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ON (a,d)-SKEW ARMENDARIZ RINGS

A. Moussavi AND E. HASHEMI

ABSTRACT. For a ring endomorphism o and an a-derivation 4, we
introduce (. §)-skew Armendariz rings which are a generalization of
o-rigid rings and Armendariz rings, and investigate their properties.
A semiprime left Goldie ring is a-weak Armendariz if and only if
it is a-rigid. Moreover, we study on the relationship between the
Baerness and p.p. property of a ring R and these of the skew
polynomial ring R[z; o, d] in case R is (¢, §)-skew Armendariz. As
a consequence we obtain a generalization of {11}, {14] and [16].

Throughout this paper R denotes an associative ring with unity,
a: R — Ris an endomorphism and § an a-derivation of R, that is, d is
an additive map such that d(ab) = 6(a)b+ a(a)d(b), for all a,b € R. We
denote S = R[z;,d] the Ore extension whose elements are the poly-
nomials over R, the addition is defined as usual and the multiplication
subject to the relation za = a(a)z + é(a) for any a € B. A ring R is
called Armendariz if whenever polynomials f(z) = ap+a1z+---+apz™,
g(z) = by +biz+ -+ +bmz™ € R[z] satisfy f(z)g(z) =0, then a;b; =0
for each i, j. Recall that a ring R is reduced if R has no nonzero nilpotent
elements. Observe that reduced rings are abelian (i.e., all idempotents
are central).

According to Krempa[15], an endomorphism « of a ring R is called
to be rigid if ax(a) = 0 implies a = 0 for a € R. We call a ring R o-rigid
if there exists a rigid endomorphism « of R. Note that any rigid endo-
morphism of a ring is a monomorphism and a-rigid rings are reduced
rings by Hong et al.[10). Properties of a-rigid rings have been studied
in Krempa[15], Hong[10], and Hirano[8].
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In [9] Hong et al. defines a ring R with an endomorphism o to be a-
skew Armendariz if whenever polynomials f(z) = ag+a1x+- - +anz™,
g(xz) = bp + biz + -+ + bpx™ € Rlz;q] satisfy f(z)g(z) = 0, then
a;ca*(bj) = 0 for each 7, j. Motivated by results in Armendariz[2], Ander-
son and Camillo[1], Tsiu-Kwen Lee and Tsai-Lien Wong|[16], and Hong
et al.[9], we investigate a generalization of a-rigid rings and Armendariz
rings which we call an («, §)-skew Armendariz ring.

DEFINITION 1. Let a be an endomorphism and § be an a-derivation
of a ring R. We say that R is an (¢, d)-skew Armendariz (or simply,
(o, 8)-Armendariz) ring, if for polynomials f(z) = ag+ a1z + -+ aza™
and g(z) = by + b1z + - -+ + bpx™ in R[z;,90], f(z)g(x) = 0 implies
aixibjxj = 0 for each 1, j.

Note that each a-skew Armendariz ring is (o, d)-skew Armendariz,
where § is the zero mapping. As it is mentioned in Hong et al. [9], if
R is an Armendariz ring, then it is an Ir-Armendariz ring, where Ip
is the identity endomorphism of R and thus every reduced ring R is
Ip-Armendariz. However, there exists an Ir-Armendariz ring R which
is not reduced. For example, R = Z,2, where Z,2 is the ring of integers
modulo n? and n > 2 is a positive integer, is a commutative Armendariz
ring which is not reduced. Thus R is an Ir-Armendariz ring, but it is
not Ip-rigid.

Clearly every subring of an («, ¢)-Armendariz ring is («, §)-Armendari
z. Also, every a-rigid ring is («, §)-Armendariz, but the converse dose
not hold [9, Example 1].

DEFINITION 2. Let o be an endomorphism and 4 be an a-derivation
of R. We say that R is an («,0)-skew weak Armendariz (or simply
(a, §)-weak Armendariz) ring, if for linear polynomials f(z) = ag + a1z
and g(z) = by + b1z in R[z;a,d], f(z)g(x) = 0 implies a;z°b;z? = 0 for
1,7 € {0,1}.

