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ON A CILASS OF EQUILIBRIUM CONDITIONS FOR MAJORITY RULE

by

Gerald H. Kramer*

1. Introduction

The possibility of intransitivity under majority rule has been of
consequence in both political science and welfare economics. The indeter-
minateness or instability implied by the voting paradox has been a major
challenge to the understanding of political processes based on majority rule.
Political scientists have so far not developed analytical models capable
of coping with this instability, and as a consequence our understanding
of voting mechanisms is still rudimentary. 1In welfare economics, the para-
dox is in a sense fundamental to Arrow's impossibility theorem, since (by
Arrow's Lemma 3) any social welfare function satisfying his conditions 2-5
is equivalent to majority rule, while condition 1 requires that the domain
of the function be large enough to include sets of preference orderings of

gufficient diversity to produce intransitivity.

It is evident that intransitivities cannot arise if there exists

gsufficient concensus or similarity of preferences among the members of

*Regearch undertaken by the Cowles Commission for Research in Economics
under Contract Nonr-3055(01) with the Office of Naval Research.



society--e.g., in the extreme case, if all members have identical preferences.
Thus one hope for developing useful models of voting mechanisms has been

that less restrictive similarity conditions on individual preferences could
be shown sufficient to avoid the paradox. The first specific such condi-
tion, single-peakedness, was discovered by Black [1948]. Arrow, though re-
ferring to single-peakedness as a ''radical" restriction on individual pre-
ferences, also commented that Black’s results at least "show that the con-
dition of unanimity is mathematically unnecessary to the existence of a
social welfare function, and we may well hope that there are still other
conditions [than single-peakedness] under which the formation of social

welfare functions...will be possible." (83)

A number of such conditions have in fact been discovered subsequently.
The most important are those of Vickrey {1960], Dummet and Farquharson [1961],
Inada [1964], Ward {1965], Sen [1966], Sen [1968], Pattanaik [1968], Inada

[1969], and Sen and Pattamaik [1969],1

These various conditions, including single-peakedness, are the sub-
ject of the present paper. We refer to them as equilibrium conditions
for majority rule, where "equilibrium" is used in the gemeric sense to mean,
variously, a social welfare function or social ordering, a social decision

function, or a stable outcome. (These concepts are defined in Section 2.)

1'I‘he equilibrium conditions introduced in the important paper of Plott [1967]
are different in nature from the above. They are considered separately in
the last section of this paper.



Let (L be a set of alternatives, and let I be the set of all pos-
sible distinct preference orderings over (L. (There are three possible
orderings of two alternatives, thirteen of three, etc.) A voting popula-
tion is described by specifying the number n(y) of voters who are assigned
the preference ordering 1 , for all mell . In general there exist assign-
ments n(r) which generate voting populations in which there is no equi-
librium under majority rule. The equilibrium conditions mentioned above
consist of restrictions on n(y} sufficient to ensure that in any voting
population generated by an assigmment satisfying the restrictions, there
will be an equilibrium. All of the conditions alsc have in common the fol-

lowing two characteristies:

1. The set (L of alternatives is taken to be an arbitrary (in some
cages finite) set, about which no topological assumptions are made. Hence
the usual economic conditions on preferemces, such as convexity or repre-

sentability, have played no role in this literature.

2. The conditions are all exclusion restrictions. By this we mean
they are of the following special form: there is a specified class 7
of subsets of I, such that an assignment n(n) satisfies the restric-
tion if and only if every subset ReX’ contains an ordering meR such
that n(r) = 0 . Thus certain combinations of preference orderings are
excluded, or prohibited, by the restriction, but there are no constraints
at all upon the non-excluded orderings. In particular, nothing is said
about the relative numbers of voters assigned each of the orderings in any

non-excluded combination.



