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1 Introduction

In recent decades, it has become clear to researchers that studying different types of frac-
tional differential equations is of particular importance. This is a tool to complete our
modeling information.

In fact, some practical instances done in the framework of the concepts and notions of
the fractional calculus show us the power of this branch of mathematics in the modeling
of different natural phenomena. In the meantime, fractional differential equations and in-
clusions of different types play an important role to reach desired practical goals. More
precisely, in recent years, some researches invoked these fractional equations to model
some processes and patterns via newly defined fractional operators (see, for example, [1-
4]). The techniques used in these initial value problems are based on the analytical and
the existence methods. In the following, some researchers designed new fractional models
and investigated them via numerical techniques (see, for example, [5—14]). Therefore, the
fractional calculus has been created a powerful tool for researchers to achieve more exact
findings in other applied sciences. Also for further study, notice that a lot of works about
different types of fractional integro-differential equations have been published (see, for
example, [15-45]), q-difference equations (see, for example, [46—48]), integro-differential
equations involving the Caputo—Fabrizio or the Caputo—Hadamard derivatives (see, for
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example, [49-51]), hybrid equations (see, for example, [52]), approximate solutions of dif-
ferent fractional equations (see, for example, [53, 54]), and modern models (see, for exam-
ple, [55]).

In 2014, Ahmad et al. investigated the existence of solutions for the nonlinear fractional
q-difference equation equipped with four-point nonlocal integral boundary conditions

DYDY + Mult) =f (&, u(t),
u(0) = aZ2 ' u(n), u(1) = bZ2 ' u(o),

where £ € [0,1], g € (0,1), A e R, 0<n,0 <1 and & > 2; C’DZ denotes the Caputo g-
fractional derivative of order © € {8,y : 8,y € (0,1]}, 77 denotes the Riemann-Liouville
g-fractional integral of order «, and f : [0,1] x R — R is a continuous function [46]. In
2016, Niyom et al. reviewed the problem

(D + (1 =MD )ult) = £(t, u(?)),
u(©0)=0,  puD"u(T)+ (1 -p)D?u(T) = ys,

where T>0,t € [0,T], 1 <a,8<2,0< ¥, ¥2 <a — B, D? is the Riemann—Liouville
fractional derivative of order ¢ € {«,8,71,12}, 0<A <1,0<pu <1, y3€R,and f €
C([0, T] x R, R) [56]. In the same year, Ahmad et al. extended the boundary value problem
presented by Niyom to the sequential fractional integro-differential equation of the form

(¢DT + kDT V)x(t) = f (8, x(t), “DPx(£), T x(2)),
x(0)=0, x(0)=0, 37 ax(&)=2rT’x(n),

where t € [0,1], &, € (0,1), g € (2,3], B,y €(0,1), k,6 >0, A, a; (i =1,...,m) are real
constants, D) denotes the Caputo derivative of the fractional order (-), and f : [0,1] x
R3® — R is a continuous function [57].

By using main ideas of the aforementioned articles, we investigate the Caputo—
Hadamard fractional integro-differential equation of different orders:

[«“MDL + (1 - k) MDY Jw(t) = ey (W) + BT 0 (8, w()), 1)
with mixed Hadamard and Caputo—Hadamard boundary value conditions

w(1)=0,  MD)wie)=0, o
CHDL w(1) = 0, 757 /1 In &) w(s)& = o,

where ¢ € [1,e], 0,w € (3,4], § € (1,2], « € (0,1], u,? >0 with § + ¥ #0 and also «, 8 €
R*. The notation “"D?, denotes the Caputo—Hadamard fractional derivative of order v €
{0, @} and ' is the Hadamard fractional integral of order . Moreover, functions v/, ¢ :
[1,e] x R — R are continuous. Note that the integro-differential equation (1) contains
the Caputo—Hadamard derivatives of fractional orders ¢ and @ and a Hadamard integral
of fractional order u, while the Caputo—Hadamard derivative of order § and Hadamard
integral of order ¢ are involved in the boundary value conditions (2).
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It should also be noted that boundary value conditions given in this paper are general
and cover many different special cases. This new type of the modeling is an abstract idea
and can include various existing natural processes in the future studies. Therefore, the
main purpose of this manuscript is to focus on the existence results and provide some
necessary conditions for the analytical investigation and so the practical aspects of bound-
ary value problem (1)—(2) is not our main desire here. To reach our main aim, we ap-
ply three different fixed point theorems to establish the existence and uniqueness results.
These analytical results guarantee the convergence of the numerical methods to desired
solution with the least error, and so this can be a reliable criterion for modeling real pro-
cesses.

The rest of the paper is arranged by follows. In the next section, we recall some basic
notions and definitions which are necessary in the sequel. In Sect. 3, our main existence
results are presented by three different analytical techniques such as the Krasnoselskii’s
fixed point theorem, the Leray—Schauder nonlinear alternative, and the Banach contrac-
tion principle. In Sect. 4, we examine the validity of our theoretical findings by providing

three illustrative examples. In Sect. 5, the conclusion is stated.

2 Preliminaries

In this section, we recall some important and basic definitions on the fractional operators.

Definition 1 ([58, 59]) Let ¢ > 0. The Hadamard fractional integral of a continuous func-
tion w: (a,b) — R of order g is defined by (HIS+ w)(t) = w(t) and

1 t ¢ (0-1) d
(H:Z;iw)(t) = T.Q)./g <ln;) W(S)?S

provided that the right-hand side integral exists.

