See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/233124688

On a higher dimensional Miura transform

Article in Complex Variables and Elliptic Equations - April 1999

DOI: 10.1080/17476939908815172

CITATIONS
21

2 authors:

Swanbhild Bernstein
3 Technische Universitat Bergakademie Freiberg
100 PUBLICATIONS 577 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

roiect  Beyond Wigner quantal systems View project

roject  E-Learning, self assement by computer based problems View project

All content following this page was uploaded by Swanhild Bernstein on 01 June 2014.

The user has requested enhancement of the downloaded file.

READS
89

Klaus Glirlebeck
Bauhaus-Universitat Weimar

223 PUBLICATIONS 3,545 CITATIONS

SEE PROFILE

ResearchGate


https://www.researchgate.net/publication/233124688_On_a_higher_dimensional_Miura_transform?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/233124688_On_a_higher_dimensional_Miura_transform?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Beyond-Wigner-quantal-systems?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/E-Learning-self-assement-by-computer-based-problems?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Swanhild-Bernstein?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Swanhild-Bernstein?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Technische-Universitaet-Bergakademie-Freiberg?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Swanhild-Bernstein?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Klaus-Guerlebeck?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Klaus-Guerlebeck?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Bauhaus-Universitaet_Weimar?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Klaus-Guerlebeck?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Swanhild-Bernstein?enrichId=rgreq-e47d8cc0e61ded6e3cdd805053c1b212-XXX&enrichSource=Y292ZXJQYWdlOzIzMzEyNDY4ODtBUzoxMDMwNTQ1NTY3OTQ5MTNAMTQwMTU4MTUzMDEzMQ%3D%3D&el=1_x_10&_esc=publicationCoverPdf

This article was downloaded by: [TU Bergakademie Freiberg]

On: 28 February 2013, At: 04:40

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer
House, 37-41 Mortimer Street, London W1T 3JH, UK

Complex Variables, Theory and Application: An
International Journal: An International Journal

Publication details, including instructions for authors and subscription information:
http://www.tandfonline.com/loi/gcov19

Cormipdex: Varables

On a higher dimensional miuratransform

S. Bernstein ? & K. Giirlebeck °
% Institut fiir Angewandle Mathematik |, TU Bergakademie Freiberg, Freiberg,
D-09596, Germany

® Fakultit B., Bauhaus-Universitat Weimar, Weimar, D-99421, Germany
Version of record first published: 09 Jun 2010.

To cite this article: S. Bernstein & K. Girlebeck (1999): On a higher dimensional miuratransform, Complex Variables,
Theory and Application: An International Journal: An International Journal, 38:4, 307-319

To link to this article: http://dx.doi.org/10.1080/17476939908815172

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-conditions

This article may be used for research, teaching, and private study purposes. Any substantial or systematic
reproduction, redistribution, reselling, loan, sub-licensing, systematic supply, or distribution in any form to
anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae, and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand, or costs or damages whatsoever or howsoever caused arising
directly or indirectly in connection with or arising out of the use of this material.



http://www.tandfonline.com/loi/gcov19
http://dx.doi.org/10.1080/17476939908815172
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [TU Bergakademie Freiberg] at 04:40 28 February 2013

Complex Variables, Vol. 38, pp. 307-319 © 1999 OPA (Overseas Publishers Association) N.V.
Reprints available directly from the publisher Published by license under
Photocopying permitted by license only the Gordon and Breach Science
Publishers imprint.

Printed in Malaysia.

On a Higher Dimensional
MiuraTransform
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D-09596 Freiberg, Germany: ° Fakultit B, Bauhaus-Universitat Weimar,
D-99421 Weimar, Germany

Communicated by R. Delanghe
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We investigate a spatial modified Miura transform. To describe this transform we have
to solve a non-linear first-order system of partial differential equations. This investi-
gation will be done by the help of guaternionic analysis. The main goal is to find a
hypercomplex factorization of the Schrédinger equation. In one dimension Miura’s
transformation is needed to map solutions of the modified Korteweg—de Vries equation
into solutions of Korteweg—de Vries equation.

