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1. Introduction. In this article we consider boundary eigenvalue problems of the
form

E(y) - y(n) =+ va(w)y(niy) = Ay, € [07 1]7 (11)
U,(y) = Uno(y) + Un(y) =0, 1 <v <. (1.2)

We assume that p, € L[0,1], 1 < v < n, and that the boundary conditions (1.2) are
normalized; this means that

k,—1 k,—1
Uno(®) = asy™ (0)+ 3 auy@(0), Una(y) = Buy™ (1) + 3 By (1), (1.3)
=0 =0

where a,, 3,5 € C,
la| + |6, >0 for 1 <wv<n,

n—1>k >ky> -+ >k, >0with kyy o < k, for 1 < v < n — 2, and where
n
ko := > k, is minimal with respect to all equivalent boundary conditions. k, is

called tyhe1 order of U,,.

The study of nonself-adjoint eigenvalue problems generated by nt*-order differen-
tial expressions (1.1) with smooth coefficients p, and by two-point boundary condi-
tions (1.2) was originated by Birkhoff. In [2] Birkhoff proved asymptotic estimates
for a fundamental system of solutions of (1.1), then, in [3], he introduced the class
of (Birkhoff-)regular boundary conditions and he obtained sufficient conditions for
the pointwise convergence of the expansion of a function f into a series of eigen-
and associated functions (e.a.f.’s) of (1.1), (1.2). The corresponding series are called
Birkhoff-series.

Some years later Tamarkin ([16]) and Stone ([15]) found under more general hy-
potheses that the expansion of a function f € L[0, 1] into a series of e.a.f.’s of regular

Received June 1992.
AMS Subject Classifications: 34B25, 34B27.

2157



2158 G. FREILING AND V. RYKHLOV

eigenvalue problems (1.1), (1.2) with p; = 0 is for each interval [a,b] C (0,1) uni-
formly equiconvergent with the trigonometric Fourier expansion of f. Afterwards,
continuing up to the present time, various questions concerning the spectral theory
of differential operators generated by (1.1), (1.2) were studied very intensively, since
there are many applications for regular problems (1.1), (1.2). In addition it has been
shown by Salaff ([14]) and Minkin ([9]) that the boundary conditions of an arbitrary
nonsingular self-adjoint eigenvalue problem (1.1), (1.2) are regular in the sense of
Birkhoff. For further information and references on regular eigenvalue problems we
refer the reader to the papers of Benzinger ([1]), Wermuth ([17]) and Kaufmann ([7])
(see also [5], [6]), who obtained interesting results more recently on the norm conver-
gence, summability and pointwise convergence of Birkhoff-series which supplement
and complete the classical investigations of Birkhoff, Tamarkin and Stone.

It is worthwhile to note that in all the papers mentioned above it is assumed that
p1 = 0 or that pp is sufficiently smooth. The expansion problem for (1.1), (1.2) be-
comes more complicated if p; is not smooth, since the estimates for a fundamental
system of solutions of (1.1) depend essentially on p;—cf. [11], [13] where the equicon-
vergence theorem is generalized. Since the coefficients p; are only integrable, the
adjoint of ¢(y) is only defined as quasi-differential expression (cf. [10, Section 15.2]
and formula (2.4)).

Our main goal lies in the completion of the study of regular eigenvalue problems
by investigating the norm convergence, pointwise convergence and summability of
Birkhoff-series in the case p; # 0. For this purpose we start from the asymptotic
estimates for a fundamental system of solutions of (1.1) proved by Rykhlov ([11],
[12]) and then we apply the techniques developed in [1], [13], [17], [7], [5] and [6]. We
note that the methods used here can also be applied for the investigation of more
general eigenvalue problems (cf. Remark 4.14). For convenience we confine ourselves
in this article to the most important special case.

2. Preliminaries. In the following we confine ourselves to the case of even-order
problems, n = 2u; in the case n = 2 — 1 we can obtain an analogous result by the
same method.

We substitute A = p™ and consider the sectors

k kE+1
Sk:{pEC:—WSargpgﬂ}, 0<k<2n-1.
n n
Let S € {So,...,S2,_1} be one of these sectors; then we can enumerate the nt" roots

wi,...,wn of 1 such that
Re(pwi) < -+ <Re(pwy) <0 < Re(pwut1) < -+ < Re(pwy,) for p € S.

The following theorem was proved in [11], [12].