It is clear that every («,d)-Armendariz ring is (a,d)-weak Armen-
dariz and that every subring of an (a, d)-weak Armendariz ring is still
(a, 6)-weak Armendariz. However, an (o, d)-weak Armendariz ring is
not necessarily (a,d)-Armendariz in general [16, Example 3.2]. But,
weak Armendariz von Neumann regular rings are reduced [1, Theorem
6]). In this paper we give an affirmative answer to a question of Hong
et al. [9, page 115] and show that, a ring R with a monomorphism o
and a-derivation §, is a-rigid if and only if it is reduced and (a, §)-weak
Armendariz. Moreover we provide several examples of non semiprime



On (@, 6)-skew Armendariz rings 355

(hence non a-rigid) rings which are (o, §)-weak Armendariz. Further-
more we prove that, for a semiprime left Goldie ring R with a monomor-
phism «, R is an a-rigid ring if and only if R is an a-weak Armendariz
ring if and only if its classical left quotient ring Q(R) is a-weak Armen-
dariz. Finally, we show that, if R is an (@, §)-Armendariz ring, then (1)
R[z; @, 6] is an abelian ring, (2) R is a Baer (resp. p.p.-) ring if and only
if R[z;«,d] is a Baer (resp. p.p.-) ring.

The following results provide some properties of (o, §)-Armendariz rings,
which is needed in the sequel:

LEMMA 3. Let R be an (a,d)-weak Armendariz ring and ab = 0.
Then a(a)é(b) = d(a)b = 0.

Proof. Since ab = 0, 6(a)b + a(a)é(b) = 0. Put f(z) = é(a) + a(a)z
and g(z) = b+ bz in R[z;a,d]. Since f(x ) ( ) = 0, we have é(a)b =
a(a)é(b) = 0. O

LEMMA 4. Let R be an (a,§)-weak Armendariz ring. Then for each
idempotent element e € R, we have a(e) = e and d(e) = 0.

Proof. Since e = e%, we have §(e) = d(e)e + ale)d(e). Let f(z) =
6(e) + ale)r and g(x) = (e — 1) + (e — 1)x. Then f(z)g(z) = d(e)e —
5(e) + ale)d(e) + (6(e)e — b(e) + ale)d(e))x = 0. Since R is (a,0)-
Armendariz, §(e)e = d(e) and hence a(e)d(e) = 0. Now suppose that,

(
h(z) = ( ) — (1 — a(e))z and k(z) = e+ ex. Then h(z)k(z) = (6(e)e —
d(e) + ale)d(e)) + (6(e)e — (1 — a(e))d(e))xz = 0. Hence d(e)e = 0 and
so d(e ) d(e)e = 0.
Now take p(z) = (1 —e) + (1 — e)afe)z and ¢(z) = e + (e — 1)a(e)z
Then p(z)g{z) = 0, since 6(e) = d(ale)) = Hence a(e) = eale)

sin

)

Now suppose that t(z) = e 4+ e(1 — af
a(e))z. Then t(z)s(z) = —e(l

d(e) = d(ea(e)) = 0. Hence e(1—a(e)) = 0, since R is (o, §)-Armendariz.
Therefore e = ea(e) = a(e). O

In the following lemma we employ the same method in the proof of
19, Lemma 19]:

LEMMA 5. Let R be an (o, §)-Armendariz ring. Ife? = e € R[z; a, d],
where e = eg + e1x + -+ + e,x", then e = eg.

Proof. Since e(1—e) = 0 = (1—e)e, we have (eg+e1z+- - -+epz™)((1—
eg) —erx —--—epx”) =0and (1 —ep) —eyx—--- —epz™)(eg + €12 +
-+ +e,x™) = 0. Hence, ep(1 —eg) =0, ege; = 0 and (1 — eg)e; = 0 for
1 <4< n,since R is (a,d)-Armendariz. Thus ¢; =0 for 1 <7 < n, and
S0 e = ey = eg. O
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Now we give an affirmative answer to a question of Hong et al. [9,
Page 115

THEOREM 6. A ring R with a monomorphism «, is an a-rigid ring if
and only if it is a reduced (o, §)-weak Armendariz ring.

