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ON A GENERALIZATION OF ANDO’S DILATION THEOREM

NIRUPAMA MALLICK AND K. SUMESH

ABSTRACT. We introduce the notion of @-commuting operators which includes commuting
operators. We prove a generalized version of the commutant lifting theorem and Ando’s dilation

theorem in the context of @)-commuting operators.

1. INTRODUCTION

Throughout, H and K denote complex Hilbert spaces and B(-) denotes the space of all bounded
linear maps. Suppose H; and K; are Hilbert spaces such that H; C K;, i = 1,2. Given
T € B(H1,Hz) a bounded linear operator S € B(K1, Ks) is said to be an

(i) extension of T if S(h) = T'(h) for all h € H;. (In such cases we write S|y, =T.)

(ii) lifting of T if S(Hi) € Hy and T = Py, S|x, (equivalently S*|3, = T*).
With respect to the decompositions K1 = Hi ® Hi and Ko = Ha @ Hy, in (i) and (i) the
r *] and S = K ﬂ, respectively. Note that S is a lifting

operator S has the matrix form S = {0
*

of T if and only if S§* is an extension of T™.
An operator S € B(K) is said to be a dilation of T' € B(H) if H C K and T™ = PyS™|y for

all n > 0, where Py € B(K) is the orthogonal projection onto H. In such case, with respect to

the decomposition K = H & ML, the operator S™ has the matrix form S = T for all n > 0.

* ok

Clearly extension and lifting of 7' € B(H) are dilations. It is well known that (see [0, [7]) given
any contraction T' € B(H) there exists a Hilbert space £ 2 H and an isometry V € B(K) such
that V is a dilation of 7. Such a pair (V,K) is called an isometric dilation of T. An isometric

dilation (V, K) is said to be minimal if
K =span{V"(H) : n > 0}. (1.1)

Minimal isometric dilations are unique upto unitary equivalence in the sense that if (V, ) and
(V',K’) are two minimal isometric dilations, then there exists a unitary U : K — K’ such that
Uly = Iy and UV = V'U. Sz-Nagy proved ([5, [7]) that given a contraction T' € B(H) there
exists a Hilbert space K and a unitary U € B(K) such that U is a dilation of T'. Such a pair
(U,K) is called a unitary dilation of T. Moreover, such a dilation is unique (up to unitary

equivalence) if it is minimal, in the sense that

K =3span{U"(H) : n € Z}. (1.2)
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In [9] Schaffer gave an elementary proof of the existence of minimal unitary dilation of a con-
traction.

Given a contraction T € B(H) there always exists a Hilbert space K 2 H and a co-isometry
W € B(K) which extends T, and we call (W,K) a co-isometric extension of T. In fact, by
considering the lower right-hand corner of the matrix form of the Schaffer’s construction (see

[9,[7]), one can get a co-isometric extension (W, K) of T which is minimal in the sense that
K =span{WW*"(H) : n > 0}. (1.3)

Note that if (V*,K) is a minimal co-isometric extension of 7%, then (V,K) is an isometric
lifting and hence a dilation of T' which is minimal in the sense that (LI]) holds. Now from
the uniqueness property, it follows that H' is invariant for every minimal isometric dilation of
T € B(H). Thus, a pair (V,K) is a minimal isometric dilation of T" if and only if (V,K) is a
minimal isometric lifting of 7" if and only if (V*,K) is a minimal co-isometric extension of 7.

Ando ([1]) proved that given any two contractions 77,7> € B(H) which are commuting (i.e.,
T,T; = T»Th) there exists a Hilbert space Ky 2 H and commuting isometries Vi,V € B(Kp)
such that

5" = PyVi'Vy"

for all n,m > 0. In fact, V; can be chosen to be a lifting of T;,7 = 1,2. Further, using Ito’s
theorem [3] he concluded that there exists a Hilbert space £ O H and commuting unitary
operators Uy, Uy € B(K) such that

V13" = PyUTUS [u

for all n,m > 0. This is known as the Ando’s dilation theorem.

Let T; € B(H;) be a contraction with isometric lifting (V;, ;) (respectively co-isometric
extension (W;, K;)), i = 1,2. Suppose X € B(H1,H2) intertwines T} and Ty, i.e., XT} = ToX.
Then, due to Sz-Nagy and Foias ([6],[7]) there exists a norm-preserving lifting (respectively
extension) Y € B(K1,K2) of X which intertwine V; and Va (respectively Wi and Wj). This
result is called intertwining lifting (respectively intertwining co-extension) theorem. The case
when 77 = T, and V; = V; (respectively Wy = Wh) is known as commutant lifting (respectively
commutant co-extension) theorem.

