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We propose a Kantorovich variant of (p, g)-analogue of Szdsz-Mirakjan operators. We establish the moments of the operators with
the help of a recurrence relation that we have derived and then prove the basic convergence theorem. Next, the local approximation
and weighted approximation properties of these new operators in terms of modulus of continuity are studied.

1. Introduction and Notations

Approximation theory has been an established field of math-
ematics in the past century. The approximation of func-
tions by positive linear operators is an important research
topic in general mathematics and it also provides powerful
tools to application areas such as computer-aided geometric
design, numerical analysis, and solution of differential equa-
tions.

During the last two decades, the applications of g-
calculus emerged as a new area in the field of approximation
theory. The rapid development of g-calculus has led to the
discovery of various generalizations of Bernstein polynomials
involving g-integers. Several researchers introduced and
studied many positive linear operators based on g-integers,
q-Bernstein basis, g-beta basis, g-derivative, g-integrals, and
so forth. Using g-integers, Lupas [1] introduced the first g-
Bernstein operators [2] and investigated their approximating
and shape-preserving properties. Another g-analogue of the
Bernstein polynomials is due to Phillips [3]. Since then sev-
eral generalizations of well-known positive linear operators
based on g-integers have been introduced and their approxi-
mation properties studied. Aral [4] and Aral and Gupta [5]
proposed and studied some g-analogue of Szdsz-Mirakjan
operators [6], defined on positive real axis. Also Mahmudov
[7] introduced g-parametric Szasz-Mirakjan operators and

studied their convergence properties. Recently, approxima-
tion properties for King’s type g-Bernstein-Kantorovich oper-
ators have been studied in [8].

Very recently, Mursaleen et al. applied (p, g)-calculus in
approximation theory and introduced the (p,q)-analogue
of Bernstein operators [9], (p,q)-Bernstein-Stancu opera-
tors [10], and (p, q)-Bernstein-Schurer operators [11] and
investigated their approximation properties. Also Acar [12]
has introduced (p,q) parametric generalization of Szdsz-
Mirakjan operators. In the present work, we define a Kan-
torovich variant of Szasz-Mirakjan operators and establish
the moments with the help of a recurrence relation that
we have derived and then prove the basic convergence
theorem. Next, the local approximation as well as weighted
approximation properties of these new operators in terms of
modulus of continuity are studied.

The (p, q)-integer was introduced in order to generalize
or unify several forms of g-oscillator algebras well known
in the earlier physics literature related to the representation
theory of single parameter quantum algebras [13]. Let us
recall certain notations of (p, g)-calculus.

The (p, q)-integers [n] , , are defined by

[M]yg=—" n=0,1,2,..., 0<q<p<l ()

pP-q



The (p,q)-facorial and (p,gq)-Binomial coefficients are
defined by

[1]P"1’ neN;

1, n=0,
(2)

[n] _ [n]p)q!
k a [k]Pﬂ! [n— k]p,q!’

respectively. Further, the (p,q)-binomial expansions are
given as

(ax + by);;q = ip( ngk)q(g)an_kbkxn_k k,
k=0

n 3

(x=y), = (x= 7) (px - ) )

n-1

(Px=qy)(p"'x-q""y).

Let m and n be two nonnegative integers. Then the following
assertion is valid:

(x =)y ==y, (P"x=q"y)} . (4)

Also, the (p, g)-derivative of a function f, denoted by D, f,
is defined by

S -fa)
S i e ra (5)

(D, f)(0) = £(0),

provided that f is differentiable at 0. The (p, q)-derivative
tulfills the following product rules:

D, (f () g (x)) = f (px) D;og (x)

+9(qx) Dpof (%), ©
D, (f(x)g(x)) = f(px)D,,9(x)
+9(gx) Dy f ().
Moreover,
o ( f(x)) _ 9(@x) Dy, f (x) = f (q%) Dy g9 (x)
PI\ g (x) g (px) g (gx) ’
f (%)
o (5) @)
— g (px) Dp,qf (x) = f (px) D,.9 (x)
9(px) g(gx) '

We consider the (p, g)-exponential functions in the following
forms:
N ez X"
e (x) — n(n— ,
P r;)P (1] 5,4"

(8)

vz X
_ n(n—
Epq(x) = Zq nl, v
n=0 pq°

—
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which satisfy the equality e, ;,(x)E, ,(-x) = 1. The definite
integrals of the function f are defined by

a 00 pk pk
J fx)d,x = (q—P)ame(m“)’
0 k:()q q

when |=| < 1,
q
9)
a =) qk qk
JO f(x) dp,qx = (P - q) a,;)Pka(Wa) >
when p > 1.

