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ON A DIFFERENTIAL EQUATION
FOR KOORNWINDER'S GENERALIZED

LAGUERRE POLYNOMIALS

J. KOEKOEK AND R. KOEKOEK

(Communicated by Kenneth R. Meyer)

Abstract. Koornwinder's generalized Laguerre polynomials {L°' (x)}^=0

are orthogonal on the interval [0, oo) with respect to the weight function

r,'+|.xae~j: + Nô(x), a > -1 , N > 0. We show that these polynomials

for N > 0 satisfy a unique differential equation of the form

oo

NY^aAx)y{'\x) + xy"(x) + (a+ 1 - x)y'(x) + ny(x) = 0,
1=0

where {a,-(Ar)},^0 are continuous functions on the real line and {ai(x)}'?x are

independent of the degree n . If N > 0 , only in the case of nonnegative integer

values of a this differential equation is of finite order.

1. Introduction

In 1984, T. H. Koornwinder found the polynomials which are orthogonal with

respect to a weight function consisting of the classical Jacobi weight function

together with delta functions at the endpoints of the interval of orthogonality

[-1, 1]. (See [2].) As a limiting case, he found the generalized Laguerre poly-

nomials which are orthogonal on the interval [0, oo) with respect to the weight

function YiX+\)Xae~x + NS(x), a > -1 and TV > 0. In this paper we consider

only Koornwinder's generalized Laguerre polynomials {Lan'   (x)}^0 defined

by

o)   Cw-[»+*(;!í)]jí,m+w(";")¿jí»(x).

where L*q)(x) denotes the classical Laguerre polynomial given by

(2>     4*w-("r)i:£?ïfcfr    •-»■'■*.
For details the reader is referred to [2, 1], Note that L°' (x) = L^\x).
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■a,N,
For the polynomials {L°'   (x)}n=0 , a differential equation of the form

oo

(3) A^a;.(x)y(,)(x)+x}>"(x) + (a-l- 1 - x)y'(x) + ny(x) = 0,
i=0

where {a¡(x)}°l0 are continuous functions on the real line and {a¡(x)}°lx are

independent of n , was found only for special nonnegative integer values of a .

For a = 0, a = 1, and a = 2, H. L. Krall, A. M. Krall, and L. L. Littlejohn

obtained the following differential equations:

(4)

- jNx2yw(x) + N(x2 - 2x)y(3)(x) + ■irNx2 + (37V + l)x "r    \y (x)

+ [l - (N + l)x]y (x) + n (n+l)N+l y(x) = 0,

^Nx3y{6)(x) + N f-^x3 + 2x2] y{5)(x) + N Qx3 - 5x2 + Sx\ yW(x)

(5)      + N i-\xi + 4x2 - lOx") /3)(x) + [-Nx2 + (6N + l)x]y"(x)

+ [2 - (N + l)x]y'(x) + n (n+ l)(n + 2)N+l y(x) = 0

and

(6)

- ±Nx4yw{x) + N (ix4 - x3) y{7\x) + N (-\x4 + \x' - 7x2

1      4,53       45    2   ,   .,
+    ^~24x    2X ~~ix + 35x)y  (x)

I'1     4       9    3   ,   -,    2       .  .    \     (5),    .
I -tX  --zX  +21x  -14x1 y    (x)

-lx3 + 10x2-30x)/3)(x ~Nx2 + (ION + l)x

+ [3 - (N + l)x]y (x) + n
1_

24
(n + l)(n + 2)(n + 3)N+l

y (x)

y(x) = 0,

respectively, in a different notation.    See [3-9].    Note that in these cases

{a¡(x)}°l0 are polynomials and the differential equation is of order 2a + 4.

In this paper we give a differential equation of the form (3) for Koornwinder's

generalized Laguerre polynomials {Lan' (x)}^0 for all a > -1 . It will appear

that {a;-(x)}°!0 are polynomials for all a > -1 , and that the differential equa-

tion is of order 2a + 4 for all nonnegative integer values of a if N > 0.
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2. The differential equation

Consider the differential equation (3), where {a¡(x)}°l0 are continuous func-

tions on the real line, a0(x) := a0(n, a, x) and a¡(x) := a ¡(a, x) for i > 1.

We will try to define the functions {a¡(x)}°^0 in such a way that the poly-

nomials {L^'N(x)}™=0 satisfy a differential equation of the form (3) for all

a > -1 and N>0.

Recall that the classical Laguerre polynomials {L„(x)}™=0 satisfy the La-

guerre equation given by

(7) xy"(x) + (a + 1 - x)y'(x) + ny(x) = 0.

