypothesis and denoting (y,s) = w)

t
M, M
=Tz, )J (t—s)1—a/2 (s _ 1)1 —ka/2 ds

T

(by the reproduction property (1.24) for '),

and the thesis follows by the well-known properties of the Euler Gamma function.
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The boundedness of (LZ)y, for k > ko suitably large, directly follows from (4.11)
and the explicit expression of I'¢. Indeed, by (3.20) of Remark 3.3, we have

|(LZ)x(z, Q)| < CMy(t — 1)k (QF2)/, (4.19)

for some constant C. Then it suffices that ko > (Q + 2)/«x. [ |

Proof of Proposition 4.1. The convergence of the series (4.9) follows from the previous

lemma (cf. (4.19)). Indeed the power series

Z Mko+ksk (420)
k>1

with My as in (4.12) has radius of convergence equal to infinity.
Then, proceeding as in Lemma 4.3, it is straightforward to prove that @ verifies
estimate (4.10) and solves (4.6). [ |

Corollary 4.4. For every ¢ > 0 and T > 0, there exists a positive constant C, only depen-
denton ¢, T, i, and B, such that

(2, Q)] < C(t—1)¥/2% (2, 0), (4.21)
and the fundamental solution I' in (4.2) verifies estimate (1.28):
I'(z,¢) < CI'é(z, ), (4.22)

foranyz, (€ RN*T with0 <t—1 < T. O

Proof. We have

1(z,0)| SJ Z(z,w)|®(w, )|dw

Stt

o r(y, s, &,
SCJ JRNF(X’J"U’S)%@@ (by (4.10)) (4.23)

T

t
=Clé(z,Q) L (s—’?ﬁ (by the reproduction property of '),

and (4.21) follows. The estimate of I" is a direct consequence of (4.21) and the estimate of

Z in Proposition 3.1. |
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5 Potential estimates

We consider the potential

Vi(2) :J Z(2, Of(Q)dL,  Stox = RN x |To,t], (5.1)

STyt

where f € C(St, 1,) satisfies the growth estimate (1.20):
f(x,t)] < C1eC ™ v(x,t) € Sty 1y, (5.2)

and Z is the parametrix of (1.1). In this section, we aim to study the regularity properties
of V¢ by adapting the arguments used by Polidoro [31].
We first show that the integral in (5.1) is convergent in the strip Sy, v for some

T € |Tp, T1]. Indeed, by Proposition 3.1, we have

Vi(x, )| < Ca M (x,t, & 1)eC & dg dr

JTo JRN
<C3 rt 1 exp(_l<e—](s)w W>+C1|£|2>d£d’f
- ) Jrn /det C(s) 4u '
(denoting s =t —tand w = x — E(s)§) (5.3)
rt |T]|2 . 5
<Cq eXP(——+C1|E(—s)(x—G 2(sn)| )dT]dT
JTo JrN 4u

<C(t—To) e€™*  (by the change of variablesn = €~ /2(s)w),

for some positive constant C, assuming that t € |To, T] with T — Ty suitably small and

using the fact that |C(s)|| tends to zero as s — 0.

Proposition 5.1. There exist 0y, Vy € C(St,,7) fori=1,...,po and it holds that

t

Ox, Vi(x,t) = J

J Oy, Z(x,t, &, T)f (&, T)dE dT. (5.4)
To JRN

O

Proof. By Proposition 3.6 and the above argument, the integral in (5.4) is absolutely con-

vergent and

t
J J |0y, Z(x,t, &, T)f(§,7)|dE dT < Cy/t — ToeCX". (5.5)
To JRN
Next we set
t—0
Vi s(x,1) :J J Z(x,t, &, (6, T)dEdT, 0<8<t—To. (5.6)
To JRN
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By Lebesgue’s theorem, we have

lim Vf‘g(X, t) = Vf(X, t),
5—0+

(5.7)

t-5

Ox, Vi 5(x,t) = J J Ox, Z(x, t, &, T)f(&, T)dE dT. (5.8)

