
On a Horizontal Conformal Killing Tensor 
of  Degree p in a Sasakian Space. 

SEIICttI YA~[AGUCttI (Tokyo) (*) 

S u m m a r y .  - We deal with a horizontal eon]ormal Killing tensor o] degree p in a Sasakian space. 
Alter some preparations we prove that a horizontal eon]ormal Killing tensor o/ odd degree 
is necessarily Killing. Moreover, we consider horizontal eon]ormal Killing tensor o/ even 
degree. The ]orm o] the associated tensor is determined completely and a decomposition the- 
orem is proved. The~ we give the examples o] a eon/ormal Killing tensor o] even. degree and 
a speci~at Kigling tensor o] odd degree with constant 1. 

L e t  M be  an  ~v-dimensional lg iemannian  space whose me t r i c  tensor  is g iven b y  
g~b (a, b, . . . ,  r~ s~ ... ---- 1, 2, .. . ,  ~). We call a skew-symmet r i c  tensor  u~b a conoYrmal 
KILL~G tensor  of degree  2 [4] if  i t  satisfies the  eqna t ion  

V~ubo + V~u~ = 20~g~--  O~gbo - -  Obgo~ , 

where  V denotes  the  opera tor  of covar ian t  de r iva t ive  wi th  respec t  to gab. Then  we 

have  Oo--:V~u,o/(n--1) for the  t ensor  ua~. We call 0~ the  associa ted vec to r  {1) 
of q~ab. 

l~eeently,  t h e  au t ho r  [6] has  s tud ied  a eonformal  K ~ I ~ a  tensor  of degree 2 
in ~ SXsAEI)~ space and  ob ta ined  the  followings: 

T~E0t~E~ A.  - I n  a Sasakian space ( n >  3), any conformal Kil l ing tensor Uab is 
uniquely decomposed into the ]orm: 

where w~b is Ki l l ing and qa~ is a closed eon~ormal Ki l l ing tensor. In, this ease q~ is 
the ]orm 

q~ = - -  V,Oo , 

where Oo is the associated vector o] u~ .  

TttE0t'~E~ B. - .Set M be a complete s imply  connected Sasakian space (n ~ 3) 
admitting a eon]ormal Ki l l ing  tensor U~b whose associated vector is 0~. I]  the inner 

(*) Entrata in Redazione il 17 luglio 1971. 
(1) We adapt the identification between vector fields and 1-forms by virtue of Rieman- 

nian metric. 
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product (0, O} or QI, O} is ~ot constant, where the vector ~ is a Sasakian structure, 
then M is isometric with a unit sphere. 

I n  a l~ iemannian  spac% T. K A s m w ) a ) ~  [1] has  defined a conformal  Kr~LI~G 
tensor  of degree  p ~ 2 a n d  general ized some resul ts  abou t  a conformal  ]~ILLI~G 

tensor  of degree  2 to  the  case of degree p > 2 .  
The  purpose  of th is  pape r  deals wi th  a hor izonta l  conformal  K ~ L I ~ G  tensor  of 

degree  p in a S~S~KIAN space.  Af t e r  some p repa ra t ions  we p rove  in § 4 t h a t  a 

hor izonta l  conformal  K I ~ m I ~  tensor  of odd degree  is necessar i ly  K ~ L L ~ .  I n  § 5 

we shall  consider  hor izonta l  conformal  K ~ I ~  tensors  of even  degree.  The fo rm 
of the  associa ted  tensor  is d e t e r m i n e d  comple te ly  and  a decomposi t ion t heo rem is 

p r o v e d  (of. T h e o r e m  5.1 a n d  5.3). 

I. - T e n s o r s .  

I n  a l~ iemannian  space M we c~ll a p - f o r m  w wi th  coefficient w~..% a KILLII~a 

t ensor  of degree  p if i t  satisfies 

V~wa~...,~ + V~wb~...~ = 0 . 

