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Abstract: We study the existence of radially symmetric solutions for a nonlinear planar Schrédinger-Poisson
system in presence of a superlinear reaction term which doesn’t satisfy the Ambrosetti-Rabinowitz condi-
tion. The system is re-written as a nonlinear Hartree equation with a logarithmic convolution term, and the
existence of a positive and a negative solution is established via critical point theory.
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1 Introduction

In recent past years many papers have been devoted to finding solutions of Schrédinger-Poisson systems of
the form

i - A + EQOp +ywyp = f(x, 1), inRV xR, sP)
Aw = ]’[;2’ in RN,
and often the main objects were standing wave solutions, i.e. solutions of the form
Yix, )= e “ux), weR,
so that (SP) reads
~Au+b(Xu+ywu =f(x,t), inRNxR, 1)
Aw = u?, inRY, '

where b(x) = E(x) + w and f(x, t) = e!®tf(x, t).

Due to the numerous several Physical applications, the most studied case is N = 3 (or N = 3). On the
other hand, the 1-dimensional case was considered in [1] when f = 0, and the existence of a unique ground
state was established by decreasing symmetric rearrangements tools. The 2—dimensional case when f = 0
was first approached in [2], Section 6, only from a numerical point of view, while the first rigorous existence
result was given in [3] by using a shooting method for ODEs.

Moving down to lower dimensions, in particular to N = 2, introduces several complications, the first
important one is that in this case the Coulomb potential is not positive.

In [4] the authors studied the eigenvalue problem for the Schrédinger operator in a bounded domain of
R>, with electromagnetic field E-H that is not assigned; in this case the unknowns are the wave function
P(x, t) and the gauge potentials A(x, t), ¢p(x, t) related to E-H. In particular, they considered the problem in
which A and ¢ do not depend on the time and ¥(x, t) = e @ty(x), with w € R and u real function. With these
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consideration they assume A = 0, and thus the system reduces to

-Au-¢u=wu, inQcR3
A = 4mu?, inQ c R3.

Under this hypotheses, they proved the existence of a sequence of solution in a bounded domain of R>.
Later on, in [5] the authors considered the problem

-Au - ¢pu - wu = [ulP2u, inR3,
{ ¢ lul 12

A¢p = 4mu?, in R3

with p € R* and they proved the existence of radially symmetric solutions in R>, for p € [4, 6), while in
[6] they showed the nonexistence of solutions for p € (0, 2] or p € [6, o). After that, system (1.2) has been
object of an intensive study, where generalizations of several type where considered; we refer to [7-14] for
other references and improvements on this subject.

All these works have been done in the whole of R3, while the two dimensional case has remained for a
long time a quite open field of study. Indeed, a theoretical approach in dimension 2 is harder than in higher
dimensions due to the lack of positivity of the Coulomb interaction term: precisely, the Coulomb potential is
neither bounded from above nor from below.

However, in 2008 Stubbe [15] bypassed this problem giving a suitable variational framework for the prob-
lem

- 21 EINT S I
Au + au 30 [In‘x‘ \u|]u—0 1.3)

and proving the existence of ground states, which is a positive spherically symmetric strictly decreasing func-
tion, by solving an appropriate minimization problem for the energy functional associated to the system (see
also [16]).

In some recent works, a local nonlinear terms of the form b|u|p‘2u, p > 2 has been added; this kind
of nonlinearity are frequently used in Schrédinger equations to model the interaction among particles, like
recalled above (see [4]). Thus in [17], they studied a Schrédinger-Poisson system of the type

-Au +a(xX)u - I P ul*| u=buP?u inR?

2n | x|
with b > 0, p > 2 and a € L=(R?) and they proved that if p > 4 then the problem has a sequence of solution
pairs +uy, such that I(u,) — coas n — oo,

In this work we are concerned with the integro-differential equation
1 1 2 s w2
-A - — |ln=* = R P
u+au 2n[n\x\ \u|]u f(x,u) inR-, (P)

where a > 0 and f is a superlinear function. We refer to (P) as the logarithmic Choquard equation. Note that, if
compared with (SP), we have chosen y = —1; since y represents the charge of the particle that we are studying,
it means that we are considering electrons.

