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Abstract

1 Background

Since the seminal papers [1-6] of Agrawal and Raskar coded exposure (flutter shutter)
method has received a lot of follow-ups [7—39]. In a nutshell, the authors proposed to open
and close the camera shutter, according to a sequence called “code,” during the exposure
time. By this clever exposure technique, the coded exposure method permits one to arbi-
trarily increase the exposure time when photographing (flat) scenes moving at a constant
velocity. Note that with a coded exposure method only one picture is stored/transmitted.
A rich body of empirical results suggest that the coded exposure method allows for a gain
in terms of Mean Square Error (MSE) or Signal to Noise Ratio (SNR) compared to a classic
camera, i.e., a snapshot. Therefore, the coded exposure method seems to be a magic tool
that should equip all cameras.

We now briefly expose the different applications, variants, and studies that surround
the coded exposure method. An application of the coded exposure method to bar codes is
givenin [16,35], to fluorescent cell image in [27], to periodic events in [25, 34, 36], to multi-
spectral imaging in [10], and to iris in [21]. Application to motion estimation/deblurring
are presented in [9,19,20,26,31,33,37,38]. An extension for space-dependent blur is
investigated in [28]. Methods to find better or optimal sequences as investigated in [12—
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14,22,23,39] or in [15] that aims at adapting the sequence to the velocity. Diverse imple-
mentations of the method are presented in [17,18,24,32]. The method is used for spa-
tial/temporal trade-offin [7,8,11]. A numerical and mathematical investigation of the gain
of the method is in [29,30] but their camera model contains only photon (shot) noise and
neglects all other noise sources, contrarily to the model we shall develop in this paper.

Therefore, as far as we know, little is known on the coded exposure method from a
rigorous mathematical point of view and it seems useful for the applications to build a
theory to shed some light on this promising coded exposure method. For instance, to
the best of our knowledge, little is know on the gain, in terms of MSE and SNR, of this
coded exposure method compared to a standard (snapshot) camera. This paper proposes
a mathematical model of photon acquisition by a light sensor. The model can cope with
any additive readout noise of finite variance in addition to the Poisson photon (shot)
noise. The model is compatible with the Shannon—Whittaker framework, assumes that
the relative camera scene velocity is constant and known, that the sensor does not saturate,
that the readout noise has finite variance and that the coded exposure method allows for an
invertible transformation among the class of band-limited functions (this means that the
observed image can be deblurred using a filter). Note that with this model the image /as
a structure: the image is assumed to be band limited. This set of assumptions represents
an ideal mathematical framework that allows us to give a rigorous analysis of the limits,
in terms of MSE and SNR, of the coded exposure method. For instance, it is clear that
the MSE (resp. SNR) will increase (resp. decrease) if one needs to estimate the velocity
from the observed data, compared to the formulae we shall prove in this theoretical
paper.

To be thorough, a mathematical analysis of a camera requires to go rigorously from
the continuous observed scene to the discrete samples of the final restored image. This
is needed to mathematically analyze the whole image chain: from the photon emission to
the final restored image via the observed discrete samples measured by the camera. As far
as we know, the coded exposure method is very useful for moving scenes. Consequently,
we need a formalism capable of dealing with moving scenes. Since the observed scene
moves continuously with respect to the time we adopt a continuous point of view. This
means that we shall model the observed scene as a function s. Loosely speaking, s(x)
give the light intensity at a spatial position x (by opposition, a discrete formalism would
model the observed scene as a vector of R” but requires a more restrictive assumption, see
below). We shall rely on the Shannon—Whittaker framework (see, e.g., [40]) to perform
the mathematical analysis of sampling-related questions. This framework requires the
structure of band-limited (with a cutoff frequency) signals or images and will allow us to
perform a rigorous mathematical analysis of the coded exposure method. Recall that a
discrete formalism would model the observed scene as a vector of R” and the convolution
would use Toepliz matrices. Therefore, the scene would be assumed to be periodic and
also band limited for sampling purposes. Note that the continuous formalism that we
shall develop in this paper does not require to assume that the observed scene s is periodic
(most natural scenes are not periodic). However, the adaptation of the formalism that we
shall develop in this paper to periodic band-limited scene is straightforward if needed for
some application.
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Our first goal is to provide closed mathematical formulae that give the MSE and SNR
of images obtained by a coded exposure camera. Therefore, we shall start by carefully
modeling the photon acquisition by a light sensor then deduce a mathematical model of
the coded exposure method.

The mathematical model of camera that we shall develop in this paper has not, to the
best of our knowledge, been developed in the existing literature on the coded exposure
method. Indeed, the model we shall develop in this paper is able to cope with the Poisson
photon (shot) noise in addition to any additive (sensor readout) noise of finite variance and
does not require to assume that the observed scene is periodic. For example, the model
developed in [30] does not consider any additive (sensor readout) noise. The formulae
that give the MSE and SNR of the final crisp image

+ Assume the Shannon—Whittaker framework that (1) requires band-limited (with a
frequency cutoff) images, and that (2) the pixel size is designed according to the
Shannon—Whittaker theory. In this paper, we prove the validity of the Shannon—
Whittaker for non-stationary noises (see also Sect. 2.2).

» Assume that the relative camera scene velocity is constant and known.

» Assume that the sensor does not saturate.

« Assume that the additive (sensor readout) noise has zero mean and finite variance
(this term contains, without loss of generality, the quantization noise).

» Assume that the coded exposure allows for an invertible transformation among the
class of band-limited functions (this means that the observed image can be deblurred
using a filter).

+ Neglects the boundaries effects for the deconvolution (the inverse filter of a coded
exposure camera has larger support than the inverse filter of a snapshot. Thus, this
slightly overestimates the gain of the coded exposure method with respect to the
snapshot).

We assume that the sensor readout (additive) noise has zero mean. However, with our
formalism, the adaptation to non-zero mean additive (sensor readout) noise is straight-
forward if needed for some application. This zero mean assumption for the additive noise
can be found in e.g., [41, 1st paragraph and Egs. (22)—(25)]. It can also be found in [42, p. 2,
3rd paragraph] and [43, p. 554, column 2, “noise model” paragraph] (for HDR sensors). It
is also common for CMOS (3T) APS sensors, see, e.g., [44, p. 179, paragraph 2] and certain
infrared sensors (microbolometers), see, e.g., [45, p. 98] that states that these devices have
the readout noise of a CMOS device.

The paper is organized as follows. Section 2 gives a mathematical model of classic cam-
eras. This mathematical model is extended in Sect. 3 to model coded exposure cameras.
Section 4 gives an upper bound for the gain of the coded exposure method, in terms of
MSE and SNR with respect to a snapshot, in function of the temporal sampling of the
code. The upper bound of Corollary 4.2 is illustrated on Fig. 2. In addition, Table 1 pro-
vides numerical experiments illustrating these results. The Appendix A—L contain several
proofs of propositions that are used throughout this paper. A glossary of notations is in
Appendix M (in the sequel latin numerals refer to the glossary of notations).
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2 A mathematical model of classic cameras

The goal of this section is to provide a mathematical model of the photon acquisition by
a light sensor and the formalism that we shall use to model the coded exposure method
in the sequel.

As usual in the coded exposure literature [2,3,9,21,22,30,35,46] and for the sake of the
clarity we shall formalize the coded exposure method using a one-dimensional framework.
In other words, the sensor array and the observed image are assumed be one-dimensional.
One could think that this one-dimensional framework is a limitation of the theory. How-
ever, this one-dimensional framework is no limitation. Indeed, as we have seen, we assume
that the image acquisition obeys the Shannon—Whittaker sampling theory. This means
that the frequency cutoff is compatible with the image grid sampling. The extension to
any two-dimensional grid (and two-dimensional images) is straightforward (the sketch
of the proof is in Appendix A). Therefore, the one-dimensional framework that we shall
consider is no limitation for the scope of this paper that proposes a mathematical analysis
of coded exposure cameras. A fortiori, the calculations of MSE and SNR that we shall
propose in this paper remain valid for two-dimensional images. The noise is, in general,
non-stationary. This due both to the sensor (see, e.g., [47]) and to the observed scene. In
this paper, we also prove the validity of the Shannon—Whittaker interpolation is valid for
non-stationary noises (see also Sect. 2.2). In addition, we shall assume that the motion
blur kernel is known, i.e., the relative camera scene velocity vector and the exposure code
(or function) are known (this kernel is called “PSF motion” in, e.g., [1] and is also assumed
to be known [1, p. 2]).

We now turn to the mathematical model of photons acquisition by a light sensor.

2.1 A mathematical model of photons acquisition by a light sensor

The goal of this subsection is to give a rigorous mathematical definition (see Definition 2)
of the samples produced by a pixel sensor that observes a moving scene. This definition
of the observed sample can cope with any additive zero mean (sensor readout) noise of
finite variance in addition to the standard Poisson photon (shot) noise. Note that the
model developed in [30] do not consider any additive (sensor readout) noise. Therefore,
the results of [30] do not include this more elaborated mathematical model. In particular,
the advantages of the coded exposure method in terms of MSE, with this more elaborated
set up, are, to the best of our knowledge, open questions.