To RN
In order to prove (5.4), it suffices to verify that
t

lim Vi s(x,t) = J J 80, Z(x,t, &, T (£, T)dE dr, (5.9)

550 T, JRN

uniformly on Bg, x ]To, T]. This is an easy consequence of (5.8) and (5.5), indeed we have

t

axivf‘g,(x,t)—J J Ox Z(x, 1, &, T)f(E, T)dE dT
To RN

t (5.10)
:J J dx, Z(x,t, &, T)F(E, T)dE dT < CVEeCX”,
t—5 JRN
[ |
Lemma 5.2. For every positive e and T, there exists a constant C > 0 such that
|Z4(2,0) — Zw(2,0)| < C||¢ T ow|[5T4(2, 0),
le o wlfy .
‘axizc(z)c)_axizw(zacﬂ < CﬁF (z,0), (5‘11)
lc" w5
‘aXin ZC(Z> C) - axix,- ZW(Z) C)’ S C?FS(Z, C),
foranyi,j=1,...,poandz {,w € RN*'with0 <t—1 < T. O

Proof. We only prove the third estimate. We use the usual notations s =t— T, w = x —
E(s)é,n = Do(1/+/s)w and first note that

Ce—strB .
_ = —(/4)e, (s)w,w) -1 1 1
xix; Zw (2, Q) = " ((ew (9)) + (€ (5)w), (€5 (s)w)].).
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Then the thesis follows from the following estimates:

VdetCc(s) /detCy(s)| det Cc(s)’ '
|e=(1/DE (ww) _ o=(1/D(E (0w | < Cf|¢ o wl|Se=(1/A0e+eN(E (D)
(5.14)
C
(€9 — (€ (9) ] < <[l (5.15)
C
(€ (5)w), (€ (9)w), — (€31 (), (€5 (), | < [l T owl3il  (5.16)
where € denotes the matrix in (3.2) with A = (I‘z)o g).
By Remark 3.3, (5.13) is equivalent to
| det C¢(s) — det €y (s)]
sQ
< | det (p (L)e (s)D (L» -~ det (D (L)e (s)D (L)>
= 0 \/g C 0 \/g 0 \/g w 0 \/g
<l ows.
(5.17)
A general result from linear algebra states that
‘deti\/h — detM2| < CHM] — Mz”, (5.18)

where the constant C only depends on the dimension of the matrices M;, M, and on
[IM1]], [[Mz]]. Then (5.17) follows from the estimate

<(ec(8)—€ (s ))Do(\}—>5 Do(\}—)5>‘ <clcow[Sem].  (5.19)

This concludes the proof of (5.13). Next we consider (5.14). An elementary inequality

sup
[E]=1

yields

‘e*(1/4)<(‘321 (s)w,w) 67(1/4><e;v1 (S)U),(U>|

= ’<(GE](S) - S ) >’€ 1/4p)(€ " (s)w,w)
. (5.20)
< HDO(\/E)(GE (s )Do H|Tl|2 (1/4p)(€ " (s)w,w)

gcuoow(ez‘(s)—e; (5))Do(V/s)|[e~ (/4+eaN(E  (S)ww)
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On the other hand,

Do (v5) (€2 (s) — €5, (5)) Do (V3)|
< [Do(v8)E; (1Da(v8)] Do 72 ) (€ale) — Ects)) D 2 )|
[[Do(v/5)€y,! (s)Do (V)|

<CllcTow|

(5.21)

X
B)
and this proves (5.14). We omit the proofs of (5.15) and (5.16) which are analogous. B

Proposition 5.3. Under the hypotheses of Theorem 1.4, there exist 0,,,, Vs € C(St,, 1) for
i1,j=1,...,po, and it holds that

t

axm Vs (X, t) = J

J Oxix; Z(x,t, &, T)F(E, T)dE dT. (56.22)
To RN

O

Proof. We first show that the integral in (5.22) exists. Fixed R > 0, we consider x € RN
such that |x| < R and denote by Bg the Euclidean ball in RN centered at the origin. For a
suitable Ry > R to be determined later, we split the integral in (5.22) as follows:

t
J J Brn Z(x, 1, £, 1) (E, T)dE d
To JRN

t

t
_ J J dein, Z(x, 1, & D) F(E, T)AE dT+J
o JBg,

J aXiXiZ(X)t> E,T)f(E,T)dEdT
K To JRN\Bg,

=K; +Kj.
(5.23)