In order to generalize and include the previous cases, on the reaction term f : R?> x R — R we assume
that it is a Carathéodory function having superlinear growth and not verifying the Ambrosetti-Rabinowitz
condition, from now on (AR).

Our main result has the following flavour (see Theorem 3.1 for the precise statement):

Theorem 1.1. Under suitable hypotheses on f problem (P) has two nontrivial constant sign solutions.

This work is organized as follows. In Section 2 we recall some useful definitions and results that we shall use,
we set up an appropriate variational framework and define the energy functional associated to the problem.
Moreover, we give an extended results of the estimates given in the Strauss theorem.

In Section 3 we prove the well-posedness and the regularity of our functional and we give a Lemma that
plays a fundamental role in the proof of the Cerami condition. Finally, we give the proof of the main existence
theorem.
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2 Background and Variational Framework

We provide a suitable variational framework for studying (P): indeed, the associated functional is not well
defined on the natural Sobolev space H!(IR?), and so we need some adjustments taken from [15], see also [17].
We first recall an important result for L?-spaces.
A

Theorem 2.1 (Hardy-Littlewood-Sobolev’s inequality, [18]). Let p,q > 1 and 0 < A < N with 119 TNt % =2.

Let f € LP(RN) and g € LI(RYN). Then there exists a sharp constant C(N, A, p), independent of f and g, such
that
| [VE R axdy < v, 2.l @
RNRN
The sharp constant satisfies

=~
=l

C(N, A, p) <

N (1SN () [
o (5) | |5

2N
pr=q= m,then

C(N,A,p) = C(N,A) = I'(N/2-1/2) {F(N/z) }—1+A/N.

I'(N-21/2) I'(N)
In this case there is equality in (2.1) if and only if g = cf with c constant and

-(2N-2)/2
09 =4 (7 +1x-x0)

forsome A € R,0 #y € Rand xo € RY. Here |SN™1| denotes the area of the unit sphere in RV,
First of all, we endow H(R?) with the scalar product (recall that a > 0 is a constant)

(u|v)=/(Du-Dv+auv)dx, for u, v € H'(R?),
RZ

and we introduce the space
X = {u € H'R?): /\u(x)|2 In(1 + |x])dx < oo}
RZ

with the norm defined by
ullk = / [|Du|2 +[uf® (a+1n(1 + \x|))} dx.
R2
Then, we define the symmetric bilinear forms

Bi(u,v) = // In(1 + |x - yDul)v(y)dxdy,

R2 R?

1
By(u,v) = //ln <1 + W) u(x)v(y)dxdy,

R2R2
and
B(u, v) = By(ut, v) - By(u, v) = / / In (jx - y)) uCv(y)dxdy,

R2 R2
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since for all r > O we have

Inr=In(1+r)-1In (1 + %) . 2.2

The definitions above are restricted to measurable functions u, v : R? — R such that the corresponding
double integral is well defined in the Lebesgue sense. Finally, for any measurable functions u : R> — R we
consider the seminorm in X

lu? = / In(1 + |x|)u? (x)dx.
RZ
We note that, since
In(1 + |x —y]) < In(1 +|x| + |y]) < In(1 + |x|) + In(1 + |y|), (2.3)

we have by the Schwarz inequality

Butavow) < [ [ [InGa s )+ In(1 + [y)] 0w wiv)zty)ldxdy
R2R2

< [ul v« Wl 2@y 121l L2 2y + Ul 22y VL2 (R2) W] |2« (2.4)

for u, v, w, z € L>(R?). Next, since 0 < In(1 + r) < r for all r > 0, we have by Theorem 2.1

