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ON A GENERALIZATION OF HAMBURGER’S THEOREM
AKINORI YOSHIMOTO

Introduction

The relationship between Poisson’s summation formula and Ham-
burger’s theorem [2] which is a characterization of Riemann’s zetafunction
by the functional equation was already mentioned in Ehrenpreis-Kawai
[1]. There Poisson’s summation formula was obtained by the functional
equation of Riemann’s zetafunction. This procedure is another proof of
Hamburger’s theorem. Being interpreted in this way, Hamburger’s theo-
rem admits various interesting generalizations, one of which is to derive,
from the functional equations of the zetafunctions with Gréssencharacters
of the Gaussian field, Poisson’s summation formula corresponding to its
ring of integers [1]. The main purpose of the present paper is to give a
generalization of Hamburger’s theorem to some zetafunctions with Grossen-
characters in algebraic number fields. More precisely, we first define the
zetafunctions with Grodssencharacters corresponding to a lattice in a
vector space, and show that Poisson’s summation formula yields the func-
tional equations of them. Next, we derive Poisson’s summation formula
corresponding to the lattice from the functional equations.

§1. Notations and formulation of the theorem

We denote by R and C the field of real numbers and the field of
complex numbers respectively. Let F be an algebraic number field of
degree n with signature [r, rJ. We can naturally embed F into R™ X
Cm Put V= R*x C™ Then V may be regarded as a commutative

ring. For x=(x, ---, ) eV, we put trx = 3 4 trgx®, Nx=
ran | Npx'®|, e(x) = exp (2nv/ —1 trx). We define a lattice in V as a sub-
group of V having a basis {«), - - -, «,} independent over R. Let L be a

lattice in V. Then its dual can be defined as the set L* consisting of
all xe V such that e(xy) =1 for all ye L. We can show easily that L*
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is a lattice in V. Let O; be the ring of integers of F and E; be the
group of units of F. Throughout this paper, we consider only L satisfying
O;L c L.

Next, if D is a real number satisfying D = 1, we define the functions
AL ,(s), B ,(s) as follows:

Alyfe) = 3 SRl

(m) Nm?®
: d,2.(0)2()
Bl () = L
@n(®) o) Ny

for Res > D, where (m), (v) runs through E.\L — {0}, E;\L* — {0} and
¢, d, are complex numbers. Moreover we define

T1+72 () \ap
w@ =1 ()

p=7r1+1 'x(p)!
71+72 .

() =TT 22|07,
=1

where @ = (@11, - - ',an+r2): b=(by, -+, b,.,,) and a, (p=nr-+1- -1
+ r,) are integers and b, are real numbers such that > ;%42 b, =0. g, is
complex conjugate to y,, and for ¢ E,, we assume that c,, =c,, d,, =
d,, (9 =1, m(y = L

We further assume that A% ,(s) and B ,(s) both absolutely converge
in the domain {s € C|Re s > 1}, and can be analytically continued to the
whole plane as meromorphic functions having at most simple poles at
s=1 if (a,b) = (0,0) and can be analytically continued to the whole
plane as entire functions if (a, b) = (0, 0). Moreover we assume that
(s — 1AL, ,,(s) and (s — 1)BE ;,(s) are entire functions of finite order.

Let @(x) = O(x©, ..., x*™) be in &, which is the Schwartz space
over V when we regard V as R*. Moreover we define

0(3) = | O@e()dz,

where
dx = dx® ... dx‘”’]dx”‘“) A d_ﬁ”—‘)l . Idx(mn) A dx(m‘r‘z)l ,
X = (x(l), Tty x”””)) ’ Yy = (y(l)’ v ,’y(7‘1+7‘2)) € Vv .