With the partial exception of single-peakedness, none of these con-
ditions have so far had any serious application to even slightly realistic
problems. Because of 1,, it has not been possible to translate
these conditions into the more familiar and fintuitive terms of indifference
loci and utility functions. For these reasons, it is not obvious how gen-

eral or potentially useful these various conditions really are.

In the present study it is assumed that the alternatives in question
are points in some multidimensional commodity or policy space, and that
the preferences of voters are convex and representable by differentiable
utility functions over this space. It 1s shown that under these circum-
stances, all of the above conditions are extraordinarily restrictive. If
at some point x there are three voters whose marginal rates of substitu-
tion for any pair of commidities differ, all conditions but one fail; if
they differ in a slightly stronger sense, all conditions fail. Hence the
conditions are incompatible with even a very modest degree of heterogeneity
of tastes, and for most purposes are not significantly less restrictive

than the condition of complete unanimity.

The argument is easily extended to show that no exclusion condition

on preferences can be less restrictive and still sufficient for equilibrium.

Certain non-exclusionary conditions have been shown by Plott [1967]
to be both sufficient and necessary for equilibrium. These conditions are
themselves so restrictive, however, that any attempt to base the existence
of social welfare functions or other equilibria or restrictiomns on preferences

appears futile.



2. pefinitions and Assumptions

One alternative x 1is said to be weakly (strictly) preferred by majority

rule to another, y , or mean (meajy) s Lf and only if the number of

voters who weakly prefer x to y is not less than (is greater than)} the

number who weakly prefer v to x . Rmaj is clearly a complete binary

relation over CZ,G With respect to a given get ZC) of preference orderings

over a set { of alternatives there exists a stable outcome under majority

rule if there is some xell such that meajy for all ye{l . There exists

a social decigion function on A if every nonempty subset of alternatives

has stable outcome, i.e. for all AC{- there is some x¢A such that

y for all yeA . A gocial ordering of a , or a social welfare func-

x"Rmaj

tion over CZ,, exists if the binary relation Rmaj is transitive. (Clearly

a social decision function on 61— is sufficient for a stable outcome in Cl',
1f (11 is compact a social ordering on (L is sufficient for a stable out-
come, and if (L is finite it is also sufficient for a social decision func-

tion.)
‘There are £ > 3 voters, indexed 1 =1, 2, ..., £ .

A social alternative is a vector stm . It can be thought of as
a hundle of m collective goods; a state of income distribution {(in which

case X, is the income of voter i, and m = ¢ ) ; or more generally

a vector describing the final comsumptions of both public and private goods
of all voters. The set of feasible alternatives containsg an interior rela-

tive to some affine subspace of dimensionality n > 3, which we take without



loss of generality to be RT . All subgsequent discussion is relative to

R" . The set of alternatives hence contains an open set S R® .

Each voter has a preference ordering b of the alternatives, which

1

is complete, tramsitive, and convex, i.e. for any x, x'an and O0< A1

(2.1)(a) x >x' implies Ax + (1-M)x' > x', and
i i
(b) X ~ x' implies Ax + (L-A)x' 2 x'
i i

Each such preference ordering is representable by a continuous ordinal

utility function ui(x) , each of whose partizl derivatives aui/axj s
j=1 ..., n, exist and are continuous at all ngn .

This last assumption implies that the gradient V}(x) of ui(x)

exigts at all ngn :

— -
aui(X)
am]. g
X=X
. aui(X)
Vi(x ) = 3%,
1 ]
K=X
aui(x)
axh .
=g

The directional derivative of u1 at x in the direction v 1is
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where we denote by [a, b] the inner product of two vectors a, b, and

by ||af| =/Ta, a] the norm of a . We now establish for future reference

the following straightforward
Lemma 1 For any x, YeR_

1) Iy, Vy®] < [x, y(x)] inplies x >y
i

(ii) [y, Vi(x)] > [x, Vi(x)] implies that there exists XA* > 0 such

that
MM+ (I-M)y >y for O0< A< A,
. i
Proof (i) Suppose y Z x . From the convexity of Z s x5 Ay + (1-M)x
i i i