Theorem 2.1. Let p; € L, [0,1] for some r € [1,00]. In any sector S, equation (1.1)
has n linearly independent solutions y1(-, p), ..., yn(:, p) which are holomorphic for
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p € S with |p| > Ry, where Ry is a sufficiently large number, and which satisfy the
asymptotic relations

y" (@, p) = ()" ) = (puy) " o(@)e™ " {1+ Oln(p))}

(2.1)
for0<m<n-—1,1<j<n, where
v(z) = e w e I (p) = max 1(z, p),
z€[0,1]
1
n(@p)= > {Ifes(@p)| + grs (@, o) + | fes o 0)lg + lgrs(0)llg} + = (2:2)
1<k<s<n

14

1 1
=1 - 4+ =1
-l = -y + 5 =1

x 1
Juola,p) = / =)@ () dt, gral(, p) = / P =) =D (1) .
0 T

We will need the following classes of functions, with a > 0 and 1 < r < oc:

N B B O(In™“ %) for a >0, _
He0) = { e Lpalotra), = { S0 00 a0 ),

where

w(f;0)oo = sup sup |f(t+h)— f(t);

0<h<8te[0,1—h]

1-h r
w(f;6)y = sup (/ \f(t+h)—f(t)|’“dt>1/, 1<r< .
0<h<d 0

In order to simplify the formulation of the results we set in this paper L[0,1] :=

C[0,1] and H?[0,1] := L,[0,1]. For £ € [0,1] and p € S let w(&, p) be the Wronskian
of y1(&,p), ... ,yn(&, p) and let w,k (&, p), 1 < k < n, be the algebraic complement of
y,(cn_l)(f , p) with respect to w(&, p). Further, we set

e, p) = Uk

wE p) £e0,1], pe S, 1<k<n. (2.3)

In the sequel we use the abbreviation

[a] == a+O(n(z,p)) (a€C,pelsl),

and the following quasi derivatives, which are closely related to the differential ex-
pression (1.1):

A0 = o AR = —digz{k_l} + 2% k=1,... n. (2.4)
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Using formula (2.1), Lemma 5.1 and Lemma 5.4 we easily obtain the following esti-
mates:

{m} e Wil 1 e
ze (& p) = (Pwk)mnpn—l @e pen (2.5)
for £€]0,1],1<k<n,0<m<n-—1,pes.
It is well known ([10, page 15], [11]) that p™ with p € S is an eigenvalue of (1.1)
and (1.2) if and only if p is a zero of the characteristic determinant

Ui(yr) -+ Uilyn)
D(p) := e , A(p) :==det D(p). (2.6)

Un(y1) - Un(yn)

For the formulation of the asymptotic estimates for A(p) we introduce the following
notation:

k1 k1 ik k
alwl e O‘lwu 1 f}/lw 1 /Yl /—L+1 e 5100,11
0;: = .
J - . . . .
kn kn i,k k
QW e Quwty YWyt fyn u+1 s Bpwpn

with

v £ =10
*yf::{a (1<v<n).
By, £=1

If we substitute the estimates (2.1) into the boundary forms (1.2) we obtain

Un(ys) = (pui)*[a] for j<p—1,

U () = (o)™ o] + e o(1)[B,1}, (2.7)
Un 1) = (1) {low] + 10D [B]} = (pwpesn)™ {an] + e P0(1)[8,]},
U () = (puy)*o(D)e™ [8,] for j > pu+2.

Now we insert these estimates into (2.6), and then we transform A(p) as follows:
(T1) for 1 < v < n we divide the v*" row of A(p) by p**
(T2) for +1 < j < n we divide the j* column of A(p) by eP“iv(1).

These transformations yield

n

Alp) = pFoe=ma ™ {uo(L)} {[for] + (—

v(1)

ko = >0 _,k,. In this article we assume that (1.1), (1.2) is (Birkhoff-)reqular; this
means that 0y; # 0 # 019. We note that |0g1| = |610| (which is proved as with [10,
Section 4.8]). Hence,

[Boo] + v(1)[011])e” + [B10]€? },

n

Alp) = Pk"epﬂ w7 (Y00 (1 + T[], pe s, (2.8)
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where T'(p) has the form
k

T(p) =Y leider (2.9

i=1

with k € N, ¢; € C, d; € C\ {0} for 1 < i < k and with Re(pd;) < 0 for p € S and
1<i<Ek.

On account of the special form of the exponential sum T'(p), an application of [16,
Lemma, page 26] yields:

Remark 2.1. Let 0 = {p € C: p" is eigenvalue of (1.1), (1.2)} and let 6 > 0. Then
there exist constants ¢(d) > 0 and Rs > 0 with

I1+T(p)| > c(0) for peS0):={peS:dist(p,o) >} (2.10)
with |p| > Rs. If T'(p) has the form (2.9) and if a € C, we write in the sequel
[la]] == (a +T(p))[1]-

Remark 2.2. (i) On account of (2.8) we have

n

A(p) —pkoe i {v( VP O01[[1]] for pe S. (2.11)
(ii) If T'(p) is a function of the form (2.9) which satisfies (2.10), then we have
)

1 —T(p)

TT(/)) —1=7 —|—T(p) =[[0]] for pe€ S(6), |p| > Rs.