We put

Zis(8) = (Zm_—; il(m]\;rf:l—bs(m)

b
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where the meaning of (m) is the same as before.
We further put

r1+72 2\ 1/2
M= 5" la), N=5"b,, a0 - (20,

p=ri+ p=7r1+ (2 )n
oz§”, cee a£n+m)’ (Xf””z)
(L) = | det
(1) (r1+72) T
a’ny""anl ?, anl F7s)

Then our proposition and theorem are stated as follows:

ProrPosITION. The functions Z{, ,,(s) satisfy
Ay fi (& + 1%L Y210 (s 4 1914 V21E )z 9
p=1\2 2 2 p=1 2 2

(1) = (V=T 2= ALY | r(l =5 4 la| _ «/—:ibp)
p=1 2 2 2

% T r(1 s+ ";ﬂ' _ ”21‘% )Zf_*,,,_,,)a — 9

p=r1+1

for all 2,, p,.

THEOREM. Suppose that the functions A, ,(s) and Bf ,(s) satisfy

ALY pn r(i+ ";p‘ + “/_:zibp) bl r(s+L“L‘ */—— 15, )A(La (8

2 p=ri+l 2
(2) =(_M)M.2¢:NA(L*)1-s ﬁ (1—8 + ]apl _ «/——‘-lbp)
p=1 2 2 2
x T r(i—s+ 18- 2210 pe, a -
p=ri+l 2 2

for all 2,, p,.
Then we have

2 n®*(m) = (L)™' 25 d.00) .
meL vEL¥
Moreover the coefficients c,, d, are all equal.

§2. Proof of Proposition

As is widely known, Poisson’s summation formula is stated as
follows:

> 0m) = o) 3 00),
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where @(x) is in &,. Put
O(x) = exp(—m|x® + u®PL) - - exp (—2x|xt ™ 4y Y

in (3), where t;, - - -, t,,4,, > 0, u, - - -, u™ are real variables and u*?, ...
u"*™ gre complex variables. Then we can readily show

?

2. exp (—n:Z [m® + u®[t)
meL =1

(4)
= C(L)“——f—rl» = ), exXp (—n’ > ly“’)[2L + 2z =1 i: y@®yy
«/t, cee b, vEL¥ p=1 t, p=1
where
ult? = E(F) 4 tp+7'2 = t:D ’
me+? — m® , p(r2+p) — ()
(p=r+1--,r+r).
Put u® = ... = u™ =0 in (4). Then we obtain
3 exp (== 33 [moFs,)
(5) meL p=1

= o) 3 exp (3 2P
vEL* p=1 t,

We denote by R* the group of positive real numbers. We put G =
(RH)™ ™ and ||t = [[5si 8, [[58720 8 for t= (8, - -+, ty4r) € G. Moreover
let G° be the subgroup consisting of all y e G such that ||y||= 1. Then
we have a product G = R* X G°, where p = (¢", ---, p/*)e G for peR*.
Let W be the image of the group of units Er in G, and E be a funda-
mental domain for W? in G°, where W* = {s*|x e W}.

We denote the left hand side of (5) by 6(¢, L). Then we have

(6) ot, L) = c(L)-IV%,tTI.o(t-l, % .

On the other hand, we see

(o) T(5) Tzt

= >exp (—n 3 |m® Ftp)ntnwﬂ ,
¢ (m) p=1 t

where
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dt dt,  dt,.,
t t tryirs
1 dy

— - _ *oys2 A
i Jo [, 000 D = Darey Y,

where d*c means the appropriate measure on G° ¢t = yc(y € R*, c € G°), and
Wy is the number of roots of unity in F

1 (- 2 dy
- f’ — Dd*ev®/
i |, J, @00 D = ndrern

1
We

JII (b(yc, L) — 1)d*cy3/2£ll .
0JE y

X

By using (6), we obtain

[f @en)— vareyr®
0JE y

_ 2 [ e, e ¥
S 0JE y

_ 2B _ 2pME) gy
p 1_g P
dy

-+ J“"’J‘ e(L)-{0(ye, L*) — Dd*cyt-nr 2
1 JE p

where p*(E) denotes the integral of 1 over E with respect to d*c. There-
fore we have

AQ'T(L) T 2506

- A(L*)l-sf(J 5 $ )“F(1 —nZE. (1 —s),

using c¢(L)e(L*) = 1.