I f  a K ~ z ~ G  tensor  w satisfies 

VoV~w~,....~+zc(go~w~..~+~__~ . ) = 0 ,  

where  ¢ is cons tan t  and  ~ means  t h a t  a~ is omi t t ed ,  t hen  i t  is called a special  KILLING 

tensor  of degree  p wi th  cons tan t  ~ [5]. 
51ext we shall  r e m e m b e r  a conformal  K ~ N G  tensor  of degree  p. I n  M we call 

a p - f o r m  u wi th  coefficient u%..% a conformal  KILr,I~G tensor  of degree  p, if  there  

exis ts  a ( p - - 1 ) - f o r m  0 wi th  coefficient 0%..% such t h a t  

p 

1 ~ 0~o,...~, .... golo,)" 
i=2 

This  fo rm 0 is called the  assoc ia ted  tensor  of u. Fo r  a conformal  K ~ L I ~ G  tensor  u 

of degree  p, the  following ident i t i es  a re  known:  

(1.2) 

(1.3) (p-  

= = -  . / ~  b a~ gan..,o.,,a~ 

e ~  getU, +2Ro, 2 Ro, 
i=Z 2~<1</: 
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(1.4) 

1 
~ (__l)iga~.e ](~__l)_~beq~eal...dv..ap..~ (~__2)  X ~b a e ............ , , 

L k ~ i  

'1 

aaak UVdax...e ..e,.,a, ..al~J 
.l 

where  4,...% = V~0%..~ and  the  indices e and  e in u~ ........... % ~ppear  a t  the  ~-th 
and k th  posi t ion respect ively .  

2.  - Sasak ian  space  and operators .  

An n-dimensional  l~iemannian space M is called a S~SAI<IA~ space if i t  admits  
a un i t  KILLING vec tor  field 7/~ such t h a t  

Then  we have  

(2.1) 

In  a Sxs~IClX~ space M ,  n is necessari ly odd (----2m + 1) and M is orientable.  
Wi th  respec t  to a local coordinates sys tem {x~}, if we define a 2-form ~ = (½)~,b" 

" & c : A d #  b y  ~ o = V ~ ,  then  we have  d~ :=2% where  d~ denotes  the  exter ior  dif- 
fe ren t iM of ~7. 

I n  the  following, le t  M be ~n q,(----2m+l)-dimensionM SASA~:IA~ space. We shall 
r emember  some operators  and ident i t ies  in M which have  been  used in Y. OG~WA [2]. 
We denote  by  i(~) and A (resp. e(~) and  E) the  inner  p roduc t  (resp. exter ior  product)  
of 1-form ~ and  2-form d~. Then,  for  a n y  p- form u the  operators  i(~/), A, e(~) and  
J5 (2) ~re defined by  

(i(~)u)a, o~= ~fUra: o~ 

i(V)U = 0 (p = 0 ) ,  

( p == l ) ,  

(~) These definitions of A and L are different from the definitions of S. TACl~IBAI~A [3]. 
S. TACI~I~ANA denotes by A (resp. /5) the inner product (resp. exterior product) of 2-form 
(=  ½47). 
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~ + I  
(e(~]) ~) al...av,+l = ,~ ( - -  1)i+l~a,~av. d,...ay+, 

(e(~)u)o~= uw,. (p = 0), 

(Au),....o~ = qo~'u~,...o~ (p > 2), 

Au = 0 (p = O, 1 ) ,  

(Lu)~..~÷~ = 2 ~ (--1),+J+~q%o,%~,.~÷. 
~<~ 

(Lu)ob : 2 u ~  (p : O). 