Hence,

ﬁ = P*koe_pj:%:ﬂwj {U(l)}“[e[io]l] for pe S(9), |p| > Rs. (2.12)

3. Green’s function. In this section we assume that p € S(d),6 > 0, and
f € L[0,1]. Using the solutions (2.1) of equation (1.1) we obtain by variation of
constants (see [10, Section 3.7]). The general solution of the inhomogeneous equation

{y) =2y + f(z) (3.1)
has the form
n 1
=Y i)+ [ ole.&nr©ds (32
j=1 0
where S @ P le,p) .
k=1 Y&\Z, P)2K(S, P if z>¢,
- 3.3
9(@40) { - ZZ=M+1 yi(z, p)zi(&, p) if <& (33)
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Now we choose the functions ¢;(= ¢;j(p)) such that y(-,p) satisfies the boundary
conditions (1.2). First we substitute (3.2) into (1.2), then we solve the equations for
the functions ¢; by Cramer’s rule, and finally we insert these solutions into (3.2). This
procedure yields (see [10, page 37])

1
vap) = | Glag (€ de, (3.4)
0
where the Green’s function G is defined by
G, €, p) = Aip)mx,s,p), 5E€[0,1], pe S() (3.5)
with
yl(xvp) cee yn(‘T’p) Ug(($3§ép))
19 P
H(z,&,p) = _ . 3.6
e D) : Y
(9)(&p)

Substituting (2.1) into (3.3) we get

> hmr € 1z, p) for = >,

9(x,&,p) = v(w){ — S € Uz (6p) for @ <&

Applying the boundary conditions (1.2) we infer

n

U(9)(&p) == > (pwr)[aw]zr(& p) +v(1

k=p+1 k:l

M:

pwk /811 Zk(f’ ) (38)

for1<v<n,£e€]0,1] and p € S.

For the formulation of the asymptotic estimates of G(z,&, p) we introduce some
further abbreviations.

For 1 < j < mnlet Oju(p), p+1 < k < mn, and 0;,4(p), 1 < k < p, be the
determinants of the matrices, obtained by replacing the j*" column of the matrix

k k k
owyt ajwy! ﬁlwuﬂ oo Brwpt
Wy cee QW ﬁnw”_H cee Buwy
by
k En\T k En\T
ap = (wg', ... ,onwy™)t  and by = (Biwg', ..., Bawi™)",
respectively.

Combining the preceding results we get the following estimates for the Green’s
function G of (1.1), (1.2), which are fundamental for the proof of expansion theorems.
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Theorem 3.1. Let § > 0; then the Green’s function G of a reqular boundary eigen-
value problem (1.1), (1.2) has for p € S(9) and x,& € [0, 1] the representation

Gl 0) = gl.600) + 3 oy )y (). (3.9)

=1

g(x, &, p) satisfies (3.3) and (3.7),

y;(z, p) for 1 <j<p,
pi(z,p) =14 " i 1 . (3.10)
yi(z, p)e ‘o forp+1<j<n,
and
1/ & a
b;(&,p) = 9—( > Aj(p)z(&p) = v(1) Y Ajlp ePszk(g,p>), (3.11)
01—yt k=1
“w
where
Ajr(p) = [[0jxr]]- (3.12)

Proof. According to (3.6) G(x,&,p) = A(p) H(xz,&, p), where A(p) satisfies (2.11)
and where all the entries of H(z,&, p) have been estimated previously. We substitute
these estimates into H(z,&, p) and then we transform the (v + 1) row, 1 < v < n,
and the j* column, 1 < j < n of H(z,£, p) in the same way that we have transformed
the v row and the ;" column of A(p) (see also §2, (T1), (T2)).

Expanding the resulting determinant with respect to the first row we obtain with
the preceding abbreviations the assertions (3.9)-(3.11). We omit details since the
proof is similar to the proof for the case p; = 0.

