On a Horizontal Conformal Killing Tensor
of Degree p in a Sasakian Space.

S8EerIoHI YAMAGUCHI (Tokyo) (*)

Summary. —~ We deal with a horicontal conjormal Killing tensor of degree p in a Sasakion space.
After some preparations we prove that a horizonial conformal Killing tensor of odd degree
is necessarily Killing. Moreover, we consider horizontal conformal Killing tensor of even
degree. The form of the associated tensor is delermined completely and a decomposition the-
orem is proved. Then we give the examples of a conformal Killing tensor of even degree and
a special Killing tensor of odd degree with constant 1.

Let M be an n-dimensional Riemannian space whose metric tensor is given by
I (@, 0, ...,7,8,...=1,2,...,n). We call a skew-symmetric tensor u, a conofrmal
Kiiring tensor of degree 2 [4] if it satisfies the equation

Vaubc + Vbuac = 2scgab - 96960 - ebgac H

where V denotes the operator of covariant derivative with respect to g,. Then we
have 0,==V"u,,/(n--1) for the tensor u,. We call §, the associated vector (1)
of ug.

Recently, the author [6] has studied 2 conformal KiLrine tensor of degree 2
in a SASAKIAN space and obtained the followings:

TaEOREM A. — In a Sasakian space (n> 3), any conformal Killing tensor ., is
uniquely decomposed into the form:

Ugp = Wy + Gov 5

where wa, s Killing and qo, is a closed conformal Killing tensor. In this case 4, 18
the form

Gop == — Vaeb H

where 8, is the associated vector of .

THEOREM B. — Let M be a complete simply connected Sasakian space (n> 3)
admitling a conformal Killing tensor w4y whose associated vector is 0,. If the inner

(*) Entrata in Redazione il 17 luglio 1971.

(*) We adapt the identification between vector fields and 1-forms by virtue of Rieman-
nian metrie.
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product <0, 0> or {n,0) is not constant, where the vector n°* is a Sasakian structure,
then M is isometric with a unit sphere.

In a Riemannian space, T. KASHIWADA [1] has defined a conformal Krruina
tensor of degree p=2 and generalized some results about a conformal KIiLLING
tensor of degree 2 to the case of degree p=2.

The purpose of this paper deals with a horizontal conformal K1r1iNe tensor of
degree p in a SASAKIAN space. After some preparations we prove in § 4 that a
horizontal conformal Ki1r1iNe tensor of odd degree is necessarily Krnuing. In §
we shall consider horizontal conformal KILLING tensors of even degree. The form
of the associated tensor is determined completely and a decomposition theorem is
proved {ef. Theorem 5.1 and 5.3).

1. — Tensors.

In » Riemannian space M we call 2 p-form w with coefficient w, . 2 Kirring
tensor of degree p if it satisfies

waayna;,, + Valwbuz.“ap =0.

If a KILLING tensor w satisfies

b4
chdwaynap "JF “(gcdwar..a, + 21 (_ l)igcagwdal.‘.di.“a],) =0 s
where o is constant and &, means that a;is omitted, then it is called a special KILrING
tensor of degree p with constant o [5].
Next we shall remember a conformal KiLLING tensor of degree p. In M we call
a p-form » with coefficient ..., 4 conformal KILLING tensor of degree p, if there
exists a (p—1)-form § with coefficient 6, _, such that

2
(1'1) Vbua,“,ap —}‘ valubawap = zear..apgbal - Z ('—' 1)"(6@.“@...%9&@4‘ gb%u.dz A.a,galag) .