( p >  1) ,  

( p > l ) ,  

Then  we have  for  a n y  p - f o r m  u [2]: 

(2.2) Z u  = e(~7)du + de(u)u , 

(2.3) (AL ~ -  L~A)u = 4 k [ ( m - - p -  k + 1 ) L ~ l u  + e(~)i(v)L~-lu],  

where  k is non-nega t ive  in teger  and  L-~u = 0. W~e shall  call a fo rm u to be  

hor izonta l  (resp. effective) if  i t  satisfies i(~])u = 0 (resp. Au = 0). I f  a p - fo rm u 
satisfies 

du = 0 ,  ~u = e(~)Au (resp. du = 0, du = i(v)Lu ) , 

where  ~u denotes  the  codifferent ial  of u, t h e n  we call u to be  C-harmonic  (resp. 

C*-harmonic).  
1Vforeover, the  opera tors  V,, q~ and  D for a n y  p - fo rm  u are  defined b y  

(2.4) (V,u)a~...~,= ~V~u¢..,~ (p > O) , 

p 
rq.~ (2 .5)  ( ~ u ) o ,  o~ = ~ ~ . . . .  ....... ~ (p > 1 ) ,  

i=1 

(2.6) (])u)a~...~ ~ ~ V ~ u ~ . .  ~ (p > l )  . 

Then  the  following re la t ion  holds good for a n y  p - f o r m  ~ [2]: 

(2 .7)  Du = ~V~u-- V, ~u + (~--  p) i(~)u . 

3. - Horizonta l  conformal  Kil l ing tensor.  

L e t  u be  a hor izonta l  conformal  K~am~r~G tensor  of degree p whose associated 

tensor  is 0. We shall  p r o v e  a series of l e m m a s  a b o u t  u. 
F i r s t  we have  

L E ~ ¢ ~  3.1. - A horizontal eon/ormal Kill ing vector (i.e., tensor oJ degree 1) is 
necessarily Killing. 



SE~cH:[ YA~A~UC~: On a horizontal con]ormal Killing tensor, etc. 221 

I ~ o o F .  - L e t  v ~ be  a conformM KrL~N~ tensor  of degree  1. Then  i t  holds t h a t  

Vov~ ÷ V~v~ = 2eg~ , (O = V~v~/n) • 

Cont rac t ing  this  b y  ~ " ~  a n d  m a k i n g  use of i(~)v = O, we have  9 = 0, which means  
t h a t  the  t e m m a  is t rue .  

Next~ we s tudy  the  na t u r e  of the  associa ted  tensor  0 of u ( p >  1). 

L E ~ L ~  3.2. -- The associated tensor 0 oJ u ( p >  1) is Killing. 

PR00F. - B y  con t rac t ion  wi th  ~ ' ,  the  equa t ion  (1.4) tu rns  to 

" ~  ~ a e ~  ae 

where  we have  used  i(v)u = 0. We can ob ta in  b y  subs t i tu t ion  this in to  (1.3) 

( p - 1 )  l~oo o~+ Zl~oo+o : o, 

and  therefore  we ge t  

which means  t h a t  0 is KILLING. 

I~E~I~La 3.3. -- The associated tensor 0 oj u ( p > l )  satisJies the equation e ( ~ ) 0 = 0 .  

PnooF.  - Di f ferent ia t ing  i(~)u = 0 covar iant ly ,  we have  

~ U  ... ~o~ ~o~...~+ v~V~u~o, o~= 0 .  

Hence  if  we add  this  to the  equa t ion  ob ta ined  b y  in te rchanging  the  indice a~ and  a~ 
and  t ake  account  of (1.1), t hen  we find 

(3.1) 

1 i ! r 

where  we p u t  0 ' =  i(~7)0. Cont rac t ing  this  wi th  ~ ,  b y  v i r t u e  of i(~)u = 0 i t  follows 
t h a t  

1 ~ ~0 
i=2  

t h a t  is, 

(3.2) 0 = e(~) i(~) 0 .  