= x 4+ AMy-x) for all 0<A<1, 1i.e. ui(x + My-x)) > ui(x) . Hence

u (x + My-x)) - v (x)

0s Ty==]] ’

and

o (x +AFm0) - 0 () (%), V()]
T [Ty=x]

0<1
T a0 7\‘”y“’xl |

»

since the above limit is simply the directional derivative of u, at x
in the direction of (y=-x) . But then [y, Vi(x)} > [x, Vi(x)] , contrary

to the hypothesis of (i).



(ii) Suppose vy ?, Ay + (I-A)x = x + A(y-x) for all A >0 . Then,
i i

arguing as above,

ui(x + My-x) - u,(x)) ) [(y-x), Vi(x)l
[Ty-x[]

0 > lim
T 0 N y-x| |

2

whence [x, Vi(x)] >y Vi(x)] , contrary to hyposithis. Hence there exists

A* > 0 such that Ay + (1-A)x >y for A =A% ; from the convexity of
i
>, this also holds for 0 < A < A% , Q.E.D.
i
A convex cone C 1is pointed provided it never contains both x and

-x, for any x # 0 ., Also for future reference we recall the following

property of pointed convex cones:

Theorem! TIf C isaclosed, pointed convex cone in R" , there is some

pan such that Ip, x] > 0 for all =xeC .

A proof can be found in Nikaido [19681, pp. 43-4.

3. Single-peakedness

The first "similarity" condition, and probably still the most use-
ful, is Black's single-peakedness restriction. If a set of preference orderings
is single-peaked (defined below) over a compact set (Z. of alternatives,
there exists a stable outcome in C?. . If in addi-
tion the number of voters is odd (or if a chairman can break ties), majority

rule will yield a social ordering of the alternatives--i.e., an ordinal



social welfare function satisfying Arrow's Axioms 2-5.

Qur definition of single-peakedness follows that of Arrow. A stromg

ordering Q of a get (! is a binary relation over Q. satisfying:
(1) for all distinect x, ye/d , xQy or yOx but not both
(ii) xQy and yQx implies xRz

Let (2 be an arbitrary set of alternatives, and 7° =={£; E; oo ?:}
1 2 I3

be a set of individual preference orderings (complete and transitive, but
not necessarily, at this point, convex or representable). We then define

single-peakednegs as follows:

(3.1) A set Wﬂ) of preference orderings is single-peaked over a set L of

alternatives provided there exists a strong crdéring @ over (2 such that

for any X, y, zell , xQyQz or zQyQx implies that for each voter 1,

if x% z then y>z, while if z%x then y 7 x .
i i i i

Less formally, there must exist an ordering Q of the alternatives
(with no ties) such that whenever one alternative is "between' two others
(according to the ordering @ ), each voter must strictly prefer it to at

least one of other two.

A more intuitive interpretation of this concept is as a kind of con~
vexity requirement on individual preferences. In particular, if the set
of alternatives is an interval in R1 , and if each individual preference
ordering is strictly convex, then the single-peakedness condition is ful-

filled (letting the ordering Q be given by > ). One-dimensional social
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choice problems do occur in practice, and in such cases, single-peakedness
often arises as a natural consequence of the convexity of individual pre-

ference orderings.

It is clearly of interest to inquire whether any comparable state-
ment can be made when the set of alternatives is of higher dimensionality.
The answer to this, as we shall now show, is unfortunately negative; indeed,
under the assumptions of Section 2, the only obvious condition on individual
preferences which will ensure single-pezkedness is the condition of complete

unanimity of individual preference orderings.

To show this informally, suppose that the choice set is two-dimen-
sional (e.g., the amounts of each of two public goods muast be chosen), and
that there is some point x in the alternative gpace at which the indif-
and I

ference curves of any two voters cross. In Figure 3.1, I are

1 2
indifference curves of voters 1 and 2 crossing at the point x . Consider

are the indifference

the neighboring points w, y, and z (Ii and I,

2

curves of 1 and 2 through y).

