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ON A FIXED POINT PROBLEM OF REICH

CHEN YU-QING

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. In this paper, we give an affirmative answer to a fixed point prob-
lem of S. Reich.

1. INTRODUCTION

Let X be a metric space. CB(X) stands for the set of all non-empty closed
bounded subsets of X. CB(X) is a metric space with the Hausdorff metric H. In
[6], S. Reich presented the following

Problem. Let (X,d) be a complete metric space. Suppose that F: X — CB(X)
satisfies H(F(z), F(y)) < K(d(z,y))d(z,y) for all z,y in X, z # y, where K :
(0,400) — [0,1) and lim, 4+ sup K (r) < 1 for all 0 < ¢ < 400. Does F have a
fixed point?

In fact, this problem was raised by S. Reich in [4]. S. Reich [5] also gives an
affirmative answer to this problem when Fz is non-empty compact for z € X.

In this paper, we give an affirmative answer to this problem. We have the
following results.

Theorem 1. Let all the conditions of the above problem be satisfied. Then F' has
a fized point if and only if there exists a closed subset Y C X, Fx NY # & for all
x €Y, such that for each closed subset Z CY, if FxNZ # & for all x € Z, then
d(z, F(x)NZ) =d(z, F(z)),Vz € Z.

Remark. When F is single valued, let Y = X; then for each subset Z C X, such
that Fz € Z for all x € Z, we must have d(x, F(z)) = d(z, F(x) N Z).

Theorem 2. Let (X,d) be a complete metric space. F : X — CB(X) satisfies the
following conditions.

(1) If Y C X is a non-empty closed bounded subset, and Fx N'Y # & for all
x €Y, then d(x, Fx) =d(x, Fx NY) for allx € Y;

(2) H(F(x),F(y)) < K(d(z,y))d(z,y), Y,y € X, v #y, where K : (0,+00) —
[0,1) and lim, ;+ sup K(r) < 1 for all 0 < t < +o0.

Then F has a fized point.
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2. PROOFS

We first prove Theorem 2, then we can prove Theorem 1 similarly to the proof
of Theorem 2.

Proof of Theorem 2. Take t,, € (0,400), n=1,2,..., and t; > t3 > -+ > t, — 0.
Since lim,_,+ sup K(r) < 1, there exist 0 < k, < 1 and é,, > 0, such that K(r) <
kn, V7 € (tn,tn +6n), n=1,2,....

Let 1, = min{%", %}, €n = tn + Np; then K(r) < ky, Vr € [e, — L 60 + 1),
n=1,2,.... It is easy to see £, — 07 as n — oo.

Step 1. For 1 > 0, we prove there exists x; € X, such that
(2.1) FrNBy #9, Vee B ={zldx,z)<er}.

Suppose (2.1) is not true. Then for each x € X, there exists g € X, d(x,z9) <
€1, but

d(z,y) >e1, Yyée Fuxo.
Case (a). If d(w,20) < &1 — &, then
d(z, Fx) > d(z, Fxo) — H(Fxo, Fx) > e1 — K(d(x0, ))d(x0, )
> e —d(z,z0) > %
Case (b). If d(x,x0) > €1 — &, then

d(z, Fz) > d(x, Fxo) — H(Fxo, Fx) > e1 — K(d(zo, z))d(xo, )
Z g1 — k1€1 = (1 — kl)é‘l.

From Cases (a) and (b), we have
(2.2) d(z, Fz) > min {% (1- kl)sl} >0, VreX.
Now, fix o € X and x1 € Fxg. Since
d(x1, Fx1) < H(Fxo, Fx1) < K(d(xzo,21))d(zo,x1) < d(x0, 1),

there exists xo € F'xq, such that

1
d(xy, Fr1) — 52 < d(z1,x2) < d(zo,x1)

and
d(w1,22) < K(d(2o, x1))d(20, 21) + %
By induction, we get x,, € Fan_1, n > 3, such that
d(xp—1,Frn_1) — 2% <d(Tn_1,2n) < d(Tp_o,Tn_1)

and
1
d(xn—la zn) S K(d(zn—% xn—l))d(xn—% xn—l) + 2_n

By the construction of {z,}, we know lim,,_,o d(@y_1,z,) = Sp exists.
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Suppose Sy > 0. Then

n—oo n—oo

- 1
lim d(zp—1,%,) < lim [K(d(xn_Q,xn_l))d(xn_Q,xn_l) + 2_1&

< lim K(r) lim d(z,_o,%n_1).

r—»S;r n—oo

So Sy < mr_}sg K(r)So < Sy, a contradiction.
Hence we have lim,, oo d(2y—1,2,) = 0. This implies that

1
lim d(zp—1, FTn—1) < lim [d(mn_l,xn) + 2—4 =0,
a contradiction to (2.2). So (2.1) is true.

Step 2. For 5 > 0, we prove there exists x5 € Bi, such that

(2.3) FrNBy# @, Vre By={zecBldx,z2) <ea}.

Suppose (2.3) is not true. For each x € Bj, there exists yo € Bj, such that
d(x,y0) < €2, but

d(z,y) > €2, Vy € Fyo.
With the same argument of Cases (a) and (b) in Step 1, we get

(2.4) d(z, Fz) > min {772—2, (1- kg)sg} , Yz € Bi.

Now, fix z¢ € By, 1 € Fxg N By. By assumption (1),
d(z1, Fx1 N By) =d(z1, Fx1) < H(Fxo, Fx1) < K(d(x0,21))d(z0, 21).
So there exists o € Faq N By, such that
d(xz1,Fx1) — 2—12 < d(z1,z2) < d(xo,21)
and
d(z1,29) < K(d(xo,21))d(z0,21) + 1/22%
Generally, we get x,, € Fx,—1 N By, n > 3, such that

1
d(wn—lann—l) - 2_n < d(wn—hxn) < d(xn—27$n—l)

and

1
d(wn—l ) xn) S K(d(fbn_g, wn—1>>d(xn—27 wn—l) + 2_n

So limy,—,00 d(Zn—1, T, ) exists and equals zero.
We get limy, oo d(Zn—1, F2n—1) = 0, a contradiction to (2.4). So (2.3) is true.

Step 3. By induction, we get z,1 € By, such that
(2.5) FrNBpi1 #9, Vr € Bpi1 ={z € Byld(x,2n41) < ent1}, 1> 2.
It is obvious that By D2 B, 2 B3 2 --- 2 B, 2 ..., and
nh_}n;@ diam(B,,) = 0.

So there exists only one point « € (), By, and € Fz. This completes the proof.
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Proof of Theorem 1. Necessity: If F has a fixed point, let Y = {z € X|z € Fz}.
Then Y # @ is closed and it is the desired subset.

Sufficiency: Suppose Y C X is non-empty closed, Fx NY # @&, Vx € Y, and for
each closed subset Z C Y, if FeNZ # @, Vx € Z, then d(x, F(z)) = d(z, Fx N Z),
Ve € Z.

Let {€,,} be as in the proof of Theorem 2.

Step 1. Take By =Y then d(z, F(z)) = d(z, F(z) N By), Vx € By.

Step 2. With the same argument of Step 2 in the proof of Theorem 2, we get
x2 € By, such that Fo N By # @, Vo € By = {x € By|d(z,22) < e2}.
By induction, we get z,,4+1 € B, such that

FrNBpt1 #9, Vo€ Bpp1 ={z € Byld(x,xnt1) < eny1}, n> 2.
So (,,>1 Bn has only one point; it is the fixed point of F.
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