We consider K;. For every T € |Tp, t[and y € RN, denoting w = (y, T), we have

j B, Z(%, 1, £, T)F(E, T)dE,
BR1
:J B, Z(x,t, &, 1) (F(E,7) — F(y, 7)) dE
BR1

+f(y, 1) j i (2064, E,T) — Zo(x, 1, &, 7)) dE, (5.24)
BR1

+f<yaT)J axin ZW(X)taEnT)dE‘
BR1

=L+ +1s.
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We puty = E(1 — t)x and by Proposition 3.6 and the regularity properties of f, we get

r r
|I1|§CJRN#|E E(t—1) x|BdE<CJ % Bdg,  (5.25)
since
&~ E(t— t)x|, < CVi_Tmls, (5.26)

for some constant C, wheren = Do(1/v/t — T)(x — E(t — 7)&). Now, by Proposition 3.5, we

have

Inlﬁre(x,t,é,, T) < Crzs(x,t, &), (5.27)
and since

J re(x,t, &, 1)dE =1, t>r, (5.28)

]RN

we finally deduce

C
L] < (eI (5.29)

Next we consider I. By Lemma 5.2 and the growth estimate (1.20), we have

F(xt&’r)

|12|SC1|f(y»T)|J -

& —ylgdé

Rq

< CzeCz\X\ZJ WE*E(T*J[)X‘E&» (5.30)
RN -

C
= (t—1)1-o/2 (by the previous argument).

We now consider I3. We first remark that we have
Ox, Zw(x,t,&,T) = —%Zw(x, t,&,7)(C (t—T)(x —E(t— &),

0, Zw(x,t,&,T) = %Zw(x,t, £1)) (€ (t—1)(x—E(t—1)§)),Esi(t—1)

N
Z wx, t, & T)Eji(t —1).
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Thus it holds that

VeZw(x,t,E,7) = =V Zy(x, 1, & T)E(t — 1) (56.32)
and inverting the matrix E, we finally get

VaZw(x,t,E,7) = Ve Zy(x, 1, & T)E(T—1). (5.33)
Therefore, we have

J Don Zow(x, 1, £, ) dE,
BR1

:_ZJ Bt Zow (X, 1, £, T Ergy (T — )dE

BR]
= —ZJ (x,t, &, T)vikEyj (T —t)do(&)
aBR]
(by the divergence theorem and denoting by v the outer normal to By, );
(5.34)
thus, by Proposition 3.6, we conclude that
I3 < 5.35
1] < == (5.35)
We consider K;. We first note that
E(s) =In+0O(s), ass—0. (5.36)
Then for some positive constant C, we have
|x —E(t—T)&| > ClE[— x| > CRy —R=R; >0, (5.37)

since [x| < R and assuming |&| > R; with Ry suitably large. Then we have

el <c|

t
J ri(x,t, E,,T) ec“E‘ZdEdT
To JRN\Bg

t 1/204 _ 2
2 1 B |e (t—T)w| 5
< Ce Lo JwZRz (t— Q272 P ( 4 T Calwl Jdw dr

(by the change of variable w = x — E(t — 1)&).
(5.38)
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Keeping in mind the asymptotic estimate of Lemma 3.2, clearly the last integral con-

verges (provided that T — Ty is suitably small).

So far we have proved the existence of the integral in (5.22), next we prove (5.22).

We set

Vi(z) = VIV (2) + VI (2),

where
t
me(x,t):J J Z(x,t, &, 1)f(E, T)dE dr,
To JBg,
t
VO (x, ) = J J Z(x, 1, £, T)F(E, T)dE dr.
To JRN\Bg,

By Lebesgue’s theorem, we have
t

aX'lXj V1<52> (X) t) = J‘

|0zt e e D
To JRN\Bg,

In order to prove that

t
0 V(3 1) = J J deun, Z(x, 1, & D)F(E, T)AE dT,
To JBRr,

we set

t—0
Vi (x,1) = J JB Z(x,t, &, 0)f(E,T)dEdT, 0<bd<t—To.