Baw = [ [t ubovgardy = Clul s VI3 @25)
R2R?
foru,ve L3 (R?), for some constant C > 0. In particular, from (2.4) we have
By(u®, u®) < 2[ul?|[u)|f2 (g2 (2.6)
for all u € L%(R?) and from (2.5) we have
By(u?, u?) < Cllul*s @.7)

L3 (R?)

forallu € L5 (R2).
The energy functional I : X — R associated to (P) is

_1 2 2 _ 1 1 2 2 _
I(w) = 2/<|Du| +alu| )dx 8n//ln ‘X_y||u(x)\ lu(y)|-dxdy /F(x, u)dx,
R2 R? R2 R2

u
where F(x, u) = / f(x, s)ds and the Gateaux derivative of I along v € X is
0

') = /(Du - Dv + auv)dx

RZ
_1 1 2 _
2ﬂ//ln =yl [u()|“u(y)v(y)dxdy RZf(x, wvdx.

R2 R2
Definition 1. We say that u € X is a weak solution of (P) if
I'WWw)=0 forallvelX,

thus if u is a critical point for I.
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Of course, these consideration are only formal, since, without any assumption on f, we cannot differentiate
I. In Section 3 we will give some sufficient conditions for I to be of class C! in X, while for the moment we
continue with formal computations.

We have the following results, the second statement being new, as far as we know, and extending Strauss’
Radial Lemma [19] to the space X and its N- dimensional version. Indeed, though later on we shall use only
the compact embedding in dimension N = 2 presented below, we can prove an asymptotic result which is
valid in any space dimension. Since we believe that this property is of independent interest, we present our
result in the general case. For this, let us introduce the sets

Y =ducH®Y: /|u(x)|21n(1 + x)dx < o0
]RN

and
Xr={ueX:ulx)=ul(x])}.

Proposition 2.1. The following properties hold true:
e X is compactly embedded in L*(R?), for all s € [2, o0).
e There exists ¢ € R such that for allu € Xy
[[ullx,

x'7 ¢/In(1 + x) '

Proof. The compact embedding for N = 2 is an application of the Riesz criterion (see [20, Theorem XIIL.66]).
Indeed, if S is a bounded subset of X, then S is bounded in L4(R?) for any g € [2, oo), as well. Moreover, for
any R > 0 and any u € S we have

lu(x)| < c

1/2 1/2
/ [ulPdx < [[u|2p-2 (2 / u’dx <C / u’dx
{Ix|>R} {Ix|>R} {Ix|>R}
for some C > 0, and
2gye L 249 C
/ u-dx < M+ R / In(1 + |x|)u“dx < M+ R
{Ix[>R} {Ix[>R}

for some C > 0. Finally, working as in [21, Theorem 9.16] we conclude.
As for the estimate in dimension N, let u € X, C=(RY)and r > 0. We have

/ 1 2.,.N-1

(x/ln(l + r)uer’l) = U w1/ In(1 + r+(N-1Dr"2u?/In(1 + 1)

2v/In(1+r) 1+71

> 2uu' TNt /In(1 + 7).

Integrating from r to o we obtain

VIn(1 + Nu?r¥ 1 < —/Zuu’pN"lx/ln(l +p)dp = - [ 2uu’+\/In(1 + |x|)dx

Bf Bf
1

2

<C /|u|21n(1+|x|) /|Du|2 < Cllu-, -

Bf B¢

(NI

Hence |
Ufjx
[u(M| < C—= i
X 2

v/In(1 + x)'

The conclusion follows by density. O
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We finally introduce the "positive" and "negative" part of the reaction term, namely

fo(x, t) = f(x, t*) fora.e. x e R?> and for all t € R,

t
which are Carathéodory functions if f is, and F:(x, t) = / f:(x, s)ds; moreover, we set
0

_ 1 2 2 _ i 1 + 2,,2(y) 2 _
L(u) 2/ (\Du| +alu| )dx 871//1n |x—y||u |7 |u*Y | dxdy ‘ Fi(x, u)dx
R2 R2 R? R2

forallu € X.