4. Expansion theorems. For the proof of the expansion theorems we use the
contour integration method (see also [10, Chapter II]). Let

. s T
S::SOUSQH,]_ Z{pE(C:—E <argp < E}

and let v, be a circular arc in S of radius R,, > 0, centered at the origin. On account
of the distribution of the eigenvalues of (1.1), (1.2) (see [13]) we can choose § > 0
and a strictly increasing sequence (R,,)men such that the corresponding sequence
(Ym )men of arcs is contained in S(8) = So(6) U Sap_1(8). Then for any summable
function f,

Ig,, (f)(z): 2m// (x,&,p)f(€) dE np"~tdp (4.1)

is a partial sum of the expansion of f in eigenfunctions and (possibly in the case of
multiple eigenvalues) associated functions of (1.1), (1.2).
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Using the asymptotic estimates of Section 3 we shall derive a precise representation

for
Ij : / / z,&,p)f(€)dE np™Ldp
" 2mi

271'1 /fn/ (x,&,p) [(€) dE np"~t dp
T (F)(@) + TEL(F)(@), G € 10,20~ 1}, meN,

Here v/, := v, N S;. In the following we choose S = Sp.

Since I, (f) and 112{;_1( f) have an analogous form, it will be sufficient to give a
detailed description of If; (f).

With the preceding abbreviations and the estimates (3.12) we infer from Theorem
3.1:

Theorem 4.1. Let f € L[0,1]. For x € [0,1]

B =525 5 [ Ao [ prpte) e ot a

1
Osek)] oy / e 24 (€, p) (€) d€ np" " dp

j=1k=
-2 > /O el o= 1)/0 (&, p) f (&) d€ np" " dp

001

-\ 0 ' -
I U(l') Z Z/y [ejof]]GPWJ(I 1)/0 epwkzk(ﬁ,p)f(ﬁ) d¢ npn 1dp.

The analogous estimates are valid for the sector Son_1.

Let us denote by J%i (f)(x) the expression obtained from the right-hand sides of the
formulae in Theorem 4.1 by deleting the double square brackets and by substituting
instead of zp(§,p) the function #Ué)e ports similarly we define Jp ﬁ for a €
{0,2n — 1} and B € {0,1}. Then we infer from [15, Lemmas IV’,. VI’ page 754]
and Lemma 5.9:

Lemma 4.2. Ifp; € HJ[0,1], f € HP[0,1], 2+ 1 =1,a+ 3> 1, then

lim (I51 (f) = JH. ()(@) =0, je{0,2n—1},

m—0Q

uniformly for x € [0,1].

Combining [15, Lemmas IV’ and V’] with Theorem 4.1 we get
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Lemma 4.3. For f € L[0,1], p; € L[0,1],

lim I]’m(f)(x) =0, j€{0,2n -1},

m—00

uniformly on each compact set K C (0,1).

Let us denote by go(x,&, p) the expression obtained from g(z,&,p) (cf. formula
(3.7)) by replacing z(&, p) therein by L_e=rwr€ and by deleting the square

np” npn=1 v(g)
bracket. Then we infer from Lemma 5.10 by elementary calculations

Lemma 4.4. Ifp; € H}'[0,1], f € HP0,1], %4— % =1, a+ 3 > 1, then for z € [0,1]
and j € {0,2n — 1}

BN =0 = 5% [ | @-meens@dsn T do=on), (12

where o(1) tends to zero uniformly for x € [0,1] as m — oo.

Remark 4.5. (i) Let p; € H}[0,1], f € HP[0,1], %4—% =1, a+ § > 1, then for
x € [0, 1] we easily obtain (see also [17, Satz 2])

Tpo (f) + T 2m/ / go(x,& p) f(&) dE np™ " dp

B sin(Ry, (z —§))
‘/0 Lt

From Lemmas 4.3 and 4.4 we deduce that Ir_(f) and the generalized Dirichlet in-
tegral in (4.3) (and hence, according to [15], Ig, (f) and the corresponding partial
sums of the trigonometric Fourier series of f) are uniformly equiconvergent on every
compact set K C (0,1) (see also [13] for details).

(ii) If a € (0,1), f and p; satisfy the conditions of Lemma 4.4 and if % satisfies
hypothesis H(a) (cf. Notation 4.8), then we infer from Lemmas 4.3, 4.4 and 5.3 the
following result on the pointwise convergence of Ig, (f) :

(4.3)

lim_Tr,, (£)(@) = 5 {f(at) + flam)}

m—0o0

The object of the next part of this section is to evaluate

lim Ig, (f)(z) for 2z €{0,1}.

