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Abstract

For a simple graph F, let Ex(n, F') and Exg,(n, F') denote the set of graphs with the maximum
number of edges and the set of graphs with the maximum spectral radius in an n-vertex graph without
any copy of the graph I, respectively. The Turdn graph 7T}, ,. is the complete r-partite graph on n vertices
where its part sizes are as equal as possible. Cioabd, Desai and Tait [The spectral radius of graphs with
no odd wheels, European J. Combin., 99 (2022) 103420] posed the following conjecture: Let I’ be any
graph such that the graphs in Ex(n, F") are Turdn graphs plus O(1) edges. Then Exg,(n, F') C Ex(n, F')
for sufficiently large n. In this paper we consider the graph F' such that the graphs in Ex(n, F) are
obtained from T}, , by adding O(1) edges, and prove that if G has the maximum spectral radius among
all n-vertex graphs not containing F, then G is a member of Ex(n, F') for n large enough. Then Cioab4,
Desai and Tait’s conjecture is completely solved.
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1 Introduction

Let I be a simple graph. A graph G is F-free if there is no subgraph of G isomorphic to F'. The Turan type
extremal problem is to determine the maximum number of edges in a graph on n vertices that is F'-free,
and the maximum number of edges is called the Turdn number, denoted by ex(n, F'). Such a graph with
ex(n, F') edges is called an extremal graph for F' and we denote by Ex(n, F') the set of all extremal graphs
on n vertices for F'. The Turdn graph is the complete r-partite graph on n vertices where each partite set has
either | 2] or [2] vertices and the edge set consists of all pairs joining distinct parts, denoted by T}, . The
well-known Turdn Theorem [26] states that the extremal graph corresponding to Turdn number ex(n, K, 41)
is Ty, i.e. ex(n, Ky41) = e(T},). Erds, Stone and Simonovits [12} [11] presented the following result

_ 1 n? 9
GX(TL,F) = <1—W> 7"‘0(71 ), (1)
where x(F) is the vertex-chromatic number of F. There are lots of researches on Turdn type extremal
problems (such as [2}, (13} 3} [17, 24, [16]).

In this paper we focus on spectral analogues of the Turdn type problem for graphs, which was proposed
by Nikiforov [20]. The spectral Turdn type problem is to determine the maximum spectral radius instead
of the number of edges among all n-vertex F'-free graphs. The graph which attains the maximum spectral
radius is called a spectral extremal graph. We denote by Exp,(n, F') the set of all spectral extremal graphs
for F'. Researches of the spectral Turdn type problem have drawn increasing extensive intersect (see [18}
1,115} 22, [28])). Nikiforov [19] showed that if G is a K1 -free graph on n vertices, then A\(G) < X(T5,,),
with equality if and only if G = T;, ;.. This implies that if G attains the maximum spectral radius over all
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n-vertex K, 1-free graphs for sufficiently large n, then G € Ex(n, K,41). Cioabd, Feng, Tait and Zhang
[4] proved that the spectral extremal graph for F}, belongs to Ex(n, F}), where F}, is the graph consisting
of k triangles which intersect in exactly one common vertex. In addition, Chen, Gould, Pfender and Wei
[3]] proved that ex(n, Fj, r+1) = e(Ty,») + O(1), where F}, .11 is the graph consisting of k copies of K41
which intersect in a single vertex. Naturally, Cioaba, Desai and Tait [15] raised the following conjecture.

Conjecture 1.1 (Cioabd et al. [3]]). Let F' be any graph such that the graphs in Ex(n, F') are Turdn graphs
plus O(1) edges. Then Exqp(n, F') C Ex(n, F') for sufficiently large n.

The results of Nikiforov [19], Cioabd, Feng, Tait and Zhang [4], Li and Peng [27]], and Desai, Kang, Li,
Ni, Tait and Wang [8]] tell us that Conjecture [L.1lholds for K. 1, F}, H, ) and F}, ,., where H j, is the graph
defined by intersecting s triangles and &k odd cycles of length at least 5 in exactly one common vertex. In
this paper, we shall prove the following theorem which confirms Conjecture

Theorem 1.2. Let r > 2 be an integer, and F' be any graph such that the graphs in Ex(n, F') are obtained
from T, , by adding O(1) edges. For sufficiently large n, if G has the maximal spectral radius over all
n-vertex F'-free graphs, then

G € Ex(n, F).

2 Notation and Preliminaries

In this section we introduce some notation and give the preparatory lemmas.

Let G = (V(G), E(G)) be a simple graph with vertex set V(G) and edge set E(G). If u,v € V(G),
and uv € E(G), then u and v are said to be adjacent. For a vertex v € V (G), the neighborhood N¢(v) (or
simply N (v)) of vis {u| uv € E(G)}, and the degree d¢ (v) (or simply d(v)) of v is |[Ng(v)|. The minimum
and maximum degrees are denoted by 0(G) and A(G), respectively. For S C V(G) and v € V(G), let
ds(v) = |Ng(v)| = |Ng(v)NS|. For V1, Vo C V(QG), e(V1, V2) denotes the number of edges of G between
V1 and V5. For S C V(G), denote by G \ S the graph obtained from G by deleting all vertices of S and the
incident edges. Denote by G[S] the graph induced by S whose vertex set is S and whose edge set consists
of all edges of GG which have both ends in S.