We set y(x) = LOL'N(x) in the differential equation (3) and use the definition

(1) and the Laguerre equation (7) to find

TV 1-r-TV

+ N

n + a

n- 1

n + a

n

OO / \       oo

^x)D'ú:\x) + N2(n+n«Wal(x)DMUn
(=0 V /  i=0

(X)

X~d~ln ~    d~^  " "dx   " W
0.

Differentiation of the Laguerre equation (7) leads to

j3 j2
x^-3L(;\x) + (a + 2- x)A-2L(a)ix) 4- (« - 1)^-L{;\x) =0.

dx dx ax

Hence

TVY,ai(x)D'L^(x) +
Li=0

n + a

n dx

n + a»w-    „    ¿™

+ NZ Y,at(x)DL\\x)+y    n    )J2aiWD    Ln 0
(=0 v '   ¡=0

for all real x , a > -1, N > 0 and « = 0,1,2,.... Since the expressions

between square brackets are independent of N this implies that

,0,      v^    ,   ,ni,(<i),  ,  ,  (n + a\   d    (a)    .     (n + a\   d      (a)
(8)     Y^ai(x)DLl>(x)+{   n    J—Ln(x)-[^   n    J —2Ln (x) = 0

1=0

and

(9) «£fl,.(x)D'4a)(x) + (a+ l)£a,.(x)7),+I4a)(x) = 0

i'=0 i=0

for all real x and « = 0,1,2,....

First of all we show that (8) and (9) have at most one solution for {al (x)}™0 .

This means that we have to show that

(10) f^ai(x)DiL{°\x) = 0,        « = 0, 1,2,...,
i=0
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and

(11)
CO CO

nY,al(x)DlL^)(x) + (a+l)Y,ai(x)D'+xL^(x) = 0,        « = 0,1,2,...,

i=0 1=0

have only the trivial solution.  Note that (10) and (11) imply, for all real x,

that
oo

(12)   a0(n,a,x)L{na)(x) + ^2ai(a,x)DiL{na)(x) = 0,        « = 0,1,2,...,

¡=i

and

(13)

aQ(n,a,x)-^L[na)(x) + J2ai(a,x)D'+XL{na)(x) = 0, « = 0,1,2,....

i=l

Substitution of « = 0 and « = 1 in (12) and (13) gives us

a0(0, a, x) = 0,     a0(l,a,x) = 0,    and   ax(a,x) = 0

for all real x . Now we set « = 2 in (13) to obtain

a0(2, a, x) = 0   for all real x except possibly for x = a + 2,

being the zero of j^L2a)(x). Now we use the continuity of a0(x) to conclude

that a0(2, a, x) = 0 for all real x. Then, by setting « = 2, we obtain from

(12)
a2(a, x) = 0   for all real x .

Repeating this process, we finally find

a0(x) = a0(n , a, x) = 0   for all real x   and   « = 0, 1,2,...,

a¡(x) = a¡(a, x) = 0 for all real x   and   i = 1,2,3, ... .

This proves that (10) and (11) have only the trivial solution. Hence (8) and (9)

have at most one solution.

As in (4), (5), and (6) we try to find polynomial solutions for the functions

{a¡(x)}°t0 ■ We may expect that

/, a\ .  .      (n + a+1
(14) a0(x)=[^    n_l

Since the functions {ai(x)}™x are not allowed to depend on «, we can compute

some of them by substituting small values of « in (8). We find

a2(x) = —%(a+ l)x  + -(a + 2)(a + 3)x,

ax(x) = -x,

I(
2[
1 3       1 2

aAx) = -r7ra(a + l)x  + -(a + l)(a + 2)(a + 3)x
12 o

- -^(a +l)(a + 2)(a + 3)(a + 4)x .
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So we may guess that

(15)

^)=^D-D,+j+i(;!;)(<;^)(^3)i_^, i=i,2,3,....

We will prove that the polynomials {L°'N(x)}™=0 satisfy the differential equa-

tion given by (3), (14), and (15).

3. Proof of the differential equation

We have to show that the polynomials {a¡(x)}°l0 defined by (14) and (15)

satisfy (8) and (9). We start with

^ai(x)DlL(:\x

00     i    f_ni+J+l

CE
1=1 j=\

.f¿fcí^(j + })(« + í){o + s)|.^I«Wl

where x is real and « is a nonnegative integer. Changing the order of summa-

tion twice, we obtain

^ai(x)D'L{na)(x)

í=i

= E(-')J+I ("jtll)x'£qrt h+_>)la + l>MD<L<fM

(i6)      '-' '-'   A

= -ÊM)i(Qî>+3>,|;(;!;)^>'+'C,M.