Note that the semigroup property is satisfied by the Hadamard fractional integral as

follows: "Z7HIC, w(t) = I7, " w(t) for 0, € R*. Also, we have

Hre 1n£ W=M lnf o
a a I'o+w +1) a

for o, > 0 and £ > a [58, 59]. It is clear that "7, 1 = 755 (In £)° for all £ > a by putting
@ =0 [59].

Definition 2 ([58,59]) Let#n =[p]+1and#n -1 < o < n. The Hadamard fractional deriva-
tive of order o for a continuous function w: (a,b) — R is defined by

o ) 1 g "ot E (n-0-1) é
T A

provided that the right-hand side integral exists.

Definition 3 ([51, 58]) Let ACj[a,b] = {w:[a,b] —> R:0"'w(t) € AC[a,b],0 = t%}. The
Caputo—Hadamard fractional derivative of order o for an absolutely continuous function
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w € ACj([a, b],R) is defined by

CHoo ) 1 t f (n—9—1)< g) ﬁ
( wa)(t)—ir(n_g)/ﬂ (lnS> tt w(s) ;

whenever the right-hand side integral exists.

Assume that w € ACj([a,b],R) and n — 1 < o < n. It has been proved that the solution
of the Caputo —Hadamard fractional differential equation (“"D% w)(¢) = 0 is in the form
w(t) =Y i o ck(ln )¥, and we have

2 n-1
t t t
HTC CHDC w(t) = w(t) + co + ¢1 <ln —) + 0 (ln —) et Cu (ln —)
a a a

for all £ > a [58, 59]. We need the following results.

Lemma 4 (Krasnoselskii’s, [60]) Let M be a closed, bounded, convex, and nonempty subset
of a Banach space £. Consider two operators Y1 and 1, from M into € such that
(i) 1wy + Towq € M for all wy, wy € M,
(ii) 11 is compact and continuous,
(ili) 7> is a contraction map.
Then there exists z € M such that z = 1z + 1»z.

Lemma 5 ([61]) Let £ be a Banach space, C a closed, convex subset of £, U an open subset
of C, and 0 € U. Suppose that T :U — C is a continuous and compact map (that is, Y (U)
is a relatively compact subset of C). Then Y has a fixed point in U or there isa w € dU (the
boundary of U in C) and X € (0,1) with w = AT (w).

Lemma 6 ([62]) Let £ be a Banach space and M a closed subset of £. Suppose that T :
M — M is a contraction. Then T has a unique fixed point in M.

3 Main results

Here, we are ready to prove our main results. We first characterize the structure of the
solutions of the problem (1)—(2). Consider the Banach space £ = {w: w(t) € C([1,¢],R)}
with the norm [|wl|l¢ = sup,[ ) [W(£)]. We first provide our key lemma.

Lemma 7 Let ¢(t) € £. Then wy is a solution for the Caputo—Hadamard problem

(KDL, + (1 - ) NDTIw(t) = ¢(t) (¢ € [Le]),
w(1)=0, "D}, w(e) =0, .
CHD . w(1) = 0, ﬁ fle(]n f)ﬁ'lw(s)% -0

if and only if wy is a solution for the fractional integral equation

(k -1) trop\e”t el s
W(”:fcr(g—w)/l(l“E) W(S) r(g)/ < ) o)

1-x)[3r @ +9)Ant)% + (8 = 3) (4 - 9)(Int)?]
* 6c(0+ N (0—w +0)

Page 4 of 20
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e o-w+U-1
X / (ln f) w(s) é
1 S S

1-k)C4-8)[I4-)(nt)® -3 3+ 9)(Int)?]
* 6c(8+ N (B+ ) (0 - —9)

e o-w—-5-1
X f (ln f) w(s) %
1 N N

(3 - 5)F(4~ — ﬁ)(lnt)S _ 3F(4 + 1‘/‘)(ln t)z e e o0+ -1 ds
* 6k(5+ ) (o + 1) _/1 (ln _) ¢(S):

T'(4-8)[3r3+9)Int)? - r'4-9)(Int)’]
6K(8+)(3+1) (0 -9)

AN = = T

Proof Let wy be a solution for the Caputo—Hadamard problem (3). Then, we have

K NDY wo(t) + (1 - k) MDTwo(t) = $(2)

CHTye -1CH
and so “" Dy w(t) = <=~"DF;

order o, we obtain

-1 1
wolt) = "THI;iCHD;z wo(t) + 1. ()
+bg + bi(Ing) + by(Int)? + bs(Int)3,

where by, b1, by, and b3 are some real constants. Hence,

k-1 trop\e @l ds
0 ramay | (05) w3

1 trof\et  ds
+Kmmﬂ(m9 )5

+bg + b1(Int) + by(In£)? + b3(Int)®.