Proof. Tt is clear that an «a-rigid ring is reduced and by [10, Proposi-
tion 6] R is («, §)-weak Armendariz. Now, suppose that R is a reduced
ring and aa(a) = 0 for a € R. By Lemma 3, d(a)a(a) = a(a)d(a(a)) =
0. Now, let h(z) = a{a)—a(a)z and k(z) = a+a(a)z. Then h(z)k(z) =
0. Since R is (a,d)-weak Armendariz, we have a(a)a(a) = 0. Hence
a = 0, since R is reduced and « is a monomorphism. O

Next we provide several examples of («, §)-weak Armendariz rings:

Let R be a ring and let

aiy ax az ... (7%
0 a1 az ... ap—1

To(R) := 0 0 a1 ... ap_9 la;€ Ry,
0O 0 0 ... a

with n > 2. We can denote elements of T,,(R) by (a1, az, ..., a,). Then
T,.(R) is a ring with addition point-wise and multiplication given by
(al, as, ... ,an)(bl, ba, ..., bn) = (albl, aiby + azby,...,a1by + asb, 1 +
-++ + apby), for each a;,b; € R. For an endomorphism « and an a-
derivation § of R, the natural extension @ : T,(R) — T, (R) defined by
a((a;)) = (a(a;)) is an endomorphism of T, (R) and 6 : T,,(R) — Tn(R)
defined by §((a;)) = (6(a;)), is an @-derivation of T,,(R).

LEMMA 7. Let o be an endomorphism and é an a-derivation of a
ring R. Let R be an a-rigid ring, A = (a1,a2,0a3,...,ap4+1) and B =
(bl,bz,b3,...,bn+1) € Tn+1(R). If AB = 0, then AS(B) = 0. Also
AB =0 if and only if Aa(B) = 0.

Proof. Let A = (a1,a2) and B = (b1,b2) € To(R) with AB = 0.
Then a1b; = aibs + a2b; = 0. Since R is reduced, a;bs = agb; = 0. Now
suppose that A = (ay,a9,0a3,...,a,41) and B = (b1, ba,bs,...,bps1)
€ Tht1(R) with AB = 0. Then we have the following system of equa-
tions:
a1b1 = 0;
a1by + azb; = 0;
a1b3 + azbz + azby = 0;
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a1by + agbp_1 + -+ apby =0

a1bpe1 + agbhy 4+ -+ -+ ape1by =0,

Hence a1b; = 0 for all 1 < j <n+ 1, since R is reduced. Thus
a2b1 = 0;

(Lgbg + (13b1 == 0;

agbp—1+ -+ apby = 0;

agbn + - + anprby =0,

and hence (ag,as, ..., an+1)(ba,bs,...,byt1) = 0. By induction hypoth-
esis, we have g;b; =0 forall 2<i<n+land2<j<n+1-t+1
Thus ab;j =0forall 1 <i<n+landl1 < j<n-—i+1 Hence
a;a(b;) = a;6(bj) =0forall1 <i<n+4+land 1 <j<n—i+1,since
R is a-rigid. Therefore Aa(B) = A6(B) = 0. By a similar way one can
show that, Aa(B) = 0 implies AB = 0. O

THEOREM 8. Let o be a monomorphism and ¢ an a-derivation of a
ring R. Then R is an a-rigid ring if and only if T,(R) is an (@, 0)-weak
Armendariz ring, for each n > 2.

Proof. One can show that the map ¢ : T,,(R)[z; @, 8] — Tn(R|z; o, d]),
given by o(Ag + A1z + -+ + Apz®) = (91,92,93,.--,9n) With A; =
(ail, 32, A3y v v oy am) and gj = agj + a4+ ak]-xk, forall 0 <i<k
and 1 < j < n, is an isomorphism. Now suppose that f = Ay +
Az + -+ + Azt and g = By + Biz + -+ + Bpz™ are polynomials
in T, (R)[z;@, 6] with fg = 0, where A; = (a;1,a:2,043,...,0;) and
Bj = (bi1,big, b3y ... bin) forall 0 < 4 <t and 0 < j < m. By Lemma 7,
figj = 0 where f; = agi+ayx+-- -+atixt and g; = b0j+b1jm+- . -+bmj:13m
for1<i<nandl < j<n—i+1. Since Ris a-rigid, we have a,;bs; =0
for1<i<n 1<j<n—i+1,0<r<tand 0 < s < m. Hence
A.B;, =0for 0 <r <tand0<s<m. Thus A,a(B;) = A,6(B,) =0,
by Lemma 7. Therefore T,,(R) is (@, 6)-Armendariz.