Details on (p, g)-calculus can be found in [13, 14]. For p =
1, all the notions of (p, g)-calculus are reduced to g-calculus.

2. Operators and Estimation of Moments

Now we set the (p, q)-Szdsz-Mirakjan basis function as

Kk
50 (P45 %) = Epg (=[] %) qu(kil)/z —<[n]]€p,q %) . (10)
k=0

Ipa!
For q € (0, p), p € (g,1], and x € [0,00), s,(p,g; x) = 0. We
can easily check that

(o9

5 (P45 x)

k=0

(n

[ - ([1’1] ’ X)k
= Ep,q (_ [n]p,q x) I;)qk(k 1)/2ﬁ 1

For 0 < g < p < 1, the (p, q)-Szasz-Mirakjan operators are
defined as

S, (f. p ;%)
= [nlpq ip’qusn,k (P x)f(,f]fﬁ), (12)
k=0 g [l
x € [0,00).

From the definition of the (p, q)-Szdsz-Mirakjan opera-
tors we derive the following formulas.

Lemmal. Let0 < g < p < 1. One has

@) S,(Lpgsx) =1;

(ii) S, (t, p, g x) = x;

(iii) S,(t°, pgs x) = px*/q + x/[n] 5 5

(iv) S, (%, p.gsx) = (p°/q°)x” + ((p* + 2pq)/qln] , )x* +
(q*/[n];, )%

W S, pgx) = (P°1g)x" + (P°(p* + 29 + 3q°)/
q'nl,)x* + (p(p* + 3pq + 3¢)/qlnl,)x* +
(@’ /[n]} )x.
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Now we propose our Kantorovich variant of (p, q)-Szasz-
Mirakjan operators (12) as follows.

For f € C[0,00),0 < g < p < 1,and each positive integer
n,

K, (f. %) = [n],

- (k+1],,/d" (1], 13)
Y 0 g s (b g %) L t)d,t,

k=0 Klpald* " 1l

where f is a nondecreasing function. We will derive
the recurrence formula for K,(t",p,q;x) and calculate
K, (™, p,q; x) form =0,1,2.

Lemma 2. For the operators K,,, one has

K, (" . 5%)
~ 1 m i : mtics (14)
e B 1))

- ™ = (a-b)a +

Proof. Using the expansion a™

a™ b+ -+ ab™ ! + b™), we have
k1]l g
j{k1p,q/qk-l[n1p,q ey
_ 1 {( k+1],, )'”“ )
(m+1],, q (1],
kl,, \™"
. (q [nlp,q) } |
Using [k+1],, = p*+qlk],,andalso [k+1],, = ¢“+plk], ,,
we have
«
J[kH]M/q (1] i - 1 k o
(Kl pg /g (] (m+1],,4"[nl,,

m [k+1]pq)< k], )’”‘f
;( g n,,

1 P

m+1],, q (1] g

_§<¢+pmm>K whq>wf
j=0 qk[n]pq qk_l[”]pﬂ

k

(16)
_ 1 p
[m+1]54 " [”]pq

SE() e
wm R (1

j=01i=0

1 P

" m+ 1, ¢ [n],,

5 (1) PR
520) i e

j=0i

Writing this in the definition of K,,(t", p, g; x), we get

K, (", p.q;x) = [n]

t"d, t

2]