" wo(t) + %q&(t). By using the Hadamard fractional integral of

(5)

Now by using the boundary value conditions and properties of the Hadamard and

Caputo—Hadamard fractional operators, we get

-1 ¢ £\9 72 ds
CHD.. t:Kif In - —
1+ Wo(t) «To-w-1) ), Hs Wo(S)S

1 LOOE\e? ds )
+ 7/ In - ¢(s)— + by +2b,(Int) + 3b3(Int)”,
kl(o-1) J; s s
t

—w—5-1

CHoms k-1 t\° ds
Dlwo(t) = —————— In - —
1+ wo(2) PP 1(ns) WO(S)S

1 tro\e ds 2 s
+m‘/l (111;) ¢(S)? +b2m(lnt)2

+b

3 F(4 ~ 8) (ln t)s_a,

Page 5 of 20
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and

-1 ¢ £\¢ @l ds
T ot zkif In’
1 wo(d) klo-o +9) J; ns WO(S)S

1 troe\e't o ds 1 ,
" KF(QH?)/I (1" E) P65 +bo Y

1
]9 — t1+19
thra WD

2 6
by———(Int)**” + bs———(In£)**".
thra ey IO+ by ()

By using two first boundary conditions, we obtain by = b; = 0. By using two other boundary

conditions, we obtain

b _ (1-k)C(4+0) e e e-@+i-1 ()ds
2_2/((6+15‘)F(Q—w+19) (n;) S:
(k —1)C(4-38) e e e-w—8-1 ()ds
TG+ o—w —9) (“_> X
T4+9) ero-1 (
%G+ NCo+0) ) ( ) ¢S
Ir4-:s)
TG+ N (0-9) ( ) d)(s)_
and

 (1-k)6-3)Ir@4-v) [° | e\ o T+l ()ds
S 6k(§+ ) (o -w +0) (“;) wo(s)—

(1-k)(4—-8)(4-2) (1€ e-w—é-1 ds
TG+ B+ ) (0—w —9) (HE)

B-8Tr@4-v) [¢f e\¢" " ds
* 6K(8 + ) (0 + 1) (ln _) 9(s)

S
e —5-1
re-ore-o) | (mg)g ¢(s>%.

N

6K+ 3+)(0-36)
Now by substituting the values for by, b1, b,, bs in equation (5), we see that w is a solution
for the integral equation. For the converse part, by using some direct calculations, one can
see that w is a solution for the Caputo—Hadamard problem (3) whenever wy is a solution

for the integral equation (4). This completes the proof. O

Now, consider the operator 7" : £ — £ defined by

(k-1) [ t\7"  ds
0= i [ (1) 0%
B

“ t<1n5>gltp(s w(s))§ +—
re) )i\ s ' s kI(o+m)
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t o+pn—1 dS
x/; <1n g) (p(s,w(s))?

1 =)[3I4+9)(nt)* + (8§ = 3) (4 - 9)(Int)?]
i 6Kk(8+) (o - + 1)

e o-w+U-1
X / (ln E) w(s)§
1 S S

(1-6)C4=-8)[I4-)(Int)® -3 (3 +9)(nt)?]
6k +) I3+ (o-w -8)

e o-w-45-1
X f (ln E) w(s)ﬁ
1 N N

a[(3=8)I"(4-9)1Int)® -3 (4 + 9)(Int)?]
i 6c(+ ) (0 +0)

e o+v-1 ds
x/; (1n S) w(s,w(s))?

Bl(3=8)I"(4-)(Int)® =3I (4 + 9)(Int)?]
6K+ ) (o + 0 + 1)

e o+v+u-1
X / (ln E) (p(s, w(s)) §
1 S S

al (4-8)[3r(3+9)(Int)? — I'(4—9)(Int)3]
i 60+ B+ ) (0 —9)

e 0—0-1 d
X /1‘ (ln S) W(s, w(s))?s

BIr(4—-8)[3r (3 +®)(Int)? — I'(4—v¥)(nt)3]
68+ 3+ ) (0 +u—3)

e o+u—8-1 d
x/l (1n §> o(s, w(s))?s, (6)
where w € £ and ¢ € [1,e]. Put
_ e — 1] +(1—K)[|3F(4+19)|+|(3—3)F(4—19)|]
T klo-w +1) 6k(§+ )M (o—w +0 +1)

K5

(L= 4= (4= +313B+9)l]

6k + NI B+N)l(o—w-38+1)
o a[|B=8)T(4-1)| + 3|4+ )]

= +
k(o +1) 68+ ) (o + 1 +1)
a| (4 -8)|BII(3+ )| + |4 -1)]

6Kk(8+ I3+ (0-8+1)
B BUB-8)I"(4—-3)| + 3|4+ V)]

ZKF(Q+/L+1)+ 68+ o+ +u+1)
BIC(4—=0)I[BIT" (B +3)| + |4 -1)l]

6k +N)IB+)o+pu—-8+1)

Theorem 8 Suppose that ,¢ : [1,e] x R — R are continuous functions such that
(N7) thereisL > 0sothat |y (t, wi) =¥ (¢, wa)| < Liwy —ws| forallwy, wy € Randt € [1,¢],

Page 7 of 20
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(N2) there exists a real-valued continuous function o on [1,e] such that |p(t,w)| < o (¢)
forallweRandte[1,e].
If KC§ + LK < 1, then the Caputo—Hadamard boundary value problem (1)—(2) has at least

one solution, where K} and K5 are given by (7).

