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ON A CONJECTURE OF BELTRAMETTI-SOMMESE

FOR POLARIZED 4-FOLDS

Yoshiaki Fukuma

Abstract

Let ðX ;LÞ be a polarized manifold of dimension 4. In this paper, we prove that

h0ðKX þ 3LÞ > 0 if KX þ 3L is nef, which is a conjecture of Beltrametti-Sommese for

polarized 4-folds.

1. Introduction

Let X be a projective variety of dimension n defined over the field of
complex numbers, and let L be an ample line bundle on X . Then ðX ;LÞ is
called a polarized variety. If X is smooth, then we say that ðX ;LÞ is a polarized
manifold.

The adjoint bundle KX þ ðn� 1ÞL of ðX ;LÞ plays an important role for
investigating ðX ;LÞ (for example, see [1, Chapter 7, 9, and 11]), where KX is the
canonical line bundle.

In [1, Conjecture 7.2.7], Beltrametti and Sommese gave the following
conjecture.

Conjecture 1 (Beltrametti-Sommese). Let ðX ;LÞ be an n-dimensional
polarized manifold with nb 3. Assume that KX þ ðn� 1ÞL is nef. Then
h0ðKX þ ðn� 1ÞLÞ > 0.

For this conjecture, the following partial results have been obtained.
(i) In [7, Theorem 2.4], the author proved that this conjecture is true if

n ¼ 3.
(ii) In [13, 1.2 Theorem], Höring proved that this conjecture is true if

h0ðLÞ > 0.
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In this paper, we investigate the conjecture above, and the main purpose of
this paper is to prove that the above conjecture is true for n ¼ 4.

We will use the customary notation in algebraic geometry.

2. Preliminaries

Notation 2.1. Let X be a projective variety of dimension n and let L be a
line bundle on X . Then we put

wðtLÞ ¼
Xn

j¼0

wjðX ;LÞ tþ j � 1

j

� �
:

Definition 2.1 ([5, Definition 2.1]). Let X be a projective variety of
dimension n and let L be a line bundle on X .

(i) For every integer i with 0a ia n, the i-th sectional geometric genus
giðX ;LÞ of ðX ;LÞ is defined by the following.

giðX ;LÞ ¼ ð�1Þ iðwn�iðX ;LÞ � wðOX ÞÞ þ
Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ:

(ii) For every integer i with 0a ia n, the i-th sectional H-arithmetic genus
wH
i ðX ;LÞ of ðX ;LÞ is defined by the following.

wH
i ðX ;LÞ ¼ wn�iðX ;LÞ:

Remark 2.1. (i) Since wn�iðX ;LÞ A Z, we see that wH
i ðX ;LÞ and giðX ;LÞ

are integer by definition.
(ii) If i ¼ dim X ¼ n, then gnðX ;LÞ ¼ hnðOX Þ and wH

n ðX ;LÞ ¼ wðOX Þ.
(iii) If i ¼ 0, then g0ðX ;LÞ ¼ Ln and wH

0 ðX ;LÞ ¼ Ln.
(iv) If i ¼ 1, then g1ðX ;LÞ ¼ gðX ;LÞ, where gðX ;LÞ is the sectional genus

of ðX ;LÞ. If X is smooth, then the sectional genus gðX ;LÞ can be
written as

gðX ;LÞ ¼ 1þ 1

2
ðKX þ ðn� 1ÞLÞLn�1:

(v) If i ¼ 2, then we have1

g2ðX ;LÞ ¼ 1

12
ðKX þ ðn� 1ÞLÞðKX þ ðn� 2ÞLÞLn�2 þ 1

12
c2ðXÞLn�2

þ n� 3

24
ð2KX þ ðn� 2ÞLÞLn�1 � 1þ h1ðOX Þ:

1See [6, (2.2.A)].
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(vi) If i ¼ 3, then we have2

g3ðX ;LÞ ¼ ðn� 2Þðn� 3Þ2

48
Ln þ ðn� 3Þð3n� 8Þ

48
KXL

n�1

þ n� 3

24
ðK 2

X þ c2ðX ÞÞLn�2 þ 1

24
KXc2ðX ÞLn�3

þ 1� h1ðOX Þ þ h2ðOX Þ:

(vii) In general for every integer i with 1a ia n we get

wH
i ðX ;LÞ ¼ 1� h1ðOX Þ þ � � � þ ð�1Þ i�1

hi�1ðOX Þ þ ð�1Þ igiðX ;LÞ:

Theorem 2.1. Let ðX ;LÞ be a polarized manifold with dim X ¼ n, and let i
be an integer with 0a ia n� 1. Then

giðX ;LÞ ¼
Xn�i�1

j¼0

ð�1Þ j n� i

j

� �
h0ðKX þ ðn� i � jÞLÞ þ

Xn�i

k¼0

ð�1Þn�i�k
hn�kðOX Þ:

Proof. See [5, Theorem 2.3]. r

Definition 2.2. (i) Let X (resp. Y ) be an n-dimensional projective mani-
fold, and let L (resp. H) be an ample line bundle on X (resp. Y ). Then ðX ;LÞ
is called a simple blowing up of ðY ;HÞ if there exists a birational morphism
p : X ! Y such that p is a blowing up at a point of Y and L ¼ p�ðHÞ � E,
where E is the p-exceptional reduced divisor.

(ii) Let X (resp. M) be an n-dimensional projective manifold, and let L
(resp. A) be an ample line bundle on X (resp. M). Then we say that ðM;AÞ is a
reduction of ðX ;LÞ if ðX ;LÞ is obtained by a composite of simple blowing ups
of ðM;AÞ, and ðM;AÞ is not obtained by a simple blowing up of any polarized
manifold. The morphism f1 : X ! M is called the reduction map.

Remark 2.2. Let ðX ;LÞ be a polarized manifold of dimension n and ðM;AÞ
a reduction of ðX ;LÞ.

(i) If ðX ;LÞ is not obtained by a simple blowing up of another polarized
manifold, then we regard ðX ;LÞ as a reduction of itself.

(ii) For any polarized manifold ðX ;LÞ, there exists a reduction of ðX ;LÞ.
Moreover if nb 3, then a reduction of ðX ;LÞ is unique. (See [4, (11.11),
Chapter II].)

(iii) If kðKX þ ðn� 2ÞLÞb 0, then we infer that KM þ ðn� 2ÞA is nef (see
[1, Proposition 7.2.2 and Theorems 7.2.3, 7.2.4, 7.3.2, 7.3.4]).

(iv) h0ðKX þ tLÞ ¼ h0ðKM þ tAÞ for every integer t with 1a ta n� 1.

2See [6, (2.2.B)].
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Definition 2.3 ([9, Definition 3.1 and Definition 3.2]). Let ðX ;LÞ be a
polarized manifold of dimension n.

(i) Let t be a positive integer. Then set

F0ðtÞ :¼ h0ðKX þ tLÞ;
FiðtÞ :¼ Fi�1ðtþ 1Þ � Fi�1ðtÞ for every integer i with 1a ia n:

(ii) For every integer i with 0a ia n, the ith Hilbert coe‰cient AiðX ;LÞ of
ðX ;LÞ is defined by AiðX ;LÞ ¼ Fn�ið1Þ.

Remark 2.3. (i) If 1a ia n, then AiðX ;LÞ can be written as follows (see
[9, Proposition 3.2]).

AiðX ;LÞ ¼ ð�1Þ iwH
i ðX ;LÞ þ ð�1Þ i�1wH

i�1ðX ;LÞ

¼ giðX ;LÞ þ gi�1ðX ;LÞ � hi�1ðOX Þ:

(ii) By Definition 2.3 and [9, Proposition 3.1 (2)], we have the following:
(ii.1) AiðX ;LÞ A Z for every integer i with 0a ia n.
(ii.2) A0ðX ;LÞ ¼ Ln.
(ii.3) AnðX ;LÞ ¼ h0ðKX þ LÞ.