3 The Existence Theorem

We assume the following hypotheses on the reaction term f:

H(i) let f : R? x R — R be a Carathéodory function with f(x, 0) = 0 and f(x, -) = f(|x|,-) for a.e. x € R
Moreover, there exist c € LP(R?)for 1 < p < 2,d > 0 and q € (2, o) such that |f(x, t)| < c(x) + d|t|97}, for
a.e.x e R?and forall t € R;

H(ii) f(x, t) = o(|t]) as t — O uniformly for a.e. x € R?;

HGi) lim 1000
tj—+oo 2

H(iv) if o(x, s) = f(x, s)s — 2F(x, s), then there exists M* € L1(R?) such that o(x, s) < o(x, t) + M"(x) for a.e.
xcR%andforallOs<s<torts<ss<0;

H(v) there exists ii € X such that

= +oo uniformly for a.e. x € R?;

/F(x, y2it*(yx))dx

. 2
lim % 7 = +oo,
y—s+oo y4Iny

Remark 3.1.

1. Condition H(iv) was introduced in [22] to overcome the necessity of using the Ambrosetti-Rabinowitz
condition.

2. Condition H(v) is trivially satisfied if f(x, t) = |¢t[P~2t or if F(x,t) > c|t|? - {(x), where { € LL(R?)
and g > 4. The very last condition is generally a consequence of the usual Ambrosetti-Rabinowitz condition,
which here should be assumed a priori, see [23].

We start proving

Proposition 3.1. If H(i) holds, then the functional I : X — R is well-defined and of class C' on X. The same is
true for I..

Proof. We do the proof for I, the ones for I. being completely analogous. From hypothesis H(i) we have

/F(x, wdx| < /c(x)|u(x)\dx+ g/|u(x)\qu
q
2 R2 R2 (3.1

d q
< ool ey + 5 Nl
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From (3.1), (2.6) and (2.7) we have

1 1
100 =l + 45 [ In0+xD00 [u(dxdy
R2 R2
4 d q
 Calluly o+ Ilimgenlilr ey + S0y <,

for some constant C, > 0, so the associated functional is well-defined.
Now we observe that the Gateaux derivative of B(u?, u?) is

1
B(u?, up) = 2//1n T lu()|*u(y)p(y)dxdy (3.2)
R2R2
for all ¢ € X, so the functional I is the sum of C 1 terms and we have the desired regularity follows. O

Our purpose is to prove that both I, and I- satisfy the assumptions of the mountain pass theorem. While
the geometric structure is somehow standard and is obtained exploiting H(i) and H(v), the compactness
condition is the delicate part: the lack of the Ambrosetti-Rabinowitz condition makes the bound on Cerami
sequences more complicated, and, indeed, by using H(iv) we obtain only a bound in H*(R?). Thus we move to
radial functions and use Strauss’ Lemma to exploit the compact embedding in L4(R?): thanks to the principle
of symmetric criticality, a critical point for the functional constrained on the subset of radial functions is a
free critical point, see [24]. This permits to recover the desired bound of Cerami sequences in X and finally
prove that the Cerami condition holds.
Hence, from now on, we consider I : X; — R, where

Xr={ueX:ukx)=u(x)}

and we look for critical point for I|y . For the sake of simplicity we will continue to denote by I the functional
Iy .

Now we are ready to prove that the (C),4-condition holds. In order to do that, we first give the following
definition
Definition 2. We say that a sequence (un)n C X is a (C);-sequence if
Iun) »d and  [[I'(un)|x: (1+ ||unlly,) = O asn — co.
We say that I satisfies the (C)4-condition if any (C);-sequence admits a convergent subsequence.

We prove that, under suitable hypotheses, a (C)4-sequence in X; is bounded in H} (R?).

Lemma 3.1. Suppose hypotheses H(i), H(iii) and H(iv) hold and let (un)n C Xr be a (C)4-sequence for I (I-
respectively). Then (un)n is bounded in H} (R?).