Conversely, suppose that T,,(R) is (@, 0)-weak Armendariz. Hence R
is («, §)-weak Armendariz as a subring. Let ra(r) =0, for r € R. Then
d(r)a(r) = a(r)da(r) = 0, by Lemma 3. Take h( ) (0,0,1,...,0) —
(0,a(r),0,...,0)z and k(z) = (0,0,...,1,0)+(0, ..., a(r),0, O)x 6 Th(R)
(z;@,6). Then h(z)k(z) = 0. Since T,(R)[z; @, 6] is ( 3)~weak Armen-
dariz, (0,0,1,...,0)(0,...,a(r),0,0) = 0 and hence a(r) = 0. Therefore
7 = 0, since « is monomorphism.

By [10, Proposition 6], every a-rigid ring is (¢, d)-Armendariz. The
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following is an example of a non semiprime (hence non «-rigid) ring
which is (a, 0)-Armendariz:

ExaMPLE 9. Let o be an endomorphism and é be an a-derivation of
R. Let R be an a-rigid ring and

a b ¢
Rz = 0 a d | |abec,deR

0 0 a

be a subring of the upper triangular matrix ring over a ring. The endo-
morphism « of R is extended to the endomorphism @ : B3 — Rj3 defined
by @((ai;)) = (a(as;)) and the o-derivation § of R is also extended to
8 : Ry — Rj defined by §((ai;)) = (6(ai;)). We can easily see that § is
an a-derivation of R3. We show that, (i) for A, B € R3, AB =0 if and
only if A@(B) =0, also AB = 0 implies that A§(B) = 0, (i) R3 is not
a-rigid, (iii) Rs is (@, §)-Armendariz.

ap b1 as by c
(1) Suppose that 0 a1 di |@&a 0 as do = (. Then
0 0 a 0 0 a

we have the following equations:

1) ara(az) =0
(2) ara(by) + bya(az) = 0
(3) ara(ca) + bra(dz) + craaz) = 0
(4) ara(ds) + dralaz) = 0.

Since R is reduced, from Eq.(1), we have a(az)a; = 0. Multiplying a(a2)
to Eq.(2) from the left-hand side, then we have by (az) = a(az)b; = 0,
since R is reduced. Hence aja(b2) = a(bz)a; = 0. Multiplying a(as)
to Eq.(3) from the left-hand side, then we have cia(az) = a(a2)c; = 0,
since R is reduced. Hence Eq.(3) becomes

(5) a1a(cz) + bra(dg) = 0.

Multiplying a(a2) to Eq.(4) from left-hand side, then dya(as) = a(az)dy
= 0 and aj1a(dz) = a(dz)a; = 0, since R is reduced. Multiplying ay to
Eq.(5) from the right-hand side, then we have aja(cs) = a(cg)a; = 0
and bla(dz) = a(d2)b1 = (. Thus ajas = a1b2 = a1€ = a1d2 = b1a2 =
bidy = c1a2 = dias = 0, since R is a-rigid.
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ar b o ay by ¢y
Hence 0 aj d1 0 as d2 =0.
0 0 a 0 0 a
a; by ¢ az by c
Now assume that 0 a1 d; 0 as dy = 0.
0 0 a 0 0 a9
Then by a similar argument, we have a1a(a2) = a1a(be) = bia(ag) =

(a7
cla(ag) = dla(ag) = ala(dQ) = ala(c2) = blof(dg) = 0.

ai b1 C1 as b2 C9
Hence 0 a1 d |@& 0 as ds = 0.
0 0 o 0 0 ay
al bl C1 a9 bQ Co
Assume that 0 a1 di 0 a9 da =0.
0 0 a 0 0 ap

Then aias = a1by = a1c9 = a1dy = bras = bidy = cias = djas = 0.
Hence aid(az) = a16(ba) = a16(ca) = ai16(da) = b1é(az) = b16(dy) =
c16(a2) = di16(a2) = 0, since R is a-rigid.

a b ¢ B az b ca
Thus 0 a1 di |6 0 as dy = (.
0 0 a 0 0 as

(ii) Since Rj is not reduced, Rz is not @-rigid.

a; bi C;
(iii) Suppose that p=>"" { 0 a; d; |2'and
0 0 a;
AN )
g=>"%4o| 0 @ d; |27 are polynomials in Rs(z;@,d] such that
0 0 a;

j
pg = 0. By Hong ct al. [10, Proposition 6], R[z; a, §] is reduced. So that
by Hong et al. [9, Proposition 17],

!
a; b, ¢ a;

< i g
0 a d; '@ 0 a dj =0, for all 7, j. Hence,
0 0 a; 0 0 a

.
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!
C.:

O az d; . d; | =0forall4,j. Therefore by (i) R3
0 0 a; a
J
(@

o o f.
o L&

]

,0)-Armendariz.