Since e(~])~0 = 0, we ge t  e(~)0 = 0. 
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TttEOlCE~ 3.1. - Z e t u  be a conformal Kill ing tensor of degree p in a Sasakian space. 
I f  u is horizontal and effective, then it is necessarily Killing. 

thcOOF. - For  p----1, the  t h e o r e m  is t rue  b y  Le mma  3.1. L e t  us consider the  
case of p_>--2. B y  cont rac t ion  (3.1) wi th  g~'~,, we find 

(3.3) A u =  --  ( n - - p +  1) i(v) 0 , 

and we have  iOl)O = 0 because A~ = 0. Consequent ly  we obtain 0 = 0 f rom (3.2). 
This completes  the  proof.  

On the  o ther  hand,  ¥ .  OG£w± [2] has p roved :  

T~OREM C. - I f  a Kill ing tensor w of degree p satisfies e(•)w----O, then w is 
C*-harmoni G i(~)w is C-harmonic and the equations 

V,w---- 0 and ~w  = 0 

hold good. 

Owing to  Lemma  3.2, 3.3 and  Theorem C, i t  follows t h a t  the  associated tensor  0 
of n (p:> 1) is C*-harmonic and  satisfies 

(3.4) V,70 ~- 0 ,  ~ 0  = 0 .  

L e t  A~,~,...~ be  a tensor  field of degree p ~nd skew-symmetr ic  wi th  respect  to 

the  indices a~, aa, ..., a~. We set  

• .- l a i a l . - a i , . . a ~  

i = l  

t hen  A~,.% is skew-symmetr ic  wi th  respect  to all the  indices a~, a2, ..., a~. 
:Now we sh~ll make  some prepara t ions  for L e m m a  3.4 below. 

Covariunt  different iat ion of (3.3) yields 

fxom which, b y  v i r t ue  of iO1)u----0 and  (3.~) i t  holds t h a t  

(3.5) 9"V~,u  .... o =  - -  ( n - - p  + 1)~voj0,o, o~. 

So, we have  

2 *  (3.6) O~,..a~g .... -}- (n--p-~-  3)(q~a,rO, a..a~--~a,'O ..... ..a~) 

O* - X  g o, . . . .  o, 
i = 4  
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be making  use of (1.1) if  we set  0* : AO. We shall t ake  the  skew-symmetr ic  pa r t  
of (3.6) wi th  respec t  to the  indices aa~ aa, ... ,  a~_~ a~. Since each t e r m  of (3.6) is 
skew-symmetr ic  wi th  respec t  to the  indices a~, a~, ... ,  a~  we ma y  apply  the  above 
me thod  to (3.6). We have  

la 

( n - - p  ~ 3)[(p - -  1 )~[0~, . . . . . - -  (~0)~,...~] : ( p - - l )  ~ (--1)~g~,~,O*~,...~,..~, 

f rom which 

(3.7) ( n - p  + 3)vo:O.°, o~= ~ ( -  1)'go,o,o* ~ ..... 
i=8 

by  tak ing  account  of ~0  = O and  p :> 1. Therefore  we get  

~o 

0' (3.7)' ( n - p +  3 ) ( - 0 ° ,  o + vo . . . . . . .  ,) = Z ( -  1)~oo, o,0"., °~ 
i = 3  

Fu r the rmore  we take  the  skew-symmetr ic  pa r t  of (3.7)' wi th  respect  to the  indices 
a~, 33, ...7 a~, the re fore  using 0 : e(~)i(~)O ~nd c : ( p ~ 2 ) ( n - - p  ~-3)  we have  

(3.8) cO-- LAO = O . 

On the  other hand,  f rom (2.7) we find 

(3.9) 

by  making  use of V~0 = O and  60 : O. 
L e t  us p rove  

LE~YxA 3.4. - The associated tensor 0 o] u (p > 1) is a special Ki l l ing tensor 
with constant 1. 