To

By the dominated convergence theorem and Proposition 5.1, we have

5—0*

t—0
Jim 3 VI (x, 1) = lim J J dx, Z(x, t, &, T)f(E, T)dE dT
-0+ ’ BR1

To

t
:J J 80, Z(x,t, &, T)f(E, T)dE dr
To JBg,

=0, VIV (x,1).

Hence, in order to show (5.42), it suffices to prove that

t

1 RV :J
A Oxixy Veatot) T

j Beix, Z(x, 1, &, T)F(E, T)dE d,
BR]

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)
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uniformly on Bg, x ]Ty, T]. Denoting w = (y, ) fory € RN, we have

t
By, V(1) — J J B, Z(x, 1, £, T)F(E, T)dE dT
) To7Bry (5.46)
_ J (71 (1) + T2(7) + J3(1)) dr,
t—8
where
]1 (T) = J aXinZ(X)t) En T) (f(E)T) _f(y)T))dEn
BRl
J2(7) = f(y,7) J Oxix; (Z(%,t,&,1) — Zy (x, 1, &, 7)) dE, (5.47)
IS(T) = f(U,T) J aXinZW(X)t) E)T)da
Bg,
Proceeding as in the estimate of I; in (5.25) by choosing y = E(T — t)x, we obtain
t t 1
ths Ji(t)jdt < C Jt,g (= drt. (5.48)

Analogously the terms J, and J3 can be treated as I, and I3 in (5.25), thus (5.45) follows
straightforwardly. |

Proposition 5.4. Under the hypotheses of Theorem 1.4, there exists YV; € C(St, 1) and it
holds that

Yi(z) :J YZ(z, OF(Q)d - f(2). (5.49)

STyt |
Proof. The proof is analogous to that of [31, Proposition 3.3]. As in the proof of Propo-
sition 5.3, we split the domain of the integral in (5.49) in | Ty, t[x (RN \ Bg, ) and | To, t[xBg,

and we only consider the second integral since the other one is straightforward.
We set

t—9o

Vis(x,t) :J

J Z(x,t,&,1)f(&,T)dE dT (5.50)
To JBg,

and consider the integral path of —Y starting from z:

YR — RN y(s) = (x(s),t(s)) = (E(s)x, t +5). (5.51)
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Clearly, y(0) = zand y(s) = (—BTx(s), 1) = —Y(y(s)). We show that

=8
YV s(x,t) = J J YZ(x,t,&,T)f(&, T)dE dt — J Z(x,t, &t —08)f(E,t—0)dE.
To JBg, Bg,
(5.52)
Indeed, for |s| < §/2, we have
_ t—5 —
Vis (v(s)) = Vis (v(0) _ J J 2(r(s), &%) =20 &%) ¢ 4 o
S To By, S
| ptrss (5.53)
41 J J Z(v(s), & 7)F(E, 1) dr.
SJt-s  JBg,
Since Z(z, ¢) is the fundamental solution of L., there exists s* such that
Z ,C¢) —Z(v(0),¢ d «
(Y(S) ) - (Y( ) ) _ EZ(Y(S)’CHs:s* =—YZ(y(s ),C)
(5.54)

- Z a5 (0)0x.x; Z(v(s%), C).

i,j=1

By Proposition 3.6 and since |s*| < §/2, the last term in (5.54) is a bounded function of
¢ € RN x Ty, t — 8[. Thus we have

-5 _
limJ J Z(r(£)57) ~ 20O 5% ¢y e ar
s—0 TO BR S
s (5.55)
- —J J YZ(x,1, £, 7)f(E, T)dE dr.
To JBg,
On the other hand,
1 t+s—5
J Z(x,t,y,t—é)f(y,t—é)d&—fJ J Z(y(s), & 1)f(E,T)dE dT
B, SJt-s By,
1
= J J (Z(x,t,6,t = 8) — Z(v(s), &, t — 5+ ps) ) f(&,t — 5)dE dr
0 JBg,
1 (5.56)

