
O n  a f o r w a r d - b a c k w a r d  p a r a b o l i c  e q u a t i o n .  

C. D, PAGANI - G. ~ALENTI (*) (**) 

Abstract- - Boundary value problems for the equation 

sgn (x) • uv - -  ux~ + ku -~ f(x, y) 

(where k is a positive constant and t is a given function) are investigated. The do. 

main of the solutions will be the whole upper half-plane y ~ O, or the halt-plane y ~ 0 

cut along the positive y-axis. We are interested in square integrable solutions u~ with 

sqttare integrable generalized derivatives uv and uxx. 

Existence theorems are proved, with an integral equations technique. Thus a theory 

is developed o[ Wiener-Hopf integral equation, s of the first kind ~vith solutions belon- 

ging to Sobolev spaces. 

Introduction. 

In  this p a p e r  we cons ide r  the e q u a t i o n  

(1) sgn (x) • uy - -  u~  + ku ---- f 

where k is a pos i t ive  cons tan t  and f is a g iven  c o m p l e x  va lued  func t ion .  Note  

that  the equa t i on  (1) is fo rward  pa rabo l i c  in the h a l f - p l a n e  ~ :> 0 and back- 

ward pa rabo l i c  in the h a l f - p l a n e  x ~ 0. The  equa t ion  (1) is an e x a m p l e  of 

equ a t i ons  of the fo l lowing  fo rm:  

(2) lxIP sgn (x) . uy - -  a(x,  y ) u ~  + ( lower o rde r  terms) ~ f 

where p is a n o n n e g a t i v e  n u m b e r  and the coe f f i c i en t  a(x,  y) is b o u n d e d  f rom 

below by a pos i t ive  cons tan t .  

The  equa t i on  (2) has  been  cons ide red  by GEVnEY [3]. H e  has  shown that ,  

u n d e r  su i t ab le  r e g u l a r i t y  a s sumpt ions ,  (2) is the  c a n o n i c a l  fo rm of pa rabo l i c  

equa t ions  of the  type  A(x,  y)uy ~ a(x,  y)ux~ + (lower o rde r  terms)~-~ f, where  

the coe f f i c i en t  A(x,  y) changes  sign th rough  the l ine  A(x,  y)----O. 
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Relevant equations of the form (2) are tlle following 

(3) 

1 
x~,~ - -  2 u~. + xu~ = 0 

XU>. - u~ = 0 

Such equations are of interest  in problems of kinetic theory and stocha- 

stic processes;  see for instance [11], [2]. Equation (3) has been investigated 

by PA(}A~N'I [10], FLEMI>TC~ [2] and, from the point of view of weak solutions, 

by BAOUENDI-GRISVAI~D [1]. 

An appropriate boundary value problem for the equation (1) is to look 

for a solution u(x, y) which is defined in R~_, the whole upper  hal f -plane 

y > 0, and which verifies the condition: u(x, 0) = h(x) on the positive half -axis  

0 < x < + oo, where h is eL given function. 

We are interested in square- integrable  complex valued solutions u ,  

whose generalized derivatives u, ,  uy and u~. are square integrable. We shall 

call W(G) the set of functions, defined in an open two-dimensional  set G, 

with such a property. For a discussion of the properties of functions belon- 

ging to W(G) see for instance N]KOL'SKII [8], S L O ] 3 O D E C K I I  113], LIONS-13~[A- 

GENES [6] chapter  4; in the N~KOL'SKH notation:  W ( G ) =  W[~:~I(G). It is easy 

to prove the following theorem: 

TI-IEOREM 0.1. - Let f and h 

feL2(R2+) and h e  Hi(O, + vo). Let 

that: 

be two given functions; we suppose that 

u be a solulion of tke equation (1) such 

(4) u ~ w(R~_) 

(5) u(x, 0 +), the trace of u on the x -ax i s  = h(x) a.e. in 0 < x < + co. 

Assertion: the following inequality holds: 

(6) 

0 

R 2 - - ~  

+ 

R 2 o 
+ 

The (6) is an a priori est imate;  it implies uniqueness  for the problem 

(1)-(4)-(5). 
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With regard to the boundary  condition (5), it should be remarked that 

H~( - - ~ ,  -t-co) is exact ly  the space of the traces on the x -ax i s  of the func- 

tions belonging to W(R2+). ¥¢e recall  that H~(a, b) is the set of all absolutely 

continuous square integrable functions on the interval ]a, b[ with square  

iutegrable first  derivative. 

PRO0/•  OF THE TI-IEOREg 0.1. - Clearly we can suppose that u is infini- 

tely different;able in the closure of R~_ and vanishes outside a bounded set; 
2 

for tim set of such funct ions is dense in W(/~+), the norm in W ( / ~ )  being:  

!7) . {;; 
R2 
+ 

t 
t 

([,,=f' + + =2. 

From the equation (I), squaring tile absolute values of both members  and 

neglecting the nonnegative sum i ux]S ~ ]u~] s --2Resgu(x)UyUx~, we get: 

(8) - 2k  R e  u u ~  + k 2 i u  i ~ + k sgn (x) ; i n  i ~ ~ i fl ' -  

Integrat ing over R~_ both members  of (8) we obtain easily (6). 

We consider now another problem for the equat ion (I). Roughly speaking, 

this problem consists in looking for solutions of (1) which equal  some given 

data on the positive x -ax i s  and have prescr ibed discontinuit ies  on the inter- 

face x = 0 .  i~Iore precisely,  it is requested to find a solution u of (1) such 

that : 

(9) u belongs to W(G+) where G+ is {(x, y ) : x  @ 0, y > 0}, 

the upper  hal f -plane R~_ cut along the positive y -ax is ;  

(10) u(x, 0 q-) = h(x) a.e. in 0 < x < q- oc,  

where h is a given function and u(.,  0--k) is, as before, the trace of u on 

the x -ax is ;  

(11) u verifies either of the following conditions: 

(11') 

- ug0 --, y) = u~(0 + ,  y)  

u(0 -- ,  y) -{- u(0 -~, y) ---- 2kf e+ O-'lu(0 +, t)dt 

Y 

_ a.e.  in  0 < y  ~ - [ - e ~  
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( t 1") 

I .(o-, y)= ,,(o +, y) f (3O 

u~(0 -- ,  y) + u,(0 + ,  y) = 2k e+~(Y-')u~(0 --,  t)dt 

Y 

a.e. in 0 < y  < + c ~  

Here  u(O + ,  .) [or u(O--,  .)] is the trace on the y-axis  of the res t r ic t ion 

of u to the nor th-eas t  [or to the north-west]  quadran t ;  s imilarly for u~(O + ,  .) 

and  u~(O--, .). I t  should  be remembered  that, if u e  W(G+~, then u(O + ,  .) 

and u ( 0 - - ,  .) are g0nDSl~ cont inuous  funct ions and belong to the SOBOLEV 

space Ha/4(O, + o o ) ,  while u~(O+, .) and u~(O--, .) belong to H~/4(O, + o o ) ;  

moreover  the traces of u on the y-axis  are connected with the trace of u on 

the x -ax i s  by the equat ions :  

l im u(O+, y)~-. lira u(x, 0-}-), l im u(O--,  y)-~ lira u(x, 0+).  
0<y--.>0 0<x-~0 0<y--,>0 0>x--.:,0 

For  an exhaust ive  discussion of the S O B O L E V  spaces of f ract ionary order 

see LIONS-MiGENES [6], chapter  1 and 4. 

We have the following theorem, which gives uniqueness  for the problem 

(1)-(9)-(10)-(11). 

T~EORE~ 0.2. - Let f e L~(R2+) and h e H~(O, + c,2) be given; moreover let 
u be a solution of (1) verifying (9)-(10)-(11). Then there exists an absolute 

constant C such that: 

(12) f f ( ! u ~ ! :  + iuyl ~ + 2klu~!: q- k21u]2)axdy + 

R2 
+ 

0 

÷ f (  I 
+ kiu(x, 0 -}-)i2)dx 

R2+ o 

The  theorem 0.2 is an easy consequence of the following formula :  

(la) f f ( i f t ~ - t u ~ l ~ - l u l l  2 - ek I,,xl ~ - - k  2 lul2)dxdy + 
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= 2R~ < ~ --  k u(0- ,  .)l u~(0-, .) > + 

+ 2 R e <  ~ +  k u(0+, .)iu~(0+, . ) > .  

In this formula u is any function belonging to W(G+), where G+ is de- 

fined in (9), and f is related to u by (1). 

The ssmbol  < t >  at the right of (13) denotes the pairing between 

H-l/4(0, -b co) and H~/~(O, + c,~). We recall  that H - s 0 ,  -F c~), with s > 0, is 

the set of all hermitian complex valued continuous functions on H;(0, -{--c<)) 

closure of C~'(]0, + cx~[) in H:(0, -+-c<~). It  must be borne in mind that 

1 
H;(0, +~)-----/- /s(0,  -+-c~) if 0 ~ s ~ 2 .  In other words, if q~ is a function 

in f/~/4(0, -F" ~ ) ,  a pairing < (1) I~ > ,  between some element (I) in H-~/4(O, + c:~) 

and the function ¢?, is a limit of the form:  lira ( cb~dy ,  where (I)~ is some 

f o sequence of test functions such that: (cb.~- cb~)~dy--.>O uniformily as 

runs on the balls o~ H1/4(0,  -'F" c>~). o 

The operators  (d /dy )+k  at tile right of (13 t are taken in the sense of 

the distributions.  As is wel l -known and easy to see, (d/dy)-',-k are bounded 

1 
operators  from H~(O, -F" ~ )  into H~-z(O, --}-~) if s ~ ~ .  

It is a simple matter  to show that the r ight-hand side of (13) vanishes 

if the function u verifies the conditions (11'): thus from (13) we see that (12) 

becomes an equal i ty  with C--~-1 if (11') holds. If  u verif ies the conditions 

(11"), the r ight -hand side of (13) equals :  

(14) - -  4k Re [ lim u ( 0 + ,  y)] • te-k'u~(O--, t}dt . 
O<y-~O J 

0 

To see this we have only to use << integrat ions by parts >) following the rule : 

' d < ? ' I ~ P >  --~--?(O-k-)+(O + ) -  ~(y)+(y} y 

0 
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The expression (14) can be easily majorized with: 

0 

l 
Thus (10)-(11")-(13) imply an inequali ty of the form (12). 

For the proof of (13} we can suppose, owing to densi ty arguments,  that 

the restrict ions of u to the north quadrants  coincide with the restr ict ions to 

the same quadrants  of Co(R2)-functions. Then we obtain (13) by squaring the 

absolute values of both members  of (1), integrat ing over G+ and using inte- 

grations by p~¢rts. The details are straighforward. 

In this paper we present  some existence theorems for the problems 

(1)-(4i-(5) and (I)-(9)-(10)-(11), see sections 1 and 2. It should be pointed out 

that in one of such theorems compatibi l i ty  conditions on the data must  be 

imposed;  instead no compatibil i ty conditions occur if weak solutions are 

wanted, compare with Ill. 

The method for the existence proofs is a usual one and can be described 

in this way. We give a fictitious datum (belonging to suitable classes of data) 

on the y-axis .  Then a solution v of the equation - - v y - - v ~  + kv ~ f, which 

is of class W in the west ha l f -p lane  ~c < 0, is determined by the fictitious 

datum, and a solution w of the equation n 5. - - n , ~  + k w  ~ - f ,  which is of class 

W in the nor th-eas t  quadrant ,  is determined by the fictit ious datum and 

the boundary  condition on the x-axis .  Hence  we specialize the fictit ious datmn 

iu such a way that the function u,  defined by:  u . . ~ v  if x < 0  and u - ~ w  

if x : >  0, is the wanted solution. To do this, we have to solve a WIEn~ER- 

HOPF integral equation of the first kind. It should be remarked that our pro- 

cedure gives solutions u which are of class W in the union of R~_ (or G+) 

and the west ha l f -p lane  x <: 0, and which verify a boundary  condition on the 

lower half-axis - -  ~ < y < 0. 

