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1. Introduction. In ergodic theory, there is an isomorphy problem which
asks when two metrical automorphisms on a Lebesgue space are metrically
isomorphic. This problem for automorphisms has been discussed by introducing
several kinds of metric invariants. Among them, spectral type is known to be a
complete metric invariant for ergodic automorphisms with discrete spectrum [2].
Since A.Kolmogorov, by using an invariant, entropy, has shown that spectral type
is not necessarily a complete metric invariant for general automorphisms, it has
been conjectured that entropy is a complete metric invariant for ^-automorphisms.
Until now, this conjucture has obtained only a few special classes of K~
automorphisms, [1] and [3].

In the present paper, we shall be mainly concerned with multi-dimensional
transversal flows for a group automorphism on the finite dimensional torus. Such
flows play a role of a complete metric invariant for group automorphisms on the
torus.

Let Mn be the ^-dimensional torus and et A be a continuous group
automorphism on Mn. This mapping A becomes a metrical automorphism on the
measure space Mn with which the Haar measure and topological Borel field are
associated.

We are concernd with the two types of equivalences, metrical and algebraic
ones we say two group automorphisms Aλ and A2 are metrically equivalent if
there exists a measure preserving, 1 — 1 mapping σ such that σ~1Aισω = A2ω for
a. e. ω € Mn. Group automorphisms Ax and A2 are said to be algebraically equivalent
if there exists a continuous group automorphism θ on Mn such that Θ~1A1Θ = A2.

Algebraic equivalence implies metrical one, but the converse implication is
false, and so entropy is not complete invariant among algebraic equivalent classes;
our invariant, ergodic transversal flow with discrete spectrum may serve to the
above two types of equivalence problems.

An ra-parameter transversal flow {Zs} for a group automorphism A is a group
of measure preserving transformations with parameter s £ Rm which satisfies

1 ) Zs+t = ZsZt (mod 0)
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2 ) the mapping (s, ω) —> Zsω is measurable

3) AZS = ZTsA, where T is an mxm reqular matrix.

The notion of 1-parameter transversal flow was already introduced by Ya. G.

Sinai [5] and he showed a sufficient condition for the existence of it. In general,

there does not always exist ergodic 1-ρarameter transversal flow of translation type

and we, therefore, proceed to extend the notion of 1-parameter transversal flow

into multi-dimentional one to ensure the existence of ergodic one. Our main results

read as follow

1. For a group automorphism on Mn, there exists an ergodic transversal

flow with discrete spectrum (Theorem 3. 1).

2. Group automorphisms Ax and A2 are metrically equivalent if and

only if there exist ergodic n-dimensional transversal flows {Zs

(1)}

and {Z5

C2)} with common discrete spectrum for Aγ and A2, respectively',

which satisfy the relation AkZs

u:> = Z{τ}Ak{k — 1, 2) (Theorem 4.1).

3. Group automorphisms Aι and A2 are algebraically equivalent if and

only if there exist ergodic solutions [m, φk, T}(k=l, 2)of the equation

φίc(AZg~)=T*φk(g/κ) such that ^1(Mn) = ̂ 2(ΛC). (Theorem 5.1)

For given two group automorphisms Aλ and A2 on Mn, we can easily construct

ergodic transversal flows with discrete spectrum, {Zs

α)} and {Zs

(2)}, but it should

be noted that it is difficult to construct them in such a way that

Άfc^s = ^TsΆ-k, K = 1, Z9

that is, the matrix T is common for two flows. On the while, in the case of
algebraic equivalence, it is sufficient to seek such pair of transversal flows among
the class of transversal flows of translation type, and eigenvalues of Ax and A2

give us much informations to construct them.

2. Definitions and notations. In this §, we shall give, mainly, the definition

of multi-dimensional transversal flow for metric automorphism on a probabilty

space.

DEFINITION 2.1. Let (ίl, 93, v) be a probability space. Let {Zs} be a family

of metric automorphisms on Ω with parameter s which runs over m-dimensional

Euclidean space Rm. Then we call {Zs} is an m-parameter flow, if it satisfies

the group property,

1) Z s + ί = Z,Zί(mod 0), 5, t € Rm
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and the measurability condition,

2 ) the mapping, (s, ω) —» Zsω, is bimeasurable.