Proof Let ||o|| := sup,c(y¢ |0 (£)| and O := sup,(; ,; [ (¢, 0)|. Consider the operator 1" : & —
& and the set V, := {w € & : ||w||¢ < r} which is a closed, convex, and bounded nonempty
% and /C} and /3 are given by (7). Note that
each fixed point of 7" is a solution for the Caputo—Hadamard problem (1)—(2). Let ¢ € [1, €]

subset of Banach space &, where r >

be given. Then, we have

_ t o-w-1
1w - ("71)) /1 (mf) wis) &

«klo-w s s

o troop\e! ds
+/<F(Q)/1 <1n;> W(s,w(s)):

1=w)[3r 4 +0)(nt)® + (8 =3)(4-9)(1n?)?]
" 6c(6+ N 0w +9)

e o-w+U-1 d
X / <ln E) w(s) &
1 N N

(1-k)C(4=8)[4-9)1nt)® -3 (3 + 9)(Int)?]
¥ 6c(5+ ) B+ ) (0 - —9)

e o-w—-46-1
X f (ln f) w(s) é
1 S S

a[(3=8)I"(4—-9)(Int)® -3 4+ 9)(Int)?]
" 6c(6+ N0+ )

e o+v-1 d
x/l <1n E) w(s,w(s)):S

al (4= 8)[3T 3+ )(Int)? - (4 —9)(Int)’]
" 6c(8+ N B+ (0—9)

e 0-5-1 d
X /; <ln ;) v (s, w(s)) ?S

and

t o+p-1 d
(Tzw)(t):ﬁ /1 (mﬁ) o5 wis)

Bl(3—-8)I"(4-)(Int)® -3 (4 +¥)(Int)?]
¥ 68+ N0+ D + )

e o+ +u—1
X f <ln E) go(s, w(s)) %
1 S S

Br(4—8)[3Ir3+9)(Int)? - I'(4—-9)(Int)?]
68+ B+)I (0 +u—3)

e o+pu—8-1 dS
x/l <ln§) w(s,w(s)):.
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Thus, we have

[(V1w1)(2) + (Taws)(8)|

Ik — 1] troop\em ! ds
= Kr(e—w)/1 (1"E> I

o

t N “
KF(Q)/1 <1“ ;) (|W(S,W1(S))—t/f(s,o)|+|¢(s,o)|)?

b FORAN ds
"¥Tle +,U«)/1 (ln E> |¢(S’W2(S))|;

1= )13 @+ 9)|(Int)? + |(8 — 3)I" (4 — 9)|(Int)3]
i 6Kk(8+ ) (o— + 1)

e o-w+U-1
x/ <1n E) |w1(s)|§
1 S S

1 =) T @& =8| 4 -)|(Int) + 3|3+ 9)|(Int)?]
6k(8+0) 3+ ) (0 —w —3)

e o-w-45-1
x/ <ln E) |w1(s)‘§
1 N N

a[|(3=8)(4—)|(Int)® + 3| (4 + ¥)|(Int)?]
i 6c(0+ )0 +0)

e o+v-1 d
X /1 <ln §> (|1ﬁ(s, wl(s)) - w(s,0)| + |1//(s,0)|)?s

Bl(B=8)I"(4—-v)|(Int)? + 3| (4 + 9)|(Int)?]
i 68+ ) (o + 0 + 1)

e o+9+u—1
X / <ln E) |<p(s,wz(s))|§
1 N s

a|C(4=8)|[3|T (3 +9)|(nt)? + |4 —-9)|(nt)3]
68+ )3+ (0-3)

e 0-5-1 ds
X /1‘ <1n g) (yljl(s,wl(s)) - 1//(5,0)’ + ’1//(5,0)’)?

BIT(4—-8)I[BII(3+9)|(Ing)* + |I'(4—)|(In¢)?]
i 6@+ B+ (0+p—0)

e o+u—8-1
X / <ln€> |g0(s,wz(s))|§
1 N S

< &”w |+ _*
“klMo-o@+1) ! k(o +1)
A=)I3F @A+ D)+ (6 -3)"(4-9)]
6K+ (o— +0 +1)
Q=)@ =T 4—-9)+3]I 3+ )]
6Kk(8+) B+ (o-w—-38+1)
a[|B=8)I(4-1)| + 3|4+ D)]]
68+ ) (o +v +1)

+

B
(L||W1|| + O) + m”ffﬂ

lwll

lwi

(LlIw1ll +0)
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BlIB=8)I(4—-)| +3|"(4+ )] lo|
68+ o+ +p+1)

o| (4 =0)|[BIF (B + D) +|I"(4-19)]
6k(§+)FB+)(0-8+1)

BIT (4 =0)|[BII(B+ D) +[I"(4-1)]

k(6 +)IrB+)o+u—-358+1)

= (K + LK3) lwall + K3 llo |l + K;O

(Lllwll +0)

ol

< (K§+LK)r+ Killoll + KO <r

for all wy,wy € V,. Hence, || 1wy + Tows|| < rand so Tiwy + Towy € V), for all wy,wy €V,
Now let {w,},>1 be a sequence in V, with w,, - w and ¢ € [1, e]. Then, we have

[(aw,) (1) - (aw)(2)|

t t o+p—1 d
< i [ (02) 7 letmi) ol o)

BlB =8I (4—-)|(Int)? + 3| (4 + 9)|(Int)?]
* 6c(8+ N0+ 0 + )

e e o+9+u-1 ds
X./1 <ln —) ‘(p(s,w,,(s)) —(p(s,w(s))|?