=2

This form § is ealled the associated tensor of 4. For a conformal KILLING tensor %
of degree p, the following identities are known:

(1.2) ViUray.ay= (n—P+ 100,

(1'3) (’P - 1) lba,‘..a, + z lamg.‘.b.”a,
e

[(p - 1)Rbeu’ea2 Oy —I— (p - 2) z Rbdagg Uga,..0..ar
(el 4 =2

kY D
de
+ ZRa;euear..b..ap'— z -ijak udaz...e.ub...ap] ¥
=2

2<k
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7 » ?
(1.4) - (p —_— 1) z -Rbcaf%al-uemap —_ z Ra,a,;be’“a,...en cm%—}— 2 Ra;akceua,”.gu 5oty
i=1 i<k i<k
1 2 .
— Z (”'— 1)1gaw [(? - l)Rbeugul...a‘i“.ap + (p — 2) Z ‘Rbdajaudarue,..d‘m%
"= pa’
+ z Raje Hea,. b R 2 Ra,%d’uday..embmé,“.%]
e i<u
ER -
1 2 )
+ n—p gl("“ 1)’gutb [(p - 1)1?/09 ueal.“(ii‘,,a‘,’“i" (p —— 2) %Rcda; udal'-.s..'d,...az,

bl

o f— d.
+2Ra,‘uea1...cma(...ap z Ra,ak eudal...e ey .Aap] y
i<k

(R

where l,,wa?:V%Bar,,,p and the indices ¢ and ¢ in %, ..., appear at the j-th
and % th position respectively.

2. — Sasakian space and operators.

An wn-dimensional Riemannian space M is called a SASAKIAN space if it admits
a unit KILLING vector field #® such that

Vavbnc = NoJac = NeJap -

Then we have

(2.1) Bave™7r = NaGoe — Mo Gao -

In a SASAKIAN space M, n is necessarily odd (=2m +1) and M is orientable.
With respect to a local coordinates system {x%}, if we define a 2-form ¢ = (§)@u-
‘dz*\dz* DY @ =V,7,, then we have dn=2¢p, where dy denotes the exterior dif-
ferential of #.

In the following, let M be an n(=2m-1)-dimensional SASAKIAN space. We shall
remember some operators and identities in M which have been used in Y. OcAwa [2].
We denote by i(5) and A (resp. e(n) and L) the inner product (resp. exterior product)
of 1-form 7 and 2-form dn. Then, for any p-form u the operators i(x), 4, e() and
L {*) are defined by

(i(n)u)"ﬁ“"‘pz nru’ms-”“r (27 = 1) ’
iMu=0  (p=10),

(?) These definitions of 4 and L are different from the definitions of 8. TacHiBaNA [3].
8. TacuiBaNa denotes by A (rvesp. L) the inner product (resp. exterior product) of 2-form g
(= idn).
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Fan)

(6(77)“) @y iy xizl (._'— 1)i+17]ai ua,_.. (ii»»ap-n (p g 1) )

(etn)w)o,=ur,  (p=0),

(At)ay..0p= Q" Ursop0,  (PZ2),

Au=0 (p=0,1),

(L) ay...0p4, = 2]% (1) 0 W, G, 60 ap.a (p=1),

L)y = 2upsy ~ (p=10).
Then we have for any p-form u [2]:
(2.2) Lu = e(n)du + de(n)u ,
(2.3) (AL*— LEA)u = 4k{(m — p — k+ 1) L*u - e(n) i(n) L u],

where k is non-negative integer and L—lu =0. We shall eall 2 form # to be
horizontal (resp. effective) if it satisfies i(n)u =0 (resp. Au=10). If a p-form u
satisfies

du=0, du = e(n)Au (resp. 6u =0, du =i(n)Lu) ,
where du denotes the codifferential of #, then we call 4 to be C-harmonic (resp.

C*-harmonic).
Moreover, the operators V,, @ and D for any p-form » are defined by

(2.4) (Va®)ayap™= 1"Vitha,.a, (p=0),

(2.5) (PU)ay.0,= D, Pu Yayray (P Z=1),
o=l

(2.6) (D) gy..a,= "V Usq,.. a, (p=1).

Then the following relation holds good for any p-form w [2]:

(2.7) Dy = V,u—V,0u-+ (n—p)i(n)u.