We consider a continuous formalism in order to ease the transition from steady scenes
to scenes moving at an arbitrary real velocity. Another advantage of this continuous
formalism is that it allows us to avoid the implicit periodic assumption of the observed
scene needed if one uses Toeplitz matrices to represent the convolutions see, e.g., [1, Eq.
2, p. 3] (this is needed because, in general, natural scenes are not periodic).

We now sketch the construction of our camera model. We first consider the photon
emission, and finally include the optical and sensor kernels, then include the effect of the
exposure time and of the motion to our model. The lasts two steps consists in adding the
Poisson photon (shot) noise and the additive (sensor readout) noise to our camera model.
The camera model that we shall consider in this paper is depicted in Fig. 1.
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Fig. 1 Schematic diagram of our camera model. The observed scene emits light and moves at velocity
v € R.The light undergoes the blur of the optical system and is measured by a pixel sensor. The pixel sensor
produces a Poisson random variable (shot noise) that is further corrupted by an additive (sensor readout)
noise of finite variance to produce the observed sample

We assume that the observed scene emits photons at a deterministic rate s defined by

s: R — (0, +00)
x —> s(x).

Here and in the sequel, the variable x € R represents the spatial position (we will
precise the unit of x, i.e., the unit we shall use to measure distances when we introduce
the pixel sensor). Intuitively, s represents the ideal crisp image, i.e., the image that one
would observed if there were no noise whatsoever, no motion, with a perfect optical
system (formally the point spread function is a Dirac-mass) and the pixel sensor has an
infinitesimal area. In a nutshell, s(x) would be the gray-level of the image at positionx € R
in the idealistic case mentioned above. The quantity s(x) can also be seen as the intensity
of light emission at position .

We now introduce the optical system in our model. The effect of the optical system
is described by its point spread function (PSF) denoted g, and we assume that g > 0.
Formally, the effect of the point spread function is modeled by a convolution in space (see,
e.g., [48, Eq. 7.1, p. 171] see also, e.g., [1, Eq. 1, Sect. 2]). Therefore, in the noiseless case,
if there is no motion, the gray level of the acquired image at position x € R is, formally,
described by

(g *5)(x), (1)

where * denotes the convolution (see (ix) for the definition) (recall that here and in the
rest of the text, Latin numerals refer to the formulae in the final glossary). We shall give
the assumptions on g and s so that the quantity in (1) is well defined later on.

A pixel sensor can be small but has nevertheless a positive area. Indeed, a pixel sensor
integrates the incoming light g * s (the scene is observed through the optical system) on
some surface element of the form [x1,x2] C R with %1 < x3. Therefore, formally, the
output of a pixel sensor supported by [x}, x3], in the noiseless case and without motion, is

/ @) 0)dy. @

1
In the sequel, we shall assume that all the pixel sensors of the sensor array have the same

length. Mathematically, we can normalize this length so that every pixel sensors of the
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array have unit length. This corresponds to using the pixel sensor length as unit to measure
distances. Thus, this represents no limitation. Hence, from now on the unit of x is the pixel
sensor length. By definition, with this unit, all the pixel sensor have lengths 1. Therefore,
from now on when we speak of a pixel sensor centered at x we mean that the pixel sensor
is supported on the interval [x — %, x+ %]. Hence, from (2) we deduce that the output of
a pixel sensor supported on the interval [x — %, x+ %], that stares at the scene s through
the optical system modeled by g, is, in the noiseless case and without motion,

X+

NI

@*9)0)dy = (L;_1 17 % g * ) (). (3)
———————

u

1
*=3

Remark We implicitly assume a 100 % fill factor for the sensor as the pixel sensor is
supported on [— %, %] and we have a pixel sensor at every unit. This is no loss of generality
for studying the gain of the flutter with respect to a snapshot. Indeed, the fill factor impacts
equally the snapshot and the flutter. In addition, the RMSE calculations are carried out
using the function u in (3) as reference and using an unbiased estimator for #. Thus, all
results we give in this paper hold if one replace u by u = 1[_,,) * g * s in (3) for any
e (03]

Consider the deterministic function formally defined by u := 1 _ L1 kg ks, The deter-
ministic quantity u#(x) represents the gray level of the image at position x if there were
no noise and no motion. Indeed, u contains the kernels of the optical system g and of
the sensor. Note that the quantity u(x) can also be seen as an intensity of light emission
received by a unit pixel sensor centered at x. With the formalism of, e.g., [1, Eq. 1, Sect. 2]

Il[_ 1 represents “Mgensor” and g represents “Aeps.”

We now introduce the exposure time in our model. Indeed, the sensor accumulates
the light during a time span of the form [t, 2] C R, with 1 < £;. We denote by At the
positive quantity At := £, — ¢ that we shall call exposure time. Thus, from (3), the output
of a pixel sensor centered at x that integrates on the time interval [¢1, £2] is, in the noiseless
case

tr [rti t

/ (g xs)(y)dydt = / u(y)dt. (4)
n Ja—1 t

Note that the quantity in (4) is the amount of light measured by the pixel sensor, and it

evolves linearly with the exposure time At (= £y — £1).

We now extend the above formalism to cope with moving scenes. Without loss of
generality (w.l.o.g.) we assume that the camera is steady while the scene s moves. The
coded exposure method permits to deal with uniform motions. Therefore, we assume
that the scene s moves at a constant velocity v € R (measured in pixel per second) during
the exposure time interval [£}, £2]. This means that the scene evolves with respect to the
time as s(x — vt). Here and in the sequel the temporal variable is denoted by ¢. Therefore,
from (4) we deduce that the output of a pixel sensor centered at x and integrating on the
time interval [£1, £5] is, in the noiseless case,

tr [rti t
/ / (g*xs)(y —vt)dydt = / u(x — vt)dt. (5)
t xf% 51
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For example, suppose that we take a constant velocity v = 1 in (5). In this case, the output
of a pixel sensor centered at x is, in the noiseless case,

t prti
/tl /x—l (g=*s)(y — t)dydt = (1[tl,t2] * ]l[_%’%] * gk s) (x) = (ﬂ[tl,zz] * u) (%),
2

where 1, ;) represents the characteristic function of the interval [a, b] (see (3) for the last
equality). From this simple example we can qualitatively describe where the exposure code
will act. Indeed, by a clever exposure technique, the coded exposure method will allow
to replace the function 1 ;,) in the above formula by a more general class of functions
that does not need to be window functions. With the formalism of, e.g., [1, Eq. 1, Sect. 2],
1z,,1,] represents “lmotion” for a classic camera.

We now extend our model to cope with the Poisson photon (shot) noise and then will
add the readout noise. The photon emission follows a Poisson distribution see, e.g., [49] (tf
X is a random variable that follows a Poisson distribution then all the possible realization
of X are in N. In addition, the probability of the event X = kis P (X = k) = )‘kz—;k, where
A > 0 is the intensity of the Poisson random variable). We assume that a pixel sensor
behaves as a photon counter.! That is to say, we assume that a pixel sensor integrates
the photons that are emitted by the moving observed scene s on some surface element of
the form [x1, %3] on the time span [£), £2] and produces a sample. This sample follows a
Poisson random variable. From (5), this means that the sample produced by a pixel sensor
supported by [x1, 23] and that integrates on the time span [¢;, £5] has law

t xti
P (/ X (g*xs)y— vt)dydt), (6)
t1 xX—3

where the notation P(A) denotes a Poisson random variable of intensity . With (3) the
above equation can be rewritten as

P (/tlt2 u(x — vt)dt) . (7)

Thus, the value of this sample can be any realization a Poisson random variable with
intensity fttlz u(x — vt)dt. Consequently, the probability that the sample has value k € N
when observing the scene s on the time span [¢1, £2] with the pixel sensor centered at x is

k
(Ji2 ur = vyde)"exp (— 2 ulw — vo)dydt)
k! ’

This quantity is nothing but the probability that the pixel sensor counts k € N photons

during the time interval [#1, £2].

With the formalism we introduced we can compute the SNR of the produced image,
just to verify that we retrieved the fundamental theorem of photography that underlies
statements like “the capture SNR increases proportional to the square root of the exposure
time” that can be found in, e.g., [2, p. 1, column 2, 1st paragraph]. To this aim, consider
the case where v = 0, £; = 0, £, = At in (7). If the observed value obs(x) at position x € R

!Single-photon avalanche detectors (SPADS) is a possible implementation of a photon counter. Any light sensing device
that produces, when the quantization is neglected, a signal in biunivocal relationship with the photon count can be
w.lo.g. assumed to be photon counter. The quantization noise will w.l.o.g. be included in the additive (readout) noise
later on.
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follows P ( fo u(x dt) we have E(obs(x)) = Atu(x). This means that, in expectation,
the number of photon caught by the pixel sensor centered at x increases linearly with
the exposure time. If we time-normalize the obtained quantity and consider, formally, a

P (ijt u(x)dt)
random variable 1t (x) that follows —————— we obtain [E (et (x)) = u(x). This means
that weg (x) estimates u(x) without bias. In addition, we have var (st (x)) = A%t(zx) = %.

. g . LJ‘R E(Uest(x))dx .
Consider the SNR on the spatial interval [—R, R] given by —2& ‘RR . This defin-
\/ﬁ JZ R var(uest () dx
ition of the SNR can be found in, e.g., [48, Eq. 1.39, p. 42], [46, Eq. 15, p. 4], [2, Eq. 1, p.