PgooF.  - Dif ferent ia t ing  (3.7)' eovar iant ly ,  we obta in  wi th  the  aid of V,0 = O 
~nd (3.9) 

(n--p + 3 ) ( - -  V~,O,,...~ + O' ~0 

* 3 ' - - ~  (-- 1)~[(~,og .... - -  ~7o, go~o,) Oo,...~,...a, + ( n - - p +  _ )  ~,~Oo,°~...a,...~,] = O, 

and hence i t  holds t ha t  

O! ( n - - p +  3)(--  VolOa.,.o~÷ ~ . . . . . .  ...~) 

ia 

- Z ( -  i * 3 ' - 1) [-~]~,g .... oo,...d,...°fl- ( n - p  + )~p~o~,Ool°,...d,...o~]- o 

by  v i r tue  of (3.7). Again~ if we apply  V~0 to this ,  t h e n  we find by  taking  account  
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of V~O = 0 and  (3.9) 

(3.10) (1) + (2)-~ . . . +  (9) = O, 

where we have set 

(1)=--(n--p+3)V,oV,~O~,... , , ,  (2)=(n--p-Jr-3)g~:,~O~,...,,, 

O: rO 

( 5 ) =  ~ . . . .  Z ( - ~ ) , ~ o , o , 0 * , ,  ,, o , ,  (6) ---- (n - - p  -~ 3)g~:, i (-- 1)~%,0~':, ...~ ..... , 

(7) = - ( n -  p + 3)vo,  Z ( -  ~),gooo, O'~:,.~,...o,, 
i = 3  

1 ~ ( S ) =  (n--p- l -  3lg .... ~_.(-- ) ~]a, Oa~as...d,...a!a , 

= -  ( - ) ~  .. . .  ~ . . . . . . . . .  , , . . . , , .  (9) ( n - - p  --~ 3) ~ 1 ' ~0 

The equations (3), (4) and  (6)--~(9) can be rewr i t t en  as follows with  the  aid of 

(3.7) and  (3.7)': 

(3) = --  ( n - - p  -~ 3)ga:,Oa~...a~--gaoa~., ( - - )  Cfa~at~aa.-d,-.a~' 

= 1 f * (4) of a:, Z ( - - )  gaoa, Oas.-~,...,, 

~ : i~ j+~ 0"~ e a l (6) = g .... (~0 -- 2)(T~--~p'-~- 3)0 .... ...a,-~ ~ (-- 1)i~a,a,O:s..-(~'~..., -~ 2 ~2-- ' Ta'ak a, a". ,-" ~'",]' 

(7)---- ( n - - p +  3) ~ ( - - 1 ) ' g  .... 0 .... ~,...~,...~,--~ .... ~(--l)'ga:,O~....~,...,, 
t=3  t ~ 8  

p 

+ 2  Z ( -  '+~ 0* 
j=~ J~k 

(8) : (n - -p  + 3)g .... (0~:,...~--~,~0,'~..~), 

( 9 ) = g  .... 2 ( -  ~ ~ o ~ : o , . ~ , o , - ~ , ~ : -  , ~ ° : , "  . . . . . . . .  " ~ , ~ " , "  

On the other hund, we get  

(5 )  - ~  (6 )  = ga~a~f  "(-- l"~i"~a - y~ ~ui a,,,O~,'",~-~ g . . . .  [ (~ ) - -  2 ) ( q % - - ~ - ~  a)Oaoaa'"a~ 
i=a 

+ ~ !~--1) t'~a a O*a. d T o, ... ,...~-~ ~ ~ ( ) ~P a,a~ .... ..a,...a~...a~ j . . . .  
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by  taking  account  of (3.8), and  there fore  the  equat ion (3.10) reduces to 

(3.11) V~°Vo~O~...o~÷ ~ (-- 1),g~°o, Oo~...~,...o -- o, 

which means that the Lemma is tr~e. 

F r o m  (1.1) ~nd (3.11) we get  

L E ~ _  3.5. - A horizontal conformal Killing tensor u of degree p ( l < p <  n) is 
uniquely decomposed into the form: 

where w%.% is Killing and q%..% is a closed horizontal conformal Killing tensor. In  
this ease, q%..% is the form 

where 0%..% is the associated tensor of u. 