—I—J Z(y(s),&,t— 5+ ps) (f(E,,t— d) —f(E,t—0+ ps))d& dr
0 JBg,

—t+9
(bysettingp—T s+ )

=1(z,s) +J(z,9).
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Since |s| < §/2, then the integrand of I is a bounded function of (§, p) € Bg, x [0, 1], there-
fore

lim I(z,s) = 0. (5.57)

s—0

Analogously we have

lim J(z,s) = 0. (5.58)

s—0

This concludes the proof of (5.52).

Next we prove that

t

lim YVf»é(X,t) IJ
5— 0+

J YZ(x,t, & 1)f(E 1)dE dT — f(x, 1), (5.59)
To JBg,

uniformly on Br x |Tp, T[. To this end, it suffices to note that, since Z(z, ¢) is the funda-

mental solution of L;, we have

t
J J YZ(x,t, & 1)f(E 1)dEdT
BR'I

t—05

Po t
< aij (&, 7)0x,x; Z(x, t, &, T)f(E,7)|dE dT
i,; LsJ'BR1 2560w, &) (5.60)
t 1
<C — - d
<) g
(proceeding as in the proof of Proposition 5.3, cf. (5.29)).
Finally, since f is a continuous and bounded function on Br x |Ty, T[, we have
lim J Z(xt, £, t— 8)F(E, t — §)dE = f(x, 1), (5.61)
50" [y,
uniformly on Bg X |Tp, T[ and this concludes the proof. |
6 Proof of Theorems 1.4 and 1.5
In this section, we prove Theorems 1.4 and 1.5. We begin by a preliminary result.
Lemma 6.1. Forevery ¢ > 0 and T > 0, there exists a positive constant C such that
® ® <o XU re 6.1
‘ (X)taEnT)i (yat)E‘»T)‘ = m( (th)a)’t)—i_ (yat)‘ia’r>)> ( . )

for any (&,7) € RN*! t € ]1,7+ T],and x,y € RV, O
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Proof. Wesetw = (y,t) and note that if [x—y|g > +/t — 7, then we have the trivial estimate

W (F(z, 0 + T (w, 0)). (6.2)

In the case [x — ylg < v/t — 1, we first prove the following estimates:

ILZ(z,0) — LZ(w, Q)| <

12(2,0) — 20w, Q)| £ ———T*/2(z,0),
vit—1

00,2(2,0) 04, 2(w, )] < XV ez ) (6.3)

‘axixi Z(Z, C) — aXin Z(W, C)’ g C (LX_T-E;3132 FE/Z (Z, C)

Since the proof is similar, we only consider the third estimate in (6.3). By using the mean-

value theorem, we have

N
|aXin Z(Za C) - aXinZ(Wv C)| < plg[g)%] Z |axhxix,- Z(X + p(X _U)»ta &, T) (X _y)h|-
Ve
(6.4)
Denoting s =t—1, w = x — E(s)&, and € = C.(s), a short computation shows
aXhXiXi Z(z,C) = Z(z, () (e:}: (871 (’U)j + (671 w)ie;}g + (671 w)he;jl
+(e'w), (e 'w), (e w),) (6.5)

=7Z(z,0) (ah(w) +br(w) + cn(w) + dh(w)).

Then we putv =x —y, ® = w + pv and, by Lemma 3.4, we get

ivhah(&)) < i e (e @) | =|(e V)| (e @),
h=1 2:1 1 . (6.6)
< <o) [[oe( )

Since [v|g < /s, we have [Dy(1/+/s)v| < C|Do(1/v/s)vlg = C(Iv[g/+/s), therefore

N ~
~ vismls
thah(w) <C 32 (6.7)
h=1
where ] = Dy (1/4/s)®. The same estimate holds substituting ap with by, or ¢,. Moreover,
- = vl i3
~ -1~ -1~ -1~ BMip
thdh(w) < Z ‘(G @), vh(€ @), (€ w)].‘ < gz (6.8)
h=1 h=1
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Collecting all the terms and using Proposition 3.5, we obtain

vls (Mls + M3
|0xix; Z(2, €) = O, Z(W, Q)| < Wle (le + fs) o2 5) Z(x+pv,t,&,7)

Ix —yls

<
= g3/2

FE/S(X+ v, t, &, T).