Let G be a simple graph with n vertices. The adjacent matrix of G is A(G) = (a;j)nxn With a;; =1
ifij € E(G), and a;; = 0 otherwise. The spectral radius of G is the largest eigenvalue of A(G), denoted
by A(G). Let Gy, ...,Gs be the components of G, then A\(G) = max{\(G;)| i € [s]}. For a connected

graph G, let x = (z1,...,7,)T be an eigenvector of A(G) corresponding to A\(G). Then x is a positive real
vector, and
MNG)zx; = Z xj, forany i € [n]. (2)
ijeE(G)

The following Rayleigh quotient equation is very useful:

xTA(G)x 2Zz"eE(G) LiZj
ANG) = —_— = J .
(@) g%}é xTx gé%}é xTx
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We have the following two lemmas from Zhan [29]].

Lemma 2.1 (Zhan [29])). Let A and B be two nonnegative square matrices. If B < A and A is irreducible,
then \(B) < A\(A).

Lemma 2.2 (Zhan [29]). Let A be a nonnegative square matrix. If B is a principal submatrix of A, then
A(B) < M(A). If Ais irreducible and B is a proper principal submatrix of A, then \(B) < A(A).



Let A(G) be the adjacent matrix of graph G. Then G is connected if and only if A(G) is irreducible.
Combining with Lemmas[2.T]and [2.2] we have the following result.

Lemma 2.3. Let G be a connected graph. If G’ is a proper subgraph of G, then \(G') < A\(G).
Recall the classical stability theorem proved by Erdés [9,[10]] and Simonovits [23]]:

Lemma 2.4 (Erd6s [9,[10], Simonovits [23]]). For every r > 2,¢ > 0, and (r + 1)-chromatic graph F, there
exists § > 0 such that if a graph G of order n satisfies e(G) > (1 — % —9) ”2—2 then either G contains F, or
G differs form T, , in at most en? edges.

Write K,.(n1,...,n,) for the complete r-partite graph with classes of sizes nq, ..., n,. Nikiforov [21]
proved the spectral version of Stability Lemma.

Lemma 2.5 (Nikiforov [21]). Lerr > 2,1/Inn < ¢ < r=30+2D0+) 0 < ¢ < 273624 4nd G be a
graph on n vertices. If \(G) > (1 — % — e)n, then one of the following statements holds:

(a) G contains a K, 1(|clnn|,..., [clnn], [n'=Ve]);

(b) G differs from T, ,. in fewer than (51/4 + cl/(g’”rg))n2 edges.

From the above theorem, one can easily get the following result.

Corollary 2.6. Let F be a graph with chromatic number x(F') = r + 1. For every € > 0, there exist 6 > 0
and ng such that if G is an F-free graph on n > ng vertices with \(G) > (1 — 2 — &)n, then G can be
obtained from T), , by adding and deleting at most en? edges.

For K, (n1,n2,...,n,),letn = ., n;. For convenience, we assume that nqy > ng > ... > n, > 0.
It is well-known [6), p. 74] or [7] that the characteristic polynomial of K, (n1,ns,...,n,) is given as
T n; T
_ n—r i )
¢(K7‘(n1>n27"'>n7“)7$)_$ <1_Z$+nl> H(ZL’—F’I’L])
i=1 7j=1
So the spectral radius A(K,(n1,ne,...,n,)) satisfies the following equation:
T n;

- =1 4)

MKy (n1,ng,...,n.)) +ny

=1

Feng, Li and Zhang [14, Theorem 2.1] proved the following lemma, which can also be seen in Ste-
vanovié, Gutnam and Rehman [25]].

Lemma 2.7 (Feng et al. [14]], Stevanovi¢ et al. [23]]). If n; — nj > 2, then
AMEr(na,...,ni—1,...,n+1,...,n)) > ANEr(n1, .., 0,y o0y 0gy oo, 1)
The following lemma was given in [4].
Lemma 2.8 (Cioabd et al. [4]]). Let Ay, ..., A, be finite sets. Then
P

LJ 4l

i=1

p
AN N A=) A= (p—1)
=1




3 Proof of Theorem 1.2

Let F' be any graph such that the graphs in Ex(n, F) are Turdn graphs plus O(1) edges. We may assume
that the graphs in Ex(n, F') are obtained from 7}, , by adding a edges. Then ex(n, F') = e(T}, ) + a, which
implies that x(F') = r + 1 by (1) and the fact (1 — %)%2 — 5 <e(Thy) <(1— %)%2 In the sequel, we
always assume that GG is a graph on n vertices containing no £ as a subgraph and attaining the maximum
spectral radius. The aim of this section is to prove that G is obtained from 7;, , by adding a edges for n
large enough.