2562]. We have

SN E G s [Fuwdy & Fuds

A
\/ZR f R Var (Uest(x)) dx \/ZR fRR ug)d ‘
Therefore, assuming that i the “mean signal level” [48, p. 42] (u relates to i in, e.g,,
[2, Sect. 2])
R* 5 u:= lim —/ u(x)dx
R—+00 2

is finite we can define the SNR by

lim s 1 R E (1 ) dx
SNR(Uest) = R—+00 R f—R ( est( ))

Vlimeos oo 2[R var (s () ds

Thus, we have SNR(uest) = /it At. For example, if the mean photon emission 1 doubles
then the SNR is multiplied by a factor +/2 (and we retrieve the fundamental theorem of
photography namely the SNR — +o00 when At — +00). Note that if we have no control
over the photon emission then the only sure way to increase the SNR with a given camera
is to increase the exposure time At. Similarly, we can define the MSE by

1 R
MSE(uest) :=  lim - | (!uest(x) - u(x)\Z) dx,

whenever the limit exists, and we have MSE (u1e5t) = pAt.

We are now in position to extend our model to include the additive (readout) noise. Here
and in the sequel the additive (readout) noise of a pixel sensor centered at x is modeled by
a zero-mean real random variable of finite variance denoted by 7(x). Therefore, from (6),
the output of the pixel sensor centered at x that integrates photons on the time span [#, £3]
can be, formally, any realization of the sum of the random variables

ta prxts;
P(/ ) (g*s(y—vtdydt) n(x), (8)
t X—5

2

or equivalently (see (3)),

9]
P (/ u(x — vt)dt) + n(x). 9)

t
Recall that the deterministic quantity u(x) represents the gray level of the image at position
x if there were no noise and no motion as it is seen by a pixel sensor centered at x. The
quantity fttlz u(x —vt)dt represents the amount of light received on the time interval [£3, £ ]
by a steady pixel sensor centered at x that gathers the light emitted by the observed scene
that moves at velocity v € R.
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We now give a mathematical framework to make precise the above formulae. We shall
assume that the scene s € L}OC(R) so that the convolution in (3) is well defined. We shall
assume that the PSF g belongs to the Schwartz class that, hereinafter, we shall denote
S(R). In addition, we shall assume that the PSF g € S(R) furnishes a cutoff frequency.
This assumption is needed by the Shannon—Whittaker sampling theory. We shall assume
that the frequency cutoff of g is 7, i.e., g is [, 7] band limited. In other words, g(§) =0
for any & € R such that |§| > 7, where, here and in the sequel, we denote by g or F(g)
the Fourier transform of g [see (14) for the definition of the Fourier transform] and (here
and elsewhere) £ € R represents the (Fourier) frequency coordinate. One could think that
this [—, ] is a limitation for the theory. However, it is not. The choice of [—7, ] in the
following definition is thoroughly justified in Appendix B.

Definition 1 (The observable scene u) We call observable scene any non-negative deter-

ministic function « of the form u = 1;_1 1, * g * 5. Recall that the 1_ 1 denotes the

11
—23
characteristic function of the interval [—%, %] and is related to the normalized pixel sen-
sor. The PSF satisfies g € S(R), g > 0, and is [—x, 7] band limited. The (non-negative)

photon emission intensity is denoted s € L}OC(R). We have that u € L}OC(R) and we

assume that u satisfies u := lim7r_ 1 oo ﬁ ffR u(x)dx € RT. In addition, we assume that
i:=u—pe LlY(R) NLAR).

Note that « is the sum of the constant & and of & € L'(R). Thus, we have u € S'(R)
(the space of tempered distributions). This means that u enjoys a Fourier transform in
S'(R), see, e.g., [50, p. 173], see also [51, p. 23]. In addition, # and i inherit the frequency
cutoff of the PSF g. Therefore, u# and i are [—x, 7] band limited. In addition note that
the assumption # € L*(R) is w.Lo.g. Indeed, since i € L'(R), from Riemann—Lebesgue
theorem (see e.g., [52, Proposition 2.1]), we have that # is continuous. In addition, since i
is [—7, 7] band limited we have that i is continuous and has compact support. We deduce
that it € L*(R). Therefore, we obtain that &z € L>(R) w.l.o.g.

We can now give a definition of the observed sample at a pixel centered at x € R that
we shall denote obs(x).

Definition 2 (Observed sample of a of pixel that includes any additive (sensor readout)
noise of finite variance in addition to the Poisson photon (shot) noise) We assume that
the observed sample produced by a unit pixel sensor centered at x € R is corrupted by
an additive noise 7(x) that we shall call readout noise. We assume that E(1(x)) = 0 and
that var(n(x)) = o, < +o00. Hereinafter, we shall denote this observed sample by obs(x).
From (9), we have that obs(x) satisfies, for any x € R,

t
obs(x) ~ P (/ u(x — vt)dt) + n(x), (10)
t

where [£1, £2] is the time exposure interval, the observable scene u is defined by Definition 1
and moves at velocity v € R. The notation X ~ Y means that the random variables X and
Y have the same law.

In the sequel we will need to compute MSEs as well as SNRs. Therefore, we will need to
compute expected values and variances of the observed samples. Thus, we need to justify
the validity of these operations. This is done in Appendix C.
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The Definition 2 entails that obs(x), the observed sample of a pixel sensor centered at
position x, is a measurable function (a random variable see, e.g., [53, p. 168]) for which it
is mathematically possible to compute, e.g., the expectation and the variance.

The images produced by a digital camera are discrete. In addition, the image obtained
by a coded exposure camera requires to undergo a deconvolution to get the final crisp
image. The calculation of the adequate deconvolution filter requires a continuous model.
Thus, we now turn to the sampling and interpolation in order to go comfortably from the
discrete observations to the latent continuous image.

2.2 Sampling and interpolation
This section recalls the principles of the Shannon—Whittaker interpolation that applies
to, e.g., images that have the band limitedness structure. Consider a [—, 7] band-limited
deterministic function f € LY(R) N L2(R). From the values f (1) for n € Z the Shannon—
Whittaker interpolation of f is

Zf(”) sinc (x — n) (where sinc (x) = Sin(ﬂx))

TX
nez

and the above series converges uniformly to f(x) for any x € R (see, e.g., [40, p. 354]).

We recall that Appendix B proves that it is no loss to assume that u is [—m, 7] band
limited. However, the sample obs(x) defined in Definition 2 produced by the sensor is
noisy. Indeed, the sample obs(x) contains the Poisson photon (shot) noise and the additive
sensor readout noise. This means that R 3 x — obs(x) is not a deterministic function
and that obs does not belong to any Lebesgue space. The Shannon—Whittaker theorem
is usually applied to deterministic functions. Some generalization exists in the case where
the observed samples are corrupted by an additive noise, see, e.g., [54, p. 111], or to sample
wide-sense stationary stochastic signals, see, e.g., [54, p. 148]. However, the Poisson photon
shot noise is not additive. Therefore, the first generalization is not applicable. In addition,
from Definition 1 we deduce that the autocorrelation function E (obs(x)obs(y)) is not a
function of the variable x — y. This means that the samples of a coded exposure camera
cannot be seen as the samples of a wide-sense stationary stochastic process (see, e.g., [55,
p. 17] for the definition). In addition, the sensor itself can introduce non-stationary noise,
see, e.g., [47]. Thus, to the best of our knowledge, the existing generalizations of the
Shannon—Whittaker theorem are not sufficient to treat the observed samples of a coded
exposure camera (defined in Definition 2). Consequently, in the sequel, we shall carefully
prove that

“obs(x) = z obs(n) sinc (x — n)” (where sinc (x) = sin(mx) ) (11)

X
nez

is mathematically feasible for the obs defined in Definition 2.

Therefore, in the sequel, we assume that the observed samples are obtained from a
sensor array and that the sensor array is designed according to the Shannon—Whittaker
sampling theory. Thus, we assume that the samples obs(x) are obtained at a unit rate, i.e.,
for x € Z. Consequently, we shall denote the observed samples by obs(n). This means
that, in the sequel, we shall neglect the boundaries effect due to the deconvolution. This is
another way to get rid of the boundaries effects without assuming that the observed scene
is periodic as required by linear algebra (with Toepliz matrices) model based (see, e.g., [1—
3,5,12,25,29,30]) (this is needed because most natural scenes are not periodic). Note that
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this slightly overestimates the gain of the coded exposure method with respect to the
snapshot. Indeed, the support of the coded exposure function is larger than the support of
the exposure function of a snapshot. This means that in practice the boundaries artifacts
due to the deconvolution are stronger with the coded exposure method.

Hereinafter, we assume that the sequence of random variables (1(n)),ez are mutually
independent, identically distributed, and independent from the shot noise, i.e., indepen-
dent from P ( ft? u(n — Vt)dt) where n € Z. This independence assumption represents
no limitation for the model. Indeed, a photon can only be sensed once. In addition, the
additive (sensor readout) noise comes from an inaccurate reading of the sample value that
does not depend on the light intensity emission or on the Poisson photon (shot) noise.