Suppose that R is a semiprime left Goldie ring and « is a monomor-
phism of R. Let C = Cr(0) be the regular elements of R. By Goldie's
Theorem [5, Theorem 5.10], R has a semisimple Artinian quotient ring
Q =C'R. By [12, Prop031t10n 2.4], we have a~1(Cg(0)) = Cg(0). We
extend a to Q, with &(c™*r) = a(c) la(r), for ¢ € Cg(0) and r € R.
Now we consider the classical left quotient ring Q = C~!R of an a-
Armendariz semiprime left Goldie ring R, in the following:

THEOREM 10. Let R be a semiprime left Goldie ring and o be a
monomorphism of R such that «(1) = 1. Then R is an a-Armendariz
(resp. o-weak Armendariz) ring if and only if Q = C!R is an a-
Armendariz (resp. G-weak Armendariz) ring.

Proof. Let f(x )—c0 ag+cy larz+t-- +cytana” and g(z )—501b0+
57 'b1z+- - 45, bpz™ be polynomials in ®|x; @] such that f(x)g(ac) =0.
Since C is a left denominator set, there exist ¢, s € C and a ,bj’ € R such
that ¢;'a; = ¢ 1a; andslb —slb fori=0,1,. nj—O,l,...,
Then (ag + ay/z + -+ - + a,z™)s™ (bo +bix 4 -+ b;nxm) = 0. Thus
(az)s”“l—kal a(s)™t Tt Fa,0m(s)"! )(b10+blla:+ ~+b,,2™) = 0. There
exist s € C and a € R such that a/ '(s) -1 = ¢~ 1a" fori=0,1,...,n.
Hence (aq + a1z + --- + ana™)(by + bjz + -+ + b, z™) = 0. Slnce
R is a-Armendariz, a, o (b') 0 for i = O,l,...,n, j=01,..m
Hence s~ lai/a (b;) =0fori=01,...,n, 5 = 0,1,...,m. Thus
a;ai(s_lb;) = a;ai(s)*lai(b;.) =0fori=0,1,...,n, 5 =0,1,...,m
and hence c{laiai(sj‘lbj) = c_la;ai(s_lbj) =0, fori = 0,1,...,n,
J =0,1,...,m. Therefore Q is a-Armendariz. The converse is clear.

In the above argument by replacing a-Armendariz with a-weak Ar-
mendariz, the result follows. O

Now we extend [14, Proposition 18] and [16, Theorem 3.3], to the
more general case as in the following:

THEOREM 11. Let R be a semiprime left Goldie ring and « be a
monomorphism of R such that (1) = 1. Then R is an a-weak Armen-
dariz ring if and only if R is an a-rigid ring.
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Proof. By [9, Corollary 4], every a-rigid ring is a-weak Armen-
dariz. Conversely, suppose that R is a semiprime left Goldie a-weak
Armendariz ring. By Theorem 6, it is enough to show that R is re-
duced. Let Q = C!R be the left Goldie quotient ring of R. Then
a : Q — Q defined by a(s™'r) = a(s)"la(r) is a monomorphism of
. By Theorem 10, @ is a-weak Armendariz. Since R is semiprime
left Goldie, @ is semisimple Artinian by [5, Theorem 5.10], and hence
Q@ ~ My (D1) x -+ x My, (D), where D; are division rings and n;
are positive integers for 1 < i < k. We claim that n; = 1 for 1 <
i < k. First we show that ny = 1. Since @ ia a-weak Armendariz,
by Lemma 4, a(e) = e for each e = e € Q. Let E;; be the matrix
units in M, for 1 < i < n, 1 < j < n. Hence a((E;,0,...,0)) =
(Eii,O,...,O) for 1 < '] < n Since ElnEnn = Eln and EllEln =
Elrn we have &((Elnv 0, PN 70))(Enn307 ey 0) = &((Eln, 0, ey 0)) and
(Ei1,0,...,0)a((F1n,0,...,0)) = a((E1n,0,...,0)). Thus there ex-
ists a1, € Dj such that a((Ein,0,...,0)) = (ainFin,0,...,0). Since
EnEn = Eyy and Eng Eyy = Epy, we have a((En1,0,...,0))(E11,0,...
,0) = a((En1,0,...,0)) and (Ep,, 0,...,0)a((En1,0,...,0)) = a((En1, 0,

