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ON A CLASS OF FUNCTIONAL BOUNDARY VALUE PROBLEMS
FOR SECOND-ORDER FUNCTIONAL DIFFERENTIAL EQUATIONS
WITH PARAMETER

SVATOSLAV STANEK, Olomouc

(Received December 18, 1991)

In this paper sufficient conditions concerning only operators @, F are given for
the functional differential equation

¥'(t) = Qly, ¥'1(t) - y(t) = Fly, o/, ul(t)

depending on the parameter ;¢ to admit, for a suitable value of y, a solution y
satisfying functional boundary conditions

ar(y(t)) —y(®)|J1) =0, u(t2) =0, aa(y(ts) — y(t)|J2) =0,

where —00 < 1} < t3 < l3 < 00, a; are continuous functionals and y(t)lJ; denotes the
restriction of y to J; = (t;,¢i4+1) (i = 1,2). Next, sufficient conditions are given under
which the above equation has, for a suitable value of the parameter g, a bounded
solution y on the halfline (¢;,00) and oy (y(t;) — y(t)IJl) =0, y(t2) = 0.

1. INTRODUCTION

Let —co < ) < 13 < 13 < 00, —00 < a < b < 00, J = (ty,t3), J1 = (t1,¢2),
J2 = (t2,t3), I = (a,b) and X (X;; X2) be the Banach space of the C°-functions on
J (J1;J2) with the norm |ly|| = max{|y(t)|; t € J} (||lyll: = max {|y(¢)|; ¢t € J1};
lyllz = max {|y(t)|; t € Jo}). Consider the functional differential equation

(1) y”(t) - Q[yv y’](t) : y(t) = F[y) y'r ’l](t)y

depending on a parameter u. Here Q: X x X — X, F: X x X x I — X are
continuous operators, Q[y, z](t) > 0 on J for all [y,z] € X x X.
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Let a;: X; — R (i = 1,2) be continuous increasing (i.e. a;(z) < a;(y) for all
z,y € Xi, z(t) < y(t) for t € J; — {t2i—1}, z(t2i—1) = y(t2i—1) = 0) functionals,
a;(0) = 0. The purpose of this paper is to obtain using the Schauder linearization
technique and the Schauder fixed point theorem, sufficient conditions imposed on
the operators @, F' under which equation (1) admits, for a suitable value of the
parameter i, a solution y satisfying the functional boundary conditions

(2) ar(y(t) —y()] /1) =0, y(t2) =0, az(y(ts) — y(t)|J2) =0,

where y(t)|J,- (i = 1,2) denotes the restriction of y to the interval J;.
In Section 4, we use BVP (1)-(2) to consider bounded solutions of (1) on the
halfline (¢,, 00) satisfying the functional boundary conditions

ar(y(t1) = y()] 1) =0, y(t2) =0.

The paper generalizes the author’s results in [1]-[3] and, in a special case, also
his results in [4]. In [1] the existence of solutions of (1) satisfying for example the
boundary conditions y(t1) — y(t2) = y(t3) = y(ta) — y(ls) =0 (—oo < t; <ty < t3<
l4 < t5 < 00) was studied.

In [2] sufficient conditions for the existence (and uniqueness) of solutions of the
differential equation

(3) ¥ —q)y = f(t,y, ¥, p)
satisfying the boundary conditions
(4) y(t) = y(t2) = y(ta) = 0

(—00 < t) <ty < 13 < 00) was established.
In [4] the author considered the functional differential equation

y”(t) - q(l)y(l) = f(tr y(l), y(ho(i)), yl([)v y, ("l(t)):l‘)

with boumhry conditions
Y aiy(t:) =0, ye)=0, DY Biy(z;)=0
i=1 i=1

(i > 0,8 >0 constants,a =¢; < ... <lpy <c<zp <...<I =b).

In [3]—among other—sufficient conditions for the boundedness of solutions of (3)
on a halfline (), 00) satisfying the boundary conditions y(t;) = y(12) =0 (12 > 1)
were obtained.
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A functional boundary value problem depending on one parameter was studied
also in [5]. In this paper the retarded functional differential equation

Y —q(t)y = f(t,ye, p)

with boundary conditions (4) was considered.