FIGURE 3.1
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Evidently voter 1 orders the points w > x >y >z, while voter
1 1 1

2 ranks them 2z > x >y >w . It is easily verified that there is no ordering
2 2 2

Q of these four points which will satisfy the single-peakedness condition,
This can be done by examining each of the 24 possible orderings in turn,
or more simply as follows: If w were between any two of x, ¥y, =

the condition would fail for ?; y while if 2z were between any two of
2

v, x, y, it would fail for

Z . Hence when the points are ordered
1

by Q the sequence must either begin with w and end with z , or com-

versely. But themn y 1is between either x and w --yet is preferred to

>

neither according to &~ =~-or else is between x and =z , but is preferred
1

to neither according to . Thus no ordering Q of the points can satisfy

MY

the definition, and the set of preferences are not single-peaked.

A more careful and slightly more general statement of this result,

and a formal proof, are as follows:

Proposition 1 1If there exists a point xeS at which the gradients Vi(x) s

Vj(x) of any two voters i, j are linearly independent, the set of pre-

ference orderings is not single-peaked over 8§ .

Proof Let 1 and 2 be the voters in question, and let €, , C_;,, etc.
denote the convex polyhedral cones spanned by Vl(x) s Vz(x) , by Vl(x) 5

-V2 (x) , ete.
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01_2 is pointed; for otherwise there would be some y £ 0 such
that
y=aVi(x) - a(x) e C;_,, O @, >0
-y =BV, (x) - BV,(x) e Cy,, B, By20
implying

0 = (&; +BV,(x) = (@ +B)V,(x) .

Since y # 0 either (al + Bl) >0 or (a2 + 32) > 0, and hence Y%‘x)
and Y7é(x) would be linearly dependent, contrary to hypothesis.

Since € is a closed, pointed convex core, Theorem 1 applies

1-2

and there exists peRn such that

{p, z] >0 for all =z ¢ C1-2 .

Thig implies [p, V,(x)] >0, [p, Vo(x)] <0 . Let y(A) =x +xp,

A >0 . Evidently

{Y(}")) VZ(X)] = [x} Vz(x)] + ll[P.! VZ(X)] < [x) Vz(x)] >

so (i) of the Lemma 1 applies, and y(A)< x for all A >0 ., Similarly,
1

[y, V01 = [x, V(0] +Alp, V(0] > [x, 9,0,

so from (ii) of Lemma 1 there exists A* > 0 such that y(}) >x for
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0 <A< Ak, Finally since x 1is an interior point of 8 , there exists

some ¢ > 0 such that
[ly\) - x|| =Al|p]] < e implies y(M\)eS .

Hence take v, = y(A') for some 0 < A' < min ]T:-]-l— ; M7 . We have

shown that y. eS , y]_}- x and ylA X .
1 2

Arguing similarly from C_

12 ° there exists Yoes satisfying y24x
1

and ¥y >x .
2

Proceeding in the same fashion from C__l_ there exists qeRrl

2 b
such that [q, Vj(x)] <0 and ({q, Vz(x)] < 0. Letting w(t) = tq + (l-t)x,
by previous arguments there exists t' > 0 such that

wit) ¢ § for t<t',

w(t) < x for t >0, and
1

wit)<x for t>0.,
2

Moreover there also exists t* > 0 such that w(t) z-yl for 0 <t < t* :
for if qé ¥, » mote that g(t) =u,(w(t)) is continuous Of: the interval
[0, 1], and that

g(0) = u,(x) > u,(y,) > uy(q) = g(1),

so that for some 0 < t¥ <1, g(t*) uz(yl) ; otherwise take t* =1 .
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In either case, the convexity of z implies x p w(t) M\ w(t*) z Y1 for
2 2 2 2

0<t<tk, By the same type of argument there exists t** > 0 such that

w(t) }{ Y, for 0 <t < tkk . Take ¥y = w(t") for some O < t" < min(t', t¥, t¥k)

Thus there exist points Yy Yy Yy which (using the transitivity

>

of Z, and ~ ) satisfy
1 2

y. »x >y, >y, for voter 1, and
11 1 31 2

Yy - x >y3 > Yy for voter 2.