(iii) By Remark 2.1 (v) and (vi), and by Remark 2.3 (i), we see that A2ðX ;LÞ
and A3ðX ;LÞ are the following.

A2ðX ;LÞ ¼ ð3n� 2Þðnþ 1Þ
24

Ln þ n

4
KXL

n�1 þ 1

12
ðK 2

X þ c2ðXÞÞLn�2;

A3ðX ;LÞ ¼ ðn� 2Þðn2 � 1Þ
48

Ln þ nð3n� 5Þ
48

KXL
n�1 þ n� 1

24
K 2

XL
n�2

þ 1

24
c2ðX ÞðKX þ ðn� 1ÞLÞLn�3:

Theorem 2.2. Let ðX ;LÞ be a polarized manifold of dimension n and let t be
a positive integer. Then for every integer i with 0a ia n we have

Fn�iðtÞ ¼
Xi

j¼0

t� 1

i � j

� �
AjðX ;LÞ:

Proof. See [9, Theorem 3.1]. r

Corollary 2.1 ([9, Corollary 3.1]). Let ðX ;LÞ be a polarized manifold of
dimension n, and let t be a positive integer. Then we have

h0ðKX þ tLÞ ¼
Xn

j¼0

t� 1

n� j

� �
AjðX ;LÞ:
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Remark 2.4. Let ðX ;LÞ be a polarized manifold of dimension n. Then by
using AiðX ;LÞ, the left hand side of equations (6) and (7) in [13, 4.1 Lemma] can
be written as follows.

wðOX Þ þ
1

2
ðKX þ ðn� 1ÞLÞLn�1 ¼

Xn

i¼2

ð�1Þ iAiðX ;LÞ;ð1Þ

Ln�2ð2ðK 2
X þ c2ðXÞÞ þ 6nKXLþ ðnþ 1Þð3n� 2ÞL2Þ ¼ 24A2ðX ;LÞ:ð2Þ

Theorem 2.3. Let X be a projective manifold. Then there exist smooth
projective varieties X 0 and Y , a birational morphism m : X 0 ! X and a fiber space
f : X 0 ! Y such that Y is not uniruled and if dim X 0 > dim Y , then the general
fiber of f is rationally connected.

Proof. See [2], [14] and [11]. r

Definition 2.4. The fiber space f : X 0 ! Y in Theorem 2.3 is called the
MRC-fibration of X , and Y is called the base of the MRC-fibration.

3. Main result

In this section we are going to prove Conjecture 1 for the case of dimension 4.

Theorem 3.1. Let ðX ;LÞ be a polarized manifold of dimension 4. Assume
that KX þ 3L is nef. Then h0ðKX þ 3LÞ > 0 holds.

Proof. (I) First we consider the case where qðXÞ > 0 (see also the proof
of [8, Theorem 3.3]). Let a : X ! AlbðX Þ be the Albanese map. Then
1a dim aðXÞa 4. Then by [12, Corollary 10.7, Chapter III, Section 10], a
general fiber Fa of a is the following type:

Fa ¼ 6
r

j¼1

Fj;

where Fj is a smooth subvariety for every integer j with 1a ja r, dim Fk ¼
dim Fl and Fk VFl ¼ j for any k0 l. Here we note that if kðKX þmLÞb 0,
then kðKFj

þmLFj
Þb 0 for every integer j with 1a ja r. We also note that

0a dim Fj a 3 for every j.
(I.1) If dim Fa ¼ 0, then h0ðKFj

þ 3LFj
Þ > 0 for every integer j with 1a

ja r.
(I.2) Assume that dim Fa ¼ 3 (resp. 1a dim Fa a 2). Since KFj

þ 3LFj
is

nef by assumption, we see from [13, 1.5 Theorem] (resp. [8, Theorem 2.8]) that
h0ðKFj