Proof. We do the proof for the I., for I- being analogous.
Let (un)n C X be a (C)4-sequence. In particular,

|L-(un)| < M, for some M; >0 andeveryn =1, (3.3)

(1+|unllx,) I'(un) — 0in X} as n — oo. (3.4)

We recall that for any v € X; we have

L(un)(v) = /(Dun - Dv + aupv) dx - %// In x i J lup ()| up (y)v(y)dxdy - /f+(x, up)vdx.
R? R2 R2 R?
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From (3.4) we have

€n|lhllx
L(un)(h)| < —— (3.5)
)< 1 hy,
for all h € X;(R?), where &, — 0 as n — oo. We choose h = -uj;, € X, and we obtain
/ oy Enllunllx,
‘I+(url)( un)| < 1 +7HMEHX, < &n,
so that
[ (1D + alua?) dx = ey < .
RZ
which means that
U, — 0in HX(R*) as n — oo. (3.6)
From (3.3) we have
1 2 1 2 (42
5 lunllfy @2 - 3B ((un) s (un) ) - /F+(X, un)dx| < My (37)
]RZ
so that
2 1 2 (42
||un||H’1(Rz) - fB ((u,,) , (uy) ) - 2/F+(x, Un)dx < M, for some M, >0
RZ
and using (3.6) we obtain
1
lnll 322y — 5B ((uﬁ)z, (uﬁ)z) - Z/F(x, up)dx < M. (3.8)

R2

We assume by contradiction that (un), is unbounded in H}(R?), then by passing to a subsequence, if
necessary, we assume that ||uj || Hi(R2) —> ©2 @SN — oo,
Un

Weset vy = —
l[un | r2)

, n = 1, so we may assume that, by Strauss’ Theorem,

vn — vin HX(R?) and v, — vin L3(R?),s € (2, 00), v 2 0. (3.9)

To reach our goal we show that both v # 0 and v = 0 lead to a contradiction. We start with the case v # 0.
We define the set Z(v) = {x € R? : v(x) = 0}; then meas (Rz \Z(v)) > 0 and uj(x) — oo asn — oo for
a.e. x € R?\ Z(v). By H(iii) we have

F(x,up) _ F%lrz")"% — oo fora.e. x € R*\ Z(v)
n

1452 ey
and by Fatou’s Lemma we obtain

" Fx, uy)

dx — coasn — oo, (3.10)
+(12
R2 ||un||H’1(R2)

But from (3.7) we have

1, 1B (@A) | Fu) M,
A 2 2 = 2
2 4 Hu;HH}(RZ) e Hu;HHyl(]RZ) HUEHH}(RZ)
so that F +
lim sup de < M3 for some M3 > 0. (3.11)

+1|2
n—oo 2 Hun”Hyl(]RZ)
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Compairing (3.10) and (3.11) we reach a contradiction.
Now we consider the case v = 0. For every n € N we define the continuous function y, : [0, 1] — R as

yn(t) = I(tuy) foralln > 1and all t € [0, 1],

and let t, € [0, 1] be such that
yn(tn) = max {yn(t) : t € [0,1]} . 3.12)
For A > 0, let wp = 2A)2v, € HH(R?). Then wn — 0 in LP(R?) by (3.9). By H(i) and the Krasnoselskii’s
Theorem (see [25, Theorem 2.75]), we have

/F(x, Wn)dx — 0asn — oo, (3.13)

R2

N>
llun |2 r2)

1
y(tn) 2y <(2A)Z> for all n = ng.

[[un |2 r2)

Since HunHHl(RZ) — o0 as n — oo, we can find ng = 1 such that € (0, 1) for all n > ng. Then, by

(312,

Hence, by (2.2) and (2.6) we get

(o) = 120} v) = A—— / / ||vn(x)\ va(y)2dxdy - / Flx, wn)dx

R? R? R?

2
=A+ %//ln(l +x-y|) |vn(x)|2|vn(y)\2dxdy

R2R?