The sketch of our proof is as follows: Firstly, we give a lower bound on \(G), and determine a partition
V(G) =ViU---UV,suchthat ), ;. e(V;,V;) attains the maximum by using the spectral version of
Stability Lemma. Then we show that any vertex except at most 2a vertices in V; is adjacent to all vertices
in V; for any i,j € [r] and j # i. Next, we prove that all vertices have eigenvector entry very close
to the maximum entry and show that the partition is balanced. Finally, we prove e(G) = ex(n, F') by
contradiction.

Lemma 3.1. G is connected.

Proof. Suppose to the contrary that GG is not connected. Assume G, ..., Gy are the components of G and
AMG1) = max{A(G;)| i € [s]}, then A\(G) = A(G1) and |V (G1)| < n — 1. For any vertex u € V(G1),
let G’ be the graph obtained from G by adding a pendent edge uv at w and n — 1 — |V (G7)| isolated
vertices. Then A(G’') > A(G1) = A(G) by Lemma[2.3] This implies that G’ contains a copy of F as a
subgraph, denote it as F}, then uv is an edge of Fj. Next, we claim that dg, (u) < |V(F')|. Otherwise,
da,(u) > |V(F)|. Then there exists a vertex w € Ng,(u) and w ¢ V(Fy). Then Fy — uwv + uw
is a copy of F in Gy, this is a contraction. Due to the arbitrary of vertex u, A(G1) < |V(F)|. Thus
AG) = MG1) < A(Gy) < |V(F)| < MT,) and this contradicts the fact that G has the maximum
spectral radius among all n-vertex F'-free graphs as T, ;- is F'-free. Therefore, G is connected. U

In the following, let \(G) be the spectral radius of G, x be a positive eigenvector corresponding to A(G)
with max{x;| i € V(G)} = 1. Without loss of generality, we assume that x, = 1. If there are multiple
such vertices, we choose and fix z arbitrarily among them.

AG) > <1—3>n—i+@.

Lemma 3.2.

T 4n n

Proof. Let H be an F-free graph on n vertices with maximum number of edges. Since G attains the
maximum spectral radius over all n-vertex F-free graphs, and ex(n, F) = e(T, ) + a, by the Rayleigh
quotient equation, we have

NG) 3 A(H) > 1TfT(11{)1 _ 2(e(Tn;:)+a) > % ((1_%>%2_§+a> > <1—%>"—ﬁ+2—a-

Let ¢ be an integer satisfying ¢ > max{a, |V (F)|}.
Lemma 3.3. For every € > 0, there exists an integer ng such that if n > ng, then
e(G) > e(T,) — en?.

Furthermore, G has a partition V(G) = Vi U... UV, such that 3, ;. e(Vi, V;) attains the maximum,

and
I8

e(Vi) < en?,
i=1



and for each i € [r],
1 1

Proof. From Lemma[3.2]and Corollary it follows that G is obtained from 7}, , by adding or deleting at
most en? edges for large enough n. Then there is a partition of V/(G) = Uy U ... U U, with >_I_; e(U;) <
en?, Zlgqu e(U;,Uj) > e( nr)—en and || < |U;| < [2]foreachi € [r]. Soe(G) > e(T,w)—enQ.
Furthermore, G has a partition V = Vi U...UV, suchthat } 3, ;.. e(V;, V;) attains the maximum. In this
case, Y iy e(Vi) < 21 e(U ) < en? and Zl<z<]<r e(Vi,Vj) = Zl<z<]<r e(Us,Uj) > e(Tn,r) — en?.
Let s = max { ‘ V| — 2 ‘ WESE| } Without loss of generality, we assume “Vl — %! = s. Then

oG < Y WVillVil+ ) eVi
i=1

1<i<j<r

< Willn=Wal+ > IVillVjl +en?
2<i<j<r
— Wiltn— ") (Z|V| = SIVi2) + en?
j=2
1 2 2 2
< _ Z(n — = (n—
< Waltn = ViD + (0 = ALY = 5o (n = L)+ en
S 82+T_1TL2+€’I’L2
2(r—1) 2r

where the last second inequality holds by Hoélder’s inequality, and the last inequality holds since ‘ il — % | =
s. On the other hand,

n2 r r—1
e(G) > e(Ty,) — en? > <1 - —> 575" en? > o n? — 2en?,

as n is large enough. Therefore, 2(T 1)8 < 3en?, which implies that s < 1/ wnz < V6en < 3y/en.
The proof is completed. O

Lemma 3.4. Let 0 > 0 and € > 0 be sufficiently small constants with 6 < m and 2¢ < 03. We denote
W i= U o € Vil dis (v) > 26n}, )
and )
L= {v € V(@) dv) < <1 - 3re%>n}. (6)
Then |L| < esnand W C L.

Proof. We first prove the following claims.