One may ask how these dilation theorems of commuting pair of contractions can be gen-
eralized to the setting of noncommuting pair of contractions 77,757 In [8] Sebestyen proved
analogues of commutant lifting theorem and Ando’s dilation theorem for anticommuting pair
(i.e., ToT1 = —T1T») of contractions. In [4] Keshari and Mallick considered g¢-commuting oper-
ators (i.e., TvyT} = ¢T1T») where g € T = {z € C: |z| = 1}. They proved a generalized version
of the commutant lifting theorem, intertwining lifting theorem and Ando’s dilation theorem
in the context of g-commuting contractions, and called them as g-commutant lifting theorem,
q-intertwining lifting theorem and g-commutant dilation theorem respectively. In this article
we consider operators 17 and Ty which are Q-commuting i.e., T5T7 equals either QT1715, T1QT5
or T175Q for some bounded operator (). Our main aim is to prove an analogue of the com-
mutant lifting theorem and Ando’s dilation theorem to the setting of QQ-commuting operators.
As a first step we characterize (Theorem 2:6) Q)-commutants of a contraction T € B(H) in
terms of Q-commutants of its minimal isometric dilation (V,K), where Q = Q & Q" € B(K)
with Q' € B(H*). This is a generalized version of (¢g-)commutant lifting theorem ([4, 6]). The
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proof uses Schaffer construction. Further using ideas from [2] we prove generalized versions
(see Theorem 2.8] 2.T5]) of (¢-)intertwining lifting theorem. In Theorem .14 we characterize Q-
commutants of a contraction in terms of Q-commutants of its minimal unitary dilation. Finally,
we prove our main theorems that Q-commuting contractions can be dilated into Q-commuting
isometries (Theorem ZI6) and further into Q-commuting unitaries (Theorem Z20). These re-
sults generalize Ando’s dilation theorem and g-commutant dilation theorem. The proofs consist

of standard dilation theoretic arguments.

2. MAIN RESULTS

Suppose H and K are Hilbert spaces such that H C K. Given any Q € B(H) we let Qi (or
simply @) denotes any bounded operator on K such that # is a reducing subspace for @ and
Ql3 = Q. Note that (Q & qly1) € B(K) is an example for such an operator @ for every ¢ € C.
If Q is a contraction or (co-)isometry or unitary, then we require @ also to be a contraction or

(co-)isometry or unitary, respectively.

Definition 2.1. Given @ € B(H) two operators 11,75 € B(H) are said to be Q-commuting if one
of the following happens:

T2T1 = QT1T2 or T2T1 = TlQTQ or T2T1 = TlTQQ. (21)

If @ = Iy (respectively Q = —Iy), then @Q-commuting means commuting (respectively anti-

commuting).

Example 2.2. Let T7 = {(1] (1)] and T = [12 ﬂ in M5(C). Note that T, T5 are not commuting. In

01
in M5(C) are such that ToTy = T1T5Q = T1Q'T>. Note that there is no @ € My(C) such that

LT = QITT5.

fact, there does not exists any ¢ € C such that ToT) = ¢1175. But Q = {01 ﬂ and Q' = [0 0]

Example 2.3. Suppose L, R, Q, Q' € B(£?) are the linear operators given by
L(zq1, 29,23, ) = (x2,T3,Tq, )
R(z1, 2, w3, ) := (0,21, 22,33, )
Q(r1, 22,23, ) = (0,22, 23,74, )
Q' (z1, 72,73, ) = (0,0, 23,74, ")

Clearly ¢LR # RL for all ¢ € C. Note that RL = QLR = LQ'R = LRQ.

Example 2.4. Suppose 11 = [g (1)] and Tp = [(2] g] in M5(C). Note that there does not exists any
Q € M3(C) such that 77 and T3 are Q-commuting.

The above example shows that given two operators S, T € B(H), there may not exist always
an operator @) € B(H) such that S and T are Q-commuting. However, the next Lemma says

that given two operators T, Q) € B(H), under some suitable conditions, there always exists an
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operator S € B(H) such that S and T are @-commuting. This is a generalization of [4, Lemma
3.5]. Recall that T' € B(H) is called a pure co-isometry if 77* = I and T*" — 0 in the strong
operator topology.