We now show that no ordering Q over these points can satisfy the

single-peakedness condition. Suppose aleQb or where a, b e {x, Yo y3‘} .
Then y would be between some two of {x, Yo y3} , but would be strictly

preferred to neither of them by voter 2, thus violating the condition.

Similarly, if aQyZQb , & be {x Yy ya} , the condition would be vio-

lated for voter 1. Hence the only possible orderings are:
¥,0xQy,Qv,
V1030,
Y QxQy, Q¥
7,2y 3 QY,

In the first and lagt of these Y4 is between x and Yy but is pre-

ferred to neither of them by voter 2. In the remaining two Ya is between
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x and yp» et is preferred to neither by voter 1. Hence there is no

strong ordering Q of the points satisfying the single-peakedness condition.

QOED Do

Thus if at any point in the alternative space any two voters have
different marginal rates of substitution between any pair of commodities,
their set of preference orderings is not single peaked. If we take S = R" ’
we conjecture that unless all goods are perfect substitutes, unanimity is
necessary, as well as sufficient, for a rate of preference orderings to be

single-peaked over Rn , n>2,

4. Subsequent Conditions

A number of alternative and in some cases more general conditions
have beer subsequently introduced, by Dummet and Farquharson [1961], Inada
[1964], [1969]}, Pattanaik [1968], Sen [1966], Sen and Pattanaik [1968],
Vickrey [1960]}, and Ward [1965]. Without attempting to do full justice
to the literature we will briefly describe the major conditions and prin-
ciple results achieved to date. 1In doing so we rely heavily upon the
papers by Sen [1966] and Sen and Pattanaik [1969], to which the reader is

referred for more detailed discussion.

All post-single-peakedness conditions require that every triple of
alternatives satisfy certain restrictions. With respect to a set tﬂD of
preference orderings over a set (L of alternatives, let x, y, =z be
a triple of alternatives in CZ,, We then define the principle conditions

as follows:



(WSP)

(sc)

(Sep)

(VR)

(ER)

(1A)
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The triple is weakly single-peaked if it contains an alternative

a such that each voter either strictly prefers a to one or both
of the other two, or is indifferent between all three members of

the triple.

The triple is single-caved if it contains a member a such that

each voter either strictly prefers at least one of the other two

alternatives to a , or is indifferent to all three.

The triple is separable if it contains a member a such that each
voter strictly prefers a to both others, or strictly prefers both

others to a, or is indifferent to all three.

The triple is Value-Restricted if it satisfies the WSP, or SC, or

Sep conditions.

The triple satisfies the Extremal Restriction provided that whenever

a >b>c¢ for some voter i, there is no voter j such that
i i

c>ay>b, a, b, and c being members of the triple.
I 1

The triple satisfies the Limited Agreement restriction if it contains

two members a , b such that each voter weakly prefers a to b .

A set vc)of preference orderings is said to be WSP, SC, etc., pro-

vided every triple in 62/ satisfies the WSP, SC, etc. condition on triples.

Clearly a triple (or set of preference orderings) which is WSP, SC,

or Sep is also VR. In general the conditions VR, ER, and LA are logically

independent; however, for triples (or larger sets of alternatives) such
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that no voter is indifferent between any two of their members, satisfaction

of the ER or LA conditions implies satisfaction of the VR condition.