2. NOTATION, LEMMAS

Let ¢ € C''(J) and let uy, v, be the solutions of the differential equation

(5) ¥ = Qlp, ¢'I(1) v,

uy(t2) = 0, uy(t2) = 1, vy(t2) = 1, vi,(t2) = 0. For (t,5) € J x J define r(,s; )
and r{(,s; @) by

r(t, 85 ¢) = up()vy(s) = uu(5)vp(t) (= =7(s,t; ¢)),
' ' 0
(1,85 ) = u(t)ve(s) — up(s)vi,(t) (= FTRLGEE @)
Then r(t,s; ¢) > 0forallt; < s <t <tz r(t,s;9) <O0forallt) <t<s<ts,

ri(t,s; ) > 1 forall (t,5) € J x J and t # s,7{(t,t;¢) = 1 for all t € J (for the
proof, see e.g. [2]).

Lemma 1. Assume ¢ € C'(J), h € C°(J x I), h(t,") is increasing on I for each
fixedt € J and

(6) h(t,a) h(t,b) <0 for all t € J.
Then there is a unique p19 € I such that the differential equation

(7 ¥ = Qle, 1)y + h(t, 1)

with j = pio admits a solution y satisfying (2). Moreover, this solution y is unique.
Proof. The function y(t; y,c) defined on J x I x R by
t
Y(t; nyc) = cuy(l) +/ r(t, 55 p)h(s, p) ds
tz
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is the general solution of (7) vanishing at the point ¢ = {,. Since

y(t; p0) = y(t; pye) = c(up(th) — up(t))+
+ [ s o) = rttss oo mds + [ rlur,s5 9)hto, ds,
Y(ta; pyc) —y(t; pyc) = c(up(ts) — up(t))+

+ [ [rtta,si 9) =55 @Gs,ds+ [ rlta, 5 9)hGs, ) ds

and u,(t1) — up(t) < 0 on (1y,13), uy(ts) — uu(t) > 0 on (ty,t3), r(ti,s; ¢) — (L, s;
p)=71(§,s; )i —t) < Ofor (t,s) € J x J, t #t; (where £ lies between ¢, and t),
r(t3,s;9)—r(t,s; ) =ri(n,s; p)(ta—1t) > 0for (t,s) € J x J, t # t3 (where 1 lies
between {3 and t), we see that the functions p;: [ x R — R, pi(pt,¢) = a;(y(tg,-_l ;
p,c) —y(t; ;t,c)|J,-) (i = 1,2) are continuous on I x R, p;(-,c) are increasing on
I for each fixed ¢ € R, pi(p,-) (p2(#,-)) is decreasing (increasing) on R for each
fixed 4 € I. Finally, one can check that c_lj{_nmp, (p,¢) > 0, cll_'fgpl(;z,c) < 0,
c_ljmoo p2(p,c) < 0, cl_l‘r& p2(st,¢) > 0 for each fixed 4 € I. Hence there are unique

functions ¢;: I — R (i = 1,2) such that
pi(p,ci(p)) =0  forall pel and i=1,2,

and c1(p) (c2(p)) is increasing (decreasing) on .

To prove that ¢; (¢ = 1,2) are continuous functions on I we suppose there are se-
quences {yu;,}, {si} from I such that Jdim. e, = nli_x'lgo £ = po and Jim ci(ph) = M,
"l_il]go ci(pl) = A2, A1 < Ag, for some i € {1,2}. Then 0 = "li‘rgop,‘(y:,,c;(;zg)) =
pi(po, M), 0 = nlipgo pi(pl, ci(p)) = pi(po,A2), which is a contradiction to
Pi(Ho, A1) # pi(Ho, Az).

It remains to prove the existence of a unique po € I such that ¢1(po) = c2(po).
Since h(t,a) <0, h(t,b) > 0 on J (cf. (6)) we have y(t;; a,0) — y(¢; a,0) <0, y(¢1;
b,0) — y(t; 5,0) > 0 for t € (ty,12), y(t3; a,0) — y(¢; a,0) < 0, y(t3; b,0) — y(¢;
b,0) > 0 for t € (t2,t3), and then p;(a,0) < 0, pi(b,0) > 0 (i = 1,2). Using
the fact that p;(a,-), p1(b,) (p2(a,-), p2(b,-)) are decreasing (increasing) on R and
Pi (a,c,-(a)) =0, pi(b,ci(b)) =0 (i = 1,2), we get ¢;(a) <0, ¢;(b) >0, c2(a) > 0,
c2(b) < 0, therefore ci(a) — c2(a) < 0, ¢1(b) — c2(b) > 0. Since ¢1(p) — ca(p) is
continuous increasing on I, the equation ¢;(p) — c2(p#t) = 0 has a unique solution

on . O
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Next, we will suppose that there exist positive constants rg, r) such that the
operators @Q, F satisfy the following assumptions:

(Hy) |F[y, ¢, ()l € ro - Qly, ¥'](t) for all t € J and [y,y', ] € D x [,
where D = {{y,/]; y € C'(J), Iy < i for i = 0,1}
(1) Fly, o/, ml(t) < Fly, o', mus)(t) for all t € J
and [y,y'] € D, py,p2 € I,y < p2;
(H3) Fly,¢,a](t)- Fly,y',b](t) <0 forallt € J and [y,y'] € D;
(Hs) min{(A + roB)7,2\/fo\/A+ 0B} <11,
where A = sup{[|F[y, ¥, ulll; [v, ¥/, n] € D x I},
B = sup {[IQy, ¥']ll; v, ¥'] € D}, 7 = max{ts —t,t3 — t2}.

Lemma 2. Let assumptions (H,)—(H4) be fulfilled for positive constants rq, ry
and let p € C'(J), [l¢®P|| < ri (i = 0,1). Then there exists a unique jio € I such
that the equation

(8) v =Qle, ¢I() y + Flo, ¢, p)(t)
with . = p1o admits a (then unique) solution y satisfying (2) and, moreover,

(©) IOl fori=0,L

Proof. Setting h(t,u) = Flp, ¢, p(t) for (¢, ) € J x I, the function h fulfils
the assumptions of Lemma 1 and hence there is a unique go € I such that equation
(8) with = po admits a (then unique) solution y satisfying (2).

Now we prove ||y|| < ro. Let |y(&)| = ||ly|| > ro for some § € J. If € € (t,t3) then
the function y - sign y(§) has a local maximum at the point ¢t = £, which contradicts
y"(€) - signy(§) > 0. The last inequality follows from assumption (H;). Hence
£ € {ty,tz}. If € =t; (€ = t3) then due to y(t2) = 0 and assumption (H,) we have
(y(t1) — y(t)) sign y(t1) > 0 for all t € (¢1,¢2) ((y(t3) — y(t)) - signy(t3) > 0 for all
t € (t2,t3)), which contradicts aq (y(t1) — y(t)|J1) = 0 (a2(y(ts) — y(t)|J2) = 0).
Thus ||y|| < ro.

Since a;(y(t2i-1) — y(t)lJ;) = 0, a; are increasing functionals and «;(0) = 0
(i = 1,2), there exist & € (t1,t2), €2 € (t2,t3) such that y(t2;—1) — y(&) = 0 and
therefore y'(7);) = 0 for some n; € ({1,£1), 12 € (€2,t3). For the next part of the
proof of the inequality ||y’|| < r1 see e.g. [2] and [4]. a
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3. EXISTENCE THEOREM

Theorem 1. Assume assumptions (H,)—~(H4) are fulfilled for positive constants
ro and ry. Then there exists pto € I such that equation (1) with g = po admits a
solution y satisfying (2) and (9).

Proof. Let Y be the Banach space of the C'-functions on J with the norm
lolly = llsll + 11l for y € ¥ and K = {y; y € Y,y < rs for i = 0,1}. K isa
bounded convex closed subset of Y. Let ¢ € K. By Lemma 2 there is a unique po € [
such that equation (8) with p = jip admits a (then unique) solution y satisfying (2)
and y € K. Setting T(p) = y we obtain an operator T': K — K. To prove Theorem 1
it is suflicient to show that T" has a fixed point.

First we prove that T is a continuous operator. Let {y,} C K be a convergent
sequence, "121010 yn = y and let z, = T(yn), 2 = T(y). Then there are sequences

{n} C I, {en} C R and pg € I, ¢cg € R such that we have (see the proof of
Lemma 1)

t
2p(t) = c,.uyn(t)-{-/ 7(t,s; Yn)Fyn, ¥, ptn)(s)ds forallt € J and n € N,
t2

t
2(t) = couy(t) +/ r(t,s; Y)Fy, ¥, po)(s)ds for all t € J,

ta

and

ay(za(ty) - z,,(t)lJ,) =0, zn(t2) =0, az(zn(ts)— z,,(t)IJg) =0forallne N,
ar(z(tr) = z(t)|/1) =0, z(t2) =0, aa(z(ts) - z(t)]J2) = 0.