© (k1] p,0/q (] 5
—k k
Y P q s (po g x) J[

Kl g

k=0
B 1
S m+ g
p J (k15
Z(:)kz(:)snk (pgs x)g ] <1> gk-Dlmi=)) [H]Z;i—j 17)
B 1
T m+ 1,4

m ] i o 00 k]m+z ]
P J k]pq .
Z Z ) < > ,;) gD [T Sn (P2 )

o P (T (i
et

q j=0 1:0‘] [H

Using recurrence formula (14), we may easily calculate
K, (™, p,q; x) form =0,1,2. O

Lemma 3. One has

(i) K,(Lpgx)=1
U T
21, 0,

(iii) K, (£, pqg:x) = q_p3x2 + <

(ii) K, (6 pogsx )—

p+12l,,
q(3l,4 Mg

1 ) 1
5 X+ ;
q° [nl,4 [Blpq[n ]M

. P’ s (P +2pq
K, (£, p.gsx) = +|
(iv) ( > P X ) q x ( q4 [H]P,q

2 2
+p(3p +2pq+q)>x2+< 1

T [4lpq (Mg qlnl;,

q[4]pq nl,,

+

3p +2pq + q
q2 (4154 (1)

p5 . pS(p2+2q+3q2)
0 K, praix) = 5 i +< & [nl,,

P (4p> +3p°q+2pq" +q°) E
9° (51,4 (1],



. <p (p* +3pq+39°)
7 [l
(p* +2pq) (4p° +3p°q +2pq" + ')
q* [5]p4 )5,
. p(6p2+3pq+q2)>x2+< ]

T [5]pq [n];,q 1 [n];,q

+

. 4p3 + 3p2q + 2pq2 + q3 N 6p2 +3pgq + q2
q[51pq 115, A [5]pq 115,

4p+q ) . 1
q(5],4 [ﬂ];,q (51,54 [ﬂ];,q

. .\ 1-¢ 1 )
(0 Ky ((t =20, pogix) = =2t o

(18)

. p 2
(vii) Kn((t—x)z,p,q;x) = <F_5+ 1>x2

+< p+12],, Lol 2 )x »
qQBlpq [l @l [2lpg(nl,, )

1
+
[Blpq Mg

6 3
p 4p° 6p
(viii) K, ((t - x)*, p,qs x) =x4(qT PR

4
-—+1

) X3 (p3 (p* +29+37")
+
q

(], q°
P (4p’ +3p’q+2pa’ +q°)  4(p* +2pq)
+

- 4

9° (51,4 q

_4p (3P’ +2pa+ ) 6(2p+a) 6
71, PR
’)

4 b (p(p2+3pq+3q
2l,q/) [ T

(20)

2
Mg

(p* +2pq) (4p° +3p’q +2pq" + )

+
q" 5]

p(6p*+3pqg+q’) 4(3p°+2pa+q’) 4

0Bl 7 q

43 32 22 3
>+ x <1+P+pq+pq+q

8lpq) [nl3,\a (51,4

) 6p> +3pq+q* . 4p+q)
q* [5],4 q(51,,/)
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Proof. Obviously, with the help of Lemma 1, we can get

{@+§)&@n¢w

Kn (t’ p’ q; x) = [2]
P4

1

1
B G 1S | S S —
(.7 qx)} PRI

+
(1],

K, (£, p.q:x)

1 P2) 2
= 1+=+= ]S (t° p,qg;
(3], K q ¢ "( P4 x)

+(1 2P )&@n%@

(Mlpg  alnlpy

)

(1)

1 1 5
+ —Sn(l,P,q;x)} = =S, (tpgx
(1], 9’ ( )

(6@ x) +
315 (7154

_ Px2+< P+ 12l
q[31,, s,

1 1
+ X+ —.
7 1l ) 314 13
Using the linearity of the operators, we can have
K, ((t -0 x)
=K, (tz,p, G x) -2xK,, (t, p,q; x)

+°K,, (1, p, s x)

2
:£x2+( P2y, 1 )x
q3 q [3]17,[1 [n]p,q q2 [n]p,q

+—1 —2x(lx+—1 >+x2 (22)
(3154 713, q  Rlpglnly,

( P+ 12, P 2 ) .
qBlpglnlyy @ nlpy 210l
1

+ -
[Blpq Mg
O

Remark 4. For g € (0,1) and p € (g, 1], it is obvious that
(i) when p = 1, lim, , [n],, = lim,_ (1 - q)/(1 -
q)) = 1/(1 - g), and (ii) when p < 1, limn_mo[n]P’q =
lim,, _, .o ((p"—q")/(p—q)) = 0.In order to reach convergence
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results of the operator K,,, we take sequences g, € (0,1) and
P, € (g, 1] such thatlim, _, . ,p, = 1, lim = 1. So we
get thatlim,_, [n], . = oco.