As is well known, the WIENER-HOPF integral equations are of the follo. 

wing form : 

(15) I K ( ~  - -  y)~(y)dy = f (x )  (0 < x < + c,~) 

- -  ~ K ( x  - -  y)~{y)dy ~- f (x)  (0 < x < .-[- ~ ) ,  i16) 
. 1  
0 

where K and f are given functions, V is the unknown. 
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It  should be pointed out that the equali ty between ihe left and the right 

member of (15) or 116) holds only on the half- l ine 0 < x <~ + co. (15) is calle0_ 

of the first kind, (t6) is of the second kind. For a formal approach to these 

equations, see NOBLE [9], MOI~SE-FEsc:a:BAC~ [15]. Very comprehensive resuits 

are known for the WIER~Ea-HoPF equations of the second kind;  see KR]~]~ [5], 

GO~[BERC~-KREIZ¢ [4], see also SA~:BAG;rA~ [12]. Instead it seems that the 

WIE~ER-HOPF equations of the first kind have not been exhaust ively  inve- 

stigated. 

In section 3 we present an existence theorem for solutions, belonging to 

SOBOLEV spaces H"{ - c~, + ~ ) ,  of such equations. The proof depends on some 

properties, which will be stated in Iemmas 3.2-3.3-3.4, of CAUO~¥ integrals:  

1 ¢S!~dt 
(18) @{7) - - 2 ~ i  .~ --  

_ c a  

( ~ = ~  + i ~ ,  7~ 4= o) 

where the density is the FOURIER transform of a distribution g e H~( -- ~ + ~ ) .  

The plan of the paper is the following: 

1 .  - Results about the homogeneous equation. 

2. - Solutions of tlle nonhomogeneous equation. 

3 . -  A discussion of an integral  equation of the WIEnER-HOP/, ~ type 

(contents: statement of the problem, statement of the existence theorem, re- 

marks, an example, lemmas on CAUCg'~ integrals, proof of the theorem, proofs 

of the lemmas}. 

4. - Proofs of theorems 1.1 and 1.2. 

APPENDIX. - Some proprieties of solutions of the heat equation. 

We conclude the introductory remarks with a lemma on the WIENER- 

HoI~:~ faetorisation of a special kernel, which will be useful later and also 

for a more clear unders tanding of section 1. 

1 

LEMMA. - Consider" the kernel Kty)  ~-- (uiYl)--i  exp (-- k iyl)  (k-~- constant~ 
1 

~> O) and its Fourier transform K(~) -~ 2Re(k + i~}-~. More explicilely: 

(19) 

1 

There exist two functions A and  B such that: 

(i) ~-~ ~ + i~--~ A(~} is holomorphie in  the hcdf-pla.ne Im ~ > 0 and 
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H6lder continuous in  the closed halpoplane I m a g O ;  ~ ---- ~ + i~--> B(~} is 

holomorphic in  the half-191ane Im ~ < 0 and H61der continuous in  Im ~ .~ O. 

(ii) 2'18 ~ (k 2 -~ ] ~ t2)~18 t A(~)]_~ 2'12 i f  Im  ~ ~ O, 

2~/8 ~ ( k2 -~ t ~ t2) ~1~ I B(~}I ~ 2~/2 i f  I m  ~ ~ O. 

(iii) K (~)----Ai~ ) • B(~) for every real ~. 

For ~ real we have: 

(20) A(f) = 

2114 [ 
- -  1 

(k --  i~) 1/~ ( k ~ +  ~)~ _~ (k ~ + t~) 

(21) 21i, i t ,  f 
B(~) - -  (k + i~} ~f4 [ " ' "  ]~ exp 2re " ' "  ' 

where the integral is taken in the Cauchy ]principal value sense. 

The proof is quite simple. We define A and B with the equations (20), 

(21) and the following: 

(22) A(~) ~- 2~/~(k - -  i~} -~/~ exp { W(~)} for Im ~ > 0 

(23) B(~) - -  2'/~(k + i~)-~I • exp i - -  W(~)! for I m  ~ < O, 

where 

k 
1 [1 ~ - ~ ) ~ / 2 ]  t d t ~  (Imp:4:0).  

~ ) - - 2 ~ i  f tn +(k ~ 

Then the wel l -known lPLE~:[ELJ formulas (see e.g. [7]} guarantee the con- 

t inuity requested in (i); the (iii) is obvious; the (ii) follows from: 

1 s [ ~--- ~ (t - -  ~)2 -~ 7221n 1 -~ dt < ~ In 2. 
- ~  ik 2 ÷ t 2) 
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1 .  - Resu l t s  a b o u t  ti le homogeneous  equa t ion .  

In  this  sec t ion  we cons ide r  the homogeneous  e q u a t i o n :  

(1.1) sgn (~)uy - -  u~  ~ k~ ----~ 0 (k ~--- cons tan t  ~ 0). 

Tt~EO1/El~ 1.1. - Let h be a function belonging to H~(O, Jr co). 

A solution u of  the equation (1.1), such that: 

(i.2) u E w ( / / ~ )  

(1.3} u(x,, 0 -~) ----- h~x) a.e. in  0 ~ x ~ + co 

exists provided that h verifies the follo~ving condition: 

(t.4) f ~]g(Y) j2dY ~ JF co for  some e > 0. 

0 

The function g is defined in this ~vay: 

1 

(1.5} g,  the Fourier transform of  g -= A ' 

~vhere 1 is any  function such that: 

(1.6} 

f 
~ exp  m ky - -  

h(i l{y} --~ 1 
_= (4r~y)~ 

ti)dt for O ~ y < .-{- c,o 

and  A is given by (19). 

REi~A]~KS.- (i) There  exis t  func t ions  1 ve r i fy ing  (1.6}. Fo r  the in tegra l  

a p p e a r i n g  in (1.6) is a func t ion  of the  y - v a r i a b l e  be long ing  to H~]4(0, J r  oc). 

In  fact  such  an in tegra l  is the t race  on the pos i t ive  y - a x i s  of the func t i on :  

+=exp ( (x - ky) l (1.7t ~(~, y) ! = - -  1 h ( l  t t } d t  

( -  oo < x ~ + cx~, y > O). 

Anl~ali di Matematica 2 
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As h~Hl(O, q - ~ ) ,  the funct ion  x-->h([xl) is in H~(- -oc ,  q-co). 

Thus, according to wel l -known proper t ies  of solutions of the heat equa. 

t ion (see the appendix),  U is in W{R2+). Incidental ly ,  U is indef ini te ly  diffe- 

rent iable  and bounded.  /qote that  U verifies the equat ion Us- -  U~ + k U ~  0 

and the init ial  condi t ion : U {x. 0 -if) --~ h(l x l) (-- ~ < x ~ q- cx~). 

1 

(it) The funct ion g belongs to H~(--o<~, q-c~). This  follows immedia- 

tely from (1.5), the first condit ion (1.6) and the inequal i t ies  given in the 

in t roduct ion  for the funct ion  A. 

The condi t ion (1.4) does not depend  from the choice of the funct ion  1 in 

the class def ined by (1.6). For  the restr ict ion of g to the positive half-axis  

[0, q -oc[  is un ique ly  de te rmined  by the res t r ic t ion of l to [0~ q-oc[.  For  a 

proof of this assertion, see the r emark  (ii)-sectien 3. 

Fol lowing LIO~S-SIAGE1,TES [6] (chapter I, section 11.5), a funct ion 
1 

g e H-~(O, + ¢x~), verifying 

f 2 dy Ig(y) l ~ < + ~ ,  
0 

1 

is said to be in H~o(0 , + cx~). 

TttEOREM 1.2. - Let h e HI(0, + ~ ) .  

such that : 

There exists a solution u of (1.1) 

(1.8) u e  W(G+), where G + : i ( x ,  y) e R  2 " x ~ O ,  y >  O~, 

(1.91 u(x, O)~--h(x) a.e. in 0 ~ x < + c~, 

and verifying either of the following conditions: 

ft.10) 

ud0  -- ,  y) --~ u~(0 + ,  y) 

u(0 -- ,  y) + u(0 + ,  y ) :  2k 

a.e. in 0 ~ y  ~ +cx~ 

e~(y-')u(O +,  t)dt 

Y 

(1.11) 

/ u (0 - - ,  y) = u(0 + ,  y) 

l u~(O -,  y) + u~(O +, y) 

a.e. in 0 ~ y  ~ q - c ~ .  

-~ 2k .~ e~(y-~)ux(O--, t)dt 

Y 

No compatibility conditions on h are imposed. 
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RE~IARK.- From the theorem 1.2 we may easily deduce an existence 

theorem for solutions of the equat ion:  

(1.12) sgn (~) • u z - -  a(x, y)u~ -4- ku -~ b(x, y) 

where k ~--- constant  ~ O, a(x, y) is a measurable  function bounded from above 

and from below by positive constants, b(x, y) is square integrable. More pre- 

cisely we may prove that there eJcists a uniffue solution u of (1.12) verifying 

(i.8}-(1.9), where h is any function in H~(O, ~-c~), and (1.10) or (1.11). 

In view of the theorem 1.3 and the contents of the next section, this 

assert ion follows, via s tandard principles of functional  analysis, form a sui- 

table a priori estimate. [n order to obtain such an estimate, we may first  

derive form (1.12) an algebraic inequal i ty  similar to that known in the theory 

of elliptic equat ions as Berns te in ' s  inequality,  namely:  

(1.13) V, 12 

2A . Re (sgn (x)uy + ku)u~ + Bib !~ 

where A is any constant greater  than [ - - - ~  sup a(x, y ) +  a and B is 

any constant  not less than (A 2 -  1)/(2Aa(w, y ) -  a(x, y)2 1~, 

Arguing exactly in the same way as in the proof of the formula (13) 

and of the theorem 0.2, we deduce from (1.13): 

(1.14) f f ( l u y l 2  + tutti 2 ÷ 2Aktu~i 2 + Ikut2}dxdy 
R2 

÷ 

o R 2 

wttere C is a constant  depending only on ~, and u is any solution of (1.t2)- 

(1.8)-(1.9)-(1.105 or (1.12)-(1.8)-(1.9)-(1.11). 

The (1.14) is the needed a priori inequality.  

2. - Solut ions of  the  nonhomogeneous equation.  

In this section we consider the nonhomogeneous equat ion:  

(2.l) sgn (x)uy - -  u~x ÷ ku  : f (k ~- constant  > 0). 
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We shall prove the existence of solutions defined in the whole R 2, or 

solutions defined in G ~ R 2 \ ( t h e  y-axis) and verifying some conditions at x-~0.  

TREORE~ 2.1. - For every f ~ L2(R 2) there exists a unique solution u of 

(2.1), belonging to W(R2}. This solution verifies an inequality of the form: 

(~.2' f f ([Uy]2-~,Uxx[2-Jl-2k[Ux[2~l-].g2[u]2)dxdy~C f f I,[2di)cdy 
R~ R~ 

where C is an absolute constant. 

TttEORE~ 2.2. - Let p and q be temperate distributions; we suppose that the 

Fourier transforms p and q are vomplex valued measurable functions and: 

(2.3) inf ](k--i~)-~p}~)"4-(k+i~)~q{~tl 2 1 > O. 
A - ' < a < + "  Ik "q- i~[(1 + I~(~) I~)(1 + Iq( )J ) 

Then for every f ~ L2[R 2} there exists a unique solution u of (2.1), belon- 

ging to W(G} and such that: 

(2.4} u(O - - ,  .) = p  • u(O + ,  .), u~(O - ,  .) = q • u~(O + ,  .). 

This solution verifies the inequality: 

(2.5t 

where 

(2.6) 

fR~ f (]UY]2-~ [U~x]2"-~ 2k[U~12 "~- k2iu]2)dxdy ~ C fR~ f [fl2dxdy 

C = 1 + 2 A .  sup ~(~)~{~---) k + i{ 
_¢¢<~<+.~ k - -  i~ " 

We recall  that a temperate distribution p is a, l inear  continuous func- 

tional on the space of all infinitely differentiable complex valued functions 

such that lim I tl~(~)(t}= 0, for all nonnegative integers m and n. We 

say that the FOURIEI~ transform o[ p is a complex valued measurable  func- 

tion p if : 

< P t ~- > = j p(~)~(~)d~ for every ~ ~ Co(-- c~, + 

where < P I ~ >  is the value of p at ~ .  
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RE,lARKS. - (i) The  theo rem 2.1 is a coro l la ry  of the theorem 2.2. 