N

BIT(4 =8[BI (3 +9)|(Ing)* + |I'(4-9)|(In¢)?]
i 6k + B+ (0+p—-0)

e o+p—8-1 d

x/l <ln S) |g0(s,wn(s))—¢(s,w(s))|?s
< m (s, wals)) — (s, w(5)|

BUB-8)I"(4—-3)| + 3|4+ )]

6k(@+0)(0+0 +pu+1) (s wals)) =g (s wis))|

BIC(4—=0)IBITB+9)| +|I'(4-1)l]

6K+ B+NT(o+pn—-38+1)

|(p(S, Wn(S)) - (P(S, W(S)) |

Since ¢ is continuous, ||>w, — Tow| — 0, and so the operator 7, is continuous on the
open ball V,. Now, we show that 73 is uniformly bounded. Let w € V, and ¢ € [1, e]. Then,
we get

t o+pu-1 ds
o) =L [ () lotowo)| T

BlB =8I (4-9)|(Int)® + 3|4+ 9)|(Int)?]
" 6c(6+ N0+ 0 + )

e o+9+u-1
X f (ln E) ‘(p(s, W(s))‘§
1 N S

BIT(4—-8)[3| (3 +9)|(Int)* + |I"(4—9)|(In£)*]
68+ B+) (0 +u—3)

e o+u—8-1 ds
x/l (ln§> |g0(s,w(s))|?

Page 10 of 20
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B BB =8I (4—-)| +3|"(4+ )]
< lloll + lloll
klMo+p+1) 6K+ o+ +p+1)
BIT (4 =0)|[BIT(B+ D) +[I"(4-19)]
6K+ B+NT(o+pn—-38+1)
< |: B BB -8 (4—0)| +3|"(4+ )]
<ol +
klMo+u+1) 68+ o+ +p+1)
,3|F(4—5)|[3|F(3+19)|+|F(4—19)|]]
6K+ B+ (o+u—-38+1)

ol

=Kol

which implies that || T,w|| < KCj|lo||. This shows that 77 is uniformly bounded. Here, we
prove that 77, is equicontinuous. Let #1,£; € [1,e] with £ < . We show that 7, maps

bounded sets into equicontinuous sets. For each w € V,, we have

|(Taw)(t2) - (Taw) (1)

,3 f t o+p—1 h o+p-1 ds
“rterm ((03) (03) " Jletewol
o+p—1 d
KFQ"'M)/ < ) |¢(S’W(S))|?s

+ﬁ[|(3 8)I'(4-9)|[(Int)? - (Int1)*] + 3| (4 + 9)|[(In£)* - (In#1)?]]
6K(8+ ) (0 + 0 + 1)

e o+9+u—1
X / <ln E) lo(s, w(s))|§
1 S S

s BIT (4-8)BII (3 +9)|[(Intz)* — (Int1)*] + |I" (4 - 9)|[(In£2)? — (In£1)%]]
6K (8 + ) (3+9) (0 +p—9)

e o+pu—48-1 ds
x/; <1n§> ’(p(s,w(s))’?

2:3 1) e :B o+1 o+
Slol\ ——/—|In— + ————|(In5)°*" — (In£,)?™*|
klM(o+u+1) t klMo+p+1)

s BB —8)I(4—-1)|[(Int)* - (Int,)*] + 3|74 + 9)|[(In£)* - (In£,)?]]
6K+ e+ +u+1)
,3|F(4 IBIFB+9)|[(Inty)* - (Inty)*] + | I'(4 - ﬁ)l[(lntz)?’—(lnﬁ)?’]])
6Kk +NICB+MN(o+u—-38+1)

Note that the right-hand side is independent of w € V, and converges to zero as ¢; — £,.
This means that 77 is equicontinuous. Consequently, the operator 73 is relatively compact
on V, and, by using the Arzela—Ascoli theorem, we conclude that 75 is completely con-
tinuous. Hence, 7 is compact on the open ball V,. Now, we show that 17 is a contraction.
Let wi,wy €V, and t € [1,e]. Then, we have

|(Tiw1)(8) — (Y1w)(2)|

- t o-w-1 d
oo [(08) ool

Page 11 of 20
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o t t o-1 ds
* Kr(g)/l (‘“;) [ (5, w15)) = ¥ (5,w2l)) |

1 =)I37 4+ )|(Int)? + (8 = 3)I" (4 — 9)|(Int)3]
i 6Kk(8+ ) (o— + 1)

e o-w+U-1 d
x/l <ln§> |w1(s)—wz(s)|?s

1= )| T @& =8| 4 -)|(Int) + 3|3+ 9)|(Int)?]
6Kk +9)(3+ ) (0—w —0)

e o-w-45-1
X./1 <ln g) |w1(s)—wz(s)|%

a[|(3=8)(4—)|(Int)® + 3| (4 + ¥)|(Int)?]
i 6c(d+ ) (0 +0)

e o+v-1 ds
X/ <1n f) [ (s, w1(s)) = ¥ (5, wa(s)) | —
1 N

N

o|l(4 =833 +9)|(nt)? + |F(4—19)|(1nt)3]
68+ 3+ ) (0-3)

e 0-5-1
X [ <ln S) W(s, wl(s)) - Ip(s, wz(s))

- [ k= 1] . Q- )IBCE+ )]+ -3)"(4-v)|]
T kMo-o@+1) 6K+ (o—w +9 +1)
A=) C@E=-8)|T4E-)| +3| T3 +9)] La
6k +NIB+NlMo-w-38+1) +/cF(Q+1)
Laf|(3-8)(4—v)| + 3|4+ v)|]
68+ ) (o +1 +1)
Loa|l’'(4-8)|[3| 3+ )| +|(4-1)|]
6K+ ) CB+)(0—-8+1)

| ds
s

]||W1—W2||

= (IC; +L’CT)”W1 — W2||.