Thus the above remark provides an example that such a
sequence can always be constructed. If we choose fora > b >
0,9, =n/(n+a) <n/(n+b)=p,suchthat0 < g, < p, <1,
it can be easily seen that lim,, , ., p, = 1,lim,_, g, = 1 and
lim, , P, = e™? lim
lim, _, [n], o = oco.

n—)Oan

n_ _—a
n—ood, =€ . Hence we guarantee that

3. Direct Approximation Results

In this section we study Korovkin's approximation property
of the Kantorovich variant of (p, q)-Szasz operators.

Theorem 5. Let 0 < gq, < p, < 1 and A > 0. Then for each
f € C,l0,00) = {f € C[0,00) : |f(x)] < M1+ x™),
for some M > 0 depending on f, m > 0} where C,,[0, c0) be
endowed with the norm || f1l,,, = sup (.00l .f ()I/(1 +x™), the
sequence of operators K,,(f, p,» q,; x) converges to f uniformly
on [0, A] if and only iflim,, _, . p, = 1 and lim,, _, g, = 1.

Proof. First, we assume thatlim, , p, = landlim, , g, =
1. Now, we have to show that K,,(f, p,,» g,,; X) converges to f
uniformly on [0, A].

From Lemma 3, we see that

Kn (I’Pn’qn; x) - 1’
K, (t, pp G X) — X, (23)
Kn (tz’ pn’ qn;x) - x2

uniformly on [0, A] asn — oo.

Therefore, the well-known property of the Korovkin the-
orem implies that K, (f, p,,q,; x) converges to f uniformly
on [0, A] provided f € C,,[0, 00).

We show the converse part by contradiction. Assume that
p, and g, do not converge to 1. Then they must contain
subsequences p, € (0,1), g, € (0,1), p, — a € [0,1),
andg, — be€[0,1)ask — oo, respectively.

Thus,

1 pnk ~ qn,

= —)0

(pn)" = (4,)"

ask — 00 (24)
[nk]Pnk,an

and we get

1 1
Kn (t’ Pnk>an;x) —X=—X+ W
an Pnkvan pnk’an (25)

—x—>f—x;&0.

b

This leads to a contradiction. Thus p, — landg, — 1las
n — oo. 0

Theorem 6. Let f € C,[0,00), g = g, € (0,1), and p =
p,. € (g, 1] such that p, — 1,q, — lasn — oo and let

w,,1(f,0) be the modulus of continuity on the finite interval
[0,a + 1] C [0,00), where a > 0. Then

K, (f, p-g3 %) = f (%)]

(26)
< 4M; (1 + az) 82 (%) + 2wgs; (£, 6, (%))

where 8,(x) = \/Kn((t - x)z,p, g; x), given by (19).
Proof. For x € [0,a] andt > a + 1, sincet — x > 1, we have

F () - f@)] <M, (2427 +7)

< M (24357 +2(t - x)°)

(27)
< My (4+3x%) (t - %)’
< 4Mf(1 +a2) (t—x)z.
For x € [0,a] and t < a + 1, we have
|f @) = £ ()] < g (fo It = x])
_ (28)
<(1+ 5 0 (£9)
with § > 0.
From (27) and (28), we may write
|f ) - f ()] < 4M; (1+a°) (¢ - x)°
(29)

# (1055 @ (79).

for x € [0,a] and t > 0. Thus, by applying Cauchy-Schwarz’s
inequality, we have

K, (fp. %) = f ()] < K, (| f (8) = f ()], p. g5 %)

< 4M; (1 +a2) K, ((t— x)z,p,q;x)
(30)