We now briefly summarize the principle results employing the above
conditions as follows: If 2 is WSP, SC, Sep, VR, ER, or LA over set
A of Pareto-optimal alternatives in C]L(ioeo, A= [xeGL: for no yga,is

y >—x for any ngiﬁﬂ ), there exists a stable outcome in CILU 1f Wﬁj is
i i

WSP, SC, Sep, VR, ER, or LA over Cz—, there exists a social decision func~
tion on C;L(and therefore also a stable outcome in (L ). If ¥ is ER over
(21, or else if P is WSP, SC, Sep, or VR over 62-»aud for every triple in
62-t:he number of voters not indifferent to all members of the triple is odd,

there exists a social ordering on Cl,. (These results assume L finite.)

In addition to these sufficiency results, certain of the conditions
have been shown to be necessary, in the following special sense, It will be
recalled that an exclusion restriction requires that for all Rd&’, nig) = 0
for some mef, where " is a set of particular subsets of [l specified
by the restriction. Suppose we weaken the restriction somewhat by replacing
the class of specified sets ‘Ve by some proper subsget ‘DQ"C'JQ » If for every
such way of relaxing the restriction there is an assignment n(n) , satis-
fying the weakened restriction but otherwise unconstrained, such that with
the voting population so described majority rule does not yield an equili-
brium of a particular type, then the original condition is said to be
necessary for that type of equilibrium. (Note that there may also exist
other assignments satisfying the relaxed constraint which do lead to an
ordering or social decision function.) The following necessity results

have been established.
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For a social decision function on 62, it is necessary (in the above
sense) that every triple of alternatives in a satisfy VR or ER or LA,

For a social ordering it is necessary that every triple satisfy ER.

The necessity results suggest that substantial further generaliza-
tions of these equilibrium conditions are unlikely. While these various
conditions and results are technically generalizations of Black's single-
peakedness results, the practical import of the generalization achieved

is not clear, for the reasons mentioned in the introduction.

Under the assumptions of Section 2, all of the above conditions are,
in fact, exceedingly restrictive. If at any =xeS the gradient vectors of
any three voters are linearly independent, the set of preference orderings
containing the orderings of these three voters will fail to satisfy any of
the above conditions, In fact, the three gradients need not even
be linearly dependent, as seen in the following two-dimensional example.
Let there be a point x in the alternative set at which the indifference
loci I

I I. of any three voters 1, 2, 3, cross in the manner in-

1’ 2’ 3

dicated in Figure 4.1, and consider the neighboring points w, y, 2z .

FIGURE 4.1
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Evidently these three points are ordered:

It is straightforward to verify that the triple {w, v, z} fails to satisfy
any of the previously-listed conditions. Rather than go through the exer-

cise at this point, we do so in the courase of proving the following:

Proposition 2. 1If there exists a point =xeS at which three gradients

V&(x) s V?(x) s §7k(x) are linearly independent, the set of preference

orderings does not satisfy any of the conditions WSP, SC, Sep, VR, ER, or

1A over S .

Proof: As before, let 1, 2, 3, be the voters in question, and let 012_3 7

etc. denote the cone spanned by Vqﬁx) , Va(x) » Va(x) ,  etc.
The cone 012_3 ig pointed; for otherwise it contains some nonzero
y = oflvl(x) + 0:2V2(x) - O[SVB(X) , @ >0, andalso
-y =8V, (x) +BV,(x) - B,V (x), B, >0,

implying VQ(x) s Vg(x) s Vg(x) linearly dependent (since at least one

a and one B must be strictly positive). Hence there exists p such

that
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[p, z] >0 for all 23C12_3 , whence
[p, vl(x)] >0, fIp v?..(x)] >0, Ip v3(x)] <0.

Let y(A) =x +Ap, O0<A<1. Evidently

[y(V), V01 = [x, V()] + Alp, 001 < [x V(0] .