Claim 1. |W| < 6n

Proof It follows from Lemma 33| that }_!_, e(V;) < en?. On the other hand, let W; := W N V; for all

€ [r]. Then
=Y dvi(w) > Y dyi(u) > 2|Wilon
u€evV; ueW;



Thus

T T
e(Vi) = Y [Wilon = |W|6n.
i=1 i=1
Therefore, we have that |W|fn < en®. This proves that [W| < S < 6n. O

Claim 2. || < e3n.

Proof. Suppose to the contrary that |L| > ¢3n. Then there exists a subset L' C L with |L'| = Le%nj
Therefore,

e(GIV\L]) > e(G) - Z d(v) > e(Tpy) — en® — €3 <1 L 37’61’))

r
vel!

M()

€
:
> o(T ) +a = ex(n, F),

where ' =n — Le%nj and n is large enough. However, e(G[V \ L']) > ex(n/, F') implies that G[V \ L]
contains an I, which contradicts that G is F'-free. |

Next, we prove that W C L. Otherwise, there exists a vertex ug € W and ug ¢ L. Without loss of
generality, let ug € V4. Since V(G) = Vi U... UV, is the partition such that } 3, ., .. e(V;, V) attains

the maximum, dy; (uo) < dy; (ug) for each i € [2,7]. Thus d(ug) > rdy, (uo), that is dy; (ug) < Ld(up).
On the other hand, since ug & L, we get d(ug) > (1 — 1 — 37“6%)71. Thus

dv, (u0) > d(uo) — dy, (uo) — (r —2) <% + 3\/E> n
> <1—%> d(uy) — (r — 2) <1+3ﬁ>n

> —3(r—1)e3n—3(r — 2)Ven 7

vV

|

|
D
3
[
w
3

Recall from Claim 1 and Claim 2 that |WW| < #n and |L| < e3n, hence, for any 7 € [r] and sufficiently large
n, we have

VA (WUL)| > (%—3\/z>n_en_e%nze.

We claim that uy is adjacent to at most a vertices in V; \ (W U L). Otherwise, let uq 1,u1 2, ..., U1 q+1
be the neighbors of up in Vi \ (W U L). Let uy q+2, - .., uj ¢ be another £ — a — 1 vertices in V; \ (W U L).

For any j € [/], since u; j ¢ L and u; j ¢ W, we have d(u ;) > (1 -1 37‘6%) n, and dy; (u1 ;) < 260n.
Thus,

1
dyy (u1,5) > d(uy;) — dy; (ur;) — (r —2) <; + 3\/E> n
> ; — 3re3n — 20n — 3(r — 2)Ven )

n 1
> — — 6resn — 20n.
r



By Lemma[2.8] we consider the common neighbors of ug, u1 1, ..., u1 ¢ in Va,

|Nv, (uo) N Ny (ug,1) N+ N Ny (ug ) \ (WU L)

v

V4
dy, (uo) + Y dv, (u1;) — £|Va| — [W| = |L]
j=1

> % —67‘6%7’L+€<E —67’6%71—2971) —€<E+3\/En) —On—ein
r r r

> % —16rlesn — (204 1)0n > 1,

for sufficiently large n. This implies that there exist £ vertices ug 1,u22,...,u2,¢ in Vo \ (W U L) such
that {ug,u11,...,u1,} and {ua1,...,us,} induce a complete bipartite graph. For an integer s with
2 < s < r —1, suppose that for any 1 < ¢ < s, there exist u;1,ui2,...,u¢ € V; \ (W U L) such
that {ug, w1 1,...,u1 e}, {u21,...,u20}, ..., {s1,...,us,} induce a complete s-partite graph. We next

consider the common neighbors of these vertices in V. Similarly, by (7) and (8), we get that for each
i€[s]and j €[],

dy,,, (ug) > % - 67‘6%71,
and
dy,,, (uiz) > g — 6resn — 20n.
By Lemmal[2.8] again, we can obtain

| Ny, (1) N (Niggs],jeiqNvi, (wig) \ (WU L)|

> dvy,(uo)+ Y dviy, (uig) = sCVip| = [W| = |L]
i€[s], g€l
> % — Gresn 4 st (E — Gresn — 29n) — st (E + 3\/En> —On—esn
r r r

> % — 16srlein — (2s0+1)0n > ¢,
r

where n is sufficiently large. Hence there exist £ vertices wsy1,1, Us11,2,-- -, Ust1,¢ € Vst1 \ (W U L) such
that {ug,u1,1,...,u1e}, -, {Ust1,1, - -, Ust1,¢} induce a complete (s + 1)-partite graph. Thus, for each
i € [2,7], there exist w; 1,u;2,...,u;¢in V; \ (W U L) such that {ug, u1,1,...,u1e}, {ug1,...,u2s}, ...,
{ur1,...,uy¢} induce a complete 7-partite graph. Let G’ be the graph induced by {ug, u1,1,...,ui s}, ...
{ur1,...,ure}. Since ug is adjacent to uy 1, ..., u1 q+1, then e(G') > e(Typ41,) + a, by the definition of
Turén number, G’ contains an F, this is a contradiction. Therefore uq is adjacent to at most a vertices in
Vi \ (WU L). Hence

dvl(uO) § ’W’ + ’L‘ +a
< 9n+e%n—|—a
< 260n,

for sufficiently large n. This is a contradiction to the fact that ug € W. Hence W C L.