Fo r  the hypo teses  of the theorem 2.2 are  fulf i l led,  if we choose  p-~q----~, 

the Di rae  mass.  In  pa r t i cu l a r  {2.3) holds with A - ~ - 2  when p=q- - - -8 .  On the 

other  hand, it is easy  to see tha t  if 

u ~ w ( ~ l ,  ~t(0 - - ,  .) = u(0 + ,  .) and u~(0 - - ,  .) = u~(0 + ,  .), 

then u e W(R2). W e  recal l  that  G deno tes  the R 2 cut  a long the y - ax i s .  

(ii) The condi t ion  (2.3} holds with A ~ 2 if p and q are  r e l a t ed  by 

the equa t ion  : 

~ k + ~  
(2.7) P(~)q(~) - -  k --  i~ '  

whateve r  is the behav iou r  of p .  The proof  is s t ra ighforward .  

Obvious ly  (2.7) impl ies  C ~  1, where  C is the cons tan t  of the es t imate  

(2.5) g iven by (2.6). Note  that  (2.7} is t rue  in the fo l lowing cases,  for  i n s t ance :  

or :  
p -~ ~ q --~ _~ ~ + 2ke-k( • ) y  

p ~ ~ ~ q- 2kek( ")(1 - -  Y) q ~ ~, 

u(O - ,  y) = u(o + ,  y), u 4 o  - - ,  y) + u~O + ,  y ) =  2k 

while in the second case  the (2.4) b e c o m e :  

u~{0 - - ,  y) -~- u~I0 --k, Y), u(0 - - ,  y) "4- u(0 d-, Y) ~--- 2k 

where  Y is the H e a v i s i d e  funct ion.  I t  is easy  to see that  in the f irs t  case 

the condi t ions  {2.4} are  equ iva len t  to the fol lowing:  

f egy-Ou~(O--, t)dt 

y 

-3C~ 

f ek(y_Ou(O_ ' tldt; 

y 

compare  with (1.9) and (1.14}. 

(iii) I t  is of some interes t ,  e.g. in v iew of more  genera l  equa t ions  l ike 

{i.15), to es t imate  the smal les t  abso lu te  cons tan t  C a p p e a r i n g  in (2.2). W e  can 

prove  that such  a cons tan t  is s t r ic t ly  g rea te r  than 1. More p rec i se ly  we have  

the fo l lowing resu l t :  

Let C be a positive constant such that: 

i2.~o) 
! f f ( I u Y l 2 - ~ I u ~ [ 2 ) d x d y ~ C  ( f 

R~ "JR~ 

f o r  every u e Co (R ) ; 

[ sgn (x)uy --  ux~ + ku]2dxdy  
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then: 

(2.11~ 

R e  f f s g n  ( x ) u y ~ d x d y  

R e 

f f luy[2dxdy f f lu~t2dxdyl{- 
Re R2 

for every u e Co(R2). 

Conversely, {2.11) implies (2.10). 

Note that, if Ira  C~(R2): 

Re 

-~oo 

Proof  that (2.10} ~ (2.I1). - Integrat ions by parts and obvious arguments  

of dimensional analysis  show that (2.10) is equivalent  to: 

(2.12) 
Re 

f r  ; ;  - -[- C (2ks2lux [2 _+. k2 [u]:)dxdy -- 2Cs2tRe sgn (,x)usu~xdxdy ~ O, 

where s and t are arbi t rary  real parameters  and s ~ 0. Sett ing t----> + ~ we 

obtain at first C - - 1  ~ 0 .  Hence  minimizing with respect  to t we obtain:  

R~ 

+,kcs2 f f lu~12dxdy-t-k 2C f f [ul:dxdy] • 
R ~ R:~ 

From (2.13) we obtain (2.11) setting s - - > +  c~. 



C. D. PAGANI - O. TALENTI: On a forward-backward parabolic equation. 15 

Proof  that (2 .11)~  (2.10}. - Integrat ing by parts  and neglecting some non 

negative terms we see that: 

for every u e  C~(R2). Coupling (2.14} with {2.11) and the inequali ty a2÷b  2 -  
1 2 2 ( 1 - - 1 ) a b ~ ( a  ÷b2). we get (2.10). 

PROOF OF THEORE~'I 2.2. - Let f be any function in L2(R2). 

We shall call g the FOUmER transform of f with respect  to the y -var iab le ;  

g can be defined by the equation g ~--limit in L2(R 2) of g,,  where 

..(x, f e-~y~fdx, y)dy 

and f. is any sequence  of infinitely differentiable compactly supported 

functions converging to f in L2(R2). From Parseva l ' s  formula and Fub in i ' s  

theorem we have: 

1 

R'2 R:~ 

Suppose that u is a W(G)-solution of {2.1)-(2.4). It  is easy to see that v, 
the FOVRIEn transform of u with respect  to the y-var iable ,  has the following 

propert ies  : 

(2.20) 

t I v l 2dxd~ and li~v [2 dxd~ are f inite;  f f  f f  
R~ R~ 

(2~ o) 
V belongs to the NIKOL ~sKII space W(2,2)(G), that is the function 

(0 ~=~, ~)-.->v(x, ~) has square integrable generalized derivatives 

up to the second order with respect  to the x -var iab le ;  

--vxx(x, ~) ÷ (k ÷ it sgn (x))v(x, ~)-----g(x, ~); 

v(O--, ~ =p(~)v(O +, ~ and v x(O--, ~)= q(~)v~(O ÷, ~). 
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In the last equat ions v ( 0 - ,  ~) e~c. denote traces, as usually.  

Moreover : 

(2.2~) 
.J 

1 

-- ff 
R~ 

(luz 2 + lu~12 + 2klu.]2 + k2]ul2}dwdy. 

Conversely if a funct ion  v has the proper t ies  (2.20) then the inverse 

FovRInn t ransform (with respect  to the ~-variable) u of v is a W(G)-solution 

of (2.t)-(2.4), and the equat ion {2.21) holds. 

We shall prove that, under  the hypothesis (2.3), the problem {2.20) has a 

uniquo solut ion v and this solut ion verif ies:  

(2.22) ( f (t 
R ~ 

~ C f J" [g[2dxd~ 
R~ 

where C is the constant  (2.6). 

In  fact, e lementary  calculat ions show that if a solution v of (2.20) exixts 

then the following representa t ion  holds:  

(2.23} exp [ -  x(k + iiV!v~(O+,~) + f exp [--j~ -- t J(k + i~}~] g(] t t, ~)dt 
(k + i~)~ " _~ 2(k + i~)~ 

if a ~ > 0  

exp Ix(k-- i~)~] v~(0 ~-, ~) + f exp [-- {x -- ! I(k-- i)~I g (_  I t i, ~)dt 

{k -- i¢)~ _~ 2(k - -  i~){ 

if x ~ 0  

and v.~(0 ÷ ,  {}, v.{0-- ,  y) are given by: 

(2.24) 
i v y ( O + ,  ~) = 

(k 2 + 

! v~(O--, ~) ---- ~(~)v~tO +,  ~) 
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where  : 

' / : , /  exp [-- tlk "4- i{~] exp [t(k-- {t7 
g(t, ~.)dt. 

We point  out that  in this paper  (k " -4-s{)2 is defined as that branch of 

the square  root of k + i ~  with positive real  part.  Therefore :  

Reik.4-i~)~ ~-- ~ ( k  2 +~2)~ 1 -~ k(k 2 "4- {2)-~ {, 

• i 1 2 Re(k + ~)~ ~ ~ (k ~ + { )~ . 

Actual ly  (2.23)-(,.4) is a solut ion of (2.20). This  fact  can be easily veri- 

fied with a s t ra ightforward inspection,  us ing the Young  inequal i ty  on convo- 

lut ions and the es t imate :  

l , 2 ~ 
{vx(O+ ~){ A 

(2.26) (k2 + ~2),j~ <--~ lg(t, ~){2dt, 
I v~(O - ,  {)12 _ .  

where A is the constant  given by (2.31. 

To obtain (2.26) we apply the hypothesis  (2.3) and the equat ions (2.24), 

hence we est imate h(~} with the SOHAWAamz inequal i ty  as follows: 

[ h(il{ 2 ~< V~(k2 + ~21~/4 {g(t, ~){2dt. 

With an analogous procedure  we may f ind:  

(2.28) (k2.+ ~27/~ 
l lv(O + ,  {~12 f ~  

f 2  A ]g(t, {)[2dt. 

1~(0 - ,  {)12 -~ 

Finally,  squar ing  both members  of the different ia l  equat ion --vx~-l- 

d - (k- [ - i~  sgn (0c))v----g and in tegra t ing  over G, we get:  

(2.29) ff f f  ({v~12 + 2klv~t2 d - (k2-4- {2)lv[2)dxdy--~ Igl=d~cd{ + 

Annal i  di Matemat i ca  3 
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hence (2.22) follows, in virtue of the condi t ions:  v ( 0 - - ,  ~ ) = p ( ~ ) v ( 0 + ,  ~), 

v~(0- - ,  ~ ) =  q(~)v~(0 + ,  ~) and the es t imate  (2.26)-(2.28). In  the der ivat ion of 

(2.29) we have used the ru le :  

i • J ,0 d 

The proof is complete.  

3. - A discussion of  an integral equation of  the the Wiener -Hopf  type. 

3.1. - In  this section we consider  an integral  equat ion  of the form:  

÷¢o 

i3.1) -f K (x -- y)~(!l)dy = f (x) (0 < x < + oo). 
0 

Here  K and f are given, ¢~ is the u n k n o w n ;  we exphasize that  the equa- 

t ion holds  only in the hal f - l ine  0 < x < + c~.  

The following hypothesis  are made on the kernel  K .  K is an absolutely 

in tegrable  complex valued funct ion;  the FovRI~R t ransform of K can be fac- 

torized according to the formula :  

(3.2) K(~) ~---K+(~). K_(~) for every real  ~, 

where the funct ions  K+ and K_ have these proper t ies :  

(i) ~ = ~ + i~ --> K+(~t is holomorphic  in the upper  ha l f -p lane  Im~ > 0 
and cont inuous  in the closed ha l f -p lane  Im~ ~ 0, ~ ~ ~ + i~--> K_(~) is holo- 

morphio in the lower ha l f -p lane  Im~ < 0  and cont inuous  in Im~<=O; tii) 

some real constants  p and q exist  such that :  

(3.3) 
I O ~  C÷= const. __< (1 + {~{2)~{K+(~){ ~ constant  

for every ~ in Im~ ~ 0  

(3.4) 
I 0 < C_ = const. ~< (1 + {~{2)~{K_(~}! _< constant  

for every ~ in Im~ _< 0. 

Clearly, the numbers  p and q are restr icted by p + q > 0, since R" is 

bounded  and tends to zero at the infinity. 
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The r igh t -hand  side f and the unknown ~o we take in considerat ion be- 

long to SOBOLEV spaces H ' ( - - o o ,  + co); they are also allowed to be distribu- 

tions belonging to spaces H ' ( - -  oo, + c~) with negative indexes.  In  the lat ter  

ease the precise mean ing  of the equat ion (3 1) is the following: spt ~, the 

suppor t  of ~0, is conta ined in [0, + co[ and the suppor t  of K ,  ~ o -  f is con. 

ta ined in ] - - o o ,  0]. 

T~E0nn~ 3.1. - Let the aforesaid hypotheses on K be fulfilled; moreover 
1 

let us suppose that f e H~(~ ¢<~, -b c~) with s ~ p ~ ~ . 