Keywords: Quaternionic analysis; Schrédinger equation; factorization

Classification Categories: 1991 Mathematical Subject Classification Primary 30G35;
Secondary 35710, 35F30

1 INTRODUCTION

In one spatial dimension a non-linear transformation, the so-called
Miura transformation, represents a connection between Korteweg—de
Vries equations. These equations describe water waves. This famous
transformation was introduced by Miura [14] in 1968. For more infor-
mation about this transformation and the Korteweg—de Vries
equations see for example [1]. The Miura transformation may be
obtained by a factorization of the Schrddinger operator. We will show

* Corresponding author.
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that using quaternionic or Clifford analysis an analogous factorization
of the higher-dimensional Schrédinger operator is possible and leads
to a non-linear system of first-order partial differential equations.

To get a factorization by solving the first-order system of partial
differential equations it is necessary to have some boundary condition.
If we state a Dirichlet-type boundary condition, for example that the
boundary values should vanish, then the problem may be unsolvable!
We will describe an admissible boundary condition and a suitable sub-
space of boundary values. Using an iterative procedure based on
Banach’s fixed-point principle we will solve the non-linear first-order
system of partial differential equations.

Finally, we discuss some generalizations. We will outline that the
used Sobolev space for the iteration depends on the spatial dimension
and that the described method also works in the case of stronger
nonlinearities.

2 PRELIMINARIES

Let {e;,e»....e,} be an orthonormal basis in R"”. Consider the
2"-dimensional real Clifford algebra (Cfy, generated by ey, ....e,
according to the multiplication rules e;e; + e;e; = —26,,eq, where ey is the
identity of Cf, .. The elements e 4t A = {/y,... . /Iy C{1....,n} define a
basis of C4y ., where ey = e, -~ €, =€y, | </ < - < hy <n, and
e; = €g. The main part of this paper is restricted to the case n=2. The
algebra Cl, > will be generated by e, and e,. We denote the product e, e,
by es. Then Cf;» can be identified with the algebra of real quaternions
H. Ourmultiplicationruleslooklikee; e; + e;e;= —26e0fori, j € {1, 2, 3}.

An arbitrary element g € H is given by ¢ = goeq + Z;:] g;€; and the
conjugated quaternion by § = goeg — Z;l gje;.

We suppose 2 R* to be a domain with a smooth boundary [.
The elements (x),x3,x3) =X € RY will be identified with x=
Z};:l X;€; € H.

For each x € H we have x¥ = x3 + x1 + x3 + x} = |x[*. Then, func-
tions f defined in € with values in H are considered. These functions
may be written as

3
flx) = Zer\-.fk(.\‘), x €.
=0
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Properties such as continuity, differentiability, integrability, and so
on, which are ascribed to f have to be possessed by all components
fi(x), £=0,...,3. In this way the usual Banach spaces of these func-
tions are denoted by C°, L, and W’;. In the case of p =2 we introduce
in L,(€2) the H-valued inner product

() = [ ale)v(e) a0 )
We now define the Dirac operator by
3
9]
D= —

For this operator we have the factorization
DD = -A, (2)
where A is the Laplacian in R*. We consider in © the equation
(Du)(x) =0,

and look for its solutions which are called left-monogenic functions
in 2.
Now we define the Cauchy kernel in R by

e(x) = x #0.

—X
4r|x?’
It 1s well known that e(x) (a fundamental solution of D) is monogenic

in R*\{0}. Using the function e(x) we introduce the following integral
operators:

(Tau)(x) == —/Qe(x —Vu(yydy, xeR’

(Teodorescu transform),

(Fru)(> / e(x —y)n(yju(y)dl’y, x¢T
r
(Cauchy type operator),

(Sru)(; / 2e(x —y)n(u(y)dl,, xeTl
r

(singular integral operator),
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where n(y) = Zf: , e7;(y) 1s the outward pointing normal (unit) vector
to I" at the point y. The integral which defines the operator St has to
be taken in the sense of Cauchy’s principle value. From [8] we immedi-
ately get the following statements.

LEMMA | Letu € CYQLH) N C(Q,H). Then we have

(i) (Fru)(x) + (ToD)u(x)
~ fulx), x€Q  (Borel-Pompeiu’s formula)
B { 0, xeR\Q,

u(x), xefl

i) (0T = {§ e

(i) (DF)u(x) =0 in QU (RN\Q).