Lemma 3.5. For eachi € [r],
e(GlVi\1]) < a.

Furthermore, for each i € [r], there exists an independent set I; C V; \ L such that
1
|I;| > |Vi] —e3n — a.

Proof. Suppose to the contrary that there exists an iy € [r] such that e(G[V, \ L]) > a. Without loss of
generality, we may assume that e(G[V;\ L]) > a. By LemmasB.3land[3.4] we have [V;\L| > (1 — 3\/¢) n—

esn > (forany i € [r]. Let uy1,u1,2,...,u; e be ¢ vertices chosen from V; \ L such that the induced
subgraph of {u1 1,u12,...,u1 ¢} in G contains at least a + 1 edges. For any j € [{], w1 ; ¢ L implies that

uy,; ¢ W by Lemma[3.4] thus d(u, ;) > (1 -1 37’6%) n, and dy; (u1,;) < 20n. Then we have

1
sl ) > d(un) = s (aag) = = 2) (54308
> 2 3rein — 20n — 3(r — 2)Ven )
r
> 6rein — 20n.
r
Applying Lemmal[2.8] we get

|Nvy (u1,1) N Nyy(ur2) NN Ny (ure) \ L
l
> Y dy,(ury) = (E—=1) [Va| = |I]
j=1

> 6(%—67’6%71—2971)—(6—1)(%—1—3\/%)71—6%71

> g—mwén—%%>a
for sufficiently large n. So there exist ¢ vertices ug1,u22,...,uzs € Vo such that {u;1,...,u;,} and
{ua,1,...,u2,} induce a complete bipartite graph. For an integer s with 2 < s < r — 1, suppose that
forany 1 < i < s, there exist u; 1, ui2,...,u;¢ € V; \ L such that {uy1,...,uie}, {ua1,...,uas}, ...,
{us,1,...,us,} induce a complete s-partite subgraph in G. We next consider the common neighbors of
these vertices in V1. Similarly, by (9), we get that for each ¢ € [s] and j € [¢],

Ay (uig) = — — 6resn — 20n.

S 3

By Lemmal[2.8] again, we can obtain

| (Niegs).jelg Nvis (uig)) \ L]

> Y dvg(uig) = (s 1) [Visa| = L]
i€ls],j€l]
> st (%—67’6%71—2971) —(st—1) (%+3\/E)n—e%n

> % — 10rslesn — 2s00n > L,

for sufficiently large n. Thus there exist £ vertices s1,1, Us+1,2, - - - s Us+1,¢ € Vs1\L such that {uj 1,...,u1 ¢},
{ug1, ... u2e}, ..o, {tss1,1, ..., Usq1,¢} induce a complete (s + 1)-partite subgraph in G. Therefore, for



each i € [2,r], there exist u;1,u;2,...,u;¢ in V; \ L such that {uy1,...,u1s}, {ug1,...,u2e}, ...,
{ur1,...,uy¢} induce a complete r-partite graph. Let G’ be the graph induced by {u11,...,ui s}, ...
{ur1,...,ure}. Then e(G") > e(Tys,r) + a, which implies that G’ contains a copy of F', this is a contradic-
tion. Thus for each i € [r], e(G[V; \ L]) < a.

Therefore, the subgraph obtained from G[V;\ L] by deleting one vertex of each edge in G[V;\ L] contains
no edges, which is an independent set of G[V; \ L]. Therefore, for each 7 € [r], there exists an independent
set I; C V; such that

‘Ii,E,Vi\L\—GEWi\—e%n—a.

Lemma 3.6. L is empty and ¢(G[V;]) < a for each i € [r].

Proof. We first prove that L = @. Otherwise, let v be a vertex in L. Then d(v) < (1 — 1 — 37’6%)71. Recall
that . = max{z;| i € [n]}, then A(G) = A(G)z: =3, .cp(q) Tw < d(z). Hence

r  4n? r

d(Z)Z)\(G)E<1—1—L+%>n><1—1—37’6§>n,

as n is large enough. Hence z ¢ L. Without loss of generality, we may assume that z € V4. Let G’ be the
graph with V(G’) = V(G) and edge set E(G’) = E(G \ {v}) U {vw| w € N(z) N (Ul_,1;)}. We claim
that G’ is F'-free. Otherwise, G’ contains a copy of F', denoted as F”, as a subgraph, then v € V(F”). Let
Ne/(v) NV (F'") = {wy,...,ws}. Obviously, w; ¢ V; and w; ¢ L forany i € [s]. If 2 ¢ V(F’), then
(F"\ {v})U{z} is a copy of F in G, which is a contradiction. Thus z € V' (F"). For any i € [s],

dvy (wi) = d(w;) — dy\v; (w;)
> (1—1—37‘e%>n—a—e%n—(r—2) (;4—3\/@11)