By a standard argument, we have that, if [x — y|g < v/t — T, then

F5/3(x +v,4,& 1) < Fa/z(x,t, &, ).

(6.9)

(6.10)

This concludes the proof of the third inequality in (6.3) at least for [x —y|g < v/t — T. Next

we show how to deduce from (6.3) an estimate similar to (6.2). We recall that (w)~!

(x —y,0) and we have

ILZ(2,¢) — LZ(w, O]

pZOaij(z Oxix; Z(2, Q) +Za1 )0x, Z(z, ()

1,j=1

Po
- Z al] x X W C) Z ai(W)axiZ(W, C)
i,j=1 i=1

+YZ(z,0) — YZ(w, C) + c(2)Z(z, ) — c(w)Z(w, ()

—L¢Z(z,0) +LeZ(w, Q)

Po
< ) ai(z) = ay(w)| [0y, Z(w, O)]

i,j=1

Po
+ Z ’aij(z) - (11) Hax Xj Z C) x x,-Z(W» C)’

i,j=1

Po
+) |ai(z) — ai(w)][9x, Z(w, )|
i=1

Po
+ 3 |ai(w)||ox, Z(z, &) — 3y, Z(w, )|

+ ‘c(z) — c(w)HZ(w, C)’ + ’c(z)HZ(z, Q) —Z(w, C)‘

o0z =
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X —VYI§ e /2 1 o« IxX=ylg )2
S C<?r (W, C) + HC OZHBWF (Z, C)

_ & _
n [x U‘B rg/z(w) C) I Ix U|B rg/Z(Z’ C)
t—o t—7

+Ix —ylgTe 2 (w, ¢) + "‘;—y'Brﬁ/z(z, c))
—T

(by the regularity properties of the coefficients,
by Proposition 3.6, and by (6.3)).
(6.11)

Since
lc o z]ly = (=02 (1 + Do ((t = 1) 2) (x ~ E(t = 1)E)[3), (6.12)

we may use Proposition 3.5 to deduce

ILZ(2,) — LZ(w, 0)| < C<(t _"T)é’_"i)/z * 'ﬂff) (M0 +Tw,0).  (6.13)

On the other hand, if [x — y|g < v/t — 7, it holds that

-l ewls o eyl eyl T -yl eyl
(t—1)B-x/2 " t—1 — (t-1)B-0/2\ Jt—1 t—t \Vi—r
/2
k=g
B (t—1)1—o/4"
(6.14)
Combining (6.2), (6.13), and (6.14), finally we get
|X_y|g/2 e €
ILZ(z,¢) — LZ(w,0)| < Cm(r (z,0) +T<(w, 7). (6.15)

By (6.15) and an inductive argument, it is possible to show that if M is the constant in
(4.11) such that [LZ(z, ¢)| < M;(T'¥(z,¢)/(t —T)'~*/2), then we have

2
—  x—yl¥

|(LZ)x(z, ©)— (LZ)x(w, 0)| < Mkm (T(z,0)+Te(w, ) )MF(t —1)%, (6.16)

where

X " G) (6.17)
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for some positive constant Cy. The thesis follows since the power series with coefficients

Mk has radius of convergence equal to infinity. [ |

Proof of Theorem 1.4. Let I' be the function defined in (4.2), (4.3), and (4.7) by means of

Proposition 4.1:

Nz, ¢) =Z(z,0) + L Z(z,w)®(w, ¢)dw, z#C. (6.18)