We have defined the observed samples produced by a light sensor in Definition 2. This
definition includes both the Poisson photon (shot) noise and an additive (readout) noise
of finite variance. We now turn to the mathematical formalization of the coded exposure
method.

3 A mathematical model of coded exposure camera that includes any

additive (sensor readout) noise of finite variance in addition to the Poisson
photon (shot) noise

The goal of this section is to formalize the coded exposure method. In this section, we
consider invertible “exposure codes” and provides the MSE and SNR of these exposure
strategies. The study yields to Theorem 3.4.

The coded exposure (flutter shutter) method permits to modulate, with respect to the
time, the photons flux caught by the sensor array. Indeed, the Agrawal and Raskar coded
exposure method [1-6] consists in opening/closing the camera shutter on sub-intervals
of the exposure time. In such a situation the exposure function that controls when the
shutter is open or closed is binary and piecewise constant. Since it is piecewise constant
it is possible to encode this function using an “exposure code.” (We give a mathematical
definition of these objects).

Note that neither the model nor the results of [30] can be used in this paper. Indeed,
in [30] the additive (sensor readout) noise is neglected. Therefore, the formalism of [30]
does not hold with the more elaborated set up that we shall consider here. Indeed, this
paper considers any additive sensor readout noise of finite variance in addition to the
Poisson photon (shot) noise.

As we have seen, in their seminal work [1-6], Agrawal and Raskar propose to use binary
exposure codes. Yet, mathematically, one could envisage smoother exposure codes that
are not binary. Indeed, with a bigger searching space for the exposure code the MSE and
SNR can be expected to be better than with the smaller set of binary codes. Therefore,
in the sequel, we shall assume that the exposure codes have values in [0, 1]. The value 0
means that the shutter is closed while the value 1 means the shutter is open and, e.g., %
means that half of the photons are allowed to reach the sensor. We do not consider the
practical feasibility of these non-binary exposure codes as this is out of the scope of this
paper which proposes a mathematical framework and formulae.

We first formalize the fact that the exposure code method modulates temporally the
flux of photons that are allowed to reach the sensor by giving an adequate definition of
an “exposure function” that, hereinafter, we shall denote «. To be precise, the gain «(t) at
time ¢ is defined as the proportion of photons that are allowed to travel to the sensor. We
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then give the formula of the observed samples taking the exposure function into account
(see Definition 4).

Definition 3 (Exposure function, exposure code) We call exposure function any function
a of the form

a:R — [0,1]
400 (12)
t— > arlpgagksnan(d)
k=—o00

We assume that a; € [0, 1], for any k, that (az); € ¢'(Z) and that At > 0. The sequence
(ar)x is called exposure code.

Remark Itis easy to see that @ € L'(R) N L2(R) N L>(R) and that the above definition can
cope with finitely supported codes, e.g., the Agrawal and Raskar code [5, p. 5] and patent
application [6, p. 5].

We have defined the exposure function that controls with respect to the time the camera
shutter. We now give the formula of the observed samples of a coded exposure camera.

Let o be an exposure function and u(x — vt) a scene moving at velocity v € R. Recall
that «(¢) is nothing but the percentage of photons allowed to reach the sensor at time ¢.
Therefore, from Definition 2, we deduce that obs(n), the observed sample at a position
n € 7, is a random variable that satisfies, for any n € Z,

obs(n) ~ P (/00 a(t)u(n — vt)dt) +n(n) ~P ((ﬁa (;) * u) (n)) + n(n).

—0o0
This yields

Definition 4 (Observed samples of a coded exposure camera) Let « be an exposure func-
tion. We call observed samples at position # of the scene u (defined in Definition 1) moving
at velocity v € R the random variable

obs() ~ P ((ia (-) * u) (n)) + n(n). 13)
vl \v

Recall that the random variables obs(x) observed for n € Z are mutually independent.
From Definition 1 we have that u is of the form L!(R) plus constant and is band limited.
From Definition 3 we have that « € L!(R). We obtain that the convolution in (13) is well
defined everywhere. In addition, note that the pixels are read only once as in, e.g., [1-6].
(Only one image is observed, stored and transmitted).

Proposition 3.1 Let obs be as in Definition 4. For any n € 7, we have
1 . 1 .
E (obs(n)) = (—a (—) * u) (n) and var (obs(n)) = (—a (—) * u) (n) + arz.
v \v v \v
(14)

Proof The proof is a direct consequence of Definition 4. O

Remark (The motion blur of a standard camera is not invertible as soon as its support
exceeds two pixels) A standard camera can be seen as a coded exposure camera if the
exposure function « is of the form o = 1o, where At > 0 is the exposure time
measured in second(s). Consider the idealistic noiseless case where, from (13), one would
observe
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E (obs(n)) = (l]l[o)m] <1_/) * u) (n). (15)

vl

From Definition 1 u is [—m, 7] band limited. Therefore, we deduce that the convolution

in (15) is non-invertible as soon as the Fourier transform of %V‘ Lio,Az] (;) iszeroon [—m, 7).

For any § € R, we have F (lll[o,At] (‘—/)) (6) = F (Ljo,ag) (6v). In addition, from the

vl
definition of the Fourier transform (14), for any § € R we have

F (Lio.ar) (€) = At sinc (i—i’f) e 5 (16)
Therefore, for any £ € R, we have .7:(|—‘1,‘]l[0,m] (;)) (§) = At sinc (% #.
From the Definition (16) of the sinc function, we deduce that the convolution in (15) is
not invertible as soon as the blur support |v| At satisfies |v|At > 2. Since, the velocity v
is measured in pixel(s) per second, and the exposure time A¢ is measured in second(s)
we deduce that as soon as the blur support |v|At exceeds two pixels the motion blur of a
standard camera is not invertible.

The observed samples of any coded exposure camera are formalized in Definition 4.
We wish to compute the MSE and SNR of a deconvolved crisp image with respect to
the continuous observable scene u. To this aim a continuous deconvolved crisp signal
st must be defined from the observed samples obs(r) observed for n € Z. Thus, we
(1) prove the mathematical feasibility of the Shannon—Whittaker interpolation “obs(x) =
> ez 0bs(n) sinc (x — n)”, (2) deduce the conditions on the exposure function « for the
existence of an inverse filter y that deconvolves the observed samples, (3) define the final
crisp image uiest and (4) give the formulae for the MSE and SNR of uiest. The study yields
to Theorem 3.4.

The mathematical feasibility of the Shannon—Whittaker interpolation is formalized by

Proposition 3.2 (Mathematical feasibility of the Shannon—Whittaker interpolation of

the observed samples obs(n) n € Z) Let obs be as in Definition 4. For any x € R, the series
“+o0

obs(x) = Z obs(n) sinc (x — n) (17)

n=—00
converges in quadratic mean. In addition, for any x € R, we have

E (obs(x)) = (ia (;) # u) ®); (18)

vl

+o0
var (obs(x)) = Z [(ﬁa (—) * u) (n) sinc?(x — n)] + orZ < +o00. (19)

14
n=—00

Proof See Appendix D. O

We now treat the step 2. We cannot recur to a Wiener filter to define y. Indeed, due
to the Poisson photon (shot) noise, the noise in of our observations obs(#) defined in
Definition 4 is not additive. Therefore, the Wiener filter is not defined (see, e.g., [56, p.
205], [55, p. 95], [57, p. 159] see also [58, p. 252] for a definition). Instead of using a Wiener
filter we shall propose a filter designed so that the restored crisp image e is unbiased.
This is also the set up considered in, e.g., [1, Sect. 3.1, p. 6]. We now provide the condition
under which an inverse filter y will yield to an unbiased restored crisp image t1eg.



Tendero and Osher Res Math Sci(2016)3:4 Page 14 of 39

If the exposure function o defined in Definition 3 satisfies &(£§v) = 0 for some & €
[—m, ] the convolution in (18) is not invertible and some information is destroyed.
Therefore, it is no more possible to retrieve any observed scene « (in a discrete setting,
that would mean that the Toepliz matrix associated with the convolution kernel is not
invertible). Thus, if &(§v) # O for some & € [—m, ] there exists no inverse filter y
capable of giving back an arbitrary observed scene u. Hence, we assume that the exposure
function « satisfies &(§v) # 0 for any § € [—m, ]. Under that condition the convolution
(|_11/\0‘ (;)) * y in (18) is invertible because u is [—, 7] band limited. Therefore, we have

Definition 5 (Admissible o« and definition of the inverse filter y) Let « as in Definition 3.
If o satisfies @(§v) # O for any § € [—m, 7] then the inverse filter y, that deconvolves the
observed samples (and will be proved to give back a crisp image), exists and is defined by
[its inverse Fourier transform (14)]

1 11[—71,7'[](“;:)
yx) = F (—&(SV) )(x), (20)

Remark From Definition 5, we deduce that R 5 & — (&) is bounded and has compact
support. Hence, we have 7 € L(R) N L2(R) and therefore y € L?(R). In addition, from

Riemann-Lebesgue theorem we have that y is continuous and bounded. Consequently,
y is [=7, 7] band limited and C*°(R), bounded, and belongs to L*(R).