LEMMA 2 (Plemelj—Sokhotzkij’s formulas) Ler ue CH O H), 0<
o < 1. Then we have
(1) lim (Fru)(x) = Pru(f),

x—¢el
NEQ

(i} lim (Fruj(x) = —Qru()

forany €T

COROLLARY | Let ue C¥“(T,H). Then the equations (i) (Sfu)(€) =

u(€). (i) (FrPru)(€) = Fru(§), (iil) (PEu)(&) = (Pru)(£). (iv) (QFu)(€) =
(Oru)(&) are valid for any €T

The operator Pr:=1/2(1+ St) denotes the projection onto the space
of all H-valued functions which have a left monogenic extension into
the domain Q. O :=1/2(I — St) denotes the projection onto the space
of all H-valued functions which have a left monogenic extension into
the domain R*\Q and vanish at infinity. We remark that the operators
Fr, Sr, Pr, and QOr are defined in spaces of Hdélder continuous func-
tions. It is possible to extend these operators to Sobolev spaces in the
classical way by approximation (with Hoélder continuous functions).
We omit the detailed discussion here. We remark that then all
the referred formulas have to be understood in the generalized sense.
The restriction of an H-valued function u to a function defined on the
boundary I' is expressed by tr .



Downloaded by [TU Bergakademie Freiberg] at 04:40 28 February 2013

HIGHER DIMENSIONAL MIURA TRANSFORM 3l
3 A MODIFIED MIURA TRANSFORMATION

After studying the conservation laws of the Korteweg—de Vries equa-
tion, and those associated with the modified Korteweg—de Vries
equation, Miura (cf. [14]) discovered the following transtorm, now-
adays known as Miura’s transformation. If w is a solution of the
modified Korteweg—de Vries equation, then

v=—(w?+w,)

is a solution of the Korteweg—de Vries equation. Note that every
solution of the mKdV equation maps, via Miura’s transformation to a
solution of the KdV equation, but the converse is not true.

It is posssible to obtain Miura’s transformation by factorizing the
Schrodinger equation

e () (et

We have
d ; d
- (a + a(x)> (E - a(x)) u
d*u d ) du
(S - 5 (0t + o) 2 - a2
d*u  do du de
~E\§+au+a(\)—d;—a x)a#-a (x)u
d*u dae
(g (- mm o))
and thus
do 5 !
a+ a“{x) = —v(x).

This is a non-linear differential equation for a(x). To find a higher-
dimensional analogy, we use the factorization (2) of the Laplacian into
Dirac operators.
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It is easily seen that the Helmholtz operator may be factorized by
using disturbed Dirac operators. We have

—A—k*=(D+k)(D-k). (3)

Factorizations of the Helmholtz operator have been studied several
times. In [6] and later on in [7] and also in the book [8] the case of a real
wave number was studied. Xu [18,19], Brackx and van Acker [4] and
together with Delanghe and Sommen [35] considered the operators
D + k with k a complex number. Obolashvili [15,16] treated the case of
purely vectorial k£ and later the same was done by Huang [9]. We also
want to mention the related paper of Mitrea [13], where & is a real
quaternion. The general quaternionic case that kis a complex quaternion
was considered by Kravchenko and Shapiro [10,11] and a complete
investigation can be found in their book [12]. The paper [3]is also related
to this topic. In all these cases the wave number has to be a constant.
We try to factorize the Schrédinger equation in the same way.

Let x=(x;, x5 x3). We consider (—A ~ Vy(x)u with u=u(x)=
ug(x)eq and look for suitable functions a with

(=A = Vo(x)u = (D + a(x))(D ~ afx))u
= (D + a(x))(Du — a(x)u)
= DDu — D(a(x)u) + a(x)Du — o (x)u
= —Au—Du - a(x) + o(x)Du — Da(x) - u — o (xX)u.

The underlined part will not vanish, because of the non-commutative
multiplication of quaternions. Thus, we will change our approach
using a multiplication operator M“®™ defined by

1‘4(}[”\‘%{()&‘):: ll(,\'> . a(,\”)-
Hence,

(=8 = V@)= (D + M) (D ~ M)
= (D + M"Y (Du — ua(x))
= DDu — D(uar(x)) + Du - a(x) — uc’(x)
= —Au— Du-a(x) + Du- ofx) — uDo — ua’(x)
= —Au— (Do + o*(x)u
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or
Da + o (x) = Vo(x). (4)

Equation (4) will be called generalized Miura transformation.