Lemma 2.5. Suppose T' € B(H) is a pure co-isometry and Q € B(H) is an isometry. If T*(H)
is invariant for Q, then there exists a co-isometry S € B(H) such that T'S = STQ.

Proof. Since T* is an isometry W = (T*H)* is a wandering subspace for 7%, i.e., T*™(W) L
T*"(W) for all m # n € N. Moreover, since T is pure co-isometry H = @r2,T*"(W). As
T*(H) C W and Q*(W) C W, for m < n and w,w’ € W we have

<(QT*)n’U}, (QT*)mw/> — <(QT*)n7mw7wl> — <11>i<(ijk)nf?ﬂfl,w7 Q*wl> — 0
Thus (QT*)™(W) L (QT*)™"(W) for all m # n € NU{0}. Define Sy : H — H by

(e ¢)

So( > T*Mw,) = 3 (QT*) .
n=0

n=0
Then,

HSO(Z T*nwn)HQ _ Z Z <(QT*)n+1wn, (QT*)m+1wm>

n>0 n>0m>0

= > QT wn, (QT)"wy)

n>0

= 2_(wn,wn)

n>0

- Z (T wy, T wy,)
n>0

= Z Z (T wyy, T ™ wy, )

n>0m>0
— |3 7w, |
n>0
Thus Sy is a well-defined isometry. Moreover, for w, € W,n > 1 we have
SOT*(Z T*nwn) — Z(QT*)n—l—an _ QT*SO(Z T*nwn)7
n>0 n>0 n>0
hence SoT™ = QT™Sy. Take adjoint on both sides to get T'S = ST'Q), where S = S;. O

2.1. Lifting theorems. We recall some basic facts which we will be using frequently. Suppose
T € B(H) is a contraction with dilation (V,K) and let Y € B(K) be an extension of X € B(H).

Then w.r.t to the decomposition K = H & H we have Y = [X *] and V" = [Tn *] for all n > 0.

* * %k

Note that Vry™ = [17*" *], so that T"X™ = Py V"Y™|y for all n,m > 0. Similarly if YV is
* *

any lifting of X, then X"T" = Py Y"V"™|y for all n,m > 0.

Now we prove an analogue of the (¢g-)commutant lifting theorem for Q-commuting operators.

Theorem 2.6 (Q-commutant lifting). Let T' € B(H) be a contraction with isometric lifting (V,K),
and let X € B(H). Suppose Q € B(H) and Q € B(K) are contractions.
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(i) If XT = QT X, then there exists a lifting Y € B(K) of X such that YV = QVY.
(ii) If XT = TQX, then there exists a lifting Y € B(K) of X such that YV = VQY.
Further assume that Q and Q are unitary.
(iii) If XT = TXQ, then there exists a lifting Y € B(K) of X such that YV =VYQ.
In all cases T"X™ = Py V"Y' ™|y and X" T™ = PyY"V™|y for all n,m > 0. Moreover, Y can
be chosen such that ||Y|| = || X||.

Proof. (i) Set T = [QOT ;] and X = [2 )0(] on H@®H. Let D = (I — @*@)% € B(K) and

Ko = man(DV) C K. Let K = KB Ko). We consider H C K C K through the canonical
identification. Now define V € B(K) by

Qv 0 0

DV 0 0

V=0 Ig O
0 0 I,

Note that V is an isometry. Also since Q" |y = Q* and V*|y = T* we have
V*h = (QV)*h =V*(Q"h) = T*Q*h = (QT)*h
for all h € H, i.e., ‘N/*|H = (QT)*. Thus V is an isometric lifting of QT. Set V = K 3} €

B(IAC @ K). Clearly V is an isometric lifting of the contraction T. SinceTX = X f, by commutant
lifting theorem there exists ¥ € B(K ® K) such that VY = YV, Y*|ygy = X* and ||V =
| X|. Let ¥ = [* B] € B(K & K) where B = Y v1 Y2 Y;:,...]tr € B(K,K) with respect to the

decomposition K = K @(° Ko). Then
VY =YV = VB=BV = QVY =YV,
where Y € B(K). Also
Viluon = X* = Bl =X" = Y|y = X",
so that Y is a lifting of X. Hence | X|| < |[YV]| < |B|| < Y| = || X = | X].
(i) Set T = {TOQ ;] on H & H. Let X,D,K be as in case (i) with Ky = ran(V D) C K. Define