Then a solution ¢~ of {3.1} such that: 

t3.5) ~ e H ' - ' ( - - o o ,  +oct) ( r = p  + q) 

(3.6} spt ~ C [0, -}- oc[ 

exists .provided that one of  the following conditions holds: 

1 1 
(i) p - - 2 < s < p + ~ ;  

1 (ii) a positive integer n exists such that n + p --3 ~ s ~ n + p + } , and:  

~3.7) g(~)[0)=0 ( k = 0 ,  1, ..., n - - l ) ;  

l 
(iii) s - - - - p + 2 ,  and: 

(3.8) 
dx 

Ig(x)t~ < + ~ f o r  s o m e  , > 0 ;  

0 

1 
(iv) s----p + ~ + n (where n is a positive integer), the equations (3.7) 

are verified, and: 

i 2 dx (3.9) !g(~l(x) ~- < -[- c~ for some ~ ,> 0 .  
,) 

0 

Here g is the distribution defined by: 

(3.10) 
g--  K+ 

The solution we shall find verifies the following estimates. 
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. 

I f  s -- p - -  ~ ~s not an integer, and either of the conditions (i)-(ii) holds : 

(3.11) l] ~ll- '-~(--,+-) --< 

C 
< - -  inf t t f -  u l I . ' ( - - ,+ - ) ,  
- -  C+  C _  ~ c o  ( l - - ,  OD 

where r----p + q ,  C is a constant depending on s only, C+ and C_ are deft. 

1 .  
ned by (3.3)-(3.4). I f  s - - p  - -  ~ ~s an integer n ,  and either of the conditions 

(iii)-(iv) holds: 

iI -< 

_ c I 1 iuf [ ] f - - u l t . , ( _ . + o ) +  

0 

where C is an absolute constant. 

RE, imps .  - (i) The  dis t r ibut ion g belongs to Hs-~( - co,  + oo). 

This fact follows immedia te ly  from (3.10) and (3.3). With regard  to the 

condi t ions  (3.7) and (3.9), it should be r emembered  that  a distribution,-belou- 
1 ging to H ' ( - -  o~, --}- oo), where  t > ~ + m and m ~--- a nonnegat ive  integer,  is 

a m -  fold cont inuously  different iable  function.  In  accordance with LIOi~S- 

3IiGEI~ES [6], the condit ion (iv), coupled with:  g eH~-~( - -oo ,  + o  o), means  

that  the res t r ic t ion of g to [0, + oo[ belongs to H~0+~( 0, + oo). 

(it) I f  spt f ~ ] - - ~ ,  0], then also spt g ~ ] - - c ~ ,  0]. 

This means  that the res t r ic t ion of g to the half-axis  ]0, --[-c~[ is un ique ly  

de te rmined  by the res t r ic t ion of f to ]0, + co[. 

Thus the condit ions (3.7)-(3.9), and the integral  at the right of (3.12), do 

not depend  on the r is t r ic t ion of f to ] - - o c ,  0]. 

The prof  is quite simple.  

Let  us suppose that spt f_C_ ] - - c ~ ,  0] and consider  < g i n  > with a 

ueC~'(]0 , -{-c~]) .  Here  ~ g i u >  is the value of the dis t r ibut ion g at u ,  
+~ 
[ g(x,)u(x)dx if g is a square  integrable funct ion.  
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i f  We have :  ~ g I u ~  ~--2--/~ g(~)u(~)d~, hence from (3.10} we get ~igluS> 

--~ < f l u  > where v is given by: v(~) u(~) 

Clearly v ~ tI~( - ~ ,  ~ ~x~) for every t, in consequence of (3.3). 

We observe that the function ~ ~ ~ ~ i~ --> 1/K+(~ - -  i~) is holomorphic 

in the lower hal f -p lane  Im~ ~ 0 ,  continuous in Im{ <_ O, and does not in. 

creases faster  than a polynomial as 1~1-->'J-c'-~. On the other hand, the 

F o v ~ E a  transform u is an entire holomorphic function of ~ = ~ -{- i~, gro- 

wing less than:  (1-{-l~I) -k exp (b~+ - a~-),  where k is arbi t rary  and [a, b] is 

any interval containing spt u~ As usually:  2~+ ----- 1 ~ I -{- ~, 2~-  ~ l ~ 1 - -  ~.  

Therefore  v can be continued with a function of ~ ~ ~ + i~, holomorphic in 

Im~ < 0 and continuous in Imp_< 0, est imated by (1-~- I~l) -k exp ( - - a l l m ~ l  1 
with an a rb i t r a ry  k. 

From a theorem of PALEY-WIENna, it follows; spt v ~ [a, ~ ~ [ .  
Then < f l v ~ - - ~ O ,  hence ~ g [ u ~ - ~ O .  

(iii) The term: 

(3.13) inf /If-- ul[-~(-~, +~) 
~ c  o (1-~, OD 

appear ing in the estimates (3A1)-(3.12~, is the distance of f from the closed 

subspace l u~H~(--  c~, ~ c~): spt u C_ ] _  c,o, 0]!. Thus (3.13 t does not depends 
on the restriction of f to 0]. 

For it is easy to see that i u ~ H ~ { - - ~ ,  - ~ ) :  spt u ~ ] - - ~ ,  0]} is the 

closure in rP(--  c~, + c~) of C:(]-- ~ ,  0 D. 

(iv) The condition s ~ p - - ~  and the conditions (ii) ... (iv), appearing 

in the statement of t he  theorem 3.1, guarantee  that the distribution (g. Y), 

where g is defined by (3.10) and Y is the t teaviside function, belongs to 

H~-p4--cx~, ~ co). See the previous remark  (i), the remark  after  lemma 3.7, 

and the lemma 3.11. 

We point out that if tg" Y) does not belongs to H~-p( - c , o ,  -{-~)  then 

the equation (3.1) may not have a solution ~ such that:  spt ~___ [0, -[-c~[ 

and ~ e H~-~(~ c~, -{- ~ ) .  

Let  us consider for example the equat ion:  

t3.14) f ek(~-Y)~fy)dy = f(•) (0 ~ x < -b ~) ,  
x 
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where k is a positive constant  and f is in some space H'{--c,o, +c,c). Here  

the kernel  K i s  given by:  K(x  l - - e  k~ if ~ < 0 ,  K ( x ) = O  if x > 0 ;  we can 

readily see that g = f ' - - k f ,  where  the derivat ive is taken in the sense of 

the distributions.  

Let  us suppose that (3.15)has a solution ~ such that: q~H~-l(--cx~, + ~ )  

and spt ~ c [0, -4-00[. By definition, we have: <¢p[e-k( ' )Y) .  u >  = < f l u >  

for every u e Co(]0, 4- c~[). 

It follows < T [ v > - - ~ < - - / ' 4 - k f [ v >  for every v e C o ( ] 0 , 4 - e ¢ [ ) ,  as we 

can see taking u = v '4 -  k v in the previous equation. 

Hence  the restr ict ion of - - g = - - f ' + k f  to C~(]0, 4- ~ [ )  can be extended 

with a distr ibution belonging to H ' -~(- -  c~, + c o )  and supported by [0, 4-eo[. 

3.2 EX.(MPLE. - W e  sketch now some considerations about  a mixed pro. 

blem for the HEL~OL~Z equation, wieh can be solved with the aid of the 

theorem 3.1. 

Let a e H3/2( - ~ ,  4 -  c~:)) and b e Hi/2( - ¢:x2, 4 -  c~)  be two given functions. 

Assertion: a solution u of the problem 

(3.16) 

u~ A- uy~, - -  k2u = 0 

u(x, 0 + )  = a(x) if 0 < x < 4- 

uy(~, 0 4-) = b(x) if - - c ~ < x < O  

u e W ~,~ (l~+) 

exists i f  and only i f  the following equation holds: 

f e_k~ f ekx 
0 - - v o  

Here  k is a positive constant, Wz.:(R2+) indicates the space of all L2(R~_) 

- - f u n c t i o n s  with second derivatives in L2(R2+). 

Proof of the <<if~. - Let  q~ be a solution of the following problem: 

(3.19) 

e t~1/~( - ~ ,  + ~ ) ,  spt v _c [o, 4- ~ [ ,  

~Ctsa 

f K(x - -  y)c~{y)dy = f(x) if 0 < x < -4- ~ ;  

0 



C. D. PAGANI - G. TALENTI: On a ]orward-backward parabolic equation. 23 

where  : 
-JCvo 

f(x) = - a(x) -- f K (x - -  y)b(y)dy, 

2 i 
= (k + i 

Incidental ly ,  

kind,  or : 

K can be expressed with a BESSEL funct ion  of the third 

J c ~  

K ( x ) = ~ - ~  f exp (-- k2t -- 4t ] t . 
0 

It  is not hardy to see that the func t ion :  

u(x, y) - -  1 f e~  exp [-- y(k 2 + ~2}~] [b(~) + ~(~}]d~ 

is a solution of (3.16}. 

Claim: in consequence 

( - - ~  <~c < + o ~ ,  y > 0 )  

of the theorem 3.1, a solut ion of 

3 1 
provided that  (3. i8} holds.  In  fact here  is s-----~, p ~ ,  

(3.19) exists 

+~ 

f ekO-~) b ( t ) d t -  ( e~(~-O 
g(x) = [~:(~ -- 0]{ ~ [~(t - -  x)]~ 

[aft) - -  ka(t)]dt. 

Therefore  (3.18) means  exact ly g ( 0 ) =  0. 

Proof of the (~only if)). - Let u be a solut ion of t3.16! and consider  the 

traces T =ux( . ,  0 +) and ~ = u(.,  0 +) .  

F rom w e l l - k n o w n  theorems on SOBOT,EV spaces we know that  

¢~eH{ ( - - ~ o ,  + ~ )  and ~eH3]2(--c<), + c ~ ) .  I t  is easy to see the formula :  

1 / exp [-- y(k 2 + ~2~{] ~(~)d~ 
1 

Hence  we have:  
(--cx~ < x  ~ + c~ ,  y ) 0 ) .  

+ ( x ) = - -  - -  

-3C~ 

f 2 1~ 1 d~(k 2 + ~ )-~9(~)d~, 
2~ 
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or : 

2 ~ +(~t = - ( k ~ +  ! )-~(~). 

R e w r i t e  this f o r m u l a  in  the f o r m :  

u 

tk - i l )  { (k + i~t-~ 

and  i n t eg ra t e  over  - - o o  < ~ <  + c ~  both me mb e r s  of the  last  

W e  f ind : 
-{-co 0 

x - ~  e-k~[+, '(x) - -  k+(x)]dx = I xi-~ek~(x)dx 
, )  

equat ion .  

t ha t  is, the  (3.18). 

3.3. - F o r  the p roof  of t h e o r e m  3.1 we need  some l e m m a s  on Cauchy  

in t eg ra l s :  

1 f g(t) dt ( ~ = ~ + i ~ ,  ~ # : 0 )  (3.2.5) ¢t~)  - 2~i  t - 

where  the dens i ty  is the FouRIEI~ t r ans fo rm of a d i s t r ibu t ion  g e H s ( - - o o ,  

1 
+ oo). Clear ly  we shal l  a s sume  s ) - -  ~ ,  for  o the rwise  the i n t eg ra l  (3.25) woudl  

be d ivergen t .  

L ~ z ~  3.2. - Suppose that g ~ Hs( - cx~, + oo) and that either of the fol. 
1 1 

lowing conditions holds : (i) - -  ~ < s ~ ~ ; (it) a posilive integer n exists such 

1 1 
such that n --~, < s < n -{- 2 and  g(k) (0)=0  ( k = 0 ,  1, . . . ,  n - -  1). Then there 

exists a constant C, depending only on s,  such that: 

(3.26} t(I)(~)i <- CtJgjj. '(--,+-)jlm~l-'/~( 1 + J ~ l ) - '  

Here • is given by (3.25). It  can be proved that an absolute constant C 

exists such that: 

(3.27) 
(1 + ln+j ~ j'):'# 

4 ¢I~)l - CII e II.n+ ,/,(-oo, +~o)j ~ i1~,(i +1 ~I) "+'n 

(Im~ ~ O) 
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provided that g e H ~+~]2(- oo, + oo) and either (iii) n = O, or (iv) n is a posi- 

tive integer and g(k)(O) -~ 0 (k ----- O, 1, ..., n ~ 1). 

Here ln+ denotes the positive part of the logarithm. 