3. — Horizontal conformal Killing tensor.

Let % be a horizontal conformal K1rnIiNg tensor of degree p whose associated
tensor is §. We shall prove a series of lemmas about .
First we have

LEMMA 3.1. — A horizontal conformal Killing vector (i.e., tensor of degree 1) is
necessarily Killing.
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PROOF. — Let v* be a conformal Kirtrine tensor of degree 1. Then it holds that
Voo -+ Vova = 204 (o=V,v"[n) .

Contracting this by %y® and making use of i(y)v=0, we have p=0, which means
that the lemma is true.
Next, we study the nature of the associated tensor § of u {p>1).

Levma 3.2. — The associated tensor 0 of u (p>1) is Killing.

Proor. — By contraction with 5°s™, the equation (1.4) turns to

k4 7 4
(29 - 1) Rbeu’eaz...%_l‘ (fp - 2) z Rbda;%da,.“map - z Raieubag...e.u% - z Ra;ukdeubazmdmeu-a, =0 b4
=2 =2

2 <k

where we have used i(n)u =0. We can obtain by substitution this into (1.3)

P
(0 —Dloayay > loaytc=10 5

=2

and therefore we get
lbaa...ap"['* lazbas.nap:: 0,

which means that 0 is Kiiiing.
LEMMA 3.3. — The associated tensor 6 of w (p>1) satisfies the equation e(n)6=0.

Proor. — Differentiating ¢(n)u = 0 covariantly, we have

(Palrrumz...ap"F nrvalumg'..%z 0.

Hence if we add this to the equation obtained by interchanging the indice a, and a,
and take account of (1.1), then we find

(31) - (Paf umz---ap + (pa:ualraa..-ap "i" 29;3...%9%% - Guz-«a,,"]a

)
— 0“1“3“'“1)"7@;5—{_ E (_ 1)i(ga1a¢9c:2...d,-...ap+ ga,aioéxas...tii...ap) =0 y

=3

where we put 6'=1(y)0. Contracting this with #™, by virtue of i()u=0 it follows
that

Gﬂzmap = z (— 1)"77a177'9raz~-di--»ap ’

=

5]

that is,

(3.2) b= e(n)i(n)6 .

Since e(7)20 =0, we get ¢(5)0 = 0.
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THEOREM 3.1. — Let u be a conformal Killing tensor of degree p in a Sasakian space.
If u is horizontal and effective, then it is mecessarily Killing.

ProOOF. — For p =1, the theorem is true by Lemmsa 3.1. Let us consider the
case of p=2. By contraction (3.1) with g*%, we find

(3.3) Au=—(n—p+1)i(n)0,

and we have ()0 = 0 because Au = 0. Consequently we obtain 0 =0 from (3.2).
This completes the proof.
On the other hand, Y. OcAawa [2] has proved:

THEOREM C. — If a Killing tensor w of degree p satisfies e(n)w =0, then w is
C*-harmonic, i(n)w is C-harmonic and the equations

Vyw=10 and Pw=10
hold good.

Owing to Lemma 3.2, 3.3 and Theorem C, it follows that the associated tensor 6
of u {p>1) is C*-harmonic and satisfies

(3.4) V,0=0, @6=0.

Let A,, ., be a tensor field of degree p and skew-symmetric with respect to
the indices a,, a3, ...,a,. We get

- » )
Aarﬁtz,: z (— 1)l+1Aaga1”.Ei.,.a,, ’

=1

then Zﬂ,---% is skew-symmetric with respect to all the indices a, s, ..., @5.
Now we shall make some preparations for Lemma 3.4 below.
Covariant differentiation of (3.3) yields

20 Ur a0y PV o Ursayqy = — (B — P + 1)(@a, Orcq .+ 1" Va,0r00-0,) 5
from which, by virtue of 4(n)u =0 and (3.4) it holds that
(3.5) ¢V o Ursay.ay=— (=P + 1) 94, 00,0, -
So, we have