m— 00

For this purpose we use Lemma 4.2 and the methods of [5, Section 4].
Using Theorem 4.1 and Lemma 4.2 we get (cf. [5, page 1192]).
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Theorem 4.6. Ifp1 € H[0,1], f € H[0,1], L+t =1, a+ 3> 1 and m — oo,

then
o o [ PO R
I, (J)(0) = of omi Z E ] _gv(g)e ' p=Rm “
1 Zﬂ: z“: v ]*k /1 f(é.) pwk(l5)’pRmei7_TLr dé’ (44)
il e
27m vt o (1=8v() p=Rm
and
0.1 B B i n " Hj*k ! f(é‘) —pwkﬁ p:R"LEiT_T
IRm (@)= O<1) 271 Py St 001 _5'0(5) p=Rm “ ( )
4.5

n

i [N O gt
=PI e [t e

] pt1 k=1

The analogous estimates are valid for Ifﬁ:l’l(f).
The following result of Wermuth is the key for the evaluation of the pointwise
limits lim Ig, (f)(a).

Theorem 4.7 (Wermuth ([18])). Let f € L[0,1], « € C\ {0}, Ima >0, A € C and
To € (0, 1). If

(i) Jtim 2 e dg = 4
and
- s, [HHOSER D
then

1 iRx _ _aiRx
lim / f(:v)i dr = Alna,
T

R—’OO 0
where 0 <Im Ina <.

This theorem generalizes the well-known convergence criterion of Lebesgue for
trigonometric Fourier series (cf. [19,b), I, page 65]) which is known to include the
criteria of Dini, Dirichlet-Jordan, de la Vallée Poussin and W.H. Young (cf. [19, a),
page 29 ff.]).

Notation 4.8. Let f € L[0,1] and 0 < a < 1. We say that f satisfies the hypothesis
H(a) if

fx+a) for 0<z<l-a

0 for 1—a<zx<1

f1:00,1] = R, a:»—>{
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f satisfies hypotheses (i) and (ii) of Theorem 4.7 with

A= h%lJr —/ fla+¢&)dé (=: f(a+) if a <1 and f(a+) is not yet defined)

and if
for 0<z<a
for 1—-a<z<1

f2:00,1] = R, xH{g(a_”“’)

satisfies hypotheses (i) and (ii) of Theorem 4.7 with

z—0+ &

A= lim —/ fla=¢&)d¢ (=: f(a—)).
The following theorem reveals the behaviour of the expansion of f at the boundary
of [0,1].

Theorem 4.9. If py € H2[0,1], f € H[0,1],
hypotheses H(0) and H(1), then

Lil=1a+8>1, and L satisfies

, 1 B BO 1,B°, BY
lim Ig, (f)(0)=f(0+)+ 06k, 05 (—+ =) Un (f) + 0k, _,05( L+ DU (f)
m— oo 2 901 9 01 2 001 901
and
. 1,B! B1 1,B | B}L 1
lim Tr,, (f)(1)=f(1=)+0k,05 (5 +=)Un(f) +0k,_1,05( —— )Un—-1(f),
where 6;; is the Kronecker symbol and
1—96,1 1—96,1 (5H1 0wl 0
alwfl . alwl’jl 51wﬂ+1 . ﬁlwfbl 0
B} = : : : :
Oén—lwlf"_l Oén—lwﬁ"_l Brn— 1‘”51_11 ﬁn—lwfbn_l Ojn—1
oznwlf" .. anwﬁ” an#-i-l . ﬁnwﬁ"_l djn

forje{n—1,n} and k € {0,1}. B; and 01 are the determinants corresponding to
B? and 6g1, respectively, for the sector San_1.

Proof. From Lemma 4.2, Lemma 4.4 and the definition of J}’fifl (f) (see the sentence
following Theorem 4.1) we infer that under the hypothesis of Lemma 4.2

im {Ir,,(f) = (T ") + T ) + T () + TR, (M)} ) =0 (4.6)

uniformly for z € [0, 1].
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Starting from the detailed representation of the terms J}’%’i (f)(z) proved in (4.3)
and Theorem 4.6 we can apply Theorem 4.6, Lemma 5.2 and Lemma 5.3 to evaluate
lim JE’J (f)(x) for x € {0,1}, k € {2n—1,0} and j € {0, 1}; we omit details since the
m— o0 m
remaining part of the proof is a word-by-word repetition of the proof of [5, Theorem
4.10).

Notation 4.10. (i) We say that f and p; satisfy Hypothesis A if

1
P eHgé[Ovl]) fe‘Hf[O?]-]v ;

+-=1 and a+p0>1,

| =

where ¢,7 € [1,00] (and Lu[0,1] := C[0,1], H?[0,1] := L,[0,1]).
(ii) Let
n Ina fora>1
In"a =
0 for0<a<1.

We say that f satisfies Hypothesis B if either 1 < r < oo and f € L.[0,1] or
r=1,f € L[0,1] and fIn™ |f| € L[0,1].