Now we use the definition of the classical Laguerre polynomials (2) to find

'a+l\     xjWa+M^_Di+jL{a)(x)
j^x\j-l)(i+j)\D    L"  {X)

A+k
(11) íg + alvfítt+1)      (-n)j+j+kx

V n    )^o\j-l)(a+X)i+]+k(i + j)lk\

= (n+na)±Cmxm>        -0,1,2,...,

V '  m=\
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where

ij (a+l)i+m(i + jy.(m-j)\

(-^)r   mf(-^)r     . '        ■      .„, w= 1,2,3,
(a+1)i+m^V    7    / (/+7 + l)!(/w-l-7)!

Since (/+7 + l)!*(i+l)!(/ + 2);,

= (-!) -T—¿    and    7-¡-— = (-If —-—¿,
V   7    y ;! (m- 1-7)! (m-1)1

we obtain

r (~")i+m_1 F  /-/n+ 1,-01-1 ,

m     (a+l)i+M(m-l)!(i + l)!2 ' y Í + 2

«2 = 1,2,3,...

Now we use the summation formula

(18)
_ (a,b    A\     T(c-a-b)Y(c)

*M   e   '  l) = Y(c-a)T(c-b)'       c-a-b>0, c*0, -1, -2,...,

to find for »1 = 1,2,3,...,

C   =
n)i+m 1 r(m + a + i + 2)r(i + 2)

m
' i+m(a + l)l+m (m - l)\(i + 1)\ Y(m + i + l)T(a + i + 3)

(-n)l+m(a + i + 3)m_x

- (a+l)i+m(m-l)\(i + m)\

Hence, with (16) and (17) we have

^"¡MD'L'fix)

=-("r)D-»'(Qî2)(^3),f:
v '   1=0 v ' m=\

(~n)i+m    (a + i + 3)m_l xm

(a+l)i+m(m-l)\(i + m)\

n + a\   »   ~ (-g- 2)i(-n)l+m(a + 3)

n    )^^-i   i\(a+l)l+m(m-l)\(i + m)\
m=\ 1=0
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Now we use the facts that (-n)i+m = (-n)m(-n + m)t-, (i + m)l = m\(m + l)f,

and

(a + 3)i+m_x      a + i + m + \

(a+l)/+M        (a+l)(a + 2)

to find

oo

^öi.(x)JD'L|!a)(x)

1=1

' n + a

(a + l)(a + 2) ¿-^ (m - 1)1 ml ¿-f (m + l)¡i\ '
m=\ i=0 '

We split the last sum into two parts and use the summation formula (18),

obtaining

~(-a-2)i(-n + m)i.
)-/        ,n ■■--(a + i + m + 1)
Éo        (w+l)fi!

, ,.  _ /— a — 2, — n + m     ,\
= (a + m+l)2Exi^ m+l ;   lj

(a + 2)(n-m)       Í-a- 1, -n + m+ 1

+       (m+l)      2  »V w + 2

, ,.r(n + a + 3)r(w+l)
= (a + m + 1)

+

T(«z + a + 3)T(« + 1)

(a + 2)(« - m) T(n + a + 2)T(m + 2)

(m + l)       r(w + a + 3)r(«+ 1)

n + TX)j7^Vs-[{m + 2a + 3)n + (a+l)(a + 2)].
n       /(a+l)w+2

Hence

Y^aMrfl£\x)

1       ( n + a\ (n + a+1

1 = 1

(19) (a+ 2) V    «    A       «

x E FTn     [(m + 2a + 3)" + («+!)(« + 2)]
m=\

(a+l)w+2LV '      v        /v        "(m-1)!

for all real x and n a nonnegative integer.
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To complete the proof of (8), we use (14) and (2) to find

(20)

'« + a+l\.   (~n)k    t  (n + a\   (-«)« + a"E
fc=0 L

« + a"E
fe=o  L

« - 1     J (a+1

« + a+l\    (-«

«- 1

+ fc+i

a + Dfc+1

(-»)fc+2

«  /(a + i)fc+2

X

a.+ l)fc

,. /« +a\    (-")t+
+ « + a+l 7--^

ÂT+2

X

IT
1 n + a\ I n + a+1

(a + 2) V    n    ) {       «

E /-i  i!*    ["(fc + 2a + 3) + (a + l)(a + 2)]
k=\

(a+l)k+2 (k-l)l

for all real x and « a nonnegative integer. With (19) and (20) we have proved

(8). To show (9), we observe that (compare with (16))

^.(x^'L^x)
i=i

-¿(-^(n^^^.f:^:;)^^'^ (x)
1=0 x ' j=\

for all real x and n a nonnegative integer. In the same way as before, we find

CO       / .     1   \ 7
^-r      a+ l\        X n/+7 + lr(a),    x

7=1
l/(i + 7)!