Since K + LK} < 1, 77 is a contraction. Note that " = 77 + 75. Now, by using Lemma 4,
the operator 7" has a fixed point which is a solution for the Caputo—Hadamard boundary
value problem (1)—(2). O

Here, we are going to investigate the existence of solutions for the Caputo—Hadamard

problem (1)—(2) by considering different conditions.

Theorem 9 Suppose that ,¢ : [1,e] x R — R are continuous functions such that
(N3) there are continuous nondecreasing functions &1, &, : [0,00) — (0, 00) and two maps
01,02 € C([0, 1], R*) such that | (¢, w)| < 01()§1(w]) and (¢, w)| < 02()&2(|w]) for
all (t,w) € [1,e] X R,
(Na) K§ <1 and there is a constant & > 0 such that
ICy, IC are defined by (7).
Then the Caputo—Hadamard problem (1)—(2) has at least one solution.

(1-K3)&
Ki11611161(2)+K5 1162 1162(Z

7> 1, where K¢,



Etemad et al. Advances in Difference Equations (2020) 2020:272

Page 13 of 20

Proof We first show that the operator 7 maps bounded sets of £ into bounded sets. Let
€>0,B.={we&:|w| <e€}andt € [1,e]. Then, we have

kIl(e-w) ),

> (0t ds
+KF@)A’OHE) |Wﬂ&0wmy;

t o+u-1 d
+%/1 (lnf) 1621182 (Iw1) =

1 =)[13r @+ )|(Int)? + |(86 = 3) " (4 — 9)|(In¢t)3]
" 6c(6+ N 0w +9)

e e Q—w‘+19—1 dS
X / (ln —) lw||—
1 N N

A=) @ =8| @& -9)|(Int)® + 3|3+ 9)|(Int)?]
i 6c(0+ N B+ (0—w —9)

er e\ g
X / <ln —) [[w||—
1 S S

a[|(3=8)I(4—-1)|(Int)® + 3| "4 + 9)|(Int)?]
* 6x(5+ ) (0 +9)

e e o+¥-1 ds
y f <ln—> 16l (Iwl) &
1 s §

Bl(B=8)I(4—-1)|(Int)® + 3|4+ 9)|(Int)?]
" 6K+ (0 + 0+ 1)

e e o+ +p—1 ds
y / (m—) 1616 (1wl <
1 s §

«|F (&= 8)|[BIF (3 +9)|(n6)? + | (&—9)|(Int)]
" 6c(d+ B+ ) (0—9)

e 0-6-1 d.
xfl (mf) e (1wl

BIT (4= 8317 (3 +9)|(Int)* + |I'(4 - 9)|(In)°]
i 65+ ) B +0) (0 +p—9)

e e o+pn—6-1 ds
y / (m—) 16218 (Iwl)
1 N s

< K5lIwll + Kxlioula (Ilwl) + K5 102 11€(11wl).

_ t o-w-1
(rwo) < <=1 (lnf) i &
S S

Hence, [|Yw| < Kie + K7 10111€1(€) + K5 11621€1(€). Now, we prove that 7 maps bounded
sets into equicontinuous sets of £. Let £1, £, € [1,e] with £ < £, and w € Bc. Then, we get

(Y w)(t2) - (Tw)(t1))|

— 2] o+w-1 o+w-1 ty o+w-1
o))
klNo-w)| i s s 0

N N N
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allOillE(e) [ [0 t\° 6\ ds 2/ £\ 'ds
" Tr@) [/1 [(“‘?) ‘(1“?) }T/n (1“?> ?}
Blballgale) [ [* £\ 2! A\ ds 2/ 1\ ds
TP [/1 [(“‘?) ‘(1“:> }T/n (‘“?) ﬂ

s (1= 4+ 9)|[(Int)* = (In£1)*] + (8 = 3) (4 - 9)|[(Int,)° - (In,)*]]e
6K+ (o—w +¥ +1)

+ (1 =K)|F@=9)|[|@-)|[(Int)’ - (Int1)]

+3|I(3+9)|[(In%)* - (Int1)*]]e)

/(6K +) B+ (o-w -5 +1))
+(a[|B-8)I (@ -v)|[(Int)’ - (Int)?]

+3| 74+ 9)|[(Int:)* = (In£y)*]] 161 11€1(€))
1(6x(8+ ) (0 +9 +1))
+(B[|3=8)I(4-9)|[(nt)* - (Int;)*]
+3|0 4+ 9)|[(int2)? — (In1)*]]116211€2(¢))
/(6x(8+ D) (0 + 0 + p+1))

+ (| P (4= 8)|[3| (3 +9)|[(In£2)* - (In£1)?]
+ | @-)|[(nty)* - (Int1)*]] 11611151 (€))
1(6x(8 + ) (B + ) (0 —-8+1))

+(B| T4 -98)|[3| I3 +)|[(Int2)* - (Inty)?]
+ | (4-9)[[(Inty)* - (In£,)*]]1162 1 52(€) )
1668+ )3+ (0 +pm—8+1)).