The sequence {c,} is bounded since "lin;o yn =y and ||za]] K ro for all n € N. If

{cn} is not convergent there are convergent subsequences {ct,}, {cr.} and conver-
gent subsequences {g, }, {str, )} of {stn} such that Jim cp, = e, Jim ¢, = @,
—+00

lim g, = M, lim g, = 4@, V) < @ and [l(l) p( 2) are elther equal or not.
n—o0o n—o00
Then

(ka(t) :=) lim 2, (8) = D uy (1) + /t r(t,s; y), Fly, v/, kM)(s) ds,

tz

(k2(t) :=) nl_i_l.];o 2, (8) = P uy(t) + /t r(t,s; y)Fly, v, n®)(s) ds

tz
uniformly on J and

ar(ki(ty) — ki(t)[J1) =0, ki(t2) =0

(10) (Yz(k,‘(ta) - L‘,(t)'Jz) =0 for i = 1,2
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The equalities (i = 1,2)
ki(t) = ki(t) = ¢ (uy (1) — uy (1) + /: (r(tr,s59) —r(t, 53 9))
x Fly,y,n)(s)ds + [l r(ti,s; 9)Fly, ¥, nV)(s) ds,
bitta) = 50 = 9 uy(12) = ) + | (t0.559) = ot 559)
x Fly, ¢, p)(s) ds + [3 r(ts,s; y)Fly, ¥, i)(s) ds

imply (see the proof of Lemma 1)

ky(ty) — ki(t) > kao(ty) — ko(t) for t € (ty,ts) and p(P) > u3),
ka(tz) — ka(t) > ky(t3) — ki (t) for t € (ta,t3) and uM < p

which contradicts (10). Hence {c,} is convergent, and let lim ¢, = ¢*. If {y,}
n—oo

is not convergent there are convergent subsequences {y;,.}, {si.}, lim p; = A
n—o0

lim yp;, = /\(2), A1) <« A Then

n—o0

t

(p1(t) =) lim 25, (8) = c"uy(t) +/ r(t,s; y)Fly, y’,A(l)](s) ds,
n—00 t)

(p2(t) ::)"l_i’lu) zi (1) = c"uy(t) +/ r(t,s; y)Fv. ¥, ,\(2)](3) ds

t2
uniformly on J and

ar(pi(ty) = pi(t)| /1) =0, pi(ta) =0,

11
( ) ag(p,-(t;;) —p,'(t)ng) =0 for i = 1,2

As above we may verify

p2(t)) — p2(t) > p1(t1) — pi(t) forall t € (ty1,t2),
p2(t3) — p2(t) > pi(ts) — pa(t) forall t € (ta,t3)

which contradicts (11). Hence {u,} is convergent, and let lim p, = p*. Then
n—oo

(z7(¢) :=) nli_{l;o zn(t) = ¢ uy(t) +/ r(t,s;y)Fly, v, 1*)(s)ds

t2
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uniformly on J, and consequently, z* is a solution of the differential equation

"

v’ =Qy, Y1) w+ Fly, ¥, n*](¢)

and
ar(z* (L) — z"(t)lJl) =0, 2*(t2) =0, az(z*(t3)— z‘(t)IJg) =0.

By Lemma 2 it is necessary that z = 2* and pg = p*. Since hm Zn )(t) = 2((¢)
uniformly on J for i = 0,1, we have z = llm Zn = llm T(yn) = T(y) and therefore
- 00

T is a continuous operator. Let ¢ € K and T(p) = y Then the equality
¥'() = Qle, ¢'1(1) y(t) + Flo, &', no](t)

holds on J for some po € I, thus ||y’|| < A+roB (:= r3) and K C L = {y;
y € C*(J),||ly)|| < rifori = 0,1,2}. Since L is a compact subset of Y, K is a
relative compact subset of Y.

By the Schauder fixed point theorem there is a fixed point of T. This completes
the proof. O

Remark 1. If a;(z) = a2(z) = z(t2), then Theorem 1 in [2] and Theorem 1 in
[4] (where m = n = 1) follow from Theorem 1.

Let {; < ) < Iy < z2 < t3. If a1(2) = 2(21), a2(z) = z(z2), then Theorem 1 in
(1] follows from Theorem 1.

Example 1. Consider the functional differential equation

(12) y'(t) = y(&) exp {|y(¥' ()]} + Fcos (L + ¥ (y(t)) + p

on the interval J = (0,t3), where t5 > > 2T +e. Let ty € (0,t3). Assumptions
(H,)-(Hy4) are fulfilled with ro = 1, r; = 2y/1+e and [ = (—5, 5) Let a;(2) =
[522%(s)ds for z € C°({0,t2)) and as(z) = max{z(t t € (ta, 3(t2 + t3))} for z

C°({t2,t3)). Then by Theorem 1 there is jio € (—3 3, 3) such that equation (12) with

it = po admits a solution y satisfying

/0 ’ (y(ty) - y(s))ads =0,y(t2) = 0, max {y(t3) — y(t); t € (ta, %(t'z +1t3))} =0

and

llyll < 1, IVl < 2V1+e
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4. BOUNDED SOLUTIONS ON A HALFLINE

In this section BVP (1)-(2) is applied to the investigation of bounded solutions of
a functional differential equation of type (1) with functional boundary conditions

(13) a1 (y(th) — y(1)|J1) = 0,y(t2) = 0.