(3.8) 26:,.“%9%% + nm—p+ 3)(¢agrgra3-~ ap ™ (pu316a27a4...ap)

(— 1) {0,000 20yt JoaDiar. a1 = 0 5

M

.
i
'y
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be making use of (1.1) if we set 6* = 40. We shall take the skew-symmetric part
of (3.6) with respect to the indices @y, a4, ..., @, @,. Since each term of (3.6) is
skew-symmetric with respect to the indices ay, as, ..., a,, We may apply the above
method to (3.6). We have

(0 —p + 3B — 1)@ Orey0— (PO )] = (D —1) 3 (—1)Gua8 0 a1 0, »

=3

from which

e

(3.7 (n—p+3) (panrara,r-‘ap = (— l)igagaie;k,u.d,.. ap

T

I

3

by taking account of @6 =0 and p>1. Therefore we get

(3'7), (% —p + 3)(_ 00:»““ + 77%6;9-"%) = i (— 1)1‘99“2"‘62‘3“"2"““1’

=3

Furthermore we take the skew-symmetric part of (3.7) with respect to the indices
@3, 44, ..., &, therefore using 6 =e(n)i(n)0 and ¢=(p—2)mn—p -+ 3) we have

(3.8) o —LAG=10.
On the other hand, from (2.7) we find
(3'9) (P”Vr esaa...apz (’)’e‘; —P + 1)9&.“%

by making use of V,6 =0 and 66 = 0.
Let us prove

Levma 3.4. — The associated tensor 0 of w (p>1) is a special Killing tensor
with constant 1.

Proor. — Differentiating (3.7)’ covariantly, we obtain with the aid of V,0=0
and (3.9)

(% —P "]" 3)(_ Vuleazmap + ‘Pulaﬁ;s...a,,"l“ ”uztpulreraa..-ap)

P
- z (’" 1) i[(naggalag - ??a;gala,} 9:3..@1.“%_3‘ (% -—P + 3) (pa,ageéxa,mdgmap} =40 3

=1

and hence it holds that

(%-——p + 3)(_ Valeaanu,,‘% (pa,a,OI )

Q3-p

»
- z (_ 1)21:_- naig“xgzejswéimap_}‘ (% —P + 3) Qazaie‘;l“&"éi'““p] =0

i=3

by virtue of (3.7). Again, if we apply V., to this, then we find by taking account
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of V,06 =0 and (3.9)

(3.10) B+ @)+ ...+ 9)=0,

where we have set

(1) = (n"‘p + 3)Vaova19ag.--ap 9 (2) = (”—Z’ + 3)ganag77a10c:,map ’

(3) = (’??» -—P + 3)9'%&17?@26;3“.% ] (4} = (’}?’ ' + 3)?)“1%‘?%’”6’%-“% ?
b4

(B) = a0, E (— 1)i¢aoaiefsmdi-..a,, ) (6)=(n—p - 3)ga1a, E (— 1)1‘17%6;0“3“@ ap ¥

=3 =3

D
(7) = (% — P + 3){‘7% Z (_ l)ég“c“ieéx%-"‘ii“'% 4
=3

P
8)=(n—p -+ 3)Gop, 23 (— 1)i77a40<;;a;~~dz--vap »

fo,

M=

(9) = ('”'—‘p + 3) (— 1)i(paza;(p%TGT‘ll“a-"dt"-“p ‘

=3

1

The equations (3), (4) and (6)~(9) can be rewritten as follows with the aid of
(8.7) and (8.7)':

F
(3) = (/n’ — p + 3)9”0“1002-‘.(@ - gaoal Z (_ 1)1'(;)%@1 0‘:"@5”'”? ’