Combining the estimates obtained here with the results obtained in [6, Sections 3, 4
and 5] we can state the following theorems on norm convergence, uniform convergence
and summability of Birkhoff series. The assertions of the two following theorems are
an immediate consequence of formula (4.6) and of the proofs of [6, Theorem 3.2 and
Theorem 4.2].

Theorem 4.11. If f and p1 satisfy Hypothesis A and if f satisfies Hypothesis B,
then

i (|f ~ I, (D)l = 0.

Theorem 4.12. If f € C[0,1]N BV[0,1] and py satisfy Hypothesis A and f satisfies
the boundary conditions of order zero of a regular problem (1.1), (1.2), then for m —
00, Ig, (f) tends to f uniformly on the interval [0, 1].

According to Stone ([15]) the Riesz typical means of order ¢ > 0 of the partial
sums of the expansion of f into a series of e.a.f’s of (1.1), (1.2) take on the form

St 00 = [ (35 | (-G & omedp) ey de. (47

21

The following theorem generalizes the theorem of M. Riesz and Chapman in the
theory of Fourier series.

Theorem 4.13. Let f € C[0,1] and py satisfy Hypothesis A and let f satisfy the
boundary conditions of order zero of a regular problem (1.1), (1.2). Then the expansion
(4.7) formed for £ > 0 tends to f uniformly on the interval [0, 1].

Since S, (f)(z) and Ig,, (f)(x) do only differ by the bounded factor (1— (&))",

m

we can use Lemma 5.9 and Lemma 5.10 to show all error terms are tending uniformly



BIRKHOFF-REGULAR EIGENVALUE PROBLEMS 2169

to zero—this means that the limit of (4.7) does not change if we remove in our
estimates for G(z,€,p) all square and double square brackets. Consequently the
assertion of Theorem 4.13 is obtained as with the proof of [6, Lemma 5.1].

Remark 4.14. (i) The methods of this paper can be used for the investigation of
more general types of problems. For example:

(a) we can replace the boundary conditions (1.2) by regular two-point or multi-
point boundary conditions where the coefficients are polynomials in A,

(b) we can replace the differential equation (1.1) by a differential equation with a
weight function » which is a nonzero step function (cf. [5], [6]),

(c) it is possible to generalize the methods of this paper for the investigation of
eigenvalue problems for bundles or for first-order systems of equations; the
corresponding results will be published elsewhere.

(ii) Using the results of [13] we get an estimate on the order of convergence of (4.6).

5. Auxiliary results. Let (2 be the Vandermonde determinant of wq,ws, ... ,w,
and let Q,;, 1 <j <n, 1< s < n, be the algebraic complement of w;_l with respect
to .

Lemma 5.1 ([10, page 86]; [5, Lemma 5.1]).

Qg 1
#Zgw}“s“, 1<j<n, 1<s<n. (5.1)

Proof. Let 1 < s < n be fixed. The system of equations

Zw;-“ 5] = Ogs-1, 0<Ek<n-—1,
j=1

has a unique solution since the determinant of its coefficients is {2 £ 0. In consequence
of

n n—s+1

kY
ijT = 0ps—1, 0<k<n—-1,1<s<n
=1

this solution is defined by (5.1).

For the evaluation of the limits of the integrals in Theorem 4.6 we use Wermuth’s
criterion (cf. also [5, Lemma 5.3]) and the notation introduced in Section 2.

Lemma 5.2. Let f € L[0,1] and o = ™/,
(i) If f satisfies hypothesis H(1) (compare Notation 4.8), then for 1 <k < p
1 JRawk(1-¢) _ ,Rwi(1-¢) ;
e e i
I de =~ f(1).
Jm [ e 1O de =~ f1-)
(ii) If f satisfies hypothesis H(0), then for u+1 <k <n
1 gRawk(—§) _ pRwi(—¢)

Jim [ e F(€) g = " (0+).
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Proof. Substituting 1 — ¢ = ¢ and applying Theorem 4.7 we get (i) from
1 eRawk(l &) _ €ka(1 &)

Jim [ — 7€) de
1 awp, . . . w
— lim _(ez kyt eth + eth _ ezR(Tk)t)f(l _ t) dt

R—o0 0

/(1) (- (@) + 10 %) = —f(1-)na = T f(1-)

We note that Rew;, < 0 and Re(awk) < 0 for 1 <k < p; hence Im=t > 0 and
Im(a®) >0 for 1 < k < p, and Theorem 4.7 can be applied.