We now treat the step 3. The mathematical feasibility of deconvolved crisp signal 1t
is formalized by

Proposition 3.3 (Validity/existence of the crisp deconvolved image ues¢) Let obs be as in
Definition 4 and o, y be as in Definition 5. For any x € R, the series

e ]

Uest(x) == D obs(n)y (x — n) (21)

n=—0o0

converges in quadratic mean. In addition, for any x € R, we have

E (uest () = u(x); (22)
var (est (1)) = >, var (obs(n) (y (x — ) < +o0. (23)

This proposition means that e is an unbiased estimator of the observable scene u.
Proof See Appendix F. O
We now treat the step 4. We have

Theorem 3.4 (MSE and SNR of the coded exposure method) Let et be as in Proposi-
tion 3.3. Consider a scene u(x — vt) (see Definition 1) that moves at velocity v € R and let
o2 be the (finite) variance of the additive (readout) noise.

The MSE and SNR of the final crisp image Uest satisfy

, 1 (R 2
MSEcodedenp. @) = lim — | E (Juiest(s) — u@)|”) dx
R—+00 2R J_p
1™ pllellpg + 07

= — d§; 24
) |d(“§v)|2 3 (24)
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limg . yoo o [ R E (est(6) dx "

SNRcodedexp‘ (a) :=

. 1 (R B wallpgto? .
\/ lime_s oo 35 Jgvar (Uest (x)) dx = " —|&EE<VH§>|2 d&

(25)
Proof See Appendix L. O

We now connect the formulae in Theorem 3.4 with the existing literature on the coded
exposure method. We have that the mean photon emission yu relates to iy in, e.g., [2,

Sect. 2]. In addition, from (25), we have that for fixed exposure function « and additive

(readout) noise variance o> the SNR evolves proportionally to L~ with the mean

of
1+M

photon emission p. In particular, from (25), if orZ = 0 and for a fixed @ we deduce
that the SNR evolves proportionally to /i and we retrieve the fundamental theorem
of photography. Note that it is equivalent to minimize (24) or to maximize (25) with
respect to the exposure function «. Therefore, in the sequel we choose w.l.o.g. to use
formula (24) and to evaluate the performance of the coded exposure method in terms of
MSE. The calculation for the SNR can be immediately deduced. As an easy application
of Theorem 3.4, we have the following corollary that provides the MSE of any invertible
snapshot, i.e., that satisfies |[v|At < 2 (see the Sect. 5) where At is the exposure time. This
corollary will also be needed to compare the coded exposure method and the snapshot,
in terms of MSE, in Sect. 4.

Corollary 3.5 (MSE of a snapshot with an exposure time of At) Let ueg, v, u(x — vt),
and o be as in Theorem 3.4 and At be such that [v|At < 2. The MSE of a snapshot with
exposure time At is

R

. 1 2
MSEsnap (Af) = lim | E (|ruest(x) — u(w)| ) dx

2
1 (7 WAL + o

=5 2
2 Ja At sinc (—Sgﬁt)‘

(26)

Proof The proof is immediate combining (16) and (24). |

We now turn to Sect. 4 that proposes a theoretical evaluation of the gain of the coded
exposure method, with respect a snapshot.

4 An upper bound of performance for coded exposure cameras

This section study the gain, in terms of MSE, of the coded exposure method, with respect
to a snapshot, as a function of the exposure code sampling rate. The study yields to a
theoretical bound that is formalized in Theorem 4.1 and Corollary 4.2. The bound is valid
for any exposure code provided |v|At < 1 (we recall that the exposure code sampling rate
At is defined in Definition 3). This means that the proposed bound is an upper bound for
the gain of any coded exposure camera, provided |[v|At < 1. We have

Theorem 4.1 (A lower bound for the MSE of coded exposure cameras) Let Uest, V,
u(x — vt), and o be as in Theorem 3.4. The MSE of any coded exposure camera satis-
fies, as soon as |[v|At < 1,
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o[ de 17 de
MSEany flutter () > [V| 2—/ — o — | —F—— - (27)
T J-x ginc? (élngAt)

Proof See AppendixJ. O
We also have

Corollary 4.2 (Upper bound of any coded exposure camera in terms of MSE with respect
to a snapshot) Let e, v, AL, u(x — vt) and 0,2 be as in Theorem 4.1. We have

2
7 o | %
MSEoptimal snapshot < MSEsnapshot(At) < 251n(§) (28)
MSEany fluttter (@) MSEany fluttter () - d 2
Proof See Appendix K. O

Corollary 4.2 directly provides an upper bound for the gain, of the coded exposure
method, in terms of MSE with respect to a snapshot. Given our hypothesis this bound
is valid for any code as soon as |[v|At < 1. We now depict, in Fig. 2, the upper bound
of Corollary 4.2 varying the quantity |v|Af. Note that the quantity |v|At is inversely
proportional to the temporal frequency sampling of the exposure code. Note that the

curve is an upper bound. Thus, the actual gain of the coded exposure method is below this
curve.

We now illustrate numerically Corollary 4.2 in Fig. 3 and Table 1.

11

1.08

1.06

Gain in terms of RMSE

1.04

1.02

1 1 1 1 1

1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
[v] At

Fig.2 This figure depicts the upper bound proved in Corollary 4.2. The x axis represents the quantity |v|At
that is inversely proportional to the frequency sampling of the exposure function. The x axis varies in the
interval [0, 1] because Corollary 4.2 is valid in this range. The y axis represents the upper bound of the gain, in
terms of root mean square error, of the flutter with respect to a snapshot with an exposure time At = \WTI
Note that the curve is an upper bound. Thus, the actual gain of the coded exposure method is below this
curve
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Fig.3 Inthis experiment, we assume that the scene s moves at velocity v = 1 pixel per second. The additive
(readout) noise is Gaussian with a standard deviation equal to 10. We also assume that the scene emits 625
photons per seconds (for other values see Table 1) On the top left panel: the observed image using the
Agrawal and Raskar code [5,6]. On the top right panel: the observed image for snapshot an exposure time of 1
second, i.e, the blur support is 1 pixel. On the bottom left panel: the reconstructed image for the Agrawal and
Raskar code [5,6]. On the bottom right panel: the reconstructed image for the snapshot (blur support of 1
pixel). This means that for the Agrawal and Raskar code the blur has a support of 52 pixels. In other words, this
code permits to increase the exposure time by a factor 52 compared to the snapshot. The RMSE using the
Agrawal and Raskar code is equal to 9.84. The RMSE of the snapshot is equal to 5.96. We refer to Table 1 for
different values of mean photon count and additive (readout) noise variance. This simulation is based on a
variant of [29]
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Table 1 This table provides the evolution of the RMSE varying the intensity of the mean
photon emission for a fixed additive (readout) noise variance

Mean photon count per second 36 64 100 225 625 1200 2500 4900 104
Readout noise

Variance o 100 100 100 100 100 100 100 100 100
RMSE flutter 424 31.83 2509 1652 984 7.2 4.94 357 249
RMSE snapshot 3875 2540 1844 1083 596 422 2.89 2.09 1.47

The additive (readout) noise is Gaussian with zero mean and variance 0,2 = 100. A mean photon count of kK means that the
camera collects k photons if it integrates 1 s. The scene moves, w.l.0.g. at velocity v = 1 pixel per s. The snapshot integrates
during 1s

The exposure code used is the Agrawal and Raskar code [5,6]

This code permits to collect more photons than the snapshot but the deconvolution kernel is more severe than the
deconvolution kernel of the snapshot

5 Limitations and discussion

We have proposed a mathematical model of coded exposure cameras. The model includes
the Poisson photon (shot) noise and any additive readout noise of finite variance. The
model is based on the Shannon—Whittaker framework that assumes band-limited images.
This formalism has allowed us to give closed formulae for the Mean Square Error and
Signal to Noise Ratio of coded exposure cameras. In addition, we have given an explicit
formula that gives an absolute upper bound for the gain of any coded exposure cameras,
in terms of Mean Square Error, with respect to a snapshot. The calculations take into
account the whole imaging chain that includes Poisson photon (shot) noise, any additive
(readout) noise of finite variance in addition to the deconvolution. Our mathematical
model does not allow us to prove that the coded exposure method allows for very large
gains compared to an optimal snapshot. This may be the result of an imperfect model
of our mathematical coded exposure camera. Indeed, our model assumes that the sensor
does not saturate, that the relative camera scene velocity is known, that the scene has
finite energy and is observed through an optical system that provides a cutoff frequency,
that the additive (readout) noise has a finite variance and neglects the boundaries effects
due to the deconvolution. How the results change if one has to, e.g., estimate the velocity
is, to the best of our knowledge, an open question.
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Appendix A: Validity of the one-dimensional framework

Without loss of generality, we express the coordinates of the two-dimensional camera
scene velocity vector using the sampling axis grid as Galilean reference frame. Therefore, in
this reference frame, the angle  between the two-dimensional velocity vector and, e.g., the
x-axis of the sampling grid is known. Consider the rotation re-sampling operator of angle
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—6 on L?(R?). This rotation operator re-sample the image so that the motion is parallel to
one of the grid axis, e.g., the x-axis. The motion blur is a one-dimensional phenomenon.
Therefore, we can apply the motion blur model to each line of the image parallel to the
x-axis. Thus, from the mathematical viewpoint, the motion blur is mathematically equiv-
alent to a one-dimensional convolution of a exposure function by the one-dimensional
observed stochastic scene. Indeed, the whole convolution/deconvolution model is applied
to each line of the image parallel to the x-axis. In addition, the image rotation operator
is isometric in L2(R2). Therefore, the calculations of MSE and SNR as if the images were
one-dimensional signals hold for two-dimensional images by easy expectation and vari-
ance calculations. This means that the theorems that we shall prove in the sequel are valid

for two-dimensional images.