# (14 5K (0 prix) ) @us (£)
<4M; (1+a’) 8, (x) + 20,4, (f,6, (x))

on choosing § = §,(x). This completes the proof of the
theorem. O

4. Local Approximation

In this section we establish local approximation theorem
for the Kantorovich variant of (p,q)-Szasz operators. Let
Cg[0, 00) be the space of all real-valued continuous bounded
functions f on [0,00), endowed with the norm | f| =
SUP ¢ [0,00) | f (%)|. Peetre’s K-functional is defined by

K,(f,6) = inf ){||f—9||+5||9"||}> 31)

geC?[0,00



where C%[O, 00) = {g € Cg[0,00) : g',g” € Cg[0,00)}.
By [2, p.177, Theorem 2.4], there exists an absolute constant
M > 0 such that

K, (£.08) < Maw, (£, V5), (32)

where § > 0 and the second-order modulus of smoothness is
defined as

w, (f,9)
= sup sup |f(x+2h)—2f(x+h)+f(x)|,

0<h<d x€[0,00)

(33)

where f € C3[0,00)and § > 0.

Theorem 7. Let f € Cg[0,00) and 0 < q < p < 1. Then, for
every x € [0,00), one has

K, (fs p-g3x) = f (%)]

< Mw, (f, m> (34)

1 1-¢g
”"(f’ 21,1, 4 x)’

where M is an absolute constant and
8, (x) =K, ((t -x), p, q;x)
< 1 1-q )2 (35)
+ + x| .
(2],4 ] q q

Proof. For x € [0, 00), we consider the auxiliary operators K '
defined by

K, (f,pa:x) = K, (f, g x)

(36)

1 1
—f(m+ax)+f(x).

From Lemma 3, we observe that the operators K’ (f, p,g; x)
are linear and reproduce the linear functions. Hence

K, ((t=x), g x) = K, ((t = %), p. %)

. (% R x)
Rl i,y 4

=K, (t, p.q; x)

_xKn (l’p’q;x)

_<__J__-+lx)+x
2lpa Mg 4

=0.

(37)

Letx € [0,00)and g € Cé[O, 00). Using Taylor’s formula,

t

gt)=g(x)+g (x)(t-x)+ J (t-u)g' (w)du. (38)

X
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Applying K, to both sides of the above equation and using
(37), we have

K:; (g’p’q’x) _g(x) :K:; ((t_x)gl (x),P,q;x)
t
+K; (J (t—u)g" (n) du,p,q;x) = g' (x)
‘K ((t-x), p.g x)

t
+ Kﬁlp’q) (j (t—u) g" (w)du, p,q; x)

1/[2]pgln]p g+ (1/g)x 1 1 (39)
_ j —_— +t —X—-U
x 2lyqnlg 4

. g" (u)du = K, (j (t—u) g" (u) du, p, g x>

1/[2],4[n] g+ (1/9)x 1 1
- J — + —X-U
X [2]p,q [I’l] g q

-g" () du.

On the other hand, since

< [t ula" ][]

Jt (t —u) g" (1) du

. Jt It —u|du < (t - x)* "g”" ,
X

1/[2] 4]0 +(1/9)x 1 1 (40)
J ————t-X-Uu
x [2]p,q [n]p,q q

1 1 2
< (—[z]p)q [n]p,q + ;Ix - u) "g”",

. g” (1) du

we conclude that

IK; (g, g3 x) — g (x)]

K, (J (t—u) g" (u)du, p,g; x)

1/[2]pg[n]p g+ (1/g)x 1 1
- J ——+—x-u
x 2], M, 4 (41)

. g” (1) du

<|g"| K. (¢ =27, p.gix)

1 1 2
(e, o) o1=0.00')

Now, taking into account boundedness of K, by (36), we have

K, (fipas®)| <|K, (fipax)|+2|f] <3]f]- (42
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Using (41) and (42) in (36), we obtain

K, (fs p,g%) = f ()]
<|K; (f.p %) - f ()]

+

1 1
f-f ( 2lpa 1y éx)‘

<Ky (f-g.p3%) - (f - 9) ()|

1 1 )
—_— + X
2l,qnlpg 4

+ K (9, po %) — g (%)] (43)
<|K; (f - g pra%)|+|(f - 9) ()]

+

f(x)—f<

1 1 )
—_— + X
2l,qnlpg 4

+|K;; (9, g x) — g ()|

+

f(x)—f<

1 1-
<4|f-4d| +w(f, 21,01, + qqx>
q q

+6, (x) ”g"” .