DEFINITION 2. 2. Denote by Vs the unitary operator on L2(ί2, v) induced
by Z s ;

VJ(ω)=f(Z,ω), fzL%Ωtv).

The m-parameter flow {Zs} is said to be ergodic, if any invariant function
of {V8} is a constant function only If there exists a complete orthonormal system
{fn} and a set [ξn] in i?m such that

then we say the m-parameter flow {Zs} has the discrete spectrum [ξn}9 where
< , > means the inner product in Rm.

DEFINITION 2. 3. Let A be a metrical automorphism on Ω. An m-parameter
flow {Zs} is the transversal flow of A if there exists a regular mxm matrix
T such that

AZS = ZTSA, seRm.

Although we defined an multi-dimensional transversal flow on a general
probability space ίl, in the following through, we consider only the case where ίl
is the /z-dimensional torus Mn. The general cases are commented shortly in §6.

Let Mn be the ̂ -dimensional torus and v be the normalized Haar measure of
Mn. Then a continuous group automorphism on Mn can be considered as a metrical
automorphism on the probability space (Mn> v). It is well known that a group
automorphism A on the torus Mn=Rn/Nn is associated with a unimodular matrix
which we also denote by the same letter A, if no confusion occurs. Let Mn be
the character group of Mn. The elements of Mn and that of M£ are denoted by
gyhy and g^, h*9 , respectively.

We cite the well known theorems of P. Halmos and von Neumann [2] which
are concerned with the ordinary 1-parameter ergodic flow with discrete spectrum.
These theorems still hold in case of ergodic m-parameter flow. We proceed, without
the proof, to the followings

THEOREM A. Every proper value of an ergodic m-parameter flow is
simple, and the set of all proper values forms an additive group. Moreover
the family of all ei gen functions multiplied by suitable constants forms a
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group under the multiplication as function.

THEOREM B. TWO ergodic m-parameter flows with discrete spectrums
are metrically equivalent if and only if they are spectrally equivalent.

We use the above two theorems in the following.

3. The existence of a transversal flow. The following is an extension of
Ya. G. Sinai's result [5 §7].

LEMMA 3.1. Let A be a group automorphism on Mn, and suppose that
there exist a regular mxm matrix T and φ, a homomorphic imbedding of
Mn into Rm such that

(3.1) # Y ) = H^Λ)], <7̂ ΛC,

where A* and T* denote the transposes of matrices A and T, respectively.
Then there exists an m-parameter transversal flow {Zs} of A with discrete
spectrum. If in particular, φ is an isomorphism, then {Zs} is ergodic.

PROOF. We define [gs] by

(3. 2) (gs, g~) = exp {ί < s, φ(g~) >},

then {<7S} forms an m-parameter subgroup of Mn. Define Zs by

(3.3) Zsg = g + gs, gzMn,

then [Zs] is an m-parameter flow. Moreover we have

(Ags, <T) = (gs, A*g~) = exp{i<s, φ(A*g~)>}

= exp {* < s, T*φ(g~) >} = exp {/ < Ts, <p(g~) >}

for any g^£ Mn, i.e., Ags = gTs, which implies that AZs=ZTsA.
The fact that {Zs} has discrete spectrum is deduced from the following

this shows that the spectrum of [Zs] is just the set
Suppose that φ be an isomorphism. Then the relation,
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(ff., gΊ = exp [i < s, φ(g") >} = 1

for any gs, implies g^= 0, therefore, the subgroup {gs} is dense in Mn Let
/ = Σo**MnκC(g^)g^ be the Fourier expansion of /<= L2(Mn). Suppose / be an
invariant function of [Vs}9 then

This implies C(g^) = 0, unless g* = 0. Hence f is a constant function, i. e., {Zs}
is ergodic.

Thus a triple [m, φ, T} yields a transversal flow of A. For convenience, we
shall agree to say that a triple {m, <p, T] is a solution of (3.1). If, it satisfies
(3.1). If, in particular, the flow {Zs} defined by (3.2) and (3.3) is ergodic,
[m, φ, T] is said to be an ergodic solution of (3.1).