T

n 1
> — —6re3n — a,
r

where the last second inequality holds as w; ¢ L and e(G[V; \ L]) < a for w; € Vj. Using Lemmal[2.8] we
get

‘ ﬂ Ny (w;) \L‘
=1

> Y dvi(w) = (s = )Vi| - |L|
i=1
n 1 n 1
> 8(?—67"6371—&)—(8—1)(;4—3\/&1)—6371

n 1
> — —10sre3sn — sa > 1.
r

Thus there exists v € V3 \ L such that v/ is adjacent to wy, ..., ws. Then (F’ \ {v}) U {v'} is a copy of F'
in G, which is a contradiction. Thus G’ is F'-free.

By Lemma[3.5] we have e(G[V; \ L]) < a, then the maximum degree in the induced subgraph G[V; \ L]
is at most a. Combining this with Lemma[3.4l we get

dvy (2) = dv;nL(2) + dy\L(2) < €3n + a.

9



Therefore, by Lemma[3.3] we have

ANG) = )\(G)xZ:Zwv: Z wv—i-z Z Ty
i=2

v~z veV] v~z veV;, v~z

= Z xv—kg Z Ty + Z Ty

veEV] v~z vel; v~z veV\I;,u~z
r r
< dv(@)+> [ DD @ | ) VN
1=2 \vel;v~z 1=2
r
< €%n+a+z Z 2y | + (r — 1)(e3n + a).
=2

vel; v~z

By Lemma[3.2] we have

1 2
Z Ty 2(1——>n—L+—a—re§n—ra. (10)
T 4n n

By the Rayleigh quotient equation,

xT " — x Ty i
\@) a2 TA@ aGx 2 (g Y

xTx - xTx | ¢
=2 \we€l;v~z weFE(G)

2 1 2 1
> fv <<1——>n—L+—a—r6§n—7’a—<1———3reé>n>>0,
x1ix T 4n n T

where the last second inequality holds since (I0) and ), B(G) Tu < d(v), and the last inequality holds for
n large enough. This contradicts the fact that G has the largest spectral radius over all F-free graphs, so L
must be empty. Furthermore, by Lemma[3.5] we have e¢(G[V;]) < a for each i € [r]. O

Lemma 3.7. Forany i € [r], let B; = {u € V;| dy,(u) > 1} and C; = V; \ B;. Then
(1) |Bi| < 2a;
(2) For every vertex u € C;, u is adjacent to all vertices of V \ V;.

Proof. We prove the assertions by contradiction.
(1) If there exists a j € [r] such that |B;| > 2a, then Zuij dy;(u) > 2a. On the other hand,
e(G[V;]) < a by Lemmal[3.6]. Therefore,

20 < Y dy,(u) = Y dy,(u) = 2¢(G[V}]) < 2a,
ucB; ueVj

which is a contradiction.

(2) If there exists a vertex v € Cj, such that there is a vertex w; ¢ Vj, and vw; ¢ E(G), where
ip € [r]. Let G’ be the graph with V(G') = V(G) and E(G’) = E(G) U {vw;}. We claim that G’
is F-free. Otherwise, G’ contains a copy of F', denoted as F’, as a subgraph, then vwy € FE(F’). Let

10



Neg/(v) NV (F'") = {wy,...,ws}. Obviously, w; ¢ V;, for any i € [s], then we have,
dy,, (wi) = d(wi) — dy\y; (wi)
2<1—1—3re§>n—a—(r—2)(E+3\/En> (11
r r

n

1
> — —6resn —a,
r

where the last second inequality holds as L = §), and e(G[V}]) < a for w; € V}. Using Lemma 2.8 we
consider the common neighbors of wy, ..., w, in Cy,

‘ ﬁ Ny, (wi) \ Big
=1

v

Zdvio (wl) - (3 - 1)“/2'0’ - ‘Bio’
=1

> s(ﬁ—Gre%n—a)—(s—l) (;+3\/En)—2a

T

> D 9rsein — (s +2)a > 1.
T
Then there exists v" € Cj, such that v’ is adjacent to w1, . . ., ws. Then (F'\ {v})U{v'} is a copy of Fin G,
which is a contradiction. Thus G’ is F-free. From the construction of G’, we see that A\(G’) > A(G), which
contradicts the assumption that G has the maximum spectral radius among all F'-free graphs on n vertices.
U

Lemma 3.8. Foranyu € V(G), z, > 1 — %.