Appendix B: It is enough to study only [—7, 7] band-limited functions

This section justifies that it is enough to consider only [—, 7] band-limited functions.
As we have seen, it is enough to model the coded exposure method as if the images
were one-dimensional signals. For the sake of the clarity, consider momentarily that the
deterministic function f represents a sound (this example is illustrative of our situation
because u defined in Definition 1 is one-dimensional). Since we consider a sound f, we
also momentarily consider that the unit of the variable x in (14) is the second (denoted
s). From the definition of f [see (14)] we deduce that & is in % (Hz denotes Hertz). If f
satisfies f(§) = O for any & € R such that |§| > n, i.e., is [—7, 7] band limited then the
maximal frequency of f is 5— in Hz. Therefore, from the Shannon—Whittaker sampling
theorem, f is well sampled with one sample every second.

Consider now an arbitrary function f and a positive real number c. If f is sampled
with one sample every % s then, from the Shannon—Whittaker sampling theorem, one
can recover any [—cm, cr] band-limited functions. This means that f must not con-
tain any frequency above 7= in Hz. In other words, by diminishing adequately the sam-
pling step one can recover any band-limited function. Consider another time unit 2,
and a zoomed version of f defined by £ () := f (Z) As we have seen, if we have access
to the samples ..., f (=2),£ (2).f (2).£ (2),... or equivalently that we have access to

. f(=1),f(0), (1), f(2), ... then f and therefore f are well sampled from the Shannon—
Whittaker theory point of view. One the one hand, f is [—c7, cr] band limited with an arbi-
trary positive constant c. This means that f (§) = 0assoonas |c&| > |cmr|. Therefore, from
its deﬁnition,f is [—m, ] band limited. In other words, f can be seen as a [—, 7] band-
limited function provided we use an adequate time scale, i.e., use an adequate unit to mea-
sure the time. This time scale is given by the Shannon—Whittaker sampling theorem and,

b1

implicitly, implies that & is measured in 5— Hz. Therefore, if we assume that the sampling

system respects the Shannon—Whittaker theorem we can without loss of generality assume

that f is [—mn, ], where the frequencies of f does not exceed Zﬂxﬂsampl’i’ng sepny HZ
In conclusion, we assume that the couple optical system/sensor array are designed
according to the Shannon—Whittaker sampling theory. Therefore, the adequate unit for
the distances x € R is the distance between pixel centers. With this unit of distance the
b3
27 “pixel length” Hz.
Therefore, the physical frequency cutoff is arbitrary. This means that the theory we shall

signal is [—, 7] band limited, where the frequencies are measured in

develop covers any band-limited function, and any positive fill factors. Our hypothesis is
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that, the couple optical system/sensor permits to obtain well-sampled signal in the sense
of the Shannon—Whittaker sampling theorem. Mathematically, we can, w.l.o.g. assume
that the cutoff frequency comes from the PSF g as in Definition 1 that is g is [—n, ] band
limited.

Appendix C: Measurability

We need to prove that the samples are random variables, i.e., measurable functions (see,
e.g., [53, p. 168], see also [59, p. 44]). For any x € R let the random variables 7(x) be defined
by n(x) : (, 7, Py) — (R, Bor(IR)) where, @ := R is the sample space, Bor(R) is the
Borel sigma-algebra on IR, 7,, is chosen as the smallest sigma-algebra on €2 that makes 7(x)
measurable, i.e., T, = {n(k)~1B : B € Bor(R)}. The Poisson random variables are defined
onP() : (N, 7, Ppoisson(r)) = (R, Bor(R)), where Ty is the smallest sigma-algebra (in the
sense of the inclusion) that contains N. Assume that at a pixel sensor centered at x € R we
have ft? u(x — vt)dt = A. From Eq. (10) and for any x € R, obs(x) is the sum of a Poisson
and of an additive random variables P(A) + n(x) : (2, 7,P) — (R, Bor(R)). Therefore,
obs is measurable with the sigma-algebra 7 = {(P(A) + n(k))"'B : B € Bor(R)}.

Appendix D: Proof of Proposition 3.2 p. 3.2
We first give a lemma and its corollary that will be useful for the proof and then give the
construction details.

Lemma D.1 The deterministic function R > x +— (‘17|a (;) * u) (x) is [—m, ] band
limited, uniformly bounded and for any x € R we have

1 1 1 .
(—(x (-) x u) (x) = (—(x (-) * u) () + u/ a(t)de. (29)
vl \v vl \v R
Proof See Appendix E. O
Corollary D.2 The deterministic function Z > n + var (obs(n)) is uniformly bounded.

Proof The proof is immediate from Proposition 3.1 and Lemma D.1. O

For any # € Z, consider the centered random variables
obs(n) := obs(n) — E (obs(n)). (30)

The proof is in three steps. The step (a) proves that, for any x € R, the series

“+o00

Z obs(n) sinc (x — n)

n=—00
converges in quadratic mean. The step (b) proves that, for any x € R, the series

+00

Z E (obs(n)) sinc (x — n)
n=—00
converges to a deterministic constant. These two steps entail that the series in (17) con-
verges, for any x € R, in quadratic mean. The step (c) provides explicit formulae for
the expectation and variance of (17) (these calculations will be needed for the compu-

tation of MSE and SNR of the deconvolved crisp image. We now turn to the proof of
step (a).
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Step (a) From (30), for any n € Z, we have

E(obs(n)) = 0; var (oBs(n)) =E (‘of)s(n)‘z) = var (obs(n)).

Consider the finite sums of independent random variables

N

oM (x) := z obs(n) sinc (x — n).

-N

Note that hereinafter, 5" denotes the N-th term of the sequence defined in (32).

For any N > M and any x € R, we have that
2 . 2
E (‘6N(x) — 6M(x)) ) = Z E (‘obs(n)‘ ) sinc 2(x — n).
M<|n|<N
Therefore, combining (31) and (33) we deduce that
2
E (‘6N(x) - 6M(x)) ) = Z var (obs(n)) sinc 2(x — n),

M<|n|<N

(34)

forany x € R. From Corollary D.2 we have that sup,, var(obs(n)) < +o0c. Hence, from (34)

we have

E (‘6N(x) — ()M(x))z) < (sup var (obs(n))) Z sinc 2(x — n),

M<|n|<N

“+o0
n=—00

for any x € R. The series >

(35)

sinc 2(x — n) converges for any x € R. Consequently,

from (35), for any x € R and € > 0 we deduce that there exists My € N such that if

My < M < N we have

(36)

Therefore, from the Cauchy criterion (see, e.g., [60, Theorem 6.6.2]) we deduce that, for

+00

any x € R, the series obs(x) = >/

0o obs(n) sinc (x — n) converges in quadratic mean

to a limit that we can therefore call obs(x). This concludes step (a). We now turn to step

(b) that proves that, for any x € R, the series Z:ﬁi o0 IE (0bs(n)) sinc (x — n) converges to

a deterministic constant.

Step (b) From Proposition 3.1, for any x € R, we have

N N

Z [E (obs(n)) sinc (x — n) = Z (ﬁa (;) * u) (n) sinc (x — n).

n=-N n=-N

Combining (29) and (37), we have that, for any x € R,

N N
Z E (obs(n)) sinc (x — n) = z (%loz (;) * it) (n) sinc (x — n)
n=-N n=-N
N
d i —n).
+u |:/R(x(t) ti| nzz_N sinc (x — n)

(37)

(38)

We first deal with of the first term on the right-hand side (RHS) of (38). From Definition 1
we have iz € L}(R) and i is [—, 7] band limited. From Definition 3 @ € L' (R). Therefore,
from Young inequality (see, e.g., [61, p. 525]) we have that (l—}/‘a () = ﬂ) € LY(R) and is

Page 21 of 39
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[—m, 7] band limited since i is band limited in this range. Hence, we deduce (see, e.g., [40,
p. 354]) that, for any x € R, there holds

~+00
Z (ﬁa (;) * ﬁ) (n) sinc (x — n) = (ﬁa (;) * L”t) (x). (39)

n=—00
We now deal with of the second term on the RHS of (38). For any x € R, we have
:,:‘i oo Sinc (x — n) = 1. Thus, combining (38) and (39) we have that, for any x € R,
there holds
+o0 1 .
Z E(obs(n)) sinc (x — n) = (—oz (—) * it) (%) + 1 |:/ a(t)dti|, (40)
S vl v R

From Definition 1, for any x € R, we have that u(x) = ii(x) + p. In addition,
1 |17|oe(§)udt = p [°7, a(t)dt. Hence, from (40) we obtain that, for any x € R, there

holds
+o0o
z [E (obs(n)) sinc (x — n) = (ia (—) * u) (x). (41)

vl v
n=—00

This concludes step (b).
We now combine the steps (a) and (b). Combining (17) and (30), the series

+00 +00 +00
Z obs(n) sinc (x — n) = Z obs(n) sinc (x — n) + Z E (obs(n)) sinc (x — n)

converges, for any x € R, in quadratic mean to a limit that we can therefore call
obs(x). Indeed, from step (a), it is the sum of the quadratic mean convergent series
ZQIZ N obs(n) sinc (x—n) and, from (41), of the deterministic constant (ﬁa (;) * u) (x).