Hence, taking the infimum on the right-hand side over all g €
C%[O, 00), we have the following result:

|Kn (f’P’q;x) _f(x)l
< 4I<2 (f’ 6n (x))

1 1-¢g
+w (f, [Z]P)q [n]p,q + p x) .

In view of the property of K-functional (32), we get
|Kn (f’P’q;x) - f(x)l

< Mw, <f) m> (45)

1 1-¢g
+w (f, [z]p)q [n]p,q + . x) .

This completes the proof of the theorem. O

(44)

5. Weighted Approximation

Let f € C5[0,00) = {f € C,[0,00) : lim,_, (| f(x)|/(1 +
x%)) < co}. Throughout the section, we assume that (p,,) and
(q,,) are sequences such that 0 < g, < p, < land p, — 1,
g, — lasn — oo.

Theorem 8. For each f € C; [0, c0), one has

lim [, (f, P43 %) = f ()], = 0. (46)

n— 00

Proof. Using the Korovkin type theorem on weighted approx-
imation in [15], we see that it is sufficient to verify the
following three conditions:

lim '
n—oo

Ku(t pdix) =5, =0, i=0.1.2 @)

Since K,(1, p,.» q,; X) = 1, (47) holds true for m = 0.
By Lemma 3, we have

|Kn (t’ Pn> qn;x) B x|

HKn (t’ Pw 9w x) - x"z = sup

x€[0,00) 1+ xz
. 1 N 1
= sup —— |—x+———Xx
x€[0,00) 1+ x? dn [z]p,q [n]p,q
1 x
< (— - 1) sup > (48)
qn x€[0,00) l+x

sup
[z]p,q [n]p,q x€[0,00) I+ x2

which implies that the condition in (47) holds for i = 1 as
n — oo.
Similarly we can write

|

Kn (tz’ P> w3 .X') - xz“z

Kn (tz’ Pu> 9w x) - xz'
1+ x?

2
S(%—l) sup al 3
dn x€[0,00)1+x

( 2Pu+dy 1 ) up
q% [n]qun XE[O,OO)1+x2

90 Blp,q, (1, )
1 1
3 sup 5 < ‘ﬂ;’ -1
Blp,.a, [1],q, xel0c) 1+ 27
2Pntqn 1
B 3)p,q, M5, 42 15,4,
1
+ —2,
[3]Pn’qn [T’I]qun
which implies that
. 2 2
Jim K (2, poguix) =, =0 650)

and equation (47) holds for i = 2. Thus the proofis completed.
O

We give the following theorem to approximate all func-
tions in C; [0, c0). These types of results are given in [16] for
classical Szdsz operators.



Theorem 9. For each f € C;[0,00) and o > 0, one has

|Kn (f’pn’ dn> x) B f(x)l —

(1 4 x2)1+zx

lim sup
n-= OOxe[O,oo)

0. (51)

Proof. Let x,, € [0, 00) be arbitrary but fixed. Then

|Kn (f’ P> 4> x) - f (x)|

(1 + x2)1+o¢

x<x, (1 + x2)1+tx

Ko (fs P @i x) = f ()]
exn o (1ea)™ (52)
< 1K (F) = Flleton
'Kn (1 + tz,p, q; x)|
(1 + x2)1+zx
|f ()]

2)1+¢x :

[, sup
x>X

+ sup
x>x0(1 + X
Since |f(x)| < [ fl,(1 + x%), we have supx>x0(|f(x)|/(1 +

AU < I/ + )
Lete > 0 be arbitrary. We can choose x,, to be so large that

I,

&
T+ 3 (53)

In view of Theorem 5, we obtain

1+x°

K, (1+ tz,p,q;x
( ) i I£1

11, ,}Lngo (1+ x2)1+¢x = (1+22)
171, 1 £,

T+t (1)

(54)

<

€
3

Using Theorem 6, we can see that the first term of
inequality (52) implies that

€
"Kn (f) - f”c[o,xﬂ] < g, as n — 00. (55)
Combining (53)-(55), we get that desired result.