LEM~A 3.3. - Let g e H'( - oo, 4-o~) and suppose that either of the con. 

dilions (i), (ii) of the previous lemma holds. 

Then there exists a constant C, depending only on s, such that: 

+¢. 
/ *  

(3.~S) 

moreover ~-->~(~ 4- i~), the restriction of  0 to a straight line I'm~ =-constant ~: O, 

converges in mean i f  0 ~ ~ --> 0 or 0 ~ ~ .-> O. More precisely, there exist two 

measurable complex valued functions ] - -  oo, 4- oo[ ~ ~ .--> 0+(~) and ] -- ~ ,  

4- c~[ ~ ~--> (p_(~), the upper and the lower trace of  (p on the real axis, which 

have the following properties: 

(i) f (1 + ~2)~l(I)+(~)12d ~ < C inf  []g--u[l'~,~(_~,+~) 
_ ~  ue c(~'(]o, + ~ [ )  

-{.-~ 

(t 4- ~2)~ I q)_(~ii~d~ <__ C in 
_ ~  ~e  C ~ ( l - - ~ ,  OD 

where C is the same constant as in (3.28); 

(ii) f [l + ~z)~ 10(~ 4. i ' ~ ) -  (p+_(~)i2d~-->O according as 

- - w  

0 < ~--->0 or  O )  ~ - ->0 .  

We have the equation: 

(3.29) O + -  Cp ~ g .  

L ~ A  3.4. - Let g e Hn+{(-- ~ ,  + ~ ) ;  suppose that: 

( I g ( " ) ( x )  I s d x  < + ~  

and that either: (i) n ~ O  or (ii) n is a positive integer and ga)(O)_~O 

(k = O, . . . ,  n - -  t ) .  

Annali di Matematica 4 
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Then there exists an absolute constant C such that: 

(3.30) 

+= 

--< C (  llg'l~H'+lt2(-~' +c~) -~ f ig(')(x)12d~)~x~ (~ :~0);  

moreover the limits ~+ ~ 1.i.m. O(. + i~) and O _ - ~  1.i.m. 
0 <'~--> 0 0 >'~ .-.> 0 

in L2( - ~ .  + c~; (1 -F- ~)n+~d~). 

c~ (. + i~) exist 

We have the estimates: 

(3.31) 

(3.32) 

- - v a  

0 

i . f  []g - u [ i2 .o+' / : (_~ ,  + ~ )  + 

u~c~ (]o, +~ D 

i n f  Ilg - u II~+~/~c_oo,  + ~ )  + 

e c o ( ] -  ~ ,  0D 

+ 

21-oo 

0 

where C is the same constant as in (3.30). 

The equation holds: 

(3.33) (I) + - -  O_ = g .  

R~M~_RK.- For  the appl ica t ion  of the l e m m a  3.4 to the proof  of the 

theorem 3.1 it is usefu l  to bear  in mind  the fol lowing fact.  I f  a func t ion  g 

j- 
is in ]iP+~(-- ~ ,  -F c~), g(~)(0} = 0 (k = 0, ... n - -  1) and Ig(n)(x)] 2d--~-zc 

X 
0 

f ~ d x  < - - F ~ ,  then  lg(=)(x)l ~-~ < --F-c<~. 

_ _ o o  

This proper ty  will resul t  c lear  a f te r  the read ing  of the l emma  3.11 and  

its proof. 
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Proof of the theorem 3.1. - Consider  the Cauchy in tegra l :  

1 f g(tt dt (I'm~ :4: 0). (3.34) O(~) - -  2rd t - -  

where  9 is def ined  in (3.10). Le t  us def ine  two d i s t ibu t ions  ~ and + with the 

fo rmulas  : 

(3.35) ¢~ ----- ~__ (I)_, ~ = K+(I)+. 

H e r e  K +  and K _  come f rom (3.2), 69+ and ¢9_ are the t races  of (3.34) 

on the real  axis.  

F r o m  the inequa l i t i e s  (3.3)-(3.4), the hypotheses  of the t heo rem 3.1, the 

r emark  (i} and the l e m m a s  3.3-3.4, we get:  

( ~eH'-'(--~, +~) 
(3.36) (r = p + q). 

+eH'(--~, +~) 

5Tote that  ~ ver i f ies  the es t imate  (3.11) or (3.12). In  fact  we can  app ly  

the def in i t ion  (3.35), the inequa l i ty  (3.4) and the e s t ima tes  of the l e m m a s  

3.3-3.4. Moreover  we have :  

(3.37) inf fig - vll~,-~(-~, +~) -< 

.~ co (1- ~. 0[) 

1 
_< ~++ inf 

, .eCo( l -~,  0D 
IIf--  ulr. ,(-=, +=) 

where  C+ is g iven by 13.3), f and g are re la ted  by (3.10). 

To prove  (3.37) we f ix any  u e  Co(]--cx~, 0[) and  s tar t  f rom the obvious  

inequa l i t y  : 

[ I f - -  u[]..(_~, + ~ ) ~  C + l l g  - -  w H.~-~(_~, +~) 

where  w is g iven by w = -  u/K+. Argu ing  as in the r e m a r k  (it) we see that 

w E H ' ( - - ~ ,  -{-~) and spt w is s t r ic t ly  con ta ined  in ] - -  c,c, 0[. S ince  such 

a w can be a p p r o x i m a t e d  closely as p lease  in the met r i c  of H ' - P ( - - c ~ ,  ~ c ~ )  

with C~( ] - - c~ ,  0[)-funct ions,  we have :  

llg --  WHHs-P(-~. +~) ---~ inf  

~Co(l-~,  0]) 

Thus  (3.37) foUows. 

Ila - v l l . , - ~ ( - ~ ,  + ~ ) .  
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From (3.35) and the P~EMELJ formulas (3.29) or (3.33) we get, remembe.  

ring (3.2) : 

(3.33) K • ~ - -  f---- ~. 

I t  remains to show that :  

(3.39) spt ~ _ [o, + ~ [  spt + _ ] -  ~ ,  o]. 

We shall prove the first inclusion, the proof of the second being quite 

similar. Let  us fix any u E  Co(]- -c~,  0 D and consider ~ ~ l u  ~ ,  the value 

of distibution ~ at u.  If s - - r ~ O  we have ~ l u ~ -  f ~(x)u(x)d$; in 

any case : 

if  
Hence,  remember ing (3.35): 

1 f u(~) (3.401 < ~ i u  > = ~ (I)_(~) d~. 
K_(~) 

As is well-known, the Fov:ai~R transform of an indefinitely differentiable 

compactly supported function u is an entire holomorphic function such that:  

exp [-- a(Im~)- + b(Im~j+] ~+(~ 
<-- 1 + t ~ ]  k a (In[ + [u (k ) ] )dx  

where k is any nonnegative integer  and In, b] is any interval  containing spt u. 

Therefore,  from the hypotheses on K_  made at the beginning, the funct ion:  

(3.41) ~ = ~ + i~ ~ u(~) = u(~ - -  i~) 
K_(~ + i~i 

is holomorphic in the hal f -plane Im~ < 0, continuous im Im~ <_ O, and veri- 

fies the estimate U(~) = 0(l~l-~+qe -bI'z) for k = 0, 1, 2, ..., Im~ ~ 0 and 

!~l-->-~" c~.  Here  u is the same function appear ing in (3.40); since the sup- 

port of such a u is contained in ] - - ~ ,  0[, we have actually:  

(3.42) U(~) ---- 0(]~ 1 -~+q) (k = 0, 1, .... ; Im~ _< 0, I~[ "-> -[- ~ ) "  
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With an applicat ion of the Cauehy integral theorem we obtain:  

(3.34) f ¢(¢ + i~ )u ( i  + i~)di = 

arcsen I/R) 
= ¢(Re ~°) U(R#°)Re ~° idO, 

--r~-I- arcsen (.~[R) 

where R is any positive constant  and 0 > ~ > -  R .  

Using (ii) of lemma 3.3, or the lemma 3.4, it is a simple matter  to show 

that : 

(3.44) lim ~9(~ + i'~)U(~ + i~)d~ = 
0~,-,~.->0 

f ~ u(~) d~. 
= 0 _  (~) ~_(~) 

- - R  

From (3.40)-(3.43)-(3.44) we infer:  

0 

1 lim f (3.45) < ~ l u > = ~ ~-~+~ • (R# °) U(Re~°)Re ~°idO. 

But f U(R#°j[<_(const .)R -k for every k > 0  and 0 ~ 0 ~ - - u ,  in conse- 

quence of (3.42); moreover:  

]O(Re~O)] ~ (constant) ]sen ° [-~/2R-~+P-1/2(1 + In+R) m 

in virtue of lemma 3.2. Thus  the r ight-hand side of (3.45) vanishes, so 

~ I u )  = 0 .  For  the arbi t raryness  of u ,  we conclude spt ¢p~ [0, @oK)[. 

The proof is complete. 

3.4. P r o o f  of  the  lemma 3.2. - Let  g be in H ' ( - - c ~ ,  -}- co) and consider 

the integral (3.25). 

From the S•WARTZ inequal i ty  we get:  

(3.47) i 
t 

f 
..................... a t  ]~ 

(1 + t2)~It - ~t ~ " 
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1 1 
We estimate the right-hand side of (3.47) at first in the e a s e - - ~  < s < ~ .  

For convenience we shall write: 

---~ ~ A- i~ (~ ~ 0) or ~ = re~(r > O, 0 not integer). 

1 
Suppose that 0 _< s < ~ .  Then we fix k, 0 < k < 1, and write: 

(3.48} 

- ~ - ~  - - k r  2i-:o 

dt 

_ o o  - - ~ o  k r  

+ 
o 

f 
~ k r  

~r 

(1 + t2}-~dt 20_t - f 

(t A" r) 2 -  4rt cos 2 o 

(1 + t2}-~dt 

(t - -  r) 2 -F 4rt sen2~ 

_<_ (1 + k~r~i -~ 
dt 

kr 

_ _ + 2  f (1-+- /2)--s 
(r - -  t) 2 dt ---- 

= (1 --}- ~2¢r2)--s ~--~ --1- 2 

kr 

1 t2 ~d 

o 

< ... + 2L[1 k2r2 ]~ 
- ~ - V ~ !  

kr 

dt 

f t2~(r - tV--  
O 

i (1 + k2r2) -~ [ sen Of 

k 
dt 

f t2"(1--t) ~] 
o 

1 (I 2 t- k2r2)  - s  
_ (constant) ( O < s < 2 ,  O < k < l ) .  

i 
Suppose that - - ~  < s < 0 .  Then we fix k >  1 and write: 

(3.491 

• -1- ~ 4"  kr  

- - k r  "4" 

_~. (t + r) 2 -  4rt  eos2~ 

(i -{- t2)-~dt 

kr I t - -  r) 2"4- 4rt sen2~ -- 
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_4_00 + o~ 

< ( 1 +  k2r2) -* i t _ ~ { : +  2 ( t _ r )2  d r =  
- - ~  kr 

1 1 
- - ( l + k r }  ~ + 2  f t2,( t 

kr 

1 )-~ 
< . . . -{-2 1 + ~ - ~  

-{-o0 

dt 

f t2 ' ( t - - r )~--  
kr 

-Jr- oo 

t 2 , ( t _  i )2  - 
k 

1 (1 +k2r2}-s(  1 ) < (constant) i-~ - -  ~ < s _< O, k > 1 . 

l 1 
From (3.47)-(3.48)-(3.49) the t3.26) follows, at least if - -~  < s < 3 "  

1 
We estimate now the right-hand side of (3.47) in the case s - - 3 .  

With the aid of the change of variable t--> t -+-( t2+ 1)~, we find: 

(3.5o  j ~ dt = 

_ (1 + t ~ ) { I t  - ~l 2 

2 f dt 
= i ~ - n ~  Im t 2 - 2 ¢ t  - 1 

0 

= - I ~  Tm (1 + ~2}-:~ log ~V{ + i aretg ~nw]j 

(Im¢ 4= 0}, 

2 t 2 4 where w = ~ + ( l + ~ ,  and ( 1 + ~ ) ~  is the square root of 1-{-~2 with po- 
sitive real part. 