Consequently, we deduce that, for any x € R, the series defined in (17) converges in
quadratic mean. Thus, for any x € R, we call obs(x) this limit. We now turn to step (c) that
gives explicit formulae for the expectation and variance of the quadratic mean convergent
series obs(x) defined in (17).

Step (c) The convergence in quadratic mean implies the convergence of the two firsts
moments (see [59, Example 5.6(a), (b), p. 158]). Therefore, for any x € R we have

N o0
E Z obs(n) sinc (x — n) Nz IE( Z obs(n) sinc (x — n)); (42)

n=—-N n=—00

N 00
var Z obs(#) sinc (x — n) Noeo var( Z obs(n) sinc (x — n)). (43)

n=-N Nn=—00
In addition, the linearity of the expectation and the independence of the observed

samples obs(n) imply that, for any x € R,

E i obs(n) sinc (x — n) | = i [E(obs(n)) sinc (x — n); (44)
n= _A][V n= —A][\I
var Z obs(n) sinc (x — n) | = Z var(obs(n)) sinc 2(x — n). (45)
Thereforejl :O;Vbining (42) with (44) andnt:h:\][)eﬁnition (17) of obs(x) we have
i E(obs(n)) sinc (x — n) Nz E(obs(x)), (46)

n=-N
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for any x € R. Similarly, combining (43) with (45) and the Definition (17) of obs(x) we

have that
N
z var(obs(n)) sinc (x — #) Nooo var(obs(x)), (47)
n=-N

for any x € R. Combining (41) and (46) we have that, for any x € R,

E(obs(x)) = (ﬁa (;) % u) ).

Hence, we proved (18). From Proposition 3.1 and (47) we deduce that, for any x € R,

N
z [(ﬁa (1—/) * u) (n) + (7,2] sinc 2(x — n) Nooo var(obs(x)). (48)
n=-N
Since, for any x € R, we have Z::o.ioo sinc 2(x — n) = 1, from (48) we deduce that, for
anyx € R,
bs(x)) = S (Lo inc 2 2 49
var(obs(x)) = ,,:Z_:oo [(ma (1—/) * u) (n) sinc “(x — n)] +o/. (49)

Hence, we proved (19). In addition, from Corollary D.2, we deduce that, for any x € R,
var(obs(x)) is finite. This concludes our proof.

Appendix E: Proof of Lemma D.1 p. 20

From its Definition 1 the deterministic function iz = u — u is [—m, 7] band limited.
Therefore, we deduce that the function R > x — (ﬁa (;) * it) (x) is [—m, 7] band
limited. In addition, since u(-) = i(-) + u (see Definition 1) we deduce that, for any
x € R, (29) holds. We now prove that u is uniformly bounded. From the remark we have
a € LY(R). Recall that from Definition 1 we have iz € L'(R). Hence, from Young inequality
(see, e.g., [61, p. 525]) we deduce that (ﬁa (3) = 12) € LY(R). Therefore, by Riemann—
Lebesgue theorem (see e.g., [52, Proposition 2.1]) we have that R > & > F (Ol (‘—}) * a) &)
is continuous. In addition, from Definition 1 we have that i is [—m, 7] band limited.
Therefore, R 5 £ — F (I—]l/‘a (;) * 12) (&) is compactly supported. Hence, we deduce that

F (ﬁa (;) * 12) € LY(R). Thus, by Riemann—Lebesgue theorem we have that ﬁa (;) * il
is uniformly bounded. It follows from (29) that ﬁa (;) * y is uniformly bounded. This
concludes our proof.

Appendix F: Proof of Proposition 3.3 p. 15

We first prove (21) then (22) and (23).
We need to recur, again, to a convergence argument prove the validity of (21).
Therefore, for any x € R, we set

N

uﬁgt(x) 1= Z obs(n)y (x — n). (50)
n=-N

Note that hereinafter, ué‘gt (%) denotes the N -th term of the sequence defined in (50). From
Definition 5, we deduce that y satisfies

yix) < Vx € R. (51)

~14a2
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Hence, from (51) y obeys the same decay as the sinc. Thus, we deduce that the
rest of the proof follows exactly the same arguments as for the construction of obs(x)
leading to Proposition 3.2. Therefore, we obtain that, for any x € R, ul (x) =

]r:] _ _x 0bs(n) sinc (x — 1) converges, in quadratic mean, to a limit that we can therefore
call ueg¢ (). This proves (21). Quadratic mean convergence implies the convergence of the

two firsts moments (see [59, Example 5.6(a)—(b), p. 158]). Therefore, we again obtain that,

foranyx € R,
E (Ué\gt(x)) Uit E (uest(x)) ; (52)
var (ugt(x)) Noteo var (Uest (%)) (53)

It remains to prove (22) and (23). To this aim the next lemma will be useful.

Lemma F.1 (The inverse filter y gives back an unbiased estimator of u) Let o and y be
as in Definition 5. For any x € R, we have

+00
Z (ﬁa (;) * u) (n)y(x — n) = u(x). (54)

=—0Q

Proof The proof is in Appendix G. ]

Combining Proposition 3.1 and (50), for any x € R, we have

N . .
B, (x)) = z [(ma (;) * u) (n)} v(x — n). (55)

n=-N

From Lemma F.1 we deduce that, for any x € R,
N N—oo
E(ugg (%)) —— u(x). (56)

Combining (52) and (56) we retrieve (22). The independence of obs(xn) implies that, for
any x € R, var (uggt(x)) = ZIYN var (obs(n)) y2(x — n). Hence, from (53), for any x € R,
we have that var (ues (%)) = ng var (obs(n)) y2(x — n). We now justify that var (11es;(x))

is finite for any x € R. From Corollary D.2, we have sup,, var (obs(n)) < +oo. Thus, it

+00
n=—0oQ

have that y is [—, ] band limited. In addition, from (51) we have that > € L'(R).
Hence, we deduce that y? is such that y2(£) is supported on [—27, 277]. Moreover, from

remains to show that > y%(x — n) is finite for any x € R. From Definition 5 we

the definition of y 5 we have

P2(2) = (7 % 7) (27) = / Uonm @7 28) 4 (57)

- a(vé)a (v(2r —§))

The integrand in (57) is non-zero only on the zero Lebesgue measure set {7 }. Therefore,
we have y2(27) = 0. Similarly, we have y2(—27) = 0. Thus, from the Poisson formula
(see Appendix L) we deduce that

+o00 . P +00
> rPean =y20 = D va—n =yl <+ (58)
n=-—00 n=-—00

since, from remark we have that y € L?(R). This concludes our proof.



Tendero and Osher Res Math Sci(2016)3:4

Appendix G: Proof of LemmaF.1 p. 23
The proof is based on the Poisson summation formula (see Appendix L) and on the
following lemma.

Lemma G.1 (Poisson like formula for the inverse filter y) Let « and y be as in Definition 5

(page 15). For any x € R, we have Z:{i’ioo yix—n) = m,

Proof The proofis in Appendix H. O

We now give the calculations details.
The proof is in three steps. The step (a) proves that, for any x € R,

nioo (ﬁ“ (;) * M) (n)y(x —n) = ((ﬁa (;) * u) * y) (). (59)

The step (b) proves that, for any x € R,

((ﬁ“ (7)* ”) * V) (x) = (). .

The step (c) combines the steps a) and b) with Lemma G.1 and (29) to deduce (54). We
now turn to step (a).

Step (a) For any x € R, we have

0]

3 (o0 omn= 7 (o) oo

To justify (61), consider the intermediate function f, defined by
1 .
£:0) = (e (5) %) W)y —y) foranyy € R. (62)
'\
With the help of the function f; defined in (62), the left hand side of (61) rewrites as

o

o L

Using the Poisson summation formula (see Appendix L) we will prove that

Z Jeln) = £(0) (64)

Provided (64) holds, the equality in (61) follows from the definition of the Fourier
transform f;(0) = i, f(»)dy. Indeed, from the Definition (62) of f; we have [, f;(y)dy =
(I o ( ) * u) (»)y (x — y)dy which coincides with the RHS of (61). Therefore, provided
we prove that (64) holds the equality in (61) holds. We now turn to the validity of (64).