The following lemma is used to determine lim Iﬁo (f)(x) (cf. [5, Lemma 5.4]).
m— o0 m

Lemma 5.3. Let j € {0,2n — 1} cmdf € L[0,1].
(i) If & L satisfies hypothesis H(1), then

lim 0 (£)(1) = Tim — - / / 90(1,€, ) F(Enp" " dpdg = 3 F(1-).

m— o0 m—oo 271

(ii) If L satisfies hypothesis H(0), then

lim 30 (£)(0) = lim ——/ / 90(0.€,9) F(€np" " dpde = L F(0+).

m— 00 m— o0 27

(iii) Ifa € (0,1) and zf satisfies hypothesis H(a), then

lim Jjo(f)(a): lim ——/ / gola, &, p)f(Enp™tdpde

m— 00 m—oo 271
= {7 + flab)).

Proof of (i). Because

m
3 wyerwr(@=E) for x > &,
1 w(z) ] k=
P — 3 wperr@=8) for ¢ < €,
k=p+1

we get

I:i= lim — 27”// 90(1,&,p) f(&)np" " d€

Integrating with respect to p and applymg Lemma 5.2 (i), we obtain from p = %

e L]

2me
(ii) and (iii) are proved in the same way.
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Lemma 5.4. For the functions zi(&, p), 1 < k < n, defined by (2.3), the following
formulae are valid:

{v} _wnwik(§p)
2y (&,p) = ot " 0,1,... 652)

E=1,2...,n &€ [0,1], p € S; where wsi(&, p) is the algebraic complement of
y,(:_l)(g, p) with respect to w(&, p).

Proof. Using the definition (2.3) of the functions zx (&, p), the definition of the quasi
derivatives (2.4), the rule of differentiating of determinants, and taking into consid-

eration that the functions y; (&, p), j = 1,2,... ,n, are solutions of equation (1.1), we
easily obtain the statement of Lemma 5.4 (cf. [13, Lemma 1.1]).

In the sequel we shall need some results from [4, 8|, which are stated below as
lemmas.

Lemma 5.5. If f(x) € L,[0,1] (1 <p < o0), then ([4])

where E,(f)p is the best approzimation to f(x) in the metric of Ly[0,1] by algebraic
polynomials of degree £ < v € N.

Lemma 5.6. If Q, is an arbitrary algebraic polynomial of degree v, 1 < p < q < 00,
s is a natural number, then there exist a constant C(p,q), depending only on p and
q, and a constant C(s), depending only on s, such that ([8])

a)  1Qulle < C, @5~ Qullp:
b) QY < O Q-

Using Lemmas 5.5 and 5.6 we obtain

Lemma 5.7 ([13, Lemma 1.5]). If p1 € HZ[0,1], then for sufficiently large |p| and

any ¢ € N
o) =O((0(O)+ ) 3 xulor)+ )
p 1<j<s<n P
where )
Uy (l) = e for a >0, ¥o(l) =0(1) for a=0
and
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Lemma 5.8 ([13, Lemma 1.6]). If ay,a2 > 1, $1 and B2 are nonzero complex num-
bers, (r ={2 € C: z= Rexp(ip),v1 <o < pa}, R>0, Re 12 >0 and Re 22 >0
for z € (R, then the integral

z /11— exp(—as Re (5z) as
e 11 () e
satisfies the following estimates for sufficiently large R:

1) Jr < C, when all+ai2>1;

2) Jg <C InR, when ail—i—i:l'

3) JR§CR1_(QL1+%2>, when ——|— - <1

The following lemmas are central for evaluatmg the error terms in Section 4. For
the formulation of these lemmas we set op = {p € 5| |p| = R}.
Lemma 5.9. Let py € H[0,1], f € HP[0,1], 3+ =1 a+08>1 If M(z,p) is
uniformly bounded for x € [0,1], p € S and if N(x,p) = O(n(p)) for z € [0,1], p € S,

then the following asymptotics formulae are valid as R — oo uniformly with respect
to x :

i) [, Mz, p fo 2(€.p) — piir sy P F(€)dE np"tdp = o(1) for k =
w41,
(i) J,, M(:v,p) fol Pk (21(&s p) — s g PO f(€) dE mp™tdp = o(1) for
k=1,...

(i) [, N(x,p) [y z(€p)f()dE np"tdp=o0(1) k=p+1,...,n
(iv) for fa N(z,p fo e’k 21 (€, p) F () dE np™~tdp=o0(1) fork=1,...,pu.