PtcooF. - We find f rom (1.1) and (3.11) 

V a , ( U a l . . a ~ -  Va,Oa~...a~) -[- Va,(Uaoa~...a~- VaoOa~...a~) ~-- O .  

Consequently,  u is decomposed in  the  form s ta ted  in Zemm~. Next ,  le t  t~,..~, be 
• ~ closed K~LI~G tensor  of degree p. Then  we have 

I tence  we obta in  V~1%...%+~ := O. Regarding to the  following I~emma [6], we l~,ave 
p roved  the  uniqueness  of the  decomposi t ion.  

L E ~ I ~  3.6. - There are no covariant constant p-forms on M for l <=p <= n - -1 .  

LE~3~X 3.7. - Zet u be a horizontal conlormal Killing tensor of degree p(> 2) 
whose associated tensor is O. Then the tensor Aq~ is a horizontal conformaI Killing 
tensor of degree p - - 2  whose associated tensor is ( ( n - - p - ~  l ) / ( n - - p  + 3 ) ) 0 " .  

PRoof .  - As u is horizontal ,  we have Irom (3.5) 

VoJAu)o~ o = - - ( n - - p  + 1) ~ , ' 0 ~ . ~ ,  

and by  v i r tue  of (3.7) i t  follows tha t  

Vo~(Au). o =  n ~ p + _ l  

15 - Annal i  di -'3Ialematica 
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f rom which 

(3.12) V.,(Au)a, . ~ +  Va~(Au) .... , ~  

n - - p  ~ r  3 . . . .  i=, ( - - )  (ga°'a'Oa'~'"d ...... Jr- g . . . . . . . .  ...d ...... ) • 

The tensor  A u  is hor izontal ,  because  of i(~])u = 0. 

I n  the  las t  place,  for a n y  p - f o r m  u we shall  p rove  

LEsL~I~ 3.8. - ~or  any p-]orm u in an n ( =  2m + 1)-dimensional M,  we have 

(3.1.3) ( A k L - - L A ~ ) u =  4 k [ ( m - - p  + k - - 1 ) A k - l u +  e (v ) i (~ )Ak- lu] ,  

where k is non-negative integer and A - t n  = O. 

PgooF.  - The  t h e o r e m  is t r iv ia l  for k = 0. Proceeding induct ive ly ,  assume its  

va l id i ty  for 0~ 1, . . . ,  k, and  consider  (k +1 ) - ea se .  Then  we have  

(A~+~L - -  L A  ~+~) u = A~(AL~ - -  LAu)  + (AT~L - -  LA~)A~  

= 4(k + 1)[(m - -  p + k)A~u + e(,/) i(v)A~u] 

for a n y  p - fo rm  u, which asser ts  t h a t  L e m m a  is t r ue  for all  non-negat ive  in teger  k. 
Tak ing  account  of L e m m a  3.8, we shall  show the  following for a hor izontal  

conformal KILLll~G t ensor  u: 

LEPTA 3.9. - Let 0 be the associated tensor of u ( p > l ) .  Then we have 

(3.14) cqo~2 . . .  o:80 =- L"A"O , 

where we put  ~ = ( p - - 2 t ) ( n - - p  + 2t + 1) Jot the integer t (1 ~ t ~ s). 

P~OOF. - Making  use  of (3.8), for  s = 1 the  equa t ion  (3.14) holds good. Now 

suppose t h a t  i t  is t r ue  for all  1~ 2, .. . ,  s and  eondier  ( s+ l ) - ca se .  Since the  ( p - - 1 ) -  

fo rm 0 satisfies 0 = e(v)i(v)O, we h a v e  f r o m  (3.13) 

(3.15) (A~Z--LA~)O---- 4 k ( m - - p  + k + 1)A~-~O . 

We p u t  k = 1 here  and  hence  we ge t  b y  v i r tue  of (3.8) 

(3.16) ALO ----- [ ~ +  4 ( m - - p  + 2)]0 .  