X //m (1+
> - —//ln (1+ > |vn(x)| |vn(y)\ dxdy - /F(x, wn)dx

R2 R? R?

>A- CHV"”L ! ) /F(X,wn)dx.

)|vn(x)| v Pdxdy - [Fix, widx
RZ

R2

Now we observe that ||vx| — 0 as n — oo by Strauss’ Theorem, and by (3.13) we have

|’(Z)

I(tail) > A+ 0(1) > %
Being A > 0 arbitrary, we finally find
I(thu;) — coas n — oo. (3.14)
Since O < thu;, < uy, for all n > 1, from H(iv) we have
/U(X, thuy)dx < /U(X, ug)dx + HM*HLl(RZ) foralln=1. (3.15)

R2 R2
Moreover, by (3.3) and (3.6) there exists M, > O such that

I(up) = It (un) + 0(1) <« My foralln = 1. (3.16)
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Thus, (3.14) and (3.16) imply that t, € (0, 1) for all n > n; > 1. Hence, by (3.12) we obtain that

= d +
0=tn ml(tun)

= I'(tqul)(taus,) = / (\D(tnu;)\z + a|tnu;|2) dx

t=ty

R2
1 1
- E//ln WItnuZ(X)Izltnuﬁ(y)lzdxdy—/f(x, tnn)(tnun)dx
R2R2 R2
= iy ey = B ((ntt)?, (en1t)? ) - / £ tatiy)(tnit)dx G17)
R2
forall n = 1, thatis
/f(x, tntin) (tntin)dX = || tntis |72y — B ((tnU;)z, (tnuﬁ)z) (318)
R2

for all n > nq. Replacing (3.18) in (3.15), we obtain

||tnu;‘|%_1’1(Rz) -B ((tnu;)z, (tnu;)z) - Z/F(x, tnlty)dx < /a(x, up)dx + | M|y r2
R? R?

foralln > n;.
Again by H(iv)
FO, tnun)(tnuy) — 2F(x, tnuy) < £O un) ) - 2F(x, ug) + M,
so that
! / F(x, tati})dx < / (FO6 u)ai) — FO6, ttiy) (b)) dx
R2 R2

- 2/F(x, up)dx + /M*dx.
R2

R2

Using (3.17) the previous inequality reads as

-2 / F(x, tau)dx < —I' (uh) () + / (1Dus P + auz ) dx - B (wi)?, @)

R2 R2

_/ (\D(tnuﬁ)lz + a|tnu$\2) dx +B ((tnuZ)z, (tnuﬁ)z)

]RZ
- Z/F(x, uy)dx + /M*dx
R2 R2
and from (3.4)
_z/F(X, talty)dx < ||u;||§,1(Rz) -B ((u;;)Z’ (u;)Z) - thu;HIZi’l(RZ) +B ((tnu;)z’ (tnu;)z) _ Z/F(X, uy)dx
R2 R2
+ /M*dx +0(1).
R2

(3.19)
Now

1
20(tnii3) = | tnttily sy — 5 B (6w, (ent)”) =2 / F(x, tnu})dx. (3.20)
R2
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Thus, replacing (3.19) in (3.20), since B ((tnu;)z, (tnun)?) < B ((un)?, (un)?) being tn < 1, we have
2 +112
21(enth) 1wt sy — 5 B (i, (i) + 5 B
- B (@)’ (un)z) ~ ltnuf iy ey + B ((enui?, (tnuif)?)

- Z/F(x, up)dx + /M*dx +0(1)

R? R?
”un”Hl(]RZ) ((un)z (un) ) /F(X up)dx + /M dx +o(1).
]RZ
This last formula, together with (3.14), tells us that
||un||H1(]R2) ((un)2 (un) ) /F(X, Up)dx — coasn — oo. (3.21)
]R2
Comparing (3.8) and (3.21) we reach a contradiction.
So (u};)n is bounded in HE(R?). O

We use this result to finally prove the Cerami compactness condition.