From {3.47} and (3.50} we obtain the (3.27), at least if n = 0. 

1 1 
Thus we have proved (3.26) in the case - - ~ < s  < 2  and (3.27) in the 

case n = 0. To conclude the proof we can apply the following lemma. 
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1 
c~ ~ )  and > n -  L~M~A 3.5. - Suppose that g ~  H (-- , + s ~, where 

is a positive integer; moreover let g(k)(O) ~- 0 i f  k ~-- O, 1, ..., n -- 1. Then: 

when • is given by (3.25). 

P ~ o o F .  

- f (iti"ff(t)/2~zi(l- ~)dt = 

n - - 1  

= _  

2 ~  k=o 

o¢, 

(it) kg(t)dt ~- 

r i B 1  

= z 

k=O 

n 

3.5. - F o r  the proof  of l e m m a s  3.3 and  3.4 we need  some o the r  lemmas .  

LE~[~A 3.6. - Let u be any function in L2( - ~ ,  + c,c) and consider the 

Cauchy integral W(z )~  / u(t)dt/2r~i(t--z), where z - ~ x  + iy and y ~ O. The 

following properties hold: 

(i) ~(x  + iy) = -  (~c _ t)2 + y 2 ~ sgn (y)u(t) @ ~ (Hu)(t) dt 

for every y ~ 0, where H denotes Hilbert' s transform. ~ o t e  tha t  the r i g h t - h a n d  

side is the  Po i s son  in t eg ra l  of the f u n c t i o n  in sq u a re  b racke t s .  

(it) W(z) ---~ 

(iii) 

if  
0 

0 

1 

_ c o  

i f  Imz  > 0 

i f  Imz > 0 

f IW(x~+iy) 12dx<: f lu(t) l:dt for every y ~ O  
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-]-~ 

I 1 (iv) f ~Y (x + iy) -- ~ sgn {y)u(t) -]- ~ (Hu)(t~ dt--> O i f  
- - a o  

0 < y - - > O  or O> y-->O. 

RE~ARK. - AS is well-known, the HILBEa~ transformation is defined by: 

(3.51t (Ilu)(x) = lr~- f x - -  dr, 
- - ¢ ¢  

where the integral  is taken in the C~,vc~Y principal  value sense. 

Suppose that u is a locally square integrable function and 

- - k  + ¢ ~  

2 d x < + c ~  for every k > O  

and for some s > - - -  

the following : 

1 
Then the precise 

2"  
meaning of the equation (3.51) is 

(3.53) 

~(x)(Hu)(x) = l.i.m. ~(x)( 
O<r-~O f + j 

oa x - ~ r  

- -  d t  

for every bounded compactly supported function q~. 

where 1.i.m. stands for limit in L2( -cx~,  + ~ t .  We 

uEL2( - -o z ,  + ~ )  the following equations hold: 

(3.53) 
o<~-~o rqx --  t) dr, 

(3.54) 

+ca @~ 

recall  that if 

(3.55) (Hu)-(f~ = -  i sgn (f) '  ~(~). 

Annali di Matematica 5 



34 C.D.  PAGANI - G. TALENTI: On a Jorward-backward parabolic equation. 

Proof of the lemma 3.6. - The (i) is a consequence of the equations:  

1 _ y + .  . ~ - - t  

i { t - -  z ) - -  ( x - -  t) 2 + y2 ~ ( x - -  t) 2 + y2 

(x - -  tV  + y~ ~ (~ - -  t) ~ + 
y2 (Hu)(t)dt 

(y :# 0). 

The last equation follows the fact that, for every fixed y ~ 0 the func- 

tion x - - ->x /u (x2+ y2) is the HILt~aT transform of the Poisso~ kernel  

x...>[y[/u(x2 + y 2 ) ;  the symmetry  property of the ttILBER~ transformation:  

f (Hu)(x~)v(x)dx : ~ f u(x){Hv)(x,)dx 
_ o a  - - ~  

u, veL~( - -~ ,  + ~ )  
should also be used. 

The (it) is a consequence of the formulas:  

1 

i(t--z) 

+ 

f 
0 

0 

f 
F ~  

e-~i(~-~)d~ if Imz > 0 

e-~.(~-~)d~ if Imz < 0 

and the (<transfert theorems> on FOVRIER transforms. 

(iii} follows from (ii) and Perseval ' s  theorem. 

(iv) follows form (i) and well known properties of the PoissoN integral. 

L ~ A  3.7. - Let u be a measurable function such that: 

f (1 < -{-c~ for some real constant s. + ~2}s I ~(g¢) 12dx 

1 1 
Assertion: i f  - -  ~ < s < + ~ ,  the Hilbert transform Hu of u verifies the 

inequality: 

f .  p ,  

t. ,  
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where: 

(3.56) 

I 

C = 4  f l _ p l ~ j  1 - -  t 4 t-zi"idt" 

0 

R~aARK.-  Lemma 3.7. enables us to prove very easily the following 

1 1 
theorem on SOBOLEV spaces. I f - - 2  < S < + ~ ,  the mult ipl icat ion by the 

Heaviside function Y is a bounded operator in tP(--cx~, + ~ ) ,  whose norm 

C 
not exceedes 1 --]-~. Here  C is the constant indicated by the last fo rmula ;  

recall  that Y(x) ~ 1 if x > 0, Y(x) = 0 if x < 0. In  fact, let u e CT(--oc, --}- oc). 

1 u i ~ 1 ~ 1 ~  i 
In  consequence of (3.55) we have:  (u Y t ~  b, --  ~ Hu, for ~ sgn {x}= Y(x) ; 

then from MiXKOWS:~:~'s inequali ty and lemma 3.7 we get :  

+~ 

+~ 

1 1Li f (1_}.~2) ~ ] 

Proof of the lemma 3.7. - We have 

1 ( ( 1 +  t2)~12u(t)dt 
(1 + w~)~l~l(Hu)(x)  ] < ~: x - -  t + 

, ]  

1 ; (1 +x2} ~/2 -- (t + t2)~i z 
-~" ~: a x - -  I l u(t) t dt. 

The first term at the right is the HILBER~ transform of a square inte. 

grable function, so it can be est imated with the equation (3.54}. 

The second term can be est imated using the following lemmas. 

LE)~u.t 3.8. - Let s, t, x be real numbers. The following inequalities hold: 

(3.57) ] ( l + x ~ ) ~ / 2 - ( 1  +t2)42 t _< 1 - -  { , 

l (x - t) ~ t.~l t~) ~ .  (3.58) (1 + x2}'/2 _< Ix - -  t I + 1 + ~ (1 + 
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L E ~ r a  3.9. - Let u eL2( - c,c, -{-~:~), u nonnegalive~ and consider: 

~(~) = f 

- - -  X l s 

x - - t  

1 1 
where --  -2 < s < ~ .  The following inequality holds: 

f c2  r txtz x, 
--oo __oo 

where 0 is given by (3.56). 

Proof of the lemma 3.8. - The (3.5S) is a r e f inemen t  of PE~va~'s  inequa- 

l i ty,  which will  be usefu l  later.  Fo r  sake of brev i ty  we prove here  the (3.57) 

only.  Consider  the func t i on :  

(1 + a)(l~/2 
f (x )  = 1 - \ T ~ - - Z /  

where  a - ~  cons tan t  ~___ 0 and  the var iable  ~ runs  in 0_< ), < ~ - ~ .  

I t  is easy to see tha t  f(),) is monotone  increas ing  if s ~ 0  and  0 < a _ <  1 

or if s < 0  and  a ~ l ;  f(),) is monotone  decreas ing  if  s ~ 0  and a ~ l  or if 

s _ < 0  and  0 < a < _  1. 

As f{0)---~ 0 and f (+  ~ ) =  1 -  as/2, we have  then :  

[f(X) I ~ I1 - -  a']2 t for every ~ ~ 0 .  

P u t t i n g  in this  inequa l i ty  ), ~ t 2, a ~ x2/t 2 we obta in  (3.57). 

Proof of the lemma 3.9. - Le t  as cons ider  the ke rne l :  

x - - t  

With  some man ipu l a t i ons  one can see tha t :  

N(x, 1 ) ] x l - ~ d x =  f 2¢(l, t) l l l - ~ d t = C  
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where C is the constant (3.56). As N is positively homogeneous of degre 

- - 1 ,  it follows: 

f N(x, t) l x l-~ dx = C J t ]-~ (t :#: Ot 

f N(x, t)ll t-~dt~- CtxI-~ (x + 0). 

From SCEwArt~z inequality, and the previous formulas, we get: 

v(x)2<_ f N(x, t~[t l -~dt .  .f N(x, t)[tl-~u(t)2dt-~ 

-]-~ 

Hence : 

v(x)2 dx <__ C f It [~ u(t)Zd~ 
~ c s a  - - ~  

N(x, t) lx l -~a~  = 

C 2 f u(t)2dt" 
- -  o a  

This proof has been leaded from [13], theorem 3.19. 

L E ~  3.10. - Let P be a nonnegative integrable function such that: 

f J P(x)dx= 1, A --~ (1 -4- x:)lsl/: P(x)dx < + c,o; 

where s is some real constant. Consider the convolution: 
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where r is a positive parameter and u is a measurable function such that: 

77~e following properties are true: 

(ii) / ( l÷x2}' lvjx)--u(x)t2dx--->O if  O<r-->O. 

This lemma is a very slight variant of standard theorems on convolu- 

tions. The (i) follows immediately  from the PEETRE inequal i ty  (3.58) and from 

YOT:~G's theorem. The (ii} is trivial if P and u have compact supports, for 

in this ease also v~ has compact support. In  the other eases the (ii) can be 

easily proved by approximating P and u with compactly supported functions.  

Proof of the lemma 3.5. - Let g be in H ~ ( - - ~ ,  ÷ ~ )  and consider the 

CAveny integral  (3.25}. 

1 1 
Suppose at first - -  ~ < s < ~ .  

We can write:  
+~ 

1 I (I + t~j~/g(t)dt 
(i + ~,),/,+(~) - -  2=i .~ t - -  

+ 

l f (1 + ~,),/, - -  (1 + t,),/, ~(t)dt, 

then, applying (3.57) and the obvious inequali ty I t - - ~ I ~ I t - ~ l ,  we obtain: 

-3L~ 

AVe~ 

+ ~ / ~--t  Is (1 + t2/21~(t~]dt. 
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The first term at the right can be estimated with the (iii) of lemma 3.6, 

the second with the lemma 3.9. Then :  

f (1 ÷ ~2)~[¢(~ ÷ i~) ]2 d~ _< (1 ÷ C) 2 f (1 ÷ t2)~tg(t)l~dt 
- - ~  - - o o  

where C is given by (3.56). 

1 1 
The (3.28) is so proved, at least if - - ~ <  s < 2 .  

We define : 

q5+ 

(3.50) 

- - ~ g  

where H denotes ]:[ILBERT transform, compare with (3.52). 

Note that, taking into account the remark  after lemma 3.7, we have:  

(3.59)' O- ~ - - { g Y ) ~  ¢+ = ( g -  gY)~, 

where Y is the Heaviside function. 

Obviously ; 

q)+--  (I)_ ~ g .  

From (3.59)' we deduce:  

(3.60) 

i 1 i 

i for every u e  Cot]0, ÷ cx~[) 

1 i 
0 - = - - - : 2  (g - u t -  ÷ r 2 H(g - u ) -  

for every u ~ Co(]-- c~, 0 D. 

From (3.60) and lemma 3.7 we get: 

ti + ~)sl¢+(~)[2d~ _< 1 ÷ inf 

-~  ~co(lo, +~D 
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(3.61) 

~-oo 

f (c)2 inf 

~C~(l-~, 0l) 

Ilg - up.,(_. ,  +.) 

where C is the constant (3.56). 

Let  us admit for a moment the formula:  

+= 1 ¢+ (0 1 f I'~l dt 
(3.62) O(~ -t- ivl) = ~ _~ (~ - -  t) 2 -1- ~2 ! (I)_ (l) 

i f ~ > O  

if :q < 0. 