Let Y be the space of bounded C°-functions on the halfline (t1,00) with the
topology of uniform convergence on compact subintervals of (t;,00). Consider the
functional differential equation

(14) y"(l) - U[y) yI](t) y(t) = V[y! y’)”](t)a

where U: Y xY — Y, V:Y xY x [ — Y are continuous operators, Uly, z](t) > 0
for all t > t; and [y,z] € Y x Y. Further we shall assume that there exists an
increasing sequence {z,} C R, z; > i3, hm z, = oo such that the functions
Uly, z](t), V]y, z, u](t) are defined on (tl,zn) only by the restrictions of y, z to the
interval (t1,z,) (n=1,2,...), that is

U:YaxY, —Y, ViVaixY,xI—Y, (n=1,2,..),

where Y, is the Banach space of the C%-functions on (t;, z,) with the sup norm. The
differential equation ¥’ — q(t,y,¥')y = f(t,y,¥', 1), where g € C°((t1,00) x R?),
f € CO((t1,00) x R? x I), is a special case of (14).
Suppose there are positive constants ro, r; such that the operators U, V satisfy
the following assumptions:
(C) IV[y, v, ()] < roU[y, ¥)(t) for all ¢t > ¢y and [y, ¥/, p] € H x I, where
H={ly,¥]; y € C'({t1,00)), ly(t)| < ri for t > 1;,i=0,1};
(C2) Vly, v, m)(t) < V]y, ¢/, p2)(t) for all t > 4, [y,¥'] € H and py, p2 € I,
< pa2;
(C3) Viy,v,al(t) V[y,v/,b)(t) < Ofor allt > ¢, and [y,y'] € H;
(Ca) 2\/ro/A+1eB < 71, where A = sup{supr[y,y’ w1 v, v, 4] €

Hx1},B= SUP{'S;P Uy, ¥1()1; [v, V] € H}

Lemma 3. Assume assumptions (C1)—(C4) are fulfilled with positive constants
ro, r1. Then for any z, (n =1, 2, ...) there exists a yt, € I such that equation (14)
with yt = pn, admits a solution y, defined on the interval (ty,z,) and satisfying the
boundary conditions

(15)  ar(w(t) = va(®)]/1) =0, wa(t2) =0, wa(zn)=0 (n=1,2,..)),
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and, moreover,

) Ol < 7o, WLOI<n,
()| < A+reB  for t € (l1,zn), (m=12..)).

Proof. The proof follows immediately from Theorem 1 if we set {3 = x, and
as(z) = z(t2). The last inequality in (16) is evident. a

Theorem 2. Assume assumptions (Cy)—(Cy4) are fulfilled with positive constants
ro, 1. Then there exists a pg € I such that equation (14) with g = po admits a
solution y satisfying (13) and

(17) Ol <o, YOI <71 for t20.

Proof. According to Lemma 3 there exists a sequence {y,} of solutions of
equation (14) with p = i, (€ I) on the intervals (¢, z,) satisfying (15) and (16).
Using the Ascoli-Arzela theorem, a diagonal process of Cantor and the fact that {s,}
is a bounded sequence, we may assume without loss of generality that {y,(¢)} and
{y,, (1)} are locally uniforinly convergent on (t;,00) and {s,} is convergent. Setting
li{n yn(t) = y(t) for t € (t1,00) and nli_l’rga ftn = Jto, then y is a solution of equation
EMTwith pt = po satisfying (13) and (17). a

Example 2. Consider the functional differential equation

(18) y”(t) = 6my(t) exp {|y(t + (sin t)*)]} +In (e + ly'(\/t_)l) arctant + (14 y*(t)) p.

The assumptions of Theorem 2 are satisfied with ¢, > 1, 1o = 1, r; = 3 and

I = (=2r,0). Therefore there exists a jip € (—2n,0) such that equation (18) with
jt = jip has a solution y defined on (t1,00), and (13) and |y(¢)] < 1, |¥/(t)| < €3 for
t > t; hold.
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