=3

4
(4') = (paxua Z (_ 1)‘9%0;6:3”.&“..” ,
i=3

(6)= ga,ag[(p —2)nw—p+ 3) 0a,,asmap+ 2 (— l)i(}?%aﬂ:&_mmp—}* 2 z (— 1)H‘k(Pa;ake;k,az...djmdk...p] »
i=3

i<k

§ 4 4
(7) = (% - p + 3) Z (""' 1)iganaiaalazag.nﬁi-u% — Qg.a, z ('_' 1)iga,,ai0:{3...di...up

3 =8

D
+ 2 z (_ 1):H-kw“z“jgab@k6:163"'d5'"dk‘“ap b

j=3 3%
B)y=(n—p -+ S)gaoag(ealaa‘..ap —naleéx-v-ap) ’

. IJ
(9) = Josa, E ('— 1)i(pagw9:3mdi.--ap - 2 z (_ 1)i+k(pazajgaaak G;kxag.u(i;m(i;c.u,, .

$=3 J=3 £k

On the other hand, we get

(5) ”E‘ (6) = ga;az i ("‘ 1)i¢0gai8;gs---di~up+ gaiaz[(in - 2)(’”‘ —P + 3}6%93"4%

=3

D
(_ 1)i(paoaz0:s-..di---p+ 2 z (— 1)H_k(paj%B:oaamd'l"'dk-"ap] = g“laz[ca%aa---ﬂp - (LAe)ﬂo“a"'%] =0
3

<i<k

+

W

I
[}

2
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by taking account of (3.8), and therefore the equation (3.10) reduces to

(3.11) V%Valeaz.“g,p —+ (“"‘ l)iganmaalaa‘..dimap =0,

e

K

2

which means that the Lemma is true.
From (1.1) and (3.11) we get

LeMMA 3.5, — A horizontal conformal Killing tensor w of degree p (1<<p<<n) is
uniquely decomposed into the form:

Yoyt ™ Woyap T Qoyap 9

where We q, is Killing and Qa,.a, 18 @ closed horizontal conformal Killing tensor. In
this ecase, o,.a, is the form

Qay...ap == — Valﬁagmwp ’
where Baz,,_ap i8 the associated tensor of w.

Proor. — We find from (1.1) and (3.11)
Va.,(“a; »-ag”Jf" Valeugma,,) 4 Val(uanagmap“]‘ Vaneaz...a,,) ==

Consequently, # is decomposed in the form stated in Lemms. Next, let la, .c, be
o closed KIiLLiNG tensor of degree p. Then we have

(dl>a1~~ap+1= O K Va: Zaa~-%+1+ Vaz Zal%” Upiq = O *

D43
proved the uniqueness of the decomposition.

Hence we obtain V, 1, . =0. Regarding to the following Lemma [6], we have
LeMMA 3.6. — There are mo covariant constant p-forms on M for 1=p=<n—1.

LemmA 3.7, - Let w be a horizontal conformal Killing tensor of degree p(> 2)
whose associated tensor is 0. Then the tensor Au is a horizontal conformal Killing
tensor of degree p—2 whose associated tonsor is ((n—p +1)[(n—p -+ 3))6*.

ProoF. — As # is horizontal, we have from (3.5)

Vaz(Au)as...ap: - (’)’L —P + 1) (pazreragu,ap )

and by virtue of (3.7) it follows that

n

Vaz(Au)aa...ap T o Z gaza‘ asmdi,.,ap 7

% =

15 — Adnnali di Malematica
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from which

{3°12) Vag(Au)a; -~ap+ vﬁs(‘/lu) @3y Gp

_n—p-+1

y
- 2 aga Oak-v»a — — 1) aqa»ec;z wliea oy, G:a @ ] .
n—p+3[g 8" iy ;4( >(g.z gty p+gal 24‘--(21..,1,)

%

The tensor Aw is horizontal, because of #(n)u = 0.
In the last place, for any p-form « we shall prove