Note that the right-hand side tends to zero independently of w € BB, as t, — t;. By using
the Arzela—Ascoli theorem, we deduce that 7" : £ — £ is completely continuous. Here,
we prove that the set of all solutions of the equation w = A(Y'w) is bounded for each X €
[0,1]. Let A € [0,1], w be such that w = A(Yw) and ¢ € [1,e]. Then by using computations
used in the first step, we obtain [[w|| < Kgllwll + K701 1€ ([wl]) + K3 1102162l wll). Thus, we

(A=K3) w] . .
conclude that Ko TEL (WD + KCETBTE () < 1. By using the assumption (N,), we can choose a

1-K3)&
1611181 (2)+K311621182(&
& :|lw| < E}. Note that the operator " : U/ — & is continuous and completely continuous
and also we can not find w € ol such that w = A(Yw) holds for some A € (0,1). Now, by

using Lemma 5, the operator 1" has a fixed point in I/ which is a solution for the Caputo—

number & > 0 such that ||w|| # & and % 5 > 1. Consider the setU = {w €
1

Hadamard fractional integro-differential boundary value problem (1)—(2). a

Now by using the Banach contraction principle, we review the Caputo—Hadamard prob-
lem (1)—(2) under some different conditions.

Theorem 10 Suppose that  : [1,e] x R — R is a continuous function satisfying assump-
tion (N1). Assume that the function ¢ : [1,e] x R — R satisfies the following condition:
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(N5) there is a positive constant L such that for each |@(t,w1) — @(t, wy)| < Liwy — wy| for
allwi,wy e Rand t € [1,e].
IfKCS+ LT + ilC; < 1, then the Caputo—Hadamard problem (1)—(2) has a unique solution,
where IC§, K, and K are given by (7).

Proof Put K* = sup,c(; .1 [¥(£,0)| < 00 and N* = sup,( . [¢(£,0)] < 0o. Choose r > 0 such

N*IC3+K*KCE _ )
that r > O LTIk Let B, = {we & :||w| <r}. We show that T'B, C B,. Let w € B,.

By using assumptions () and (N5), we have

e — 1] /‘ £\ ds
Tw| < ——= In- Iwll—
klMNo-o) )i s s

a trop\et ds

+ / In - (L||w|| +K*)—

kI'(0) )1 s s

B t t o+pu-1 . ds
+7KF(Q+M)/1 (ln;) (L||w||+N)?

A =)[I37 4 +9)|(ne)? + (6 = 3)I" (4 — 9)|(Int)?]
6Kk(8+) (o - + 1)

e e o-w+U-1 ds
X / <ln —) [lw] —
1 N S

1= )|C@=8)|[I4-)|(nt)? + 3|3+ 9)|(Int)?]
6xk(8+) 3+ 9) (o - —8)

e o-w—-46-1
xf (mf) 1w &
1 S S

al|(3=8)I(4—)|(Int)® + 3| " (4 + 9)|(Int)?]
" 6c(d+ (0 +0)

es g\t ds
x/ <ln—) (Lllwll +K*)—
1 N S

BlI(B=8)I"(4-1)|(Int)® + 3| (4 + 9)|(Int)?]
6K(8+ ) (0 + 0 + )

e o+0+u—-1 B ds
x/ <1nf) (LIl + N*) =
1 N S

alC (4 =833 +)|(ne)? + | T4 - 9)|(Int)?]
¥ 6c(5+ N (B3 + ) (0—9)

e 0-6-1
xf (m f) (Lilwl +1<*)§
1 N S

BIT(4—-8)|[3II° (3 +9)|(Int)* + | I'(4—9)|(Int)*]
6K(8+) B+ (0+u—39)

e o+pu—8-1 B d
x/ (mf) (Liw) + N*) =
1 S S

< (K§+ LKy + LIC)r + KGGN™ + G K* < r.

+
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Hence, T3, C B,. Let t € [1,¢e] and wy,w, € R. Then, we have

_ ¢ o-w-1 d
[(rw) @) - (rw)®)| < KIl“IZQ——Hw)/I (ln§> |W1(S)—W2(S)|?S

¢ o-1 ds
R /1<an> [0 (5m16) = ¥ (5m206)| <

«I"(0)
t o+p-1
+ ﬁ /1 (ln é) lo(s,w1(s)) —o(s, wz(s))|%

1 =)[13r @+ )|(Int)? + |(6 - 3)I" (4 — 9)|(Int)3]
* k(@ + ) o—-w +9)

e e o-w+v-1 dS
X / <1n —) |W1(S)—W2(S)|_
1 N N

A=) @E =8| E-9)|(Int) + 3|3+ 9)|(Int)?]
68+ B+9) (o —w —3)

e o-w—-46-1 d
></1 (lni) |w1(s)—wz(s)|?s

[1(3=8)(4—1)|(Int)® + 3| (4 + 9)|(In2)?]
6K(8+ ) (0 + )

e o+9-1
() Wlome) oo

BlI(3=8)I(4—1)|(Int)® + 3| (4 + ¥)|(Int)?]
i 6K+ (o +0 + 1)

e o+ +u—1
) ot o)

N

o
+

05|F(4—8)|[3|F(3+1?)|(lnt)2+ |F(4—19)|(lnt)3]
* 6c(0+ B+ (0—9)

e 0-6-1
xfl (1n§) |1/f(s,W1(S))—1/f(S,W2(S))’%

BIT(4—8)|[BI(3+9)|(Int)* + |4 - 0)|(In2)°]
68+ ) B+9) (0 +pn—3)

e o+u—48-1
X /1 <ln f) (s, wi(s)) —¢(5:W2(5))|%

N

< (K + LK + LK) lwy — wa.