V € B(K) by
v o0 0 |
VD 0 0
0 0 I

Note that V = [‘g 3} € B(IE @ K) is an isometric lifting of the contraction T, and since TX =

XT, by proceeding as in case (i) we can get Y € B(K) such that VQY =YV, Y*|3; = X* and
Y[ = [1X1].
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. . ~  [T@*o s |oo 5 [v@® o
(iii) Suppose @ is a unitary. Set T' = [ 0 T] and X = [X 0] on H@®H,and V = { 0 V] on
K@ K. Note that (‘A/, K ®K) is an isometric lifting of T. Since TX = )A(f, by commutant lifting
theorem there exists a lifting ¥ = [; *] € B(K ® K) of X such that YV = VY and |V = || X].
Observe that Y is the required lifting of X. This completes the proof. O

Remark 2.7. In Theorem [Z6l(iii) suppose @ is only a co-isometry, so that TX = XTQ*. The
above proof shows that, in such case also we can get a lifting Y of X satisfying all properties
except the equality VYQ = YV, but we get VY =YVQ".

Theorem 2.8 (Q-intertwining lifting). Let T; € B(H;) be a contraction with isometric lifting
(Vi,K3), i = 1,2, and let X € B(H1,Ha). Suppose Q € B(Hz) and Q € B(Ks) are contractions.
(i) If XT1 = QT» X, then there exists a lifting Y € B(K1,Ka) of X such that YV; = QVaY .
(i) If XT1 = ToQX, then there emists a lifting Y € B(K1,K2) of X such that YV; = VaQY .
Suppose Q € B(H1) and Q € B(K1) are unitary.
(iii) If XT1 = ToXQ, then there exists a lifting Y € B(K1,K2) of X such that YV; = LY Q.
In all cases T3 X = Py, Va'Y |y, and XTIV = Py, Y V*|y, for all n > 0. Moreover, Y can be
chosen such that ||Y|| = || X]|.

Proof. First assume that X7 = QT2 X. Set

=~ _|Th 0 o _ |00 _ [xy O
T_[OTQ],X_{XO], Q-[O Q} € B(H) ®Hs), and

— [, 0] & _ [wio
Q—[O 6},1/_[0%} € B(Ky @ KCa).

Note that Hi @ Ho is reducing for the contraction Q, and §’H1G§H2 = Q. Since XT = QT)?
and V is an isometric lifting of f, by Theorem [2.6] there exists a lifting Y = [; *} € B(K1 &Ko)
of X such that YV = QVY and ||Y|| = | X|. As YV = QVY we get YVi = QV,Y. Also since
Y*li,en, = X* we have Y*|3, = X*, ie., Y is a lifting of X. Hence | X|| < Y| < ||Y] =
|X| = | X]||. The case when ToQX = XT} can be proved similarly since TOX = XT. For the

case when X1 = T5X(Q repeat the above process by taking Q = [%2 IO ] € B(H1 & Ha) and
Ha

Q= [?Iz} € B(Ky @ Ky). 0

Remark 2.9. Theorem [Z8 can also be deduced from the classical intertwining theorem as follows:

To prove (i) of Theorem 28 let (V, K) be an isometric lifting of the contraction QVa = {QTQ 0] €

B(K3). Then (V,K) is also an isometric lifting of QTy. Since XT) = (QT3)X, the classical
intertwining lifting theorem yields a lifting Y € B(ICl,IE) of X such that YV, = VY and

|V = || X]|. With respect to the decomposition K = Ky ® K& let V = @20l and v = [;]
* * 0

with Y € B(K1,K3). Then ?Vl = VY implies that YV; = QV,Y. Also, since Yisa lifting of
X we have Y is a lifting of X, so that || X|| < ||Y]| < ||Y]| = || X||. Part (ii) is proved similarly
by replacing QV> with V2Q. For (iii), rewrite the assumption as X (T1Q*) = T»X, and note
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that 11Q" is already an isometric lifting of T7Q*, so the result follows even more directly from
classical intertwining lifting theorem. Specializing Theorem 2.8 to 77 = T> and V; = Vs, we
obtain Theorem

Suppose T € B(H). Recall that (V,K) is an isometric lifting of a 7" if and only if (V*,K) is
an co-isometric extension of T*. So we can restate the Theorems [2.6] 2.8 as follows. We will be

using this versions later.