Proposition 3.2. Let (un)n C Xr be a (C)4-sequence for 1. (I- respectively), with d > 0. Then, up to a subse-
quence,
Un > uinXrasn — oo

for some nonzero critical point u € X; of L. (I- respectively). In particular, the (C) 4-condition holds.

Proof. From Lemma 3.1, we know that, up to a subsequence,
Un — uin H} (R*) as n — oo.

Now, we show that
liminf sup / u(y)dy >0 (3.22)

= xeR?
B,(x)

for every r > 0. We argue by contradiction, so we suppose that (3.22) is false. Since (un)n is bounded in H} (R?),
by [26, Lemma I.1], we have that u, — 0 as n — oo in L3(R?) for every s € (2, o0).
By our assumptions

LGt = unl ey + / / In(1 + |x - y DIy (0P i) 2ddxdy
R2 R2

_7//111( |> |3 (0] [un(y)|* dxdy

R2R?

- /f+(x, Un)Undx,

and so
e + 5 / / In(1 + x - YD 00 Pl v) Pdxdy
R2 R2

= L (un)un + =— // ( |> [un 00 [un ()| dxdy+/f+(x Un)undx.

R2 R?
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By H(i) and (2.6) we have

T——_ / / In(1 + x - y Db P i) 2dxdy
R2R2

Lituun s [ [n (1+ ‘) WGP ()P dxdy
R2 R2
+lcllp@2) llunll o g2y + dHu;qu(Rz)

< LCun)utn + CuilY .+ leliogeay 1l oy + I [y ooy G23)

2)
Since un — 0in LS(R?) for s € (2, o), and p’ > 2, we have

lunllm g2y = 0,

and then
l[un s g2y = O,
and also
// In(1 + |x - y))|up (0| |uh(y)| > dxdy — 0.
R2 R2
Hence,

Tiun) = 5 lun By + g7 [ [ 11+ b= YDl O ) Py

R2R?

//1n (1+ |) [u (002 [ui (v) > dxdy - /F+(x, un)dx
R2 R2

< lunlyn + g [ [ I+ b= yDIus P ) Py
R2R2

+ 1l tnll oy + dlltn]| gz — O

but I.(un) — d > 0, so we reach a contradiction. Thus (3.22) holds.
This means that vanishing (see [27]) cannot occur. Moreover, since we use radial functions, dichotomy
cannot take place, either. Hence, we can conclude that u # 0. By [17, Lemma 2.1] we can conclude that

(un)n is bounded in X;.

Then we can assume that
Un — uin Xy,

with u # 0, and by Proposition 2.1 we also have that un — u in L3(R?) for every s € [2, o).
Finally, we claim that un — u in X;. In (3.5), we take h = un — u and, using (2.2), we have

I (un)(un - u)—/(|Dun\ +a\un| dx /(Dun Du + aunu) dx

1 / / In (1 N |> b 00 Pt () un — w)(y)dxdy

+sn / [ ey 00 - waxdy

R2 R2

- /f+(x, Un)(un — u)dx.
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Hence,
HunH%{}(RZ) ~ (unlu) = I (un)(un - u)

i " 1 + 2.+ _
L <1 . r_y') GO () (un ~ w)(y)dxdy

R2R2

- [ [ ey a0 - w0y

R2 R2

+ [ fe(x, un)(un - u)dx.
/

By Theorem 2.1 and the Ho6lder inequality, H(i) and (2.3) we have

R[ﬁ[ln (1 + ﬁ) [uh 00| [uh () (un — w)(y)|dxdy

3
< Cllun|lzsgz)llun = ullps@2y) — 0

with s € (2, o0),

/ / In (1 + [x = y[) Ja 0020 — )| dxdy

R? R?

- / In (1 + x - y)) [y GO / Uun)un - ()| dxdy — 0
R2 R2
and
/f+(x, un)(un — u)dx

-1
< llell o) lunl o) lun = ullppr g2y + dllunllygaylunll 1o @2y — O

Hence, from (3.24)
Unp — uin X,

and so the (C)4-condition hold.