Since we have K} + LK} + LK} < 1, T is a contraction. By using the Banach contrac-
tion principle, 7" has a unique fixed point which is the unique solution of the Caputo—
Hadamard problem (1)—(2). This completes the proof. O

4 Examples

In this section, we provide three numerical examples to examine the validity of our the-
oretical findings. To do this, we consider constants « = 0.78, « = 0.69, 8 = 0.73, o = 3.95,
w =3.87, 0 =1.3,5 =192, and ¥ = 0.001 with § + ¥ = 1.921 # 0 for our examples. The
next example illustrates Theorem 8.

Page 16 of 20
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Example 1 Consider the Caputo—Hadamard fractional integro-differential equation

0.01z|w(z
[0.78°M D} + 0.22°M" DY |w(e) = o.@i()' +0.73"Z13 In ¢ (sin w(?)) (8)
7+ [w(o)l
with boundary value conditions
w(l) =0, CHDL?w(e) = 0, ©)
D=0, g S0V w9 =0,
where ¢ € [1, e]. Define the continuous functions ¥,¢ : [1,e] x R — R by ¥ (¢, w) = ijﬂ/'r‘

and ¢(t, w) = Int(sinw). Note that |y (¢, wy) — ¥ (¢, wy)| < L|wy — ws| holds for all wy,w; €
R, where L = 0.01e > 0. Also, the continuous function o(¢) = Int on [1,e] is such that
lp(t,w)| < o(t) = Int for all w € R. In this case, we have [lo| = sup,c[; 0 (¢) = 1. Some
calculations show that K = 0.8968 and K} = 0.3559. Hence, K + LK} = 0.9064 < 1. By
using Theorem 8, the Caputo—Hadamard problem (8)—(9) has a solution.

Next example illustrates Theorem 9.

Example 2 Consider the Caputo—Hadamard fractional integro-differential equation

1 (3 ¢
[0.78°MD} + 0.22°MDIF |w(t) = 0.69 3 (— + @) )
+

4 2+ |w(t)|
1 4 t
+0.737Z}3 140 (10)
3+sm— 5 3+|w()|
with boundary value conditions
w(l) =0, C]'[1)1'921/1/(3) = )
CHD w(1) = 0, T fl (In £)0001-1yy(5) & = o,

where t € [1,¢e]. Deﬁne continuous maps ¥, ¢ : [1,e] x R — R by ¥ (t,w) = 161+t(3 2|+M\/1‘4/|)
s (2 + 5% Note that [y (2, w(2))| < m(l + ||w||) and |o(t, w(2))| <
3+§1n T 1+ wl) for allwe R and t € [1,e]. Put 0,(¢) = 16+t, 0,(t) = S and & (||w]]) =
52(||W||) = 1 + [lwll. Then, we have V(6 w) < 01(H)&(Iwl) and ¢(t,w) < Gz(t)éz(IWI) Note
that [|6; || = 5 = 0.0588, ||6;]| = 3 =0.25,and &, (&) = &(&) =1+ &. Also, K = 0.8968 < 1,
Ki=0. 3559 and K5 =0.2995. By considering assumption (\3), choose & > 12.76. Now

by using Theorem 9, the Caputo—Hadamard problem (10)—(11) has a solution.

and ¢(t,w) =

Next example illustrates Theorem 10.
Example 3 Consider the Caputo—Hadamard fractional integro-differential equation

[0.78°HD3% + 0.22°M DI |w(2)

cos t|w(t)|

+0.737 713
1+ |w(t)| !

(12)

2 ( | arctan w(t)| )

5+t \ |arctan w(t)| + 1
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with boundary value conditions

w(l) =0, CHDLw(e) = 0,

. (13)
HDyw(1) =0, 1"(0.1001) S (s =0,
where ¢ € [1,e]. Define continuous maps ¥,¢ : [1,e] x R — R by (¢, w) = %m and

o(t,w) = 2 (a0l ) Note that [ (£, wi(£) — ¥ (& wa(£)] < cost(lwy(£) — wa(t)]) and

| arctan w(t)|+1

lo(t, wi(£)) — o(t, wo(2))] < %(le(t) —ws(2)]). Put L = | cos(e)| = 0.9117 and L = 0.25. Some
calculations show that K + LK} + LKC; = 0.98127 < 1. Now by using Theorem 10, the

Caputo—Hadamard problem (12)—(13) has a unique solution.

5 Conclusions

It is known that we should increase our ability for studying of different types of fractional
integro-differential equations. In this case, we could create modern software in the fu-
ture by using advanced modelings of distinct phenomena. In this way, we should try to
review different types of fractional integro-differential equations. In this work, we study
the existence of solutions for a Caputo—Hadamard fractional integro-differential equation
with boundary value conditions involving the Hadamard fractional operators via different
orders. Also, we provide three examples to illustrate our main results.
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