Proof. We will prove this lemma by contradiction. Suppose that there is a vertex v € V(G) with z, <
1-— %. Recall that z, = max{x;| i € V(G)} = 1. Without loss of generality, we may assume that
z € V1. Let G’ be the graph with V(G') = V(G) and E(G’) = E(G\ {v}) U{vw| w € N(z)N(U_,C;)}.
We claim that G’ is F-free. Otherwise, G’ contains a copy of F, denoted by F”, as a subgraph, then
v € V(F"). Let Nov(v) N V(F') = {w1,...,ws}. Obviously, w; ¢ V; for any i € [s]. If z ¢ V(F'),
then (F” \ {v}) U {z} is a copy of F in G, which is a contradiction. Thus z € V(F”). By using the similar
method as in Lemma[3.7] we get

n
dy, (w;) > — — Gresn — a,
r

for any ¢ € [s]. Using Lemma[2.8] we consider the common neighbors of wy, ..., ws in C1,

() o)\ By
1=1

> Y dy(wi) = (s — D[Vi| = | By
i=1
> s(%—Gre%n—a)—(s—l)(;+3\/gn)—2a

> 2 9rsein — (s +2)a > 1.
r
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Then there exists v’ € C such that v’ is adjacent to wy, ..., ws. Then (F’ \ {v}) U{v'} is a copy of F' in
G, which is a contradiction. Thus G’ is F-free.
By Lemmal[3.6] e(G[V1]) < a, then dy; (2) < a. By (), we have

M@ =Y zu= ¥ ww+Z< > )

w~z w~z,weV] w~z,weV;

- Y wer (X mer ¥ ow)

w~z,weV 1=2 w~z,wEDB; w~z,weC;

which implies that

> AN(G) — dy, (2) —Z( > 1)

=2 wEDB;

AMG) —a—(r—1)2a, (12)
AMG) — (2r — 3)a,

v

where holds as e(G[V1]) < a, and | B;| < 2a for any i € [r].
By Rayleigh quotient equation, we have

xT(A(G") — A(G))x

xT'x

MG = \G) >

T

(X w)- X

xTx
(2 2 w~zwel; weE(G)

T

ok O (D DEER RIS
=2 w~z,welC;
5 2 <)\ (2r — 3)a — A\(G) (1 - 20“2T2)>
xTx n

9 1 20a%r?  2a20a%r?
> 2 <7" 20a22 — L4 esar —(2r—3)a> >0,
r In n n n

where the last second inequality holds as (12)), and the last inequality follows by A\(G) > (1 — —) n— —+ =
This contradicts the assumption that G has the maximum spectral radius among all F'-free graphs on n

vertices. Thus x,, > 1 — % for any u € V(G).
U

Let Gip, = U]_,G[V;]. Forany i € [r], let |V;| = n;, K = K,(n1,n2,...,n,) be the complete r-partite
graph on Vi, Va, ..., V., and G,y be the graph with V(G,y:) = V(G) and E(Gout) = E(K) \ E(G).

Lemma 3.9. ¢(G;,) — e(Gout) < a.

12



Proof. Suppose to the contrary that e(Gi,) — €(Gour) > a. For each i € [r], let S; be the vertex set
satisfying B; C S; C V; and |S;| = (. Let S = U]_,S;, G’ = G[S]. By Lemma[3.7] we have e(G’) >
e(Trey) + €(Gin) — €(Gout) > e(Tre,) + a, which implies that G contains an F, this is a contradiction.
So e(Gin) — e(Gout) < a.

U

ni—nj| S 1.

Proof. We prove this lemma by contradiction. Without loss of generality, suppose that ny > no > ... > n,.
Assume that there exist ig, jo with 1 < ig < jo < r such that n;, — n;, > 2.
Claim 1. There exists a constant ¢; > 0 such that A\(7;, ) — A(K) > <.

Proof Let K/ = K (ni,...,nig — 1,...,nj, + 1,...,n,). Assume K' = K,.(n},n),...,n.), where
n} > nh > ... >nl. By (@), we have

n n n
1= 0 J0 7 1
Z ) 1 NE) o P a® e T > NE) g’ (13)
i€[r]\{40,J0}
and
n. N — 1 ni +1 n;
1= i = ‘0 Jo — 14
Z; NED) 1 N =1 T NED fn 1 = %2 N 14
1= we|r 20,J0

Subtracting from (13), we get
2(niy — nj, — 1))‘2([{) + (i + n5y) (niy —nj, — DAK)
(A(K) + nig = DA + 1o ) (AK) + gy + 1) (AK) + 1)

)
- ¥ niAED) —AK)) (ni, = HAK') = A(K))
(ACK) + i) AK') +ni) — (AME) + nip = DAK') +nip — 1)

i€[r]\{i0.j0}

(njo + DAK") = A(K))
(ACK) + njy + D(AK') +njo +1)

_l’_

< AMK') — MK) Z n; n N, — 1 nj, + 1 )
AMK) +nl. i\ Do) ME)+n; - AME)4+ni, -1 ME')+nj +1
_ AED —AME)
AMK)+nl
where the inequality holds as n;. < min{ni,...,n;, —1,...,nj, +1,...,n,}, and the last equality holds

by (I4). Combining with the assumption n;, — nj, > 2, we obtain

2A2(K) + (g + o) AK) < AR = AME)

) + 15y = D) + 1i0) V() + gy + DOE) F179) =~ AE) +71, (1

In view of the construction of K, we see that
— (Z43ven) < 6(k) < MK) < A(K) <n— (2= 3ven),
r r
thus A(K) = ©(n). From (L3)), it follows that there exists a constant c; > 0 such that A(K') — A(K) > <.