(1) By Corollary 4.4 and Proposition 4.1, it is clear that I'(-,¢) € L} (RN*")n
C(RN*1\ {¢}) for every ¢ € RN+,
(2) Thanks to estimate (4.10) and Lemma 6.1, we may apply Propositions 5.1, 5.3,

and 5.4 to conclude that the following derivatives exist and are continuous functions for

z#£(

0x,I(z,0) = 04, Z(z, Q) +J Ox, Z(z,w)D(w, ¢)dw,

St
Oxix; M(z,C) = 0y, x; Z(2,C) + L Oxix; Z(z, W)@ (W, () dw, (6.19)
YI'(z,0) = YZ(z, Q) + L aXiYZ(z,w)G(w, Q)dw — @(z, ),
foreveryi,j=1,...,po. By using the above formulas, we directly obtain
LIz, 0) = LZ(z,0) + L LZ(z,w)®(w, )dw — O(z,0) =0 (6.20)

forz # (, since @ satisfies the integral equation (4.6).

(3) Formula (1.19) can be proved following [31, Proposition 2.5].

(4) By the results in Section 4, the function u in (1.22) is well defined in Sy, 7 for
T — Ty > 0 suitably small. We set

V(z) = J Mz, Of(Q)dC, (6.21)
Sto,t
and we prove that

LV = 7f, in STO,T- (622)

Using expression (6.18) of I', we rewrite V = V¢ + V; where V¢ is the potential in (5.1) and

f(z) = L (z, O)f(C)dc. (6.23)
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In order to apply Propositions 5.1, 5.3, and 5.4 to the potential V;, we show that f verifies
estimates (1.20) and (1.21). By (4.10) we have

r(z,¢)
(t—1)T-o/2

f(2)] gcJ

STyt

1£(¢)|dC
(6.24)

<C(t—To) */26CIXI*  (proceeding as in the proof of (5.3)).

On the other hand, by Lemma 6.1, we infer

o~ ~

f(x, 1) — f(y, 1)

t
gj j O(x,t,E,7) — Dy, 1, £,7)|[£(£,7)|dE dr
RN

To
t 1
< Clx— “/ZJ 7J Ié(x,t T (y,t f d& d
< Clx—ylg B T RN( (6, E1) + T8 (y, t, &, 7)) [f(§, 7)|dE dT
/4 «/2 ,C(Ix*+1ul?)
B :

<C(t—To) " Ix—vyl

(6.25)

Therefore, we can apply Propositions 5.1, 5.3, and 5.4 and we get, forz € S+, T,

LV(z) = LV¢(z) + LV;(2)

= —f(z) — f(z) + L LZ(z, ¢)(f(¢) + (0))d¢

=—f(z) + J f(Q) ( —O(z,0) + LZ(z,0) + J LZ(z,w)D(w, C)dw> dc
STo,t ST,t
= —f(Z))
(6.26)
by (4.6). Since, for t > Ty, it holds that
LJ' M(x,t,&To)g(E)dE = J LT (x,t,& To) =0, (6.27)
RN RN

by Step (2), we conclude that Lu = f in St, . Moreover, by Corollary 4.4,

vl <c| ol 628,

<C(t— To)ec"“z (proceeding as in the proof of (5.3)),

therefore, by Step (3), we have that u € C(RN x [To, T[) and u(-, To) = g.
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(5)—(7) The uniqueness result can be proved proceeding exactly as in the classical
parabolic case (see, e.g., [18]). Then the reproduction property (1.24) and formula (1.25)
follow immediately.

(8) Estimate (1.27) is included in Corollary 4.4. Analogously, by Proposition 3.6
and (4.10), we have

CTe(z, C) Jt 1 1 M(z,0)
3. T(z, ~ =2 cre ds<C . (6.29
‘ i (Z C)! \/t— + (Z C) (t—s)”z (sz)lfoc/Z $> \/t——’t ( )
foranyi=1,...,poand z,{ € RN*! with 0 < t — T < T. The proof of (1.29) is less trivial:
| XiXj (Z C)|
S |aXiX‘Z Za C)| + |aXinI(Za C)|
GO J dyx, Z(z, W) D (w, ) dw
t—7 Sen

(by Propositions 3.6 and 5.3)