Since S 1is open and xeS , there exists some ¢ > 0 such that

{|z - x|| <e implies zeS . Hence y(NeS for x<]-l-§w .
From (ii) of Lemma 1 there exists A* > 0 such that

y(AM) > x for 0< A< N, and
1

there exists M** > 0 such that

y(A) >x for 0 < A< N* .,
2

Let y, = y(A') for some O < A' < min{:rr%rr , Nk, h*%} . Clearly

ylcs 2 yl >1' X r yl z‘ X, and [le v‘3(X)] < [x) V3(x)]

By an entirely analagous argument from 01-2-3 there exists yzcs
such that
Y, >~ %
2 1

[y, V,00)1 < [x, V,(x)]

[y, Va1 < [%, V,(01 .
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The second statement implies, from (i) of Lemma 1, that

Vo< X .
2,

Consider now y(Q) = Ayl + (1 - a)yz » 0<a<1. From the transitivity

and convexity of Z , 1if ylt Yy s y{x) Z Yy »x, while if Y, Z Yy
1 1 1 1 1

y{a) ?i. Yy 1>x . Hence y(@) > x for all 0<a< 1. Moreover,
1

< [x V3(x)} ’

80 Lemma 1 implies y(a@)< x for all 0<a <1, Finally, consider
3

g(ax) = uz(y(cx)) ; this is evidently continuous on the closed interval
aef0, 1] , and
g(o) = uz(Yz) > uz(x) > UZ(Y]_) = g(l) »

so that g(o*) = uz(x) for some 0 <o <1, Llet a = yz(oz*) ; evidently

the point a satisfies a >x, a~x, and ad x,
1 2 3

Arguing similarly from 01_23 and C_1_23 , there exists a point
beS satisfying b~x, b<Lx, b >x . Arguing from C and C
1 2 3 -123 -12-2
there is ceS such that c4{ x, ¢ > x ;, €~ X ., Hence, applying tran-
1 2 3

sitivity, we have



2la

ay b »c for voter 1,
1

a >»b for voter 2, and
2

¢ >a for voter 3.
3

We now show the triple {a, b, ¢} fails to satisfy any of the pre-
viously listed conditions, WNone of the three voters is indifferent to all

three members of the triple. Morecver, both b > a or ¢ »a for voter
3 3

3, s0 a cannot be the alternative required to satisfy the WSP conditions;

similarly ¢ > b and a>b, so b will not do; and finally a »c
2 2 1

and b >c, so c¢ will not do either. Hence the required alternative
1

does not exist, and the triple is not weakly single peaked.
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Next, a >'b and a>c so a will not do for $C; nmor will b,
1 1

since b>a and b>™c; mor ¢, since c>a and c > b . Hence
3 3 2 2

single~cavedness fails.

Next, note that ¢ > a b so that a is neither strictly preferred
2 2

to both others, nor are both others strictly preferred to a , by voter 2;

similarly since a¥> b>c, and b c > a, neither b nor c¢ satisfies
1 1 3 3

the requirement, so the triple is not separable.
Since the triple is not WSP, SC, or Sep, it is not value-restricted.

Since both a > b >c and c > a > b, the triple does not satisfy
1 1 2 2

the extremal restriction.

Since both a b and b»>a, a, b cannot be the pair required
1 3

for LA; similarly b>c and c>b, so b, c will not do, and a > ¢
1 2 1

and ¢ »>a, so a, c¢ also fails. Hence the triple does not satisfy the
3

limited agreement condition. Q.E.D.

The condition of Proposition 2 is stronger than necessary. Progres-

sively weaker alternative conditions are that at some point XxeS there exist

a) three gradients, no two of which are linearly dependent and no one
of which can be expressed as a positive linear combination of the other

two,
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b) three gradients, no two of which are linearly dependent
¢) two linearly independent gradients.

Under (a), the proposition would still be true. Under {b), the WSPF,
8C, Sep, ER, and LA conditions would fail to hold. Under (c¢) (which is the
condition of Proposition 1) the ER and LA conditions would fail. All of
these conditions are so restrictive, however, as to make the differences
between them and the original condition of Proposition 3 of little practical

importance.