þ 3LFj
Þ > 0. Hence h0ðKFa

þ 3LFa
Þ > 0. So by [3, Lemma 4.1], we have

h0ðKX þ 3LÞ > 0 and we get the assertion.
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(II) Next we consider the case where qðX Þ ¼ 0.
(II.1) If kðKX þ 2LÞ ¼ �y, then h0ðKX þ tLÞ ¼ 0 for t ¼ 1; 2. So we get

the assertion by [13, 1.2 Theorem].
(II.2) Assume that kðKX þ 2LÞb 0. By taking the reduction of ðX ;LÞ, if

necessary, we may assume that KX þ 2L is nef by Remark 2.2 (iii) and (iv).
(II.2.1) Assume that WXhLi is generically nef. Since KX þ 4L is ample by

assumption, we see from [13, 2.11 Corollary] that

c2ðXÞðKX þ 4LÞLb� 3

4
KX ð4LÞ þ

3

8
ð4LÞ2

� �
ðKX þ 4LÞLð3Þ

¼ �3K 2
XL

2 � 18KXL
3 � 24L4:

Here we calculate A2ðX ;LÞ þ 2A3ðX ;LÞ. By Remark 2.3 (iii) we have

A2ðX ;LÞ þ 2A3ðX ;LÞð4Þ

¼ 1

12
ðKX þ 3LÞðKX þ 8LÞL2 þ 1

24
ð2KX þ 2LÞL3

þ 5

4
L4 þ 7

6
KXL

3 þ 1

4
K 2

XL
2 þ 1

12
c2ðX ÞðKX þ 4LÞL

¼ 1

3
K 2

XL
2 þ 13

6
KXL

3 þ 10

3
L4 þ 1

12
c2ðXÞðKX þ 4LÞL:

Hence by (3) and (4) we have

A2ðX ;LÞ þ 2A3ðX ;LÞ

¼ 1

3
K 2

XL
2 þ 13

6
KXL

3 þ 10

3
L4 þ 1

12
c2ðX ÞðKX þ 4LÞL

b
1

3
K 2

XL
2 þ 13

6
KXL

3 þ 10

3
L4 � 1

12
ð3K 2

XL
2 þ 18KXL

3 þ 24L4Þ

¼ 1

12
K 2

XL
2 þ 8

12
KXL

3 þ 4

3
L4

¼ 1

12
ðKX þ 2LÞ2L2 þ 1

3
ðKX þ 3LÞL3:

Since KX þ 2L is nef by assumption, we have A2ðX ;LÞ þ 2A3ðX ;LÞ > 0. Here
we note that A4ðX ;LÞ ¼ h0ðKX þ LÞb 0 by Remark 2.3 (ii.3). Therefore

h0ðKX þ 3LÞ ¼ A4ðX ;LÞ þ 2A3ðX ;LÞ þ A2ðX ;LÞ > 0:

(II.2.2) Assume that WXhLi is not generically nef. Then by [13, 3.1
Theorem] there exist smooth projective varieties X 0 and Y , a birational morphism
m : X 0 ! X and a fiber space l : X 0 ! Y such that m :¼ dim Y < 4 and a general
fiber Fl of l is rationally connected and h0ðDÞ ¼ 0 for any Cartier divisor D on
Fl with D@Q KFl

þ jðm�ðLÞÞFl
with j A ½0; 4�m�VQ.
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(II.2.2.1) The case where dim Y ¼ 0 or 1. Then h0ðKX þ tLÞ ¼ h0ðKX 0 þ
m�ðtLÞÞ ¼ 0 for t ¼ 1; 2; 3. But this is impossible by [13, 1.2 Theorem].

(II.2.2.2) The case where dim Y ¼ 2. Then we have h0ðKFl
þ m�ð2LÞFl

Þ ¼ 0.
On the other hand, since kðKX þ 2LÞb 0, we have kðKFl

þ m�ð2LÞFl
Þb 0. Here

we note that dim Fl ¼ 2. Hence h0ðKFl
þ m�ð2LÞFl

Þ > 0 by [10, Proposition 1]

(see also [8, Theorem 2.8]). But this is a contradiction.
(II.2.2.3) The case where dim Y ¼ 3. In this case Fl GP1. Since h0ðDÞ ¼ 0

for any Cartier divisor D on Fl with D@Q KFl
þ m�ðLÞFl

, we have deg m�ðLÞFl
¼ 1.