The from (3.61), (3.62) and the lemma 3.10 we get: 

f (1 + ~2t ~ ¢(~ + i,t) - 

¢ +  (!) 

(I,_(i) 

2 if 0 < ~--> 0 

d ~ O  

if 0 > ~ .---> 0.  

So the propert ies asser ted in the s tatement  of the lemma 3.3 are proved, 

1 1 
at least i f - -  ~ < s < + ~ .  

The formula {3.62) follows immediately from lemma 3.6 if s ~ 0 ,  that is 

1 1 
if g is square integrable.  In any ease, if - -  ~ < s < ~ the formula can be 

establ ished with the following argument.  Let  g~ be any sequance  of infinitely 

different iable compactly supported functions converging to g in H~( - ~ ,  ~ oc), 

and consider 

The lemma 3.6, or even the classical PLE~ELJ formulas,  gives to us:  

(3.63) 

+~ l(¢.)+(t) if ~ > o  
1 f I~1 dt 

¢ . ( I  + iV) ---- ;: - ~  (i _ t) 2 + ,~2 (¢ ~)_(t) if ~ < 0 

where (O~)__. are defined as it~ (3.59). In vir tue of lemma 3.2, O~(~} converges 

to (I)l~l for every fixed ~ with Im~ ~ O. 
Using the Sc~zwAR~z inequality,  it is easy to see that the r ight -hand side 

of (3.63) converges to the r ig th-hand side of (3.62) for every f ixed non real ~, 
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because:  

f (1 + ~),J ,I)+(f) - -  ((I,~)_+(~)J~ d~ _< 

_< 1 + l[g--g~[12,~(_~.+~)--->0 

in virtue of lemma 3.7. Then (3.63) implies (3.62). 

1 1 
Suppose now that n - - ~  < s < n + ~  and g(k)(O)=O (k---~O, ..., n ~ l ) ,  

where n is a positive integer. 

It is convenient to wr i te :  

1 ( (g--u)~(t)dt, 
(3.64) (I)(~) - -  2ui ~ t - -  

where u is any Co(- -c~ ,  + : ,c)-function whose support  is contained in 

] - - ~ ,  0[ or in ]0, + zx~[ according as Im~ < 0 or Im~ > 0. The (3.64) follows 

from : 

1 f u(t) 

a consequence of (ii), lemma 3.6. 

Consider the analytic funct ion:  

0 

f e -~- u(x)dx if Im~ > 0 

( _~ ;~e-~ u(x)dx 
I o 

if Im~ < 0, 

W(~) = (i~ - -  sgn (/:m~))~¢(~) (Im~ =4= 0}. 

From (3.64) and lemma 3.5 we infer :  

where :  

+~ l h+(t) if I,m~ > 0 

1 f 1 t dt 
~'(~)-- 2r~i -~  t - -  ~ h_if) if Im~ < O 

h+---~ d x - -  1 ( g - - u + ) ,  h_----- dxx + 1  - - u _ )  

and u+, u_ are arbi t rary functions belonging to Co~]O, +c~[}and Co{]--o%0 D 

respectively. 

Annati di Matematica 6 
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Clearly : 

Note that : 

= [[g - -  u~  [I..(-=, +=). 

1 1 
- - ~ < s - - n < + ~ .  

Applying to the function /F the arguments  developed before, we 

easily obtain the desired propert ies  of O.  

The proof is complete. 

c a n  

&6. - An easy proof of the lemma 3.4 is based on the following lemma. 

L~M~.~ 3.11. - Let  g e H ~ + ~ / 2 ( - - ~ ,  + c ~ )  and  suppose that  either of the 

/~ ,~ dx 
fol lowing conditions holds: (i) n = 0 and  Ig(x) t -~ < Jr oo for some e > 0; 

0 

( i ln  is a positive integer, ¢~)(0)=0 (k=0,  . . ,  n--1)  a~d ] i~(')(~)l~-~ 
0 

< + ~  for some ~ > 0. 

Assert ion:  (g Y)  e H~+I/2(-- oo , + oc) and  the estimate holds: 

(3.70) Ilg(Y)l)~,,+z/=(-~. +=) - 

[ 

_< C] inf  IIg ---- U 112Hn2C]]2(--~, ~-~) - ~  
l ,,e c~' (1-~,  OD 

0 

where C is an  absolute constant. / /ere Y is the Heaviside function.  

PRooF.  - Consider for istanee the case (it). Clearly {gY)e / / " ( - - c~ ,  + c<~), 

in vir tue of the conditions: g(O) . . . .  g(n-1)(O)----O. 

Using a representat ion of the H~/2 ~ norm involving the differential  

quotient,  we can verify that the conditions g(~)eH~t2( - ~o, + co) and 

f ig(n)(x)? d~ < + 
X 

0 

imply g(") • Y e H~/2( - oo , + c,o). 

For  more details see LIo~s-M~G~N~s [6], chapter  1, sections 1 1 . 2 -  11.3. 
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Proof of lemma 3.4. - Let  g be in H~+~( - cx:~, -F co) and consider the 

Cxvcrr~" integral  (3.25). We suppose that ei ther  of the conditions (i) and (ii) 

of the previous lemma holds. 

- -  1 ~  i Hg, ¢9+~ 1~  i Hg, where t i  denotes Let us def ine:  ( I ) _ ~  2 -  g - ~  ~ g ~  

the I=[IbBERT'S transform. Equivalent ly : 

(3.71) O- --~ - -  (gY)" O+ --~ (g - - g Y ) ~ ,  

1 1 
for ~ + 2 sgn ( x ) ~  Y(x). Here Y is the Heaviside function and the formula 

(3.55) should be used. 

From the lemma 3.11 we infer :  

more precisely 

f 
(3.72) 

~2~n ~ - !  (1-4- ~; ~lO-(~)12d~-< C inf 

~,eCo (1-~, 0D 

"4- C f Ig(~)(x)l~d--Xx 

O+(~) 12d~ _< C 2 n+~ ( 1 + ~ )  

0 

+cf 
where C is an absolute constant. 

Obviously : 

(3.73) 

inf 

~eCo(10, +~[) 

dx 

We show later that 

dt 

i 
(t + i~)-+~ 

(1 - i ~ ) - + {  

2 n 1 

/ 

+~ ~ (1 -I- it)n+{ (P_(t) 

- -  7: (~ _ t)2 + ~2 

- ~  ( t  - -  i t ) . + }  ~ + ( t )  

2 t 

~ - - ~ - i ~  and ~ < 0  

~--~ ~-[-i~ and ~ > 0  
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From (3.72), (3.73) and the obvious inequali ty ] l - - i t  sgn ( I m p ) ] ~  ld-(Re~) ~, 
we obtain for every S =4= 0: 

(3.74) 

via wel l -known properties of the PoIsso~ integral (compare with lemma 3.10); 

moreover: 

f I ( l + -  + i ~ ) - -  + (1 -..>0 

(3.75) if 0 > ~ .--> 0 

] ( 1 - - i ~ + ~ ) ' + ~ ( i + i ~ )  ( 1 - -  i) - +(i)~ , - - > 0  

if 0 < ~ ---> O. 

From (3.74) and (3.75) we can easily deduce:  

(3.76) f (1 -{-- ~2),+~ ~)(i + in) -- 
~+(~) 

12 if 0 > ~ - - > 0  

d ~ 0  
if 0 < ~/--> 0 

owing to the inequali ty:  

](1 ----+ i~-~-- ~ )~+~-  (1 ± i~)"+~ I 

___ (constant) (1 -+- i2)~('+~) I~ i (1 -}- I~ [)"-~ 

Thus the properties asserted in the statement of the lemma 3.4 are proved. 

We prove now the formula (3.73). For semplici~y we restrict ourselves to 

the case Im~ < 0. 

Let uk be a sequence of Co(]0, d-c~[) - - func t i ons  coverging to --(g]~)  

in H~+~(--c,o, d-c~). Such sequence exists, for (gY)eH~+~(--cx), "4-oz) in 

reason of lemma 3.11 and spt ( g Y ) ~  [0, -4-c,c[. 

As already remarked,  the FOUJ~IER transforms u~ are entire hoIomorphic 

functions such that: tu~(~)l _<_ (constant)([ d - l~ l )  -'~ for every integer m and 

every ~ in the lower half plane [tn~ <_ O. 

Then, as ~-->(I ~ ~) +~ is holomorphic in the half plane Im~ < 1, from 

the Cauehy integral theorem we get 

~3.77) (1 + i~)"+~uk(~) - -  f (1 +2ui(t~t~_2uk(t)~) dt (Im~ < 0). 
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In reason of (i), lemma 3.6, the right side of ¢3.77) equals the Poisso~ 

1 ~  i H v k ~ ( v k Y ) ~ ,  where vk is the function defined by:  integral  of if- 2 v~--  

vk(~) ---- (i + i~),+~/~u~(~). 
Applying a theorem of PiL~I~--W~Ei'TEa, we see that v~ is an infinitely 

differentiable fnnct ion whose support is strictly contained in ]0, q -co[ ,  so 

the right side of (3.77) is exact ly the POISSO~T integral  of v~. Thus (3.77) can 

be rewri t ten  in this form: 

• n + t  
(3.78) (1 + z~) ~u~(~) = 

1 I~ I + it)~+~u~\(t)dt 

(~ + i~ ---- ~, ~ < 0). 

Clearly uk(~)--> (I)(~) for every ~ such that Im~ <0 .  In  fact by (it), lemma 

3.6, we have : 

c~(~) = - -  I e-~:g(x)dx (Im~ < 0). 
d 
0 

hence:  
-~¢~ 

t u~(~) - -  ¢(~)[ -~ e . . . .  (uk(,) + g(x))dx <: 

0 

_< [2Im~ I-'/ '  {]u, + (gY)iI-(-= +=)->  0 (~m¢ < 0). 

On the other hand, in reason of the SchwARtz inequality, the right side 

of (3.78) couverges for every ~ and ~ 4=0 to the Poisso~ integral  of 

---> (i q- i~)~+~¢_(~), since • . . . .  ( gY) -and  uk tends to - g Y i n  H~+.~(-- cx~, q - a ) .  

Thus (3.78) implies (3.73) in the case [m~ < 0. The proof of (3.73) in the 

case Im~ > 0 is similar. 

The lemma 3.4 is completely proved. 
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4. - P r o o f  of  the  theorems  1.1 and 1.2. 

We look for solutions u represented  in this way: 

u(x, y) --~ 

(4.1) 

/ ( + exp 4 ( y -  t) k ( y -  

-'~ l/r: (Y _ ~ ~(t)dt -{- U(x, y) 

if x > 0  and y > 0 ;  

~exp 4it ~ y) k(t - -  y) ~(t)dt 

1/~ (t - -  y )  

if x < 0  and 9 > 0 .  

Here  ~ and ~ are functions,  to be determined,  such that :  

(4.2) [ ~oeH~/+(--c~, -[-c~) spt ~C_ [0, + ~ [ ,  

~p e Hl/ '(--  ~ ,  + ~ )  ; 

here U is given by (1.7), that  is:  

+~ ( ( x -  t) 2 
exp 4y 

U(x, y)=_~"  (47:y)-~ ky) h ( I t l ) d t  

(-- ~,o < x < + c~, y > 0 ) .  

As already remarked,  U is an inf ini tely different iable bounded  funct ion 

belonging to W(R2+), and verif ies:  Uy - -  Vx. ~ k U - ~  O, U(x, 0 3 )  ----- h(Ix]) 

( -  c~ < x < --[- ~ ) .  An easy inspect ion shows that  : 

(4 3) U.(O, y) -.~ 0 for every y > 0. 

:For the following assert ions one should to bear  in mind the theorems 

listed in the appendix.  

The  funct ion u is given by (4.1) verifies (1.1) and (1.8), namely :  

u e W(G+) 

sgn (x)u r - -  u,~ + ku ----- O . 

By the second condi t ion (4.2) we have u(x, 0-{-)----U(x, 0-Jr-) 

thus  the condit ion (1.3)----(1.9) holds t rue :  

if x > 0, 

u(x, O + ) ~  h(x) if x > 0 .  
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The following equations hold: 

(4.4) l 
u g ( O + ,  y ) = ~ ( y )  

u~(O--, y) = +(y) 

if y > 0  

the first being a consequence of (4.3). 