(\        CO

7E»
' »,—1

,x i = 0, 1,2,...

where, for m = 1, 2, 3, ... ,

D»-m
a+ 1 (-"),+ m+l

lj(a+l)i+m+x(i + j)l(m-j)l

{-n)i+m+x(a + i + 3)m_x

(a+l)l+m+l(m- !)!(/ +m)!"
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Hence
OO

■,1+1 r(a),
£fl/(*)Z),+,z£V)
!=i

« + a \ f, f, (-a - 2),.(-«),+m+1(a + 3)i+m_x ^
n    ) ¿-if-  ü(a+l)¡+m+l(m -l)!(i' + m)!

m=\ i=0

nu (T)       y (~")w+i *m F /-a-2,-« + m+l
1    J (a+l)(a + 2)^(m-l)!m!2   ^ w+1

m=\

(T) g (-«)m+,xmr(« + a + 2)r(m + l)

(a+ l)(a + 2) A-^ (m- \)\ m\    T(m + a + 3)T(n
m=\

'n + a\ (n + a+ 1 \ ^   (~n)m+\       x>n(n + a\ /« + a + 1 \ ^

I   "    A   n-l    )L.OT=T1(«+l)m+2(m-l)!

With (19) and (21), we have found that
OO OO

nYjai(x)DlL^(x) + (a+l)Yjal(x)DML^(x)
1=1 ¡=i

' n + a\ (n + a+1

n    )\    n-l

00      i-n)

(22) x^i   xn      [(m + 2Q + 3)« + (Q+l)(a + 2)
m=l ya+ l>m+2

xm
+ (a+ l)(m-n)]-

'(m- 1)!

„-1   ;z-,(0 + iUl („_,)!

for all real x and « a nonnegative integer. To complete the proof of (9), we

use (14) and (2) to see that for all real x and « a nonnegative integer

(23)

na0(x)L[a)(x) + (a+ l)a0(x)-^L^(x)

n + a\ ( n + a+ 1 \ ^    (~n)k    .   .       ,     ,.     . ...       ...x
,        >    ,       ,A    [n(a + k+l) + (-n + k)(a+l)]TT

n    A    "_1    /^(Q+1)^+i fc!

, ,. in + a\ (n + a+ 1 \ ^fA     (~n)k        x

With (22) and (23) we have proved (9).

This    shows    that    Koornwinder's    generalized    Laguerre    polynomials

{L°'N(x)}™=0 satisfy the differential equation defined by (3), (14), and (15).

From (15), we easily see that, for a ^ 0, 1, 2, ... ,

degree[a;(x)] = i,        i = 1, 2, 3, ... .
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This implies that if N > 0 the differential equation is of infinite order in that

case.

For nonnegative integer values of a, we have

degree[a;(x)] = /, i = 1, 2, ... , a + 2,

<   degreefa^x)] = a + 2,       i = a + 3,a + 4,...,2a + 4,

> a¡(x) = 0, i>2a + 4.

This implies that for nonnegative integer values of a and N > 0 the differential

equation is of order 2a + 4.

References

1. R. Koekoek, Koornwinder's Laguerrepolynomials, Delft Progress Rep. 12 (1988), 393-404.

2. T. H. Koornwinder, Orthogonal polynomials with weight function  (1 - x)a(\ + x)   +

MS(x + 1) + NS(x - 1), Canad. Math. Bull. 27 (1984), 205-214.

3. A. M. Krall, Orthogonal polynomials satisfying fourth order differential equations, Proc. Roy.

Soc. Edinburgh Sect. A 87 (1981), 271-288.

4. A. M. Krall and L. L. Littlejohn, On the classification of differential equations having or-

thogonal polynomial solutions. II, Ann. Mat. Pura Appl. 149 (1987), 77-102.

5. H. L. Krall, Certain differential equations for Tchebycheff polynomials, Duke Math. J. 4

(1938), 705-718.

6. _, On orthogonal polynomials satisfying a certain fourth order differential equation, The

Pennsylvania State College Studies, No. 6, 1940.

7. L. L. Littlejohn, On the classification of differential equations having orthogonal polynomial

solutions, Ann. Mat. Pura Appl. 93 (1984), 35-53.

8. __, An application of a new theorem on orthogonal polynomials and differential equations,

Quaestiones Math. 10 (1986), 49-61.

9. L. L. Littlejohn and A. M. Krall, Orthogonal polynomials and singular Sturm-Liouville

systems. I, Rocky Mountain J. Math. 16 (1986), 435-479.

Menelaoslaan 4, 5631 LN Eindhoven, The Netherlands

Faculty of Technical Mathematics and Informatics, Delft University of Technol-

ogy, P. O. Box 356, 2600 AJ Delft, The Netherlands

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