LEMMA 3. 2. Any group automorphism A has an ergodic solution of (3.1).

PROOF. Let eΓ = (0,0, ,0,1, 0, , 0) e ΛC, φ(e£) = eΐ € i?n, (&= 1, , w)
and A = T . Then (3.1) has the ergodic solution {n,φ,A}.

Now we obtain the following existence theorem, which is an easy consequence
from the previous two lemmas.

THEOREM 3.1. For a group automorphism on Mn, there exist ergodic
transversal flows with discrete spectrum.

We shall agree to say that the ra-parameter flow {Zs; Zsg = g + gs] defined
in (3. 3) is of translation type.

REMARK. There exist, in fact, group automorphisms which have no ergodic
1-parameter transversal flow of translation type, but have ergodic transversal flows
with higher dimensional parameter. For example, the group automorphism associated

(1 3 4\
with the unimodular matrix 0 — 1 — 3 is such one.

\0 1 2/

Once eigenvalues of a matrix A are known, it is easy to form a transversal
flow of A with discrete spectrum. To clarify this situation, we shall list several
examples in the following.
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EXAMPLE 1. Suppose that the matrix A has a real eigenvalue λ and let

r = (rl9 r2, , rn) be an eigenvector corresponding to λ. Define a homomorphism φ

from Mn into R1 by

φ(eΐ) = rA, * = 1, , n .

Then, by Lemma 3.1, the triple {1, φ, λ} is a solution of (3.1) and it determines

a transversal flow {Zs} of A. Since <p is a homomorphism, {Zs} is of the following

form as was shown in the proof of Lemma 3.1,

Zsg = g + gs

(refer to Ya. G. Sinai [5]).

EXAMPLE 2. Suppose that the matrix A has an eigenvalue X = oίΛ-iβ and

let r=(rur2, , rn) be a corresponding eigenvector. We set u=(Reru , Rern)

and v = (ImΓ!, , Imrn). Then we have the relations, Au = ccu—βv, and

/3^ + tfτ;. Let φ(g~)=<u,g~> and t ( # Ί = < ^ ^ > . Then τ ( ^ ) ^ (

is a homomorphism from MΓ into i?2. Denote by T the matrix \_a Zλ Then

we obtain

Therefore the triple {2, T, T j is a solution of (3.1) so that it determines a

2-parameter transversal flow {Z ( S t O (5, t) z R2} of A.

EXAMPLE 3. Consider an ergodic solution {m, ^?, Tj} of (3.1). Set T 2

= ST1S~1, where S is an mxm regular real matrix. Let ψ { ^ ) = Sφ(g^), g^ £ Mn*

Then {m, ψ, T2} is also an ergodic solution of (3.1). Hence, if all eigenvalues of

the matrix A is real and if we can find S such that SAS~λ= ( n -\ )> t n e n w e

have an ergodic solution In, ψ J Q.χ ) [ , where ψ(e£) = Se£, k=l, ,n. In

this case, the ergodic transversal flow {Z(Sl>...iSn)} constructed by the solution has
the following form

z(su..;sn)g = g + g(Sl,...,sn)

where #(βl,...,βn) = g(s\) + '" + gίV and gl® is defined by the same way as in Example

1 with respect to \ Λ , k=l9 , n.

In the proof of Lemma 3.2, we have constructed a ^-parameter ergodic

transversal flow for group automorphism A on Mn. On the other hand, group

automorphism may have another ergodic transversal flow with discrete spectrum



A COMPLETE METRIC INVARIANT 531

of lower dimensional parameter than n. To get such transversal flow, we may well
construct subgroups {gtf}, , {gϊ^} (m ̂  ^corresponding to eigenvalues of A,
λi, , λt, ck+1, , cm, respectively, where λi, , λ* are reals, ck+1, , cm are
complexes and k-\-2(m — k)^n. Let Sj be 1 or 2 dimensional parameters according
to l^j^k or k + l^j^m. Then k-\-2(m — k) dimensional flow

Z{Su...,Sm)g = g + g%+ ••

satisfies the relation

AZ{Su...,Sm)g = ZnSlt...,sm)Ag,

where

and 1 j =

, m. It is easy to see that there exists some positive integer k-\-2(m — k)
(rg?z) such that the above transversal flow is ergodic.