Therefore, by Lemma 27l A(T},,) — A(K) > AM(K') — AM(K) > <.
U
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Claim 2. There exists a constant ¢ > 0 such that \(T}, ) — A(K) < 3.

Proof. According to the definition of K, we have e¢(G) = e(Gip) + e(K) — €(Gout). By Lemma[3.7] for
any i € [r], and every vertex u € C;, u is adjacent to all vertices of V' \ V. Thus

r
e(Gout) < Z ’BZHBj’ < <2> (2@)2 < 2CL2T2.

1<i<j<r
Therefore
xTA(G)x
MO ==
_ 20 ijen(K) it n 2D ijeB(Gyy) Titi _ 20 e B(G o) TiTj
N xTx xTx xTx
2e(Gin)  26(Gour)(1 — 2222
S MK+ xTx xTx
2,.2
2(e(Gin) — e(Gout)) e(Gout)M
< MK n
ACK) + xTx + xTx
2 80ar?
< MK —_— n 16
<X )+XTX+XTX’ (16)

where (I6) holds by Lemma3.9land e(Goy) < 2a%r2.
On the other hand, let y be an eigenvector of T;, - corresponding to A(T},.), k = n — r[%]. Since T}, ,
is a complete 7-partite graph on n vertices where each partite set has either [ %] or [2] vertices, we may

assume y = (y1,...,¥Y1,¥2,--.,%2)" . Thus by (@), we have
—— —
k[ n—k[ %]
n n
AMTnr)yr = (r — k) L;Jyz +(k—1) (;1 1, (17)
and
n n
MTop)ye = (r =k = 1)~ ]y + k[ o1 (18)

Combining and (I8)), we obtain
n n
(/\(Tn,r) + [?])Z]l = </\(Tn,7") + L;J)y2
Without loss of generality, we assume that yo = 1. Then

AN Tr) + [ 2] - 1

T

y22y1—w—+m— _m.

T
Since A(Tyr) > 6(Tr) > n—[2],y1 > 1—21. Let H € Ex(n, F). Thene(H) = ex(n, F) = e(T), ) +a.
Therefore

T
y A(H)y
MG) > \NH) > 2
(G) > \(H) Ty
y AT, )y | 2a (1 1 )2
- yly yTy n
9 9
> MTh,) + — <1 - —> . (19)
n n
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Combining (I6), (T9) and xTx > n(1 — %)2 > n — 40a°r2, we get
ML) = AMK)

4.4
2a 20 4a 802

< - - _ n
- xI'x n n?2 xTx
4.4
< 2a 2a N 4a n 80a-r—
~ n—40a%2r2 n  n?  n—40a3r2
< 80a3r? 4a 80atr?
= n(n—40a%r?)  n?  n(n —40a3r?)
C2
S ma
where c; is a positive constant. O

Combining Claim 1 and Claim 2, we have
Cc1 C2
E S )\(Tn,r) - )\(K) S ﬁ7

which is a contradiction when n is sufficiently large. Thus [n; —n;| < 1forany 1 <i < j <r.
O

Proof of Theorem [1.2l Now we prove that e(G) = ex(n,F). Otherwise, we assume that e(G) <
ex(n,F) — 1. Let H € Ex(n,F). Then |E(H)| = e(T,,) + a. By Lemma [3.10] we may assume

)

)
that V3 U ... UV, is a vertex partition of H. Let By = E(G) \ E(H), E2 = E(H) \ E(G), then
E(H) = (E(G)UE,) \ Ey, and

[E(G)NE(H)| + |Er| = e(G) < e(H) = |E(G) N E(H)| + |Ex|,

which implies that |E2| > |E| + 1. Furthermore, by Lemma[3.7] we have

Bal <at+ Y |BillBj| <a+ (;) (2a)? < 3a2r2. (20)

1<i<j<r
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According to (@) and 20), for sufficiently large n, we have

A(H)

xTA(H)x
- xTx
_ xTA(G)x n 2D ijem, Tt 2 ijem, it
xTx xTx xTx
2
= )\(G) + m ( Z TiTj — Z l’ﬁL’j)
ijEFo IS
> MG) + o (|Bal(1 - 22 By )
XTX 2 1
> MG+ o (1] = 22 5y )
Ty 52 2 1
2 40a%r?
> _
> @) xTx (1 n ’EZ‘)
2 40a%r? 5 o
> _
A«D—%XTX(l 3 )
> MG),

which contradicts the assumption that G has the maximum spectral radius among all F'-free graphs on n
vertices. Hence e(G) = ex(n, F).
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