For f € C;[0, 00), the weighted modulus of continuity is
defined as

|f(x+h)—f(x)|.

0 (f.0)= sup 1+ (x+ h)2

x>0,0<h<d

(56)

O

Lemma 10 (see [17]). If f € C;[0, c0), then
(i) Q,(f,98) is monotone increasing function of ,
(ii) limg _, o+ Q,(f,6) = 0,
(iii) for any A € [0, 00), Q,(f,A8) < (1 + 1)Q,(f,9).
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Theorem 11. If f € C; [0, 00), then for sufficiently large n one
has

K, (fpg:x) = f ()] <K (1+27) 0, (£.6,)

(57)
x € [0,00),
where A > 1 and §,, = max{a,,, B, V,.}» %> B> ¥,y being
= % - z +1,
T 9
p+ 2], 1 2
B = S . (58)
q[s]p,q [n]Pq q [n]pq [ ]p,q [n]pq
Y, = 1
n 2
[31p.q []q

Proof. From the definition of Q,( f, §) and Lemma 10, we may
write

|f () - f ()
<(1+(x+ |t—x|)’")('t%sx' + 1)92 (£,5)

_ (59)
< (1+@x+0)") ('th' ; 1) Q, (£.9)
1
=90 (1450 0) 0 (£.6).
Then we obtain
K, (fs prgs x) = f (x)| < Q, (f.9,)
(60)

1
: <Kn (¢x’ pq; x) + 8_Kn ((qu/x’ pa x)) .

Applying the Cauchy-Schwartz inequality to the second term
on the right-hand side, we get

[, (. 5) = £ 9] < 0, (1) (K, (0 i)
(61)

1
¢ K, (92 P K, v ) ).

From Lemma 3, we get

1 +1sz” (1 + tz,p,q;x)

B 1 £ X2
T 14 x? g 1+x?
+ ( P + [Z]p,q n 1 ) X (62)
qBlpglnlpyy  anlpy /) 1+%°
+ 1 <1
2 2 =
[3]pqnl,, 1+

for sufficiently large #,

+C,,

where C, is a positive constant. From (62), there exists a
positive constant K, such that K,(¢,, p,g; x) < K,(1 + x?),
for sufficiently large n.
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Proceeding similarly, (1/(1 + x*))K,(1 + t*, p,g;x) <
1 + C,, for sufficiently large n, where C, is a positive constant.

So there exists a positive constant K, such that
Kn(goi,p,q;x) < K(1 + x?), where x € [0,00) 1 is
large enough. Also we get

K, (v P 4:x)

:<£3—%+1>x2
T 4

<p+[2]p,q 1 2 ) (63)
+ + - X
qBlpgnlyy @l 21,00,

1

2
+——— =, X + B, X+ 7Y,
Blpqnly, " S

Hence, from (61), we have

K, (f,pr %) - £ ()] < (1+ %)

. (K1 + (%nKz\/ocnxz + B,x + yn> Q,(f.9,).
If we take 8, = max{c,, ,, 7, }, then we get
K (f: 225 %) = f ()]
< (14 2) (K + KoV 4 x+1) 0, (£6,)

(64)

(65)
<Ky (1+™) 0, (£.8,),

for sufficiently large n, x € [0,00).

Hence the proof is completed. O

6. Conclusion

By using the notion of (p, g)-integers, we introduced Kan-
torovich variant of (p, g)-analogue of Szdsz-Mirakjan opera-
tors and established the moments of the operators with the
help of a recurrence relation. The local approximation and
weighted approximation properties of these new operators
in terms of modulus of continuity are studied. These results
generalize the approximation results proved for Kantorovich
variant of g-analogue of Szasz-Mirakjan operators which are
directly obtained by our results for p = 1.
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