(4.5) 

l~Ioreover: 
Y 

u ( 0 + ,  y ) = - -  [ e- , ' , : (y- t )  

, / : , _ - - : : - ~ :  ~(t)dt q- U(O, y) 

if y > 0  

u(O - - ,  y ) =  

JF~ 

f ek(y--t) 
I /~ i  x - -  t I ~(t)dt 

Y 

We point out that a function u e W(G+) belongs actually to W(R~+) if 

and only if u (0- - ,  . ) = u : 0 + ,  .) and ux(0--, .)-----u~(0+, .). 

Thus, by (4.4) and (4.5), the function u given by (4.1) verifies one of the 

conditions: (1.2), (1.10), (1.11) if and only if the pair ¢p, ~ solves respectively 
the system: (4.6), (4.7), (4.8). 

(4.6) l 
~(y)---- ~p(y), 

Y j e_k(y_ t ) 

i 
_~ t / ~  ~(t)d~ + 

0 < y <  +c,o .  

, e~(y-- t )  

} / ~  +(t)dt-~ U (0, y), 

Y 

(4.7) 

~(y)---- ~(y), 

Y j e--k(y--t) 
- -  [~:(y _ t)]li~ ?(t)dt + 2k 

+ 

= - -  U(O, y ) + 2 k  

O < y < d - ~ .  

/ f ek(Y-Odt . 

+ ~  
" e k ( y _ _ t )  

• [re I Y - -  t [  ]~/2 ~p( t )d t  = 

Y 

. [  ek(Y-oU(O, t)dt, 

Y 

e--k( t - - )J  

[ ,~( t  - ;9] ,~ ~ ~ ( ~ ) d ) ,  
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(4.8) 

¢~(y) + ~(y) = 2k e k(z-o #(t)dt, 

Y 

f e-k(y-t) f ek(y--t) [~:(y _ t)]i/2 ~(t)dt  -{- ]~[2 qb(l)dt ~-- U (O, y), 

0 < y < + c ~ .  

As is easy to see by el iminating q~, a solution verifying (4.2) of each of 

the previous systems can be obtained in this way: ~ is a solution, such that 

(4.9) q0 e HlI4( --  oc, + oc), spt ~ c [0, + e<~[ 

of the integral  equation:  

/ (4.1 O) K (y - t),~(t)dt ~ f (y )  (0 < y < + ~ ) ;  

0 

the kernel  K, the r igh t -hand  side f the and ~b are given by the following 

tables respectively. 

In the tables we have indicated besides: the F o v ~ I ~  transform K of 

the kernel  and its faetorisation, the funct ion g and the parameters  appearing 

in the s ta tement  of theorem 3.1 (the exponents p ,  q connected with the fac- 

torisation of /~; the order s of the SOBOLnV space containing f;  the number  

s - - p ,  which determines  the compatibili ty conditions). 
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TABLE I 

connected with the system (4.6) and the problem (1.1)-(1.2)-(1.3) 

K(y) (=1 y I)-~/~ e-'°>t 

f(y) l(y) defined by (1.6) 

+(y) ~(y) for every y >  0 

2Re(k + i~)-~/2 

K+(!) 

K_(~) 

defined by (20)-(21) 

P 

3 

-4 

1 

-4 

1 
q 

1 
8 ~ p  
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TABLE I I I  

connected with the system (4.7) and the problem (1.1)-(1.8)-(1.9)-0.10) 

K(y) --(rclyt)-~/2e-klyt san (y)+ 

+ 2k f e_kly_,iy(_ y + t)(ut)-~/2e-k'dt 
0 

f(Y) - -  l(y) + 2k f e~(Y-Ol(t)dt, 1 defined by (1.6) 

Y 

~(y) ~(y) for every y > 0 

K+(~) 

K_(i) 

P 

q 

(k + i:~)1/2 (k -- i~) -1/2 2Re(k + i~)-i/2 

(k - -  i~)-~ 2 A(i)  

A(~), B(~) def ined by (20) ...... (23) 

3 

3 
4 

l 

s - - p  0 

(k + i~)l(~) 

( k -  i~)l12A(~) 
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TABLE I I I  

connected with the system (4.8) and the problem (1.1)-(1.8)-(1.9)-(t.tl) 

K (y) (~: ! y ! )-1t~ e-~l~ 1 sgn (y) + (2k)~/~ e-~l ~l y(y) ÷ 

+ 2ke--klxl(1 - y y)) 
f ~--2kt 

.~ [~:(t + t yi)]~J ~ 
dt 

f(y) f 
1 e~y ~ (k - -  i~)I/2 

l defined by (1.6) 

X any funct ion belol~ging to C ~ ( ] - - ~ ,  0 D 

+(y) 

Y 

- -  ~(Y) - -  X(Y) ~ 2k f e-k(y-')(~(t) + "A(t))dt 

K+({) 

K_'{) 

(k -~ i~)-l/~(k - -  i~y22Re(k + i~)-~] ~ 

(k - -  i~)l/2A(~) 

(k ~- i~)-l/2B(~) 

A(~), B(~) defined by (20) ...... (23) 

P 

3 

1 

3 

(k + i~)A(~) 

s - - p  1 
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According to theorem 3.1, the following compatibi l i ty conditions guarantee  

the existence of a solution of (4.9)-(4.10). 

compatibi l i ty conditions 

ease of table I 
d y  

[g (y ) [2y  < + c~ for some e > 0. 

O 

case of table I I  none 

case of table I I I  g(0) = 0.  

The first is exact ly  the condition (1.4). The last can be verif ied choosing 

the function X in such a way that :  

o ÷~ 

ekYx(y)dy = ~ A( ik)  (k - -  i~) 1/2 A(i)  
- - c a  - - o o  

d~. 

In fact, from the table I I I  we deduce:  

;(ik) 
2r~g(0) = - -  (k - -  i~)1]: A(i--) ~4(-~)) 

for the residues theorems shows that :  

~(ik)  

as X ~ ~ o ( ] - -  ~ ,  0[). 

In  conclusion, by the hypotheses  of theorems 1.1 and 1.2, 

of (4.9)-(4.10) exists. Theorefore,  (4.1) gives the wanted solution. 

a solution 
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A p p e n d i x :  p r o p e r t i e s  o f  so lu t ions  o f  the  hea t  equa t ion .  

LEMMA A.1. - Cons ider :  

+~ e x p ( ( x - - t )  2 ky) 

(A.1) u(x, y) = f(t) (4~y)~/~ - -  dt (--  c~ < ~ < + ~ ,  y > O) 

where  f ~  Co~( - c ~ ,  -]--c~) and k is a pos i t ive  cons tan t ;  equ iva l en t ly  we can  

wri te  : 

lf~ (A.2) u(x, y) = ~ ~)e-Y(k+~)+~-d~ 

- - c a  

for ~ ----> exp ( - -  y~2), with y > 0, is the FOURIER t r ans fo rm of x --> (4r~y)-~/2 

Clear ly  u e C~(R2+), u(. ,  O) -= f. The  fo l lowing  es t imates  hold : 

iil I.~.~/,2~ 2ky( f ,f,2~x f ,~.l~x) 1~2 
m ~  ~ c o  

f j  ~f (it) ]ul 2 dxdy = 2 e-~l~(~-Of(t)dt dx 

(iii) 

(iv) 

f 
v~  

f j  1 12 " ( ] u ~ 1 2 + k l u i 2 ) d x d y - ~  i f  dx 

R 2  - - ~  + 

f f(lu~l~+ I u=[ ~ + 2kiu=t ~ + k~Iu l2 )dxdy  = 

1 f i2 = ~  (If' + klfl2)d ~ 

(v) f l u(x, y) t2 dx < e-ky f i f ]2 dx 
- - ¢ 0  _ _ ~  

[u(x, y) - -  f(x)12dx <_ 2 y (if't2-.]- f t  ~ ) dx 

for every  y : > 0 .  
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LE~IA A.2. - Consider 

(A.3) u(x, y)--- 

s r exp k ( y -  l) 
--~-- J f(t) dt ( x ~ O , - - o z < y < + c ~ )  

.~ [~(Y - -  t)]l/2 

where f e  C 7 ( - - ~ ,  + c ~ )  and k is a positive constant ;  equivalent ly  we can 

write : 

1 /. ~ e_~(k+~ )1/2 

(A.4) u(x, y) : - -  2~ ] t ( ~ ) ~ T ~ ) ~  e~y~d~ 

for ~---> (k + i~) -1/2 exp [-- x(k + i~)1/2], with x > 0, is the FOURIER t ransform (X2) 
of y--> (7:y)-~/2y(y) exp 4y k y .  Here (k + i~)~/2 is tile square root of 

1 
k + i~ with positive real  par t ;  hence Re(k + i~)1/2 ~ - ~ ( k  2 + ~2)1/4. 

Clearly u is inf ini te ly different iable  in the ha l f -p lane  x ~ 0 and u~(0, . ) ~  f. 

The following est imates hold:  

F(1/4) 2 e_2~/~ f 
(i) [u(x, y)i 2 <_ 2~llrc--- ~ I D~l~fj2dy 

where the fract ional  derivative D~/~f is de[ined 

exp( i  8 sgn ~)] ' (~)or:  

1 f f(y) - -  f ( y - -  t) dt (D1/4f)(Y)- 41'(3/4) t ~/~ 
0 

(ii) . dz  . l ui ady <_l/~ 2~ 

by: (D~/4f)-(~) == !~l ~]4 

+~ +~ +~ 

° 

(iii) f dx  f (]uyl 2--[-lu~l 2 + 2k]u~l 2 + k21uP) dy ~- 
0 - - ~  
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__ 1~ f Re(k + i~) ~/2 If'(~)i 2 d~ 

---90 --00 

+c~  +oo 

I u.(x,  y) - t (y)I 2 ~y  <- I/2 2~-~ 

- - 0 0  - - O D  

for every  x > O. 

L~MMA A.3. - Consider  the trace v(y)-~ u(0, y) of the funct ion  (A.1) on 

the pos i t ive  y - a x i s ;  from (A.2) we  have :  

-{-o~ 

1 f f~(~)e_y(k+~} d~ (y > 0). (A.5) v(y)  ---- 

--C~:) 

W e  have  the fo l lowing  es t imates :  

(i) ( I v(')(y) 12 dy <_ 
0 0 

if s - ~ O ,  1, 2, 3, ..... 

(ii) 

if O < s < l  

+ 

f t_l_2,dt 
0 

2 2s-1 -- I 

< 

-- s(2s -- 1) 

f I v (y+t) - -v(y) l  2dy< 
0 

+oo 

F(2 - -  2S) ~ (k + [f(~) 12 dy 

(iii) f ~(y) v(y)dy 2 
0 

.J 

- - o o  

-~-o~ 
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if s < 0. Here  ~ is any function in C~(]0, "t-c~[) and the fractional  deriva- 

tive D - ~  is defined by: 

+zo 

(D~)( x ) - - - ~  l~ exp i-~- sgn ~ ~(~)d~ ( r > 0 ) .  

L ~ M x  A.4. - Consider the trace v(x)= u(x, 0) of the funct ion (A.3) on 

the positive x-axis ;  from (A.4) we have:  

f e -  x (~+~)112 1 ~(~1 d~ (x > 0).  (A.6) v(x) -- 2r: (k ~ i~) ~/2 
~-:X) 

The following estimates hold:  

(i) 

--}-CO 

f 1 v(s)(x) ]2 dx ~ 1/~ 
o --CO 

if s = 0 ,  1, 2, ..... 

(ii) 

-Jcca 

f t -1-2" dt 
o 

-{-ca 

f I v(x + t) --  v:x)[2 dx 
0 

i f 0 < s < l  

(iii) 

23/222s-1 _ 1 

= s ( 2 s  - -  1) 
1:(2 - -  2s) 

-}-oo 2 

o 

T~ 

-{-ca -}-~ 

i7( )12d 

if  s < 0 and  V e C~(]O, --}- ~ [ ) .  
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