LEMMA 3.8. — For any p-form u in an % (= 2m -+ 1)-dimensional M, we have
(3.13) (AL — LA¥)u = 4k[(m —p + k— 1) A 2w + e(n) i(n) A*2ud,

where k i3 non-negative integer and A~ =0,

PRrOOF. — The theorem is trivial for k= 0. Proceeding inductively, assume its
validity for 0,1,..., %k, and consider (k --1)-case. Then we have

(AL — LAY u = A ALu— LAu) + (A*L— LA¥) Au
= 4(k+ Dl{m —p + k) A*u -+ e(y) i(n) A*u]

for any p-form %, which asserts that Lemma is true for all non-negative integer k.
Taking account of Lemma 3.8, we shall show the following for a horizontal
conformal KiLLinG tensor u:

LEMMA 3.9. — Let 0 be the associated tensor of 4 (p>1). Then we have
(3.14) 030y +0n 00 = LoA%G

where we put o, = (p—2t)(n—p + 2t +1) for the infeger 1 (1=1=5s).

PROOF. — Making use of (3.8), for s =1 the equation (3.14) holds good. Now
suppose that it is true for all 1,2, ..., s and condier (s-+1)-case. Since the (p —1}-
form 8 satisfies 6 = e(#)i(n)0, we have from (3.13)

(3.15) (AL — LA%) 6 = 4dk(m —p + k -+ 1) A¥10 .
We put k=1 here and hence we get by virtue of (3.8)
(3.16) ALA = [o, - 4(m—p + 2)10 .

Next, set k=s 41 in (3.15), it follows that

(AL — LAY = 4(s + 1) (m —p - s+ 2) 40 .
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Operating I* to this and making use of (3.14) and (3.16), we find

LAt = LAHL) — 4(s + 1)(m—p + s -+ 2) L2420
= [+ 4(m—p 4 2) —4(s - 1)(m —p + s + 2)J LoA°0 = 0405 ... %010

This completes the proof.

4. — The case of odd degree.

Let % be a horizontal conformal KILLING tensor of odd degree p whose associated
tensor is 0.
First we show

LemumA 4.1. — Let u be o horicontal conformal Killing tensor of degree 3. Then the
vector Au is necessarily Killing.

Proor. —~ Putting p =3 in Lemma 3.7, A% is 2 horizontal conformal KIirring
tensor. Therefore, by virtue of Lemmsa 3.1, we know that Aw is Kiurine.
Next we have by virtue of Lemma 3.7 and 4.1.

LeMMA 4.2. — Let w be a horizontal conformal Killing tensor of odd degree p. Then
the vector AP "2y is mecessarily Killing.

Lastly, we shall prove

THEOREM 4.1. — In a Sasakian space, a horizontal conformal Killing tensor of odd
degree is necessarily Killing.

Proo¥. — For p =1, this theorem is true by making use of Lemma 3.1. For
p>1, we can take account of Lemma 3.9. First, we shall show that «, in (3.14) is
non-zero constant. In fact, if «,==0, then we obtain with the aid of p—2¢s20

p=n+2-+1.

As p is odd, this does not hold. Consequently, we have a, #0 (1=1,2,..,5s).
Therefore, the form 6 vanishes identically if it satisfies A°0 =0 for some s. On
the other hand, the vector A% "2y is KiLLING by Lemma 4.2 and hence A%~1/2—¢
holds good. Thus we have 6 =0, which means that # is KILLING.
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5. — The case of even degree p(=2¢q) (%).

Let us prove

LeMMA 5.1, — The associated vector 6 of a horizontal conformal Killing tensor of
degree 2 satisfies 0 = (i(n)8)e(n) -1, where i(n)8 is constant.

PrOOF. — By Lemma 3.3, we get 0 = (i(5)0)e(n) -1, that is,
Op=0'1,.
Covariant differentiation of this yields
Viubo = V0170 + 0’014,
from which, we find
7o Vo0 4 15 Vol = 0

by making use ot V.0, + V,0, = 0. Contracting this with 5* and #*zP respectively,
we get

Vo0'+ 1, V,0/ =0, V,0'=0,
from which, V,0'=0. This means that 6’ is constant.