Theorem 2.10 (Q-commutant extension). Let T' € B(H) be a contraction with co-isometric exten-
sion (W,K), and let X € B(H). Suppose Q € B(H) and Q € B(K) are contractions.

(i) If XTQ = TX, then there exists an extension Y € B(K) of X such that YWQ = WY.

(i) If XQT = TX, then there exists an extension Y € B(K) of X such that YQW = WY.
Further assume that Q and Q are unitary.

(iii) If QXT = TX, then there exists an extension Y € B(K) of X such that QYW = WY .
In all cases T"X™ = PpyW"Y ™|y and X" T™ = Py Y"W™|y for all n,m > 0. Moreover, Y
can be chosen such that ||Y || = || X]||.

Theorem 2.11 (Q-intertwining extension). Let T; € B(H;) be a contraction with co-isometric
extension (W;,K;), i = 1,2 and let X € B(H1,Ha). Suppose Q € B(H1) and Q € B(Ky)
are contractions.
(i) If XT1Q = To X, then there exists an extension Y € B(K1,Ks) of X such that YW1Q =
WsY.
(i) If XQTy = Tx X, then there exists an extension Y € B(K1,Kz) of X such that Y QW7 =
WsY.
Suppose Q € B(Hs) and Q € B(K2) are unitary.
(iii) If QXTy = Ty X, then there exists an extension Y € B(K1,K2) of X such that QY Wy =
WsY.
In all cases Ty X = Py, Va'Y |y, and XT = Py, Y V*|y, for all n > 0. Moreover, Y can be
chosen such that ||Y]| = || X||.

Remark 2.12. Note that case (i) is a stronger version of [I0, Theorem 3]. In [I0] Sebestyen
considered @ € B(K1) with the additional assumption that span{W;*h : h € H;,0 < k < n}

reduces @ for every n > 0.

Recall that the minimal isometric dilation is an isometric lifting. Thus, Theorem char-
acterizes the operators X which are QQ-commutant to 7" in terms of the operators Y which are
Q-commutant to the minimal isometric dilation V of T. Next we characterizes the operators
X which are Q-commutant to 7" in terms of the operators Y which are Q-commutant to the
minimal unitary dilation of 7', provided @ is a unitary. To prove our result we use the following

lemma.
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Lemma 2.13 ([2]). Suppose T € B(H) is a contraction with the unique minimal co-isometric
extension (W, Ky). Let (U*,K) be the unique minimal co-isometric extension of W*. Then U*

is a unitary, and (U,K) is the unique minimal unitary dilation of T'.

Theorem 2.14. Let T' € B(H) be a contraction with the minimal unitary dilation (U, K). Suppose
Q € B(H) is a unitary and let X € B(H).
(i) If XT = QTX, then there exist Q € B(K) unitary and a dilation Y € B(K) of X such
that YU = QUY .
(ii) If XT = TXQ, then there exist Q € B(K) unitary and a dilation Y € B(K) of X such
that YU = UY Q.
In fact, given ¢ € T we can choose Q@ = Q ® qly. In all cases X"T™ = Py Y"U™ |y and
ThX™ = PpyU"Y™|y for all nym > 0. Moreover, Y can be chosen such that |Y| = || X]||.

Proof. We prove only the case (7). Case (ii) can be proved similarly. Suppose ¢ € T and
(W, Kp) is the minimal co-isometric extension of 7. From Lemma 213 and the uniqueness of
minimal unitary dilation we can assume that (U*,K) is the minimal co-isometric extension of
W*. Note that H C Ky C K. Let Qo = Q ® ¢lx,on € B(Kp). Since Q*XT = TX, by
Theorem [ZT0] (iii) there exists an extension Yy € B(Kp) of X with ||Yp|| = || X such that
QsYoW = WYy, T"X™ = PyW"Yy" |y and X"T™ = Py Yg'W™|y for all n,m > 0. Again
since YyW*Q§ = WY, by Theorem [ZI0 (i) there exists an extension Y* € B(K) of Y
with ||Y*|| = ||Ys|| such that Y*U*(Q @ ¢lken)* = U*Y™, W*Yy™ = P, U"Y*" |k, and
YW = P Y U™ |k, for all n,m > 0. Note that Y has the required properties. O

Theorem 2.15. Let T; € B(H;) be a contraction with the minimal unitary dilation (U;,K;), i =
1,2 and X € B(H1,H2).
(i) Suppose Q € B(Hz) is a unitary such that XTy = QT2 X. Then there exist Q € B(Ks)
unitary and Y € B(K1,K2) such that YU} = QUyY .
(ii) Suppose Q € B(H1) is a unitary such that XTy = T X Q. Then there exist Q € B(K)
unitary and Y € B(K1,Ks) such that YU = UsY Q.
In fact, given q € T we can choose Q = Q ® qI. In all cases XT" = Py, YUP |y, and THX =
Py, U3Y |y, for alln > 0. Moreover, Y can be chosen such that ||Y|| = || X||.