I'(z, Q) 1 1
<C——= : -l—CJ' =)/ (s T)(X/4ds

(managing the singularity of the integral as in the proof of Proposition 5.3)
€
< C;r (z.0) .
- t—1

(6.30)
|
Proof of Theorem 1.5. The proof of the existence and the properties of I'* is analogous to
that of Theorem 1.4. In order to prove (1.32), we first note that the Green's identity holds:

Po
viu—ul*v = Zax (aij (VOx;u — udy,v) + uv(a; — 0y, aij))
1j=1

(6.31)
+ Z Oy, bl,xluv — 0¢(uwv),
i,j=1
for any u,v € C¥ (RN*"). Then we consider the functions
u(w) =T'(w, Q), v(w) =T"(w, 2) (6.32)

forw = (y,s) witht < s < t. Given R,6 > 0, we integrate the identity (6.31) over the
domain {(y,s) | y| < R, T+ 8 < s < t— &} and we obtain

J u<y,tf6)v<y,tfs>dy—J Wy, T+ S)(y, T+ 8)dy = I, (6.33)
[yl<R ly|<R
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where

Po t—s
Irs = Z J Jy_R (@i (VOy,u—udy,v) — uvdy; aj;)vido(w)

i,j=1 T+
(6.34)
N t-5
+ ZE;‘[ J bijyiviuv do(w).
ij—1JT+8 Jlyl=R
By (1.28) and (1.29) (and the analogous estimates for '), we get
lim IR,(S = 0, (635)
R— +o00
so that
J u(y,t—8)v(y,t—08)dy = J u(y, T+ 8)v(y, 7+ 0)dy (6.36)
RN RN
and the thesis follows by letting 6 — 0. [ |

Proof of Theorem 1.6. We only sketch the proof since it suffices to proceed as in [18, The-
orem 16, page 29|, by using Theorem 1.5 and the estimates (1.28) and (1.29) in Theorem
1.4.

It is not restrictive to assume Ty = 0. We first prove that u = 0 in a suitable thin
strip So,.. Fixed (y,s) € So ¢, for any R > |y|, we consider hg € C§ (Bry1),0 < hg <1, such
that hg = 1 on Bg and with the first- and second-order derivatives bounded uniformly
with respect to R. We integrate the Green's identity (6.31) with u = u({) and v(§,T) =
hr(E)T(y, s, &, 1) over the domain {¢ € RN*1 : £ € Br,1, 0 < T < s— &}, for some & > 0. Since

Lu =0, we have

s—8
—J J u(&, 1)L v(E, 1)d& dt
Bri1

0

s—0
— J J (vLu — uL*v) (&, 1)dE dt
Brii1

0

:—J u(E,s—6)h(£)F(y,s,£,s—6)dE+J u(&,0)h(&E)IM(y,s, &,0)dE
Bri1

Bri

J (aij (v0e,u—udg,v) —uvde, aij)do(Q)
0BRr 1

J bijEiuvv;do(C) (by the divergence theorem).
Bri1

(6.37)
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The last three terms in (6.37) are null by hypothesis, then letting 8 — 07, we get

W,9) = Hm | (s - ORE w5, Es - 5)dE

Bri

s (6.38)
:J J u(&, T)L*v(E, 1)dE dT.
0 JBRr+1
Since L*T'(y, s, &,T) = 0, we deduce
s Po
u(y,s) :J J u(5»7)< D ay(&,1)(20e, hr(8)3e, T (y, 5,6, 7)
0 BR+1\BR 1‘1:1
+ r(y) 8, &, T)aiiij hR(Ev))
& (6.39)
=) (& DT(,s, & 1), hr(£)
i1

N
-y bijaiaa,.hR(ar(y,s,a,T)) dé dr.

1,j=1

By means of Theorem 1.5 and (1.28) and (1.29), it is straightforward to conclude that if €
is suitably small, then the integral at the right-hand side of (6.39) tends to zero as R —
+00, so that u(y,s) = 0. The thesis follows by repeating the previous argument finitely

many times. u
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