4. A metrical equivalence theorem for group automorphisms on Mn.
In this §, we give a theorem which asserts that a group automorphism on the
torus is completely determined by its ergodic transversal flow with discrete
spectrum.

LEMMA 4.1. Let A be a group automorphism on Mn and {Zs} be an
ergodic m-parameter transversal flow of A xυiih discrete spectrum Γ = {μ}
such that AZs = ZTsA. Then there exists a complete orthonormal system [fμ]
in L\Mn) with the following properties

(1) fμ is an ei gen function of {Vs} corresponding to μ

( 2 ) fβ+ξ = fβfξ, μ , ξ £ T
(3) UΛfμ = fτ*μ,

where VJ(g) = f(Z,g) and UAf(g) = f(Ag).

PROOF. Let [hμ μ z Γ} be a basis of L%Mn) each of which is an eigenfunction
of {Vs}. Since {Zs} is ergodic, the absolute value of hμ is a constant function, so
we may assume | Λ J = 1. By the relation, Vshμhξ = eί<s'μ+ξ> hμhξ and the simplicity
of spectrum of {Vs}, we get hjιξ — C(μ, ξ)hμ+ξ, where \C(μ,ξ)\ = l. Put
fn — hμ(0)hμ, where hμ(0) is the complex conjugate of the value of hμ at the
eidentity 0 of Mn> It is trivial to see (1). The relation ( 2 ) is deduced from the
following
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W = C(M) h^jo)C(», ξ)hμ+ξ = fμH.

To obtain ( 3), note that UAVTs = VSUA and

UAVJμ = ei<s^>UAfμ = έ<™ τ*»UAfμ = Vτ~>sUAfμ.

Hence

UΛMO) = cfr M = fμ(A(θ)) = Λ(0) = i ,

and we get, c = 1.

THEOREM 4.1. Let Ax and A2 be group automorphisms on Mn™ Then

they are metrically equivalent if and only if there exist ergodic transversal

flows {Zβ

co} and {Z/2)} with discrete spectrum of Aλ and A2, respectively,

which satisfy

( a ) they are spectrally equivalent

( b ) AkZ™ = Z$iA*,k= 1,2.

PROOF. Necessity : Let σ be a metrical automorphism on Mn such that σ~ιAxσ

= A2. By Theorem 3.1, there exists an ergodic transversal flow {Zs

(1)} with

discrete spectrum such that AλZ^ = Z{τlAx. Let Z s

( 2 ) = σ~1Zs

<:1)σ, then we get

A%Z™ = (σ-1Aισ)(σ-ιZto) = σ

It is easy to see that {Zs

c2)} has the required properties.

Sufficiency : Denote the common discrete spectrum of {Z s

c l )} and {Z/2)} by

Γ = {μj9 j = 1, 2, }. Then Γ forms discrete additive group, and so the character

group G of Γ is a compact abelian group. Let [fμ ^ Γ } be a family of

eigenfunctions of {Vs

(1)} which satisfies the conditions of ( 1 ) ^ ( 3 ) in Lemma

4.1. For convenience, we rewrite μ by hμ when μ is regarded as a function in

L2(G); hμ(ω) = (ω, μ), ω e G. The mapping fμ-*hμ can be extended to a unitary

operator Wx from L\Mn) to L\G).

By Theorem A, we see that Wx is multiplicative, and therefore there exists a

metrical isomorphism σλ from G into Mn such that

K(ω) = W^CaO - / μ ( σ i ω ) , ω € G, j = 1, 2,

(*) Note that Λt and A2 are not necessarilly ergodic.
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.Let

A =σΓ1A<τ1, Z s

c l ) = σ1-
1Z5

cυσ1, and (ωs, μ) = exp{i<s,

Then we get

(Z/»», μ) = hμ{σ?Z™σλω) =

= e^'^f^ω) = (ωsy μ)(ω9 μ) = (α>5 + ω, /*),

namely,

Z s

α ) ω = ω + ω5. -(4.1)

Moreover we have

= fμ(AΛσxωs) = /^(^β),)

Hence we obtain

Aλωs = ωτs —(4. 2)

We shall show that Ax is a group automorphism on G. We have

hlAx{ω + ω')) = fMMω + ω')) = /.(A^^ω + ω ))

= hτ*μ(ω)hτ*μ(ω) = /rvC^i^/rv^i^)

- MA&aήf^A&ω ) = hJiA^h^ω )

= hμ{Aλω + Ai®'), for any μ^G^.