..0)). Thus there exists bp; in D; such that a((Ey;,0,...,0)) =
(bn1Fn1,0,...,0). Since F1,En = FE1 and E 1 E, = E,,, we have
a((En1,0,...,0))a((E1n,0,...,0)) = (Epn,0,...,0) and a((F1n,0,...
,0)a((En,0,....0)) = (E11,0,...,0). Thus ajnby = 1 = by1a1,. Now
suppose that f(z) = a((En,0,...,0)) — (F11,0,...,0)z and g(z) =
(Ein,0,...,0)+ (Epn,0,...,0)z. Then f(x)g(xz) = 0. Since Q is a-weak
Armendariz, a((E1n,0,...,0))(Enp,0,...,0) = 0. Hence ai, = 0. This
is a contradiction. Thus ny = 1. By a similar argument one can show
that n; = 1 for 2 < i < k. Hence ) ~ Dy x---x D, and so @ is reduced.
Therefore R is reduced. O

By [10, Proposition 9], a ring R is a-rigid if and only if R[z;a,d] is
reduced. Next we extend this result and [9, Proposition 20], to the more
general setting, in the following:

THEOREM 12. Let R be an («,6)-Armendariz ring. Then R[z;«a, §]
is an abelian ring.

Proof. By Lemma 4, for each idempotent e € R, a(e) = e and
d(e) = 0. By Lemma 5, the set of idempotent elements of R[z;«, d]
is a subset of the set of idempotent elements of R. So it is enough to
show that R is abelian. Let A be the set of idempotents of R. For
each e, f € A, we claim that efRN (1~ f)(1 —e)A = 0. Suppose that
ef(=t)=(1-f)1—-e)seefRN(1— f)(1—e)A for some t € R and
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s € A. Let g(z) = e+ (1 — f)z and h(z) = (1 — e)s + ftz. Then
g(2)h(z) = [(1= £)o(F)t+ (1= Fa(f)é(t)]x =0, since §(1—e) = 6(f) =
0, a(f) = f and ef(—t) = (1 — f)(1 — e)s. Hence eft = 0, since R is
(ov, 6)-Armendariz. Thus efRN (1 — f)(1 —e)A = 0. Now suppose that
fe=0.So—ef=(1-f)(1-¢e)fcefRN(1— f)(1—e)A=0. Hence
ef = 0. Next, take k =e+er(l—e)and [ = (1 —e) + (1 — €e)re, for
r € R. It is clear that k2 = k,1?> = [ and (1 — e)k = el = 0. Hence
k(1 —e) = le = 0. Thus er = ere = re. Therefore R is an abelian
ring. O

Now we turn our attention to the relationship between the Baerness
and p.p. property of a ring R and these of the skew polynomial ring
R[z; 0, 4] in case R is («, §)-Armendariz.

Recall that R is a Baer ring if the right annihilator of every non-empty
subset of R is generated by an idempotent of B. These definitions are
left-right symmetric. A ring R is called a right (resp. left) p.p.-ring if
every principal right (resp. left) ideal is projective (equivalently, if the
right (resp. left) annihilator of an element of R is generated (as a right
(resp. left) ideal) by an idempotent of R). R is called a p.p.-ring if it is
both right and left p.p.

Now we extend [9 , Theorem 21| and [14, Theorem 10], in the follow-
ing:

THEOREM 13. Let o be a monomorphism and § be an a-derivation
of R. If R is an (a, §)-Armendariz ring, then R is a Baer ring if and only
if R[z; o, 6] is a Baer ring.

Proof. Since R is (o, d)-Armendariz, R is abelian by Theorem 12.

But everey abelian Baer ring is reduced, so R is a-rigid by Theorem 6.
Therefore by [10, Theorem 11], the result follows. O

By a similar proof as Theorem 13, we can obtain:

THEOREM 14. Let o be a monomorphism and 6§ be an a-derivation
of R. If R is an (a, §)-Armendariz ring then, R is a p.p.-ring if and only
if R[z; o, 8] is a p.p.-ring.

Note that Theorem 14, is a generalization of [9, Theorem 22| and [14,
Theorem 9.
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