Proof is similar to that of Theorem [Z.8]

2.2. Dilation theorems. In this section we prove an analogue of Ando’s dilation theorem for

Q-commuting contractions.

Theorem 2.16 (Q-commuting isometric dilation). Let T1,T> € B(H) be contractions and Q € B(H)
be a unitary such that 1T, = QT1T>. Then there exists a Hilbert space KK O H, isometries
Vi, Vo € B(K) and Q € B(K) unitary such that
(i) VoVi = QV1Va; and
(ii) V; is a lifting (and hence a dilation) of T; so that T{'Ty" = Py V{"Va" |y and T3T™ =
Py VIV |y for all n,m > 0.
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In fact, given q € T we can choose Q = Q @ qlxcon.

Proof. Fix g € T. Let (‘71, /6) be the minimal isometric dilation of T7. Since ToT; = QT1T5, by
Theorem [Z6](i) there exists V5 € B(K) such that

Vi = (Q ® qlg, )ViVe, V5l =T; and |[Vaf| = |T2) < 1.

KoH
Suppose (Va,K) is the minimal isometric dilation of TA/Q Note that H C K C K. Since ‘71‘72 =
Qe qu\@H)*VQ‘/}l’ from Theorem [2:6(i) we get V} € B(K) such that

ViV = (Q @ qlicen)* VoV, Vilg =V and [Vi]| = VAl < 1.
Let V1 = {‘2 ]_ﬂ w.r.t the decomposition K = K & K+. Since

0< ViV + AA< ViV + A AT < Vi I <1

and 171 is an isometry we have A = 0, so that Vj|~ = 171 Since ) and V5 are isometries we have

I3
IVivekl = Q@ aby )ViVak] = [Vavivy k| = [vivg k| v 1.
Repeating the above step recursively we get
IViV5'k|| = [ViVakl| = 1(Q ® aly )ViVek| = [VaVak|| = |Vikl| = [Vik] = |Ik]| = [[V5'K|
for every k € K and n > 1. Clearly the above equality holds for n = 0. Hence
(7 = VEVA)EVER|1* = (Va'k, Vik) — (Vik, ViVAVE k) = V3 [|” — [[VAV3'k]* = 0

for all k € K and n > 0. Since K = span{VJ'k : k € la,n > 0} from above equation we get
(I —Vi*V1) =0, i.e., V4 is an isometry. Moreover, since minimal isometric dilations are liftings
we have Vi*ly = (Vi |p)lu = V|5 = T for i = 1,2. Thus Vi, Vs are isometric lifting of 71, Th
respectively, so that (i7) follows. This completes the proof. O

Corollary 2.17 (Q-commuting co-isometric dilation). Let T1,T5 € B(H) be contractions and Q) €
B(H) be a unitary such that ToTy = T1T5Q. Then there exists a Hilbert space K 2O H, co-
isometries W1, Wo € B(K) and Q € B(K) unitary such that
(i) WoWy = WiWsQ; and
(ii) W; is an extension (and hence a dilation) of T; so that T7"Ty" = PyW[W3|y and
T3T" = PyWaW{ |y for all n,m > 0.
In fact, given q € T we can choose Q = Q @ qlxcon.

Proof. Fix q € T. Since 17Ty = Q*I5T}, by Theorem there exists Hilbert space I O H
and an isometric lifting W;* € B(K) of T} such that WiWy = (Q @ gl )* W5 W{. Note that

W; € B(K), i =1,2 are the required co-isometric extensions. O

Theorem 2.18. Let Vi,Va € B(H) be isometries and Q € B(H) be a unitary such that VoVi =
QViVa. Then there exists a Hilbert space K O H and unitaries Q,Uy,Us € B(K) such that
(i) U2U1 = @UlUQ; and
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(ii) U; is an extension (and hence a dilation) of V; so that V{*"V3" = Py UTUS" |y and Va'Vi™ =
PyUSU | for all ny,m > 0.
In fact, given q € T we can choose Q = Q © qlxcon.