By the same way as σ1? we can define an isomorphism σ2 from G into Λfn, and

using σ2, we define a group automorphism A2 on G and its transversal flow {Z5

(2)}.

Then we obtain the similar formulas to (4.1) and (4.2); Z s

c 2 ) ω= ω-\-ωs and

A2ωs = a>τs = Ai(os. So we conclude, Ai = A2. Let σ=σ 1 σ 2~
1, then we get

σ~ιAι&= A2. This completes the proof.

5. An algebraic equivalence for group automorphisms on Mn. As an
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application of the previous discussions, we shall give a necessary and sufficient

condition of algebraic equivalence for group automorphisms on Mn>

THEOREM 5.1. Let Aλ and A2 be group automorphisms on Mn. Then

they are algebraically equivalent if and only if there exist ergodic solutions

{m,φk,T} ( £ = 1 , 2 ) of

φ φ g ~ ) -(5.1)

such that φγ{Mn) =

PROOF. Let {Z/Λ)} be ergodic transversal flow of Ak which is defined in

the same way as in (3.3). Since {Zs

(fc)} is of translation type, all characters

g^ € Mn are eigenvectors of [Zs(k)}, and moreover the spectrum of it is just the
set <pk(Mn) we denote the set <pλ(Mn) = φi{Mn) by Γ. Let σx and σ2 be

isomorphisms from G=Y^ onto Mn which are defined in the proof of Theorem

4.1. Since σk is character preserving, namely, the function ^(σAω) in ω^G is a

character of G, we see that σk is a continuous group isomorphism from G onto

Mn. Thus we get the continuous group automorphisms Ak = o-^A^JJi = 1, 2) such

that A1ωβ = A2ωs, szRm. Since the subgroup [ωs] C.G is dense in G, we conclude

Ax = Ai9 namely, (o iσ'2~1)"1-^-i(σiσ2~1)=::^2 Clearly σy^"1 is a contnuous group

automorphism on Mn.

As illustrated in Examples W 3 , a solution {m, φ, T) can be constructed from
the eigenvalues and eigenvectors of A. Note that it may happen that only one
eigenvalue with eigenvector corresponding to it yields us an ergodic solution. We
shall state about this case as corollary.

COROLLARY. Group automorphisms Ai and A2 are algebraically equivalent
if the unimodular integral matrices associated with them have eigenvectors rλ —
(rί1}, rjυ, , rψ) and r2 = (rί2), r?\ , r^2)) corresponding to an eigenvalue λ
in common such that {rγ}} are integrally independent, and r2 = Bruwhere B is
an unimodular integral matrix.

6. Concluding remarks. As was shown in §2, our invariant can be defined
for not only group automorphisms on the torus but also a general class of metrical
automorphisms on a probability space. It is still open when it exists for metrical
automorphisms a partial answer to this problem can be given as follows.

1. If a metrical automorphism A on a Lebesgue space has an ergodic
m-parameter transversal flow with discrete spectrum, A is isomorphic to an
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automorphism (not necessarily group automorphism) on a compact abelian
group with which the Haar measure is associated.

2. Let G be a compact abelian group with the Haar measure and let G^
be its character group. Let A be a group automorphism on G and suppose
that there exists <p, an isomorphic imbedding of G^ into Rm such that

where T is an mxm regular matrix. Then we can construct an ergodic
m-parameter transversal flow of A in a similar way as in § 3.

The author would like to express his deep thanks to Professor T. Hida and
Professor H. Nomoto for useful discussions and their helps to improve the original
form of this paper.
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