DE GRUYTER

(3.24)

Now we are ready to produce two nontrivial solutions of (P) using the Mountain Pass Theorem.

Theorem 3.1. Under hypotheses H(i) - H(v), problem (P) has two nontrivial constant sign solutions.

Proof. We do the proof for the functional I, ; for I it is analogous. First, I..(0) = 0. By Proposition 3.1 we have

the regularity of I. and by Proposition 3.2 the (C);-condition is verified.
Now, take i1 as in H(v), ¢ > 0 and, following [10], we set u;(x) = t2ii(tx). Then

4
L(uy) = %/ (|D1~1|2 + a&z) dx
]RZ

4
¢ g | [ Inx=yDIE 00 i () Ptxay

R2 R?
2

_ t481;1t (@/|a+(x)zdx —/F+(x, 2a(t0)dx,

R2
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and by H(v),
lim I+(ut) = —00
t—+oo

In order to complete the proof it only remains to show that I.(u) = a > 0 with ||u|| = r, for some r > 0.
By H(i) we have [f(x, t)| < c(x) + d|t|?! and then

|F(x, t)| < c(x)|t] + gmq a.e.x € R?and forall t € R. (3.25)

Hypothesis H(ii) says that for all € > O there exists § = 6(¢) > O such that for |t| < § we have

If(x, 8)]
t]

<cae.x € R?,

thus
|F(x, t)] < gtz a.e.x € R?and || < 8. (3.26)

On the other hand, when |t| = §

<C()()|t\5‘1‘1 d g (0, dY q
|F(X,f)|—T+a\t| < W‘*a L

Combining the inequality above with (3.26) we get that for a.e. x € R? and forall t € R

IF(x, )] < (;fj‘i >|t\” 5t

Hence,
/F(x u)dx</“")\ ul? + d/\uw /\u\
R2 R2
Ly el %+ Ll + 2
5 LP(R2?) Lav’ (RZ) q L1(R2) " L2(R2)
that is

| PO wdx = el + CaCallfy o
RZ

We use this estimates on functional I:

160 = 2l + / / In (1 + |x - y[) [u () |u* () Pdxdy

R? R?

~ 8n //ln (1+ ‘) lu* (x)| [u (y)| dxdy - R/2F+(x, wdx

1 1
> Sl + 3B (@ (0) - 1B, (@), @')?)
~ el[u"[12a2) = Bsllu" 1y o

and by the Hardy-Littlewood-Sobolev inequality
L(u) 2 %HuH%I}(RZ) + %Bl ((u+)2, (u+)2) - C3||“+||?{,1(R2) - £C1||u+|\§[;(RZ)
= B5Collu" I oy
= Dy + 3By (0P @) - G e

2
-&eCy Hu+||H,1(]R2) - BSCZHMJr”?.I,l(Rz)-
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Since HllJrHH}(Rz) < HuHH}(RZ) we get
1 _
1) = (5 =201 ) Iy = (G2 + BaCallulifen) e

Choosing € € (0, 2%) and |[ul|g g2y = 1, we have

I ( )> C 2 _ q-4 4

+(W) 2 Callullgrge) = |C3 + BsCollul| ™ | [[ull s g2y

= ||u”%{}(RZ) (C4 - [C3 +B5C2rq_4} rz) ,
for some C, > 0. We take r such that C4 — (C3 + B,;Czrq"‘) > 0 and so
L(u)=2a=0,

thus we have the Mountain Pass geometry, and we can apply [25, Theorem 5.40].

Hence u* satisfies —Au + au — % [In |71‘ * u+2] u* = f(x, u™). Now, multipliyng by u~, we get

_/ (|(Du‘(x)\2 + a|u‘(x)|2> dx =0,

R2
thus u= = 0, then u > 0 and it is a nontrivial solution of problem (P). Working with I we find another
nontrivial solution of (P) which is non positive in R?. O
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