In this case h0ðKX þ LÞ ¼ 0 and h4ðOX Þ ¼ 0 hold. Hence by Theorem 2.1 we
obtain

g4ðX ;LÞ ¼ 0;ð5Þ

g3ðX ;LÞ ¼ h3ðOX Þ;ð6Þ

g2ðX ;LÞ ¼ h0ðKX þ 2LÞ þ h2ðOX Þ � h3ðOX Þ:ð7Þ

Hence by (6), (7) and Remark 2.3 (i) we have A3ðX ;LÞ ¼ h0ðKX þ 2LÞ. By
assumption we have

h1ðOX Þ ¼ 0:ð8Þ
Since h0ðKX þ LÞ ¼ 0, we see from [13, 1.2 Theorem] that we get h0ðKX þ 2LÞ
> 0 or h0ðKX þ 3LÞ > 0. If h0ðKX þ 3LÞ > 0, then we get the assertion. So we
may assume that

h0ðKX þ 2LÞ > 0 and h0ðKX þ 3LÞ ¼ 0:ð9Þ
We note that by Definition 2.3 (i) we get F0ðtÞ ¼ h0ðKX þ tLÞ, F1ðtÞ ¼

F0ðtþ 1Þ � F0ðtÞ ¼ h0ðKX þ ðtþ 1ÞLÞ � h0ðKX þ tLÞ. Hence

F1ð2Þ ¼ F0ð3Þ � F0ð2Þ

¼ h0ðKX þ 3LÞ � h0ðKX þ 2LÞ
< 0:

On the other hand, by Theorem 2.2 we get

F4�iðtÞ ¼
Xi

j¼0

t� 1

i � j

� �
AjðX ;LÞ:

Therefore

0 > F1ð2Þ ¼ A2ðX ;LÞ þ A3ðX ;LÞ:ð10Þ
Furthermore

F1ð1Þ ¼ h0ðKX þ 2LÞ � h0ðKX þ LÞ > 0

and by Theorem 2.2 we have

F1ð1Þ ¼ A3ðX ;LÞ:
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So we get

A3ðX ;LÞ > 0:ð11Þ

By (10) and (11) we have

A2ðX ;LÞ < 0:ð12Þ

Here we prove the following claim.

Claim 3.1. The dimension of the base of the MRC-fibration3 of X is at
least 3.

Proof. Assume that the dimension of the base of the MRC-fibration is less
than or equal to two. Then we have

h jðOX Þ ¼ 0 for every integer jb 3:ð13Þ

First we note that since g4ðX ;LÞ ¼ 0 and g3ðX ;LÞ ¼ h3ðOX Þ by (5) and (6), we
see from Remark 2.3 (i) that

A4ðX ;LÞ ¼ g4ðX ;LÞ þ g3ðX ;LÞ � h3ðOX Þ ¼ 0:ð14Þ

So by (11), (12) and (14) we have

X4

i¼2

ð�1Þ iAiðX ;LÞ < 0:

On the other hand by Remark 2.4 (1) we have

X4

i¼2

ð�1Þ iAiðX ;LÞ ¼ wðOX Þ þ
1

2
ðKX þ 3LÞL3:

Since ðKX þ 3LÞL3 > 0 in this case, we have wðOX Þ < 0. So we see from (13)
that h1ðOX Þ > 0 and this contradicts the assumption (8). So we get the assertion
of Claim 3.1. r

By Claim 3.1 and the argument of [13, Step 2 in Page 741], we see from
Remark 2.4 (2) that4

A2ðX ;LÞ ¼ 1

24
L2ð2ðK 2

X þ c2ðX ÞÞ þ 24KXLþ 50L2Þ > 0

which contradicts (12). Therefore the assumption (9) is impossible.
Therefore we get the assertion of Theorem 3.1. r

3See Definition 2.4.

4Here we note that n ¼ 4 in this case.
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