LuMMA 5.2. — Let 8 be the associated tensor of o horizontal conformal Killing tensor u
of even degree 2¢ (>2). If w is mon-Killing, then the assoctated temsor 0 turns to
the form:

§ = Be(n) =1,

where B (= A" i(n)0]oney ... o) 18 constant.

PRrRoOF. — We have from Lemma 3.9

0.0l .nn 0,10 = Lt 719

Operating e(n)i(y) to this and making use of 6 — ¢(n)é(n)0, it holds that
o0ty ... 0ty 0 = (A*0()0) e(n) L7711

q—1

Suppose that ayer,...o,_, # 0, then f(=A7"i(n)0/mx, ..o, ) is constant from Lem-

(¥) In this Section, suppose that I is connected.



Sermont YAMAGUCHI: On @ horicontal conformal Killing tensor, ete. 229

ma 3.7 and 5.1. Next we shall consider the case of ayo,...oq_, = 0. Then we get
(5.1) A7)0 =0.

In fact, if this is not true, then the (p—1)-form e{yn)L**-1 vanishes identically.
However, this contradicts that M is SASAKIAN. Applying e(n) to (5.1) and using
6 = e(n)i(n)0, we have A%6=0. Differentiating this covariantly, we get A =0
with the aid of (2.7), Lemma 3.2 and 3.3. Moreover, covariant differentiation of
this yields 420 =0. By the same method we obtain 6= 0 at last., Therefore
the lemma is proved.

Combining Lemma 5.1 and 5.2, we have immediately

THEOREM 5.1. - In a Sasakian space, the associated tensor of a horizontal conformal
Killing tensor of even degree 2q which is non-Killing turns to the form:

(5.2) 0 = ce(n)Le1-1,
where ¢ is constani.

As a corollary of Theorem 5.1, we get by virtue of Lemma 3.4

THEOREM b.2. — In a Sasakion space, the (2p+1)-form e(n)L? -1 is a special Killing
tensor with constant 1.

Lastly, we prove

THEOREM 5.3. — In a Sasakian space, a horizontal conformal Killing tensor w of
even degree 2q which is non-Killing is uniquely decomposed into the form:

Ug,...000 = wal...au_" Gay.05,

where We,.q,, 18 a horizontal Killing tensor and Yo,y 18 a closed horizontal conformal
Killing tensor. In this case, 4a,.q,, is the form

Qo.ape= (L2 1)(51»-41“ ’
where h is constant.

ProoO¥. — We have a0, = -——Vaﬁ%ma” from Lemma 3.5. By substitution this
into (5.2) we get

(53) Qay000— — Gval(e(n)Lq—l : 1)a,.,,a2q .

On the other hand, since the form e(y)Le2-1 is Kinuine, it follows that

(5'4) (de(ﬁ)‘l}q—-l ' l)al...am = (2q + 1)Va1(6(7]) Le-t. 1)(1, ~Qaq 9
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and hence by taking account of (2.3) we obtain
de(n)Lit-1= (L —e(n)d) Lr-1-1 = L1 —e(n)dLs1-1 .
Now, as d commutbes with L (*}, the above equation becomes
de(n)Le1-1 =11,
Therefore we can obtain from (5.3), (5.4) and the last equation
Yoy, = MILA1)s a,

The form L¢-1 is horizontal, because of i(n)-1 = 0. Hence we see i(n)w=10. Con-
sequently, this completes the proof.
Ag a corollary of Theorem 5.3, we get

THEOREM 5.4. — In a Sasakian space, the 2p-form LP-1 is a elosed horizontal con-
formal Killing tensor of degree 2p.

(4) See Y. Ocawa [2].
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