5. (Conclusions

We have shown that all presently known exclusion conditions for equi-
librium under majority rule are extremely restrictive, in the sense that
if the preferences of individual voters over a multidimensional space of
commodities or policy vectors are convex and representable by a differentable
utility function, then a very modest degree of heterogeneity of tastes makes
all known exclusion conditions inapplicable. (The differentiability assump-
tion was made for convenience and is not essential to the argument.) It
is difficult to believe that conditions of 8o a restrictive nature
will be of much help in making social welfare judgements, or in understanding

political processes based on majority rule.

It might still be hoped that there are other, still-undiscovered ex-
clusion conditions which are not so severely restrictive. However it is
straightforward to show that no such conditions can exist. Under any ex-

clusion condition which permits as much heterogeneity of tastes as assumed
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by Proposition 2, there must exist preference orderings T T T

having the properties of the C s ‘2: and E described in the proof of
1 2 3

that proposition, such that any assignment of the following form is admis-

sable:
n(m,) = n(m,) = n(my) >0, n(rn') = 0 for n'élm, wy )

With such an assignment majority rule will lead to a being strictly
preferred to b, b to c, and ¢ to a . Hence there can be no social
ordering over any set QL containing {a, b, ¢} since transitivity falls.
Continuing, since no member of {a, b, ¢l 1is preferred by a majority to
both others, there is no social decision function over any a Dfa, b, ¢} .
Even if the definition of a social decision function were weakened by re-
stricting its domain to the subsets of CZ»which are closed, or
compact; or compact and convex, such a function would still not exist, for
it can be shown that there exist points a', b', ¢' near x (where
a' =2 + (1-A)x for some 0 < A< 1, etc.) whose convex hull contains

no stable outcome.

There remains the final possibility that a stable outcome exists in
some particular class of sets (1_ containing {a, b, ¢} . Necessary and
sufficient conditions for this case have been given by
Plott [1967]. These conditions require that for every voter assigned a
preference ordering of one type, another voter must be agsgsigned some pre-
ference ordering of a complementary type. A condition of this form is not

an exclusion restriction nor can it be restated as an exclusion restrictionm.
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Plott's conditions are necessary, in the strong sense that any set of pre-
ference orderings not satisfying them will fail to have an equilibrium.

Hence no exclusion condition can be sufficient for equilibrium.

Our concluding remarks are directed to the feasibility of other non-
exclusionary equilibrium conditions. No general conditions of this sort have
been suggested for the existence of social orderings or social decision
functions. However if we restrict the domain of definitionm to compact sets
of alternatives, it is clear that the existence of either of these will imply
the existence of a stable outcome, and that Plott's conditions must be sa-
tisfied. These conditions are extremely restrictive; they require the set
P of preference orderings to satisfy a certain, severe symmetry require-
ment.1 The likelihood of their being satisfied in any realistic problem
is nil, Cyclical majorities, or the absence of stable outcomes under ma-

jority rule, are simply a fact of life.

Thus for welfare economists committed to Arrow's Axioms 2-5, similarity
of preferences holds little promise as a posgible basis for making social
welfare judgements. For political scientists, the hepe that useful models
might be obtained by abstracting away from all the complexities of actual
political processes and focussing on their majority-rule aspects also seems
questionable, because of the inherent instability of pure majority rule.

It seems likely that useful models will have to employ more flexible equi-
librium concepts capable of dealing with this instability, and to take more

account of the detailed structure of political mechanisms.

lE.g., an interior point x is a stable outcome if and only if the voters
can be paired off as follows there is a one-ome correspondence f : Ez;~
(where 7, = {1, 2, ..., £} ) such that

(a) if vi(x) =0, f(i) =1
(b) if Vi(x) £0, then Vf(i)(x) = -O!Vi(x) for some « >0 .
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