It is a non-linear first-order partial differential equation. Some rep-
resentation formulae for the solution of the Schrédinger equation are
contained in {2].

4 THE FIRST-ORDER NON-LINEAR SYSTEM

The result of the previous factorization is an equation of the following
type:
Da+a? = Vy(x), ac WiQ).
Applying Tq and using the Plemelj—Sokhotzkij formula we obtain
a—Fra=To(Vo — az).

Because we are only interested in one special solution & we may state
some additional assumptions. If we assume that o€ Im Qr then we
have to solve

a=To(Vo — o).

If we additionally suppose that Re a =0 then we have o = —la}z and
our equation reads now as

o= To(Vo + |af).
We will take ag € WL(Q) with trag€ImQp, Reay=0 and then we
investigate the iteration

o =To(Vo+ |an|P), n=1,2,... (5)

Obviously,  Vo(x) + |,y |2 €R reproduces Rea,=0. Because
tr T, f'€ Im Qr our procedure preserves the additional assumptions.
Let us look at the regularity.

Vo € LQ(Q) = ToVo € Wé(Q),

o1 € WHQ) = NlowiPlz, = N, < Cllana s
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That means a,_; € W}(Q) = lap_1|> € Ly => Toloy, 1[* € Wi All
things together ensure that the sequence {w,}ncn belongs to wiQ).
Here we used Sobolev’s embedding theorems (see e.g. [17]) with the
embedding constant v/C.

Now we will try to apply Banach’s fixed-point theorem. Therefore,
at first we prove the boundedness of the sequence c,.

From Eq. (5) we immediately obtain

Hanng = luﬂQH[szg](HVOHL2 + Haﬁ_lllL;)

<K (HVOHLZ + ”a;ZHHLz)

< Ki(I1Voll + Cllan-1llipr)
o (6)
where K1 = || Toll p, wi. K2 = K C, and C is the embedding constant
from above.

LEmMMA 3 [f

< Kl” VOHL2 + KZHQH\I‘

1 1
2—16 -w< Han—lHW:I < 2-]('2+ w (7)

then |||l 1 < ||l yr . Here W stands for 1/4K3 — Ky /Ka|[Voll 1,

Proof The inequality (7) ensures that

1 K
EHaizfll‘Wll +E HVOHL: <0.

2
HO‘nleWZl -

Using (6) we get
Kl“ VUHL; + KZHQIFIH%’Q < Hanfl”wg‘

Of course this condition requires that

l

Vi <—.
H Otz = 4K K

LEMMA 4 If [lau |y < 12K = W then we have  ||ay ||y <
1/2K, — W. ’ '

Proof This is a consequence of (6).

Therefore, we have proved that

1 1
Haﬂ—lHVV} < %‘F W = HQUHL{% < 2_[(.2+ w.
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If we start with ap€ Wi(Q),trap € ImQr,Reag = 0, |jaglly) <
1/2K, + W then the sequence {c,},en is bounded from above by
1/2K> + W. This implies the existence of a subsequence {a/,} C W}(Q)
with a), — a for n— oo in W3(2). Because of the continuity of
Tq: Ly(Q) — W(Q) we have that

a = To(Ve+ |of).

In this way we have proved a first existence result.

THEOREM 1 Suppose that ||Vyll;, < 1/4K1K>. Then the equation
a = Ta(Vy +af) (&)

has at least one solution with

1 1
oo — | - K1 K|V,
e _2,(2%(41@) Kl

Proof The existence is clear from the above consideration. The norm
estimate comes from the weak convergence of {a,} in a convex set.

2
Ly

In the following we investigate the contractivity of the mapping
To(Vo+ |af?). At first we get

2 2 2 2
llow = antllyy = I Tallon-]" = a2y K f[len1|” = w2l |,

(9)
Furthermore, we have

Nan-11* = a2,
= [l(an} = fan-a)(en-1| + len2Dllz,
< on-1| = lem2fll, 1] + lan2lll 1,
< Men-t] = lan-alll, (len-illz, + len-2liz.)