Next ,  se t  k = s  + 1  in (3.15), i t  follows t h a t  

(A,+~L - -  ZA,+~) 0 = 4(s + 1)(m - - p  + s + 2)A~O. 
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Opera t ing  Z ~ to this and  mak ing  use of (3.14) and  (3.16), we find 

This completes the  proof.  

4.  - The  case  o f  odd degree.  

Let  u be a horizontal  eonformM KILLING tensor  of odd degree p whose associated 
tensor  is 0. 

l~irst we show 

LEM~A 4.1. - 1Set u be a horizontal con]ormat Killing tensor of degree 3. Then the 
vector A u  is necessarily Killing. 

P~OOF. -- P u t t i n g  p = 3 in Lemmu 3.7, Au is a hor izontal  conformal  KILLING 

tensor.  Therefore,  b y  v i r tue  of Lemmc~ 3.1, we know tha t  Au is Kr~ING.  

l~ext we have by  v i r tue  of Lemma 3.7 and 4.1. 

LEMMA 4.2. - Zet u be a horizontal con]ormal Killing tensor o] odd degree p. Then 
the vector A(~-~)12u is necessarily Killing. 

IJastly, we shall p rove  

THEOREM 4.1. -- I n  a Sasakian space, a horizontal con]ormal Killing tensor of odd 
degree is necessarily Killing. 

P~ooF. - For  p--~ 1, this theorem is t rue  by  making  use of Lemm~ 3.1. For  

p >  1, we can take  account  of Lemma 3.9. Firs t ,  we shall show tha t  % in (3.14) is 

non-zero constant .  I n  fact,  if ~ t -  0, then  we obta in  wi th  the Md of p ~ 2 t  V=O 

p := n -~- 2t + 1 .  

As p is odd, this does not  hold. Consequently,  we have % 4 0  ( t = l , 2 ,  . . . , s) .  
Therefore,  the  form 0 vanishes identically if i t  satisfies A'O = 0  for some s. On 

the o ther  hand,  the  vector  A(~-l~lht is KILLING by  Lemma 4.2 and  hence A(~-I)~zO----O 
holds good. Thus we have  0 = 0, which means tha t  u is KI~LING. 
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5. - The case of  even degree p( = 2q) (8). 

Z e t  us p r o v e  

LE~lV[A 5.1. - The associated vector 0 o/ a horizontal conformal Killing tensor of 

degree 2 satisfies 0 : (i(v)O)e(~7)'l, where i(~)O is constant. 

P ~ o o r .  - B y  I Jemma 3.3~ we ge t  0 : (i(~)O)e(~).l, t h a t  is~ 

Covar iant  differenti~Mon of this  yields 

VbO~ = V~O'W + 0'9~o, 

f r o m  which,  we find 

b y  m a k i n g  use of V~0b + V~0~ = 0. Cont rac t ing  this wi th  ~= and  ~ b  respect ively ,  

we ge t  

V~O'+ ~AV, O'= 0 ,  V , O ' :  O, 

f rom which,  V~0 '=  0. This  means  t h a t  0' is cons tan t .  

LE~v~A 5.2. - _Let 0 be the associated tensor of a horizontal con/ormal Kill ing tensor u 
of even degree 2q (> 2). I f  u is non-Kil~ing, then the associated tensor 0 turns to 

the form: 

0 - ~e(V)L ~-1"1, 

where fl ( :  Aq-Xi(v)O/a~c~2... ~q-x) is constant. 

PROOF. - We  have  f rom L e m m a  3.9 

~=~2 . . .  ~ _ 1 0  = L ~ - I A ¢ - I O  • 

Opera t ing  e(v)i(~]) to th is  and  muk ing  use  of 0 - - e ( v ) i ( v ) 0 ,  i t  holds t h a t  

~ ... %_~0 = (A~-~ i(~) O) e(v) L "-~ .1 .  