Proof. Fix ¢ € T. Suppose (‘72, 7—Al) is the minimal unitary dilation of Va. Then H = span{f/z””;’-[ :
n € Z} and ‘72 is an extension of V5. Define ‘71 H—H by

Vi(Vth) = (Q*Va)"Vih VY heH,neZ,

~

where Q = (Q @ qIﬁ@H)

<‘71(‘72nh)7 ‘71(‘72mh,)> = (@* A2)n7mV1h7 Vih')
= ((Q*Vo)" "' Q* L Vih, V1K)
(@ V)" "' Q*VaVih, Vi)
(

ViV ", Vik') ( by repeating above steps)
V3, ) (- Valp = Vo and n —m > 0)

Thus 171 is a well defined isometry. Clearly ‘71 is an extension of V7. Moreover, @171‘72 = 172‘71
on H. Suppose (U1, K) is the minimal unitary dilation (and hence an extension) of Vi, so that
K =span{UP(H) : n € Z} = span{UP(H) : n < 0} as U, leaves H invariant. Define Uy : K — K
by
U>(UMh) = (QU)"Voah ~ Y heH,neZ,
where Q = (Q @ qlxen) € B(K). As in the case of Vi, it can be verified that Us is also a well
defined isometric extension of ‘72 Clearly UsU; = QU U,y. Now we shall prove that U, is onto,
so that it is a unitary. For, if n > 0 let
Kn=5pa{U7h:0<j<n,heHt}=span{U’h:0<j<n, het}
We prove by induction that U, maps K, onto K, for every n > 0. Suppose n = 1. Then for all
0<j<1and h € H we have Ul*]%*@jﬁ € K; and
V(U7 V3 Q7h) = QU VaV3 @h = U QY Qh = R
Thus Uy (K1) = K1. Now assume that Uy maps K, onto K,,. To prove that Uy maps K, 41 onto

KCny1 it is enough to prove that U, "7 has a pre-image for every h € . Since Uy "h e Ky

there exists x € K, such that Us(z) = Uim?L Note that H C H C K, C K, hence IC,, is reducing
for Q. Therefore there exists 2z € K, such that Us(2) = QUax. Clearly Us(2) € K41, and

UsUsz = U Q' Us(2) = UUsa = U h.

Thus U maps K41 onto K,+1. By induction we conclude that U7 "h has a pre-image under Us
for all n > 0,h € H. Since K = span{U"(H) : n < 0} we conclude that Us is onto. Note that
(Q,Ur,Us, K) is the required quadruple. O
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Corollary 2.19. Let W1, Wy € B(H) be co-isometries and Q € B(H) be a unitary such that
WoWi = WiWsQ. Then there exist a Hilbert space K O H and unitaries Q,U;,Us € B(K) such
that
(i) UsUy = U1U2Q; and
(ii) U; is a lifting (and hence a dilation) of W; so that W{'W3" = PyUTUS |3 and W3W " =
PyUSU |3 for all ny,m > 0.
In fact, given q € T we can choose Q = Q © qlxcon.

Proof. Since W/'’s are isometries satisfying Wy W7 = QW[ Wy, from above theorem there exists
Hilbert space K 2 #H and unitaries Uy, Uz € B(K) such that U;’s are extensions of W;’s with
UsUf = (Q @ qly 1 )UTUS. O

Combining Theorems [ZT6] T8 and Corollaries [Z17], 22T9 we have the following analogue of

Ando’s theorem for QQ-commuting contractions.

Theorem 2.20 (Q-commuting unitary dilation). Let T1,T> € B(H) be contractions and Q € B(H)
be a unitary such that ToT) = QT1Ty (respectively ToTy = T1T5Q). Then there exist Hilbert
space K O H and unitaries Q, Uy, Us € B(K) such that

(i) UUy = QU Uy (respectively UsUy = U1UsQ); and

(i) TPT5" = PyUTUS |y and T T = PyUS U gy for all n,m > 0.
In fact, given q € T we can choose Q = Q © qlxon.

Remark 2.21. If Q = gl for some ¢ € T, then Theorem 2.20] reduces to g-commuting dilation

theorem.
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