< llern-1] = lan-alll, (VCllan-lly + VClian 2l )
< 2/Cljana |~ o2l (5~ 7). (10)
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Now, we use
Hev1] = len 2z, < aw-1 = anzll, € VCljan1 = analfyy. (11)
Collecting the estimates (9), (10) and (11) we have

1
Han - Qn—luwzl S 2K1C<2_]<7_ - W) Hanfl - an—2HW2\ .

Then, we can bound the contractivity constant L from above.

1 l
< 2 - == 2 —_ = — B
L <2K,C <2K3 > 2K <2K2 ) 1 - 2K, W

=1—+/1-4K K||Vo| Lo

We have proved the following theorem.

THEOREM 2 We assume that

HV() Gy € W%(Q) trag € Im Qr,

1
KK

1 1k
HO‘OHWDISE_ m—z\l%lw

and define the sequence

{an},en by oy = To(Vo + lan,liz), n=12....

Then, there exists a unique solution o€ WYQ) of Eq. (8) with
172

tra e ImQr N W, (I'),Rea =0, and {o,}cn converges 1o « in W;
The solution o fulfils the norm estimate

1 1 K,
lellny = 35, - K e

Ly

Let us remark that there is no practical problem to find a suitable
o € WHQ) with trag € Tm Qr N WI(T'). We can start with ap=0 or
an arbitrarily chosen function §¢€ L, with Im 3=0, and ||3|,, small
enough. Then, o= T3 fulfils all the necessary conditions.
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5 SOME GENERALIZATIONS

The above obtained results allow some generalizations. The first ques-
tion is the possibility to prove similar results for all space dimensions.
A second problem is to study other non-linear terms, e.g., general
powers u'.

To solve the first problem we have to work with general Clifford
algebras instead of the special case of the quaternionic algebra.
Because we have used the embedding theorems for Sobolev spaces the
obtained results depend on the dimension of the space. We have only
investigated for practical applications the most important case of
space dimension 3. The same idea works for n =4, too. For n> 4 the
space W1(Q) can be embedded only in L, () with p <2nj/(n—-2)<4
and the proof fails. Looking at the details again we see that the con-
dition p =2 is not necessary for our consideration. We have

Vo € Ly(Q) = TaVo € Wp(Q) (see [8)).

2 2
ot € WHQ) = Pl = lan-il,

That means we have to look for an embedding W})(Q) — L, with
p" > 2p. Hence, we have the condition np/(n — p) > 2p for p and, conse-
quently, for p<n

n

3
Therefore, for all p with #n/2 < p < n the proofs of Theorems 1 and 2
can be repeated.

In case of the equation with a more general non-linear item the
whole consideration from Lemma 3 until Theorem 2 can be repeated.
Some technical problems arise. We will give here only a sketch of the
consideration and some hints concerning the new problems. If we
study the equation

np>2np —2pF = 2P >np = p>n = p>

Do+ o = Vy(x)

then we need the restriction that r=2/ to ensure that our iteration
procedure reproduces the properties of the initial function. For
[2/-1/2]] n<p <n we have that from a, | € W,(Q) it follows that
lo_1* e L,(£)). Using the mapping properties of Tq and the additional
assumption that V€ L,(€)) we obtain that ¢, again belongs to W})(Q)
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Then, we consider the polynomial x* — ax + b where a=1/K, and
b= K| Voll,/K>. Here K, stands for HTQH[LPV”/;},KQ = K1Cp, and Cpl/li
is the embedding constant from the embedding W}] < L. This poly-
nomial has at most two zeros 0<x;<Xx, We can prove that our
sequence {c«,} completely belongs to a fixed ball with radius x; in

W;(Q) if HQOHLV; < x;, i =1,2. The existence of real zeros x; and x; is

ensured if
1 { ;o\ Ve
Voll, <=[1-2){=— ‘
! °”ﬂ-1<1( 21)(%)

To prove the contractivity we estimate

o = il

IA

Killlon-i| = leu-2lllz, Ulenai g + femally ) CE0

22171K1 CHan—l - an*2HW},]x1 ‘2/—1

IA

That means the contraction constant L may be estimated by

L S 221—1K2 X]&yil.

For ||V, sufficiently small x; is small enough that L <1 becomes
true.

This very short outline shows (independently of physical interpreta-
tions) that the method demonstrated above works also in the case of
more general nonlinearities in our first-order differential equation.
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