We denote by D, the differential operator given as the product of all
@u®)*»(p =r, + 1, ---, r, + r,) for non-negative e, and all (3/du+™)-»
(p=nr+1, ---, r,+r) for negative a,. Assume (@, .1, ** ", Crysr) F
©,---,0), and put u® = ... = u™ = 0 after operating D, on the both
sides of (4), Then we obtain

> 2y exp (— 7 33 Im»[t,)
meL p=1

= @y Ll =Ty 3 ) exp (= 3 v 1)
\/tl ety vEL* p=1 tp

(7)
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with
Z;(In) — la(m)|m‘“*‘)'“”“' . m(Tl—fTAz)]arl-O-Tnll , 23(0) =0.

We denote the left hand side of (7) by 6,(t, L). Then we have

(8) 0(t, L) = o(L)~"- ”p;;nﬁ;ﬁ (=TT, LY .

On the other hand, we see

=T e —vTT 50, ro\s$2 V=
(2r) P=1+1 2 B’ /2< 2 )/Zn ( + la | + - b )

(271')7" p=1
X 1:1:[:1 F(s + |ap| + N/_—lbp )Z(I;l,b)(s)
,W Z Zé(m) exp (-—nz Im(p) IZ p)ﬂb/z(t) n t;’apl/z“t“s/z_f_i_t_
F G (m) ¢
with
o) = "lﬁ” t,;/__l bp/2
p=1
[ 6u(ye, Dpon(y0) T (e, ) dreyn .
E p=7r1+1 y
with

c= (C;, tt Cr1+7-2) e@ ’

(e, Dpyp(ye) |1 (;vcp)‘“f"”d*cy‘”9i
E p=r1+l y

1 r1+7r2
[[] 0stoe, Dinntoe) 1" (yeyyeomarey e @
WF 0JE p=r1+l y

By using (8), we obtain
! T apl/2 A * 2 dy
J 0000 Drnato0) T (oeyenarey

—j I 0_.(yc, L*) ﬁ (yc‘l) Wpl/z[u wye)d*cyd-or dy
p=r1+ y

(= =D eD)

Therefore we have

ALY n p( + la,| +_EI.IZL> “ﬁ” (s + Iapl + ‘/:2—1(’1: )Zﬁz,m(b‘)

p=r1+l
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_a@ f (250« ETh)
p=1 2 2 2 p=r1+l

X F(l s+ '“zp' _ ‘21 ba)zga,_,,,a — ) (—y/TLyr.2
This completes the proof of the proposition.

§3. Proof of Theorem

Let @(x) be in &). Put O(x) = 2 ccp, V(ex), |xP|=p, (=1, ---, 1),
x? = p,exp(W—=10)p=r+1,--,r,+1), p=p - 0h,r.. Moreover let
P(p) be the set of x = (x, ---, x"*™) e V with a common p. Then ec Ep
operates on P(p) by x — ex and P(p) has a compact fundamental domain
E:\P(p). On the space V we define a measure

(1)
dx o dp““k”*d&nﬂ t d071+72 ’
01 Ori+7g

2

and on P(p) the induced measure dP(p). Then &.(x) has a multiplicative
Fourier expansion

(9) 0%) = S U,

where A(x) = A_,(x)p_,(x), the sum extends over 2 satisfying the condition
that 4,, p, are well defined. Moreover

(10) Tio) = e .

F

" D (x)A(x)dP(p) .

where ¢ = <jEF\P(p) dP(p))—l.

On the other hand, we see

(11 Df(x) = 4‘; i),

where OF(x) = > .cz, @*(ex). We further note

(12) [, vi@ieyds = wi)1),

where y = (¥, -+, y™), |y P = g, (p =1, - -+, 1), ¥V = p exp (v —16})
p=r+1,---,r,+r), p)=p- p2., We assume that r, 0. Other-
wise we can put p = p,--- p,, and prove Theorem similarly. We put p]
=t ph= - =pPhirn=1 0,=---=80,.,=0 in (12), and take the

integral of both sides with respect to ¢ from 0 to oo after multiplying
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them by #*-!. Before proceeding further, we recall the following formulas:

(13) J(2) = ;2»1; Jiﬂa exp (v —1(ab — zsin 6))dd ,

R~ 12y e Ou+1/20- p=1 I'(¢/2 + a2 + 3/4)
a9 [ e o))y = 2oy L UEEEEEINS (>0,

(15) r xlcosady = 2 1pn 162 ,

0 @ —9)/2)
where J,(2) is the Bessel function. Thus by a direct computation using
(13), (14) and (15), we have

i B I'(s/2 + v —1b,/2)
16 M@ s)—(@n)n) VR e = V=16,

r1+73 V\[‘(S + qul/z —+ &/ —}2})/2) M. 1 —
X p=r1+l F(l — s+ Iapl/z — x/——_lbp/2) ( 2 s) s

where MY, s) = r U.(0p)p*dp/p. Combining (16) with (2), we finally
0

obtain

an M, 8)AL 1(8) = (L)' M@, 1 — $)BE, _,(1 — s) .

Consider, on the other hand, the inverse Mellin transform of the left hand
side of (17) along the line Res = 1/2, and shift the integral to the line
Re s = ¢, (6, > D) using the Phramén-Lindel6f theorem. Then, provided
that (a, b) == (0, 0), the result is

(18) (ZV_‘; Cmé)}(m) ’

where &;(m) = ¥ (Nm)A(m). Similarly, if we consider the inverse Mellin
transform of the right hand side of (17) along the line Re s = 1/2, in turn
shift the integral to the line Re s = 1 — g, (¢, > D) provided that (a, b) =
(0, 0), then we have

(19) o(L)™! %I d.0),
where @,(v) = ¥ (Nv)A(v). Therefore by (18) and (19), we obtain

(20) 2 Cndy(m) = (L) 2 a.0.0).

Even if (a, b) = (0, 0), the same arguments lead to
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Z,) c,d(m) — MT,, 1)A
= c(L)! ; d,0,) — M@, )B-c(L)™*,

(21)

where we denote by A, B the residue of A% ,(s), Bio(s) at s = 1 respec-
tively. Hence by (20), (21), and the definition of @,(x), we obtain
Z ch*(m) + M(w.l’ l)B'C(L)-l

(22) me€ L—{0}
= > 400+ MT,DA.
{0}

v€ L¥—

We can simplify the expression M(¥,, 1)B-c(L)~!. It follows from (10)
that

M@, ) = [ T %
0 o
@3 =["e:  o@dP@p%
0 EF\P(p) 0

_.[ dp

_ cL Lm 0w dP() <L

= ¢-9%(0) .
Similarly we have
(24) M@, 1) = c-&0).
Putting ¢, = ¢-B-¢(L)!, dy = ¢-A-c(L) and using (23) and (24), we obtain
(25) 2 Cn@¥(m) = (L) 35 d,00) .

meL vE L*

Next we shall show that the coefficients c,, d, in (25) are all equal.
To do this we define (x) as a function on V which vanishes except in
a sufficiently small neighborhood of x = 0 and satisfy the condition that
¥vy(0) = 1. For £eL*, we put ¥ (x) = ¥(x — £), and put (x) = Po(x — £)
in (25). Then we have

oL)'d, = o) T i)
= 25 Cai(m) .
meL
On the other hand, we see

vtm) = [ vietem)dz

= IV Yo(x — L)e(xm)dx
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— [ woettmydte(em),
= im)

with ¢ = x — ¢, and note e(Im) = 1 for all me L. Therefore we have d,
=d, Similarly, using @**(x) = @(— x), we have ¢, = ¢, for all melL.
Thus we obtain
¢, >, D*(m) = c(L)-'d, > D(v) .
meL vEL*
On the other hand, since > .., @*(m) = c(L)™' > ,c.« P(v) holds, we have
¢, = d,. This completes the proof of Theorem.

Remarks. 1. In the special case where F = the field of rational
numbers and L = the ring of rational integers, our theorem reduces to
Hamburger’s theorem.

2. According to Hecke’s theorem (Satz 176 in Hecke [5]), the different
A of a field F can be expressed as e, where ec F, U is an ideal of F.
Hence if F is a totally imaginary field and L = (y/ e 2)~!, we obtain L = L*.
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