Proof of (i). For simplicity we confine ourselves to the case a > 0,3 > 0; the proof
is similar for the case @ = 0 or 3 = 0. Let Fy(§) be the algebraic polynomial of best
approximation to f(£) in the metric of L,.[0,1] and of degree < ¢. Obviously,

1
AR _/ M(z p)/ (21(E, p) — —k ! e PRE) F(E) dE mp™ T dp

n o on—1 U( )
/ M(z,p / (206, p) — —2 %e—’“kfm(&) de np"dp
+/ M) /0 (er(6,p) — n;"’“ S RO 1 dp
=: A1r + Aar,

where f; = f — Fp.

First we consider A;g. Using formula (2.5), Lemma 5.5 and the definition of the
class H?[0, 1] we obtain

Aig| < © / / Ple P fo(€)] de |dpl

1
—qRe(pw = 1
< [ woplo [ e 0ae)t il < [ np)—mo) dsl,
OR OR
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where
1 — e—9Repwi

Q=

kr(p,q) = (

In view of Lemmas 5.7 and 5.8 we find

1
|A1R|§C/ (W/‘ék(P,Q) > xislor)
OR

1<j<s<n

Re pwy

0 (a
T4 B, ; s\ + — ; d
re(pg) Y Xis(por) P kk(p,q)) |dpl

B
’p“n t 1<j<s<n
IR —
InR ? nR Rwie forg=1
<C + + 2 .
- a+pB B la
In 12 RIn" ¢ T for g > 1
R4 InP 7

Because /£ is a parameter, we assume ¢ = int(R1), where int(z) denotes the integral

part of x, and obtain
Aig=o0(1) as R — oc. (5.3)

Now we consider Asr. Using formula (5.2), the definition of v(§) and the definition
(2.4) of the quasi derivatives, integrating once by parts, and applying formula (2.5)

we infer

BR@>:1A<axap>—5§%75éieww9ﬁxada

L m b e 1
_X/o (& p)Fe(€) dE — = 1/ e U(g)Fe(S)df

1
- —i/Fg(g)dz,E”_l} &0+ /Pn (€, p)Fu(€)de
L 1 [t
nA Jo v(§)

L0+ L0 )+ [ AR
=—F( 0) + e LASYAE: ,0)Ey

s F()de P

e 1 oL
+XA@£M@) @5+_RTM) - LE(0)
_ i ' e—Pwk§ —pwi§ pl €3]

nA )\/ Fu(& nv(f)dé
=§HOXE%55”*—%WHOWD—§H®X% A 0.0)

Lt / 1 —pwi {n—1} 1!
-5 [ FO e = e e+ 5 [ pa©mie P de

L ! p1(§) o~ PwiE
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Now applying Lemma 5.6 we find
|Br(p)|

< (, |anz< YIn(o) + ||anz< >|n<p>+ﬁ / F()e < (p) de

e [ n@F@e s de [ @R eatag
2 o—aRe(pwr€) ||F€Hoo

<,p, ato)+ o) [ Q)+
v [ Fi@BE et

= (¢7 2 K —E% ' me*PWké
< C(o (o) + En(obmnlp.a) + ooy +1 [ FUOBE e <)),

Hence

Aar] = | / M (2, p)Ba(p)ng"™" dp) (5.4)

<C/ g 20(p +€ 1(p)kx(p, q +‘/Fe p1(f) e PURE de| +

1

For the evaluation of

1
pi§) _
Bip) = [ B2 et ag
0 v(§)
we use the same method as we have already used for evaluating Ar (applying the
best approximation polynomials, integrating by parts and so on). We find (cf. [13
formula (2.7)])

Ei(p) = O + )

W7 [l

Substituting this estimate into (5.4), using Lemmas 5.7 and 5.8, choosing the param-
eter £ as int(R%) we obtain

Asp =0(1) as R — oc.

Consequently
Ar=A1r+Ar=0(1) as R — oo.

Formulas (ii), (iii), (iv) are obtained in the same way. Hence Lemma 5.9 has been
proved.
In a similar way to the proof of Lemma 5.9 we can prove
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Lemma 5.10. Let p; € HY[0,1], f € HP[0,1], 3+% =1, a+pB>1. If M(z,p) is a
bounded function with respect to x € [0,1], p € S and N(z,p) = O(n(p)) for x € [0,1],
p € S, then the following asymptotic formulae are valid uniformly with respect to x
as R — oo

i) [ M) [ e - ot e A€ dene™ dp = o)
fork=1,...
1

i) [ Mp) [ e en(en) = o e A€ d np dp = o)
fork=p+1,... n

N " o d¢ np" tdp =o(1
(i) / ) | e n ©de netdp = o)
fork=1,...

1
(iv) | N [ e o€ ds gt dp = o)
fork=p+1,... n
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