Suppose t h a t  ce~a2.., aq_z # 0 ,  t h e n  fi(=A~-~i(v)O/~.~2...c~q_x)is constnnt  f rom Lem- 

(3) In *his Section, suppose that M is connected. 
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ma 3.7 and  5.1. Nex t  we shall consider the  c~se of gxa2 ... %_~ = 0. Then  we get  

(5.1) Aq-~ i(V ) 0 = 0 .  

In  fact ,  if  this is not  t rue ,  t hen  the  (p - -1 ) - fo rm e(~)Lq-1.1 vanishes identically. 
However ,  this  contradicts  t h a t  M is S~-SAKI~. Applying e(~) to (5.1) and using 
0 = e(~)i(~)O, we have Aq-XO = 0. Different ia t ing this covari~mtty, we get  Aq-~O=O 

with  the  Md of (2.7), ]Semma 3.2 ~nd 3.3. ~o reove r ,  covariant  differentiat ion of 
this yields Aq-80 ~ O. By the  s~me me t h o d  we obta in  0 = 0 at  last. Therefore  
the  lemma is proved .  

Combining Lemma 5.1 and 5.2, we have immedia te ly  

T ~ O R E ~  5.1. - I n  a Sasakian space, the associated tensor o[ a horizontal con]ormal 
Kil l ing tensor o[ even degree 2q which is non-Kill ing turns to the ]orm: 

(5.2) 0 = ce(v)L~-~ .1 ,  

where e is constant. 

As a coroU~ry of Theorem 5.1, we get  b y  v i r t ue  of Lemmu 3.4 

TttEO~V,z~ 5.2. - I n  a Sasakian space, the (2p + l )-/orm e(~D5~.l is a special Kil l ing 
tensor with constant 1. 

~ast ly ,  we p rove  

Tt[EORE~ 5.3. -- I n  a Sasakian space, a horizontal eon/ormal Kil l ing tensor u o/ 
even degree 2q which is non-Kill ing is uniquely decomposed into the ]orm: 

where w%..~,¢ is a horizontal Kil l ing tensor and q%..~,, is a closed horizontal conlormal 
Kil l ing tensor. I n  this case, q%..,,~ is the form 

q,~ ..... = h(Lq. 1)a,...,,q, 

where h is constant. 

P]~OOF. - We have  q~..~,~ =--V,O~,..~,~ f rom Lemma 3.5. By  subs t i tu t ion  this 
into (5.2) we get  

( 5 . 3 )  q o ,  . . . . .  = - o0o.  

On the  o ther  hand,  since the  form e(~)Zq-l.1 is K~LI~G, i t  follows tha t  

(5.4) (de(~)Z ~-I. 1)a, ..... = (2q + 1)Vat(e(~l) L q-1.1), ,  .... , 
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a n d  h e n c e  b y  t u k i n g  u c c o u n t  of  (2.3) we ob t a in  

de(v)Z q-1.1 - -  ( Z - - e ( ~ ) d )  L q-~ .1 = Lq .1- -e (~?)dL q-~ . 1 .  

Now, us d c o m m u t e s  w i t h  L (4), t h e  a b o v e  e q u a t i o n  becomes  

de(f l)L q-~ .1 = L q .1 . 

There fo re  we ca11 o b t a i n  f r o m  (5.3), (5.4) a n d  t he  las t  e q u a t i o n  

q~ . . ~ :  h (L  q.1)~, ~, . 

The  f o r m  Zq.1 is hor izon ta l ,  because  of i(~;).l  : 0. H e n c e  we see i(~;)w : 0. Con- 

sequen t ly ,  th i s  comple t e s  t h e  proof .  

As a coro l la ry  of T h e o r e m  5.3, we ge t  

T~sOl~n~i 5.4. - Iq~ a S a s a k i a n  space, the 2p- form L ~.1 is a closed horizontal con- 

lormal  K i l l i n g  tensor of degree 2p.  

(4) See Y. OGAwA [2]. 
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