Using the Poisson summation formula (see Appendix L), we now justify (64). In order to
apply the Poisson formula we first need to prove that f, € L!(R) and band limited. From
Cauchy—Schwartz inequality (see, e.g., [61, p. 140]) we have

1 .
Lo (o)
14 v

In addition, from Young inequality (see, e.g., [61, p. 525]), we have

e ()ea| =)

Wfllzr ) < ‘ 17 1l z2m)- (65)

L2(R)

<

< 22/l 1 (g)- (66)
L2(R)

L2(R)

Page 25 of 39
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Therefore, combining (65) and (66) we have

Wlliwy < lleell 2yl oy lly 122wy (67)
Furthermore, from Definition 1 we have &z € L'(R), from remark we have o € L*(R)
and from the remark we have y € L%(R). Therefore, from (67) we deduce that f;, € L1(R).
From its Definition 1 iz is band limited. Therefore, from its Definition (62), we deduce that
fx is band limited. This means that we can apply the Poisson formula to f;. The Poisson
summation formula (see Appendix L) applied to f; entails

~+00
> flm) = ful2mm). (68)

n=—0oQ
Recall that we need to prove that (64) holds. Therefore, we need to prove that the term
m = 0 is the only non-zero term in the RHS of (68).
From the Definition (62) of f;, we have

J(&) = (@()i() * 7 (e ™)), (69)
for any & € R. From Definition 1 we have that u is [—7, ] band limited. This implies that
the function R > & > &(£v)i(€) is [—7, 7] band limited. From its Definition 5 y is also
[—m, 7] band limited. Therefore, from (69), we deduce that ﬂ(é ) = 0 forall £ € R such
that |£| > 2. Thus, from (68) we deduce that

+00
D fuln) = £(0) + fo(—27) + fu(27). (70)
n=—00
Yet, to prove that (64) holds we need to show that ﬂ(—ZJT) = fx(Zﬂ) = 0. We now show
in details that fx(27r) = 0. From (69), f"x(f) is given by a convolution [see (9) for the
definition]. Thus, the evaluation of (69) at § = 27 yields

frem) = [ atevicerren - e (71)
R
Recall that, from Definition 1, iz is [—m, 7] band limited. Thus, from (71) we deduce that
7-[ .
fiem) = [ aeie)per - e 72)

The integrand in (72) is non-zero only on the zero Lebesque measure set {r}. Hence,
we deduce that f"x(Zn) = 0. Similarly we obtain fx(—Zn) = 0. Thus, we proved that (64)
holds, i.e., we can remove the question mark in (64). Consequently, we have that (61)
holds. Furthermore, from the Definition (9) of the convolution we have

/_:o (ﬁ“ (;) * u) )y (& —y)dy = ((ﬁ“ (;) * u) * y) ), (73)

for any »x € R. Hence, combining (61) and (73), for any x € R, we obtain (59). This
concludes the step (a). We now turn to step (b).

Step (b) From the Definition (14) of the Fourier and the inverse Fourier transforms, for
any x € R, we have

1 ) Lo
(ENE ISR P A
Since 7 (4t () = &(&v), from (74) we have

((ia (2) u) } y) () = F (@EiE)7 @) (), (75)

vl v
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for any x € R. From the definition of the inverse Fourier transform (xiv) and (75) we
deduce that, for any x € R,
+o00
(o)) sr)w =5 [ " aieieede (76)
—0o0
From Definition 1 we have that i is [, 7] band limited. Consequently, from (76) we
deduce that, for any x € R,

1 : ~ 1 t a 2 A ix€
((—a ()« u) . y) 0= [ aniepeeds 77)
[v| v 2 J_»
From the definition of ¥ (20) we have that p(£§) = @ for any £ € [—x, w]. Hence, we

deduce that, for any x € R,

Lo () wa %y (x):i n&(g)e"xfdg. (78)
[v| v 2w

From Definition 1 we have that i is [—7, 7] band limited. This implies that, for any x € R,
1 . )
o [ e de = i), (79
21 R

where the last equality is justified by the definition of the inverse Fourier transform (14).
Thus, combining (78) and (79) we obtain (60). This completes the step (b). We now turn
to the step (c) that completes our proof.

Step (c) Combining (59) and (60), for any x € R, we have

o0

Z (ﬁa (;) * it) (n)y (x — n) = i(x). (80)

From Lemma G.1 we deduce that, for any x € R,

+00
m |:/Ra(t)dt:| > vl —n=p (81)

n=—0o0

Therefore, combining (29), (80) and (81) we deduce that, for any x € R,

ioz . (n)yx —n) = a(x) + u. (82)
[v| v

n=—0o0
From the definition of u# 1 we have u(-) = #(-) + . Thus, from (82) we obtain that, for any
x € R, (54) holds. This concludes our proof.

Appendix H: Proof of Lemma G.1 p. 24
Consider the 27 periodic function g : R — C defined as

g(§) == y(§) for anyé € [—m, 7) (83)

and the Dirichlet kernel D,(§) = % D hen ¢’k& . From its Definition 3 we have « €
L'(R). Therefore, by Riemann—Lebesque (see e.g., [52, Proposition 2.1]) we have that & is
continuous. From Definition 5 and (83), we have g(§) = y(§) = @ forany & € [—m, 7].
Since &(§v) # 0 for any § € [—m, 7], we obtain that g is continuous on [—, 7] and that
g € LY(—m, ). Since g € L'(—mn, ) it has a Fourier series decomposition [see (18)]. From
the Fourier series decomposition we have

¢ 5 Du6)i= o [ g0IDuE Dy = 3 a@e, (84)

per 27 J_n p
=—n



Tendero and Osher Res Math Sci(2016)3:4 Page 28 of 39

where, for any k € Z,
1 T i
c(g) = o /_ng(é)e_’ §da. (85)
We shall now pass to the limit # — 400 in (84). The Fourier series theory entails that
n——+00

gptr D, (&) = % ffﬂ gDy (& — y)dy ——— g(§) for any & € R where g is continuous

at &. Therefore, we obtain that
+o0

g = D al@)e™ (86)

k=—00
forany £ € R where g is continuous at £. We have that g is continuous at £ = 0. Therefore,
from (86) we obtain that
+0o0

g0 = > al. (87)

k=—o00

Hence, combining (83), (85), and (87) we deduce that
+0o0 1 P
o _ A —ik&
£(0) =7(0) = k_z_oo - /_n y(§)e ™ dE.

Since, from its Definition 5, y is [—, 7] band limited we obtain that

+00 1
7(0) = — | pE)e*deg.
0= 5 /]R p(E)e e de (88)
k=—00
In addition, from (51) we have y € L?(R). From (14), for any k € Z, we have
o [ P©)e e =y (k). (89)
T Jr

Hence, combining (88) and (89) we deduce that
+00

0= [ yor= 3 vk, 90)
R k=—00
This applies for any shift x € R of y. Hence, from (90) we deduce that
400
$O = [ vy = [ vl -pdy= 3 ye= ) 1)
k=—o00

for any x € R. In addition, from Definition 5, we have

0 ©2)
a(0)  [pax)dx
Thus, combining (92) and (91) we deduce that Z,‘:‘ioo yx—k) = W, foranyx € R.
R

This concludes our proof.

Appendix I: Proof of Theorem 3.4 p. 15
In order to provide closed formulae for the MSE and SNR we first evaluate var(uiest(x))
and then the limit of ﬁ ffR var (st (x))dx when R — +o0.

Combining (14) and (23), for any x € R, we have

var(uest (%)) = Z [((ﬁa (;) * u) (n) + 0,2) (yx— n))2] . (93)

n=—
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Therefore, from (93) we deduce that, for any x € R,
vt = 3 | (o () vu) w2+ o2 3 - nr on

n=— n=—0o0

From Definition 3, we have that « is non-negative. Therefore, [ ;1) = fR a(t)dt. Hence,
combining (29) and (94), for any x € R, we have

vt = 3 [ (e () ) 00— m2]

n=—0o0
oo

+ (g +07) D (vl —m) (95)

n=—00

Hence, combining (58) and (95), for any x € R, we have

vt = 3 [ (e () ) 00 - m2]

e
Hulletlly + o)1y 1 2y (96)

Moreover, from the Definition 5 and Plancherel identity (140) we have
+o00 1

1y 172z jp L (€)d5. 97)

T 21 ) la(Ev

Thus, combining (96) and (97) we deduce that, for any x € R,

var(ues(x) = [(ﬁa () *u) (n)(y(x—n))z}

n=—0oo
wlell gy + o
+

2

1
| g tieamee 98)

From Proposition 3.3, for any x € R, we have

E(uest () = u(x). (99)
Therefore, for any x € R, we have

E (|utes(6) — () [*) = var(uiese (@) (100)

Hence, combining (98) and (100), for any x € R, we have

E (Jues(6) — u(x)[*) = > [(ﬁa (-)+ u) (m)(y (x — n))z}

n=—0o0

L el + o} /ﬂ[_n,ﬂ@)ds
o r laEv))?

With the help of (101), we now calculate the limit of ﬁ ER var(uest (x))dx when R —

+o00. The function R 3 x > > °° [( L o2 (;) * ﬂ) (m)(yx — n))z] belongs to L' (R).

n=—o0 | \ 1

(101)

Indeed, we have

+o00 00 .
/—oo n:z_loo [(ﬁ“ ;) *”) (m)(y (& ~ n))z} dx
& 1.
=< —al-)*xa)B)|(yx—n "
- 2. H(IVI (v) ~)( )| (r( ))2}d 102)
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Hence, it follows from (102) and Fubini theorem (see, e.g., [53, p. 196]) that

/:O nioo [(ﬁ“ (;) * ”) (m)(y (x = n))z} dx
> [[(Ee)-)w

n=—

For any n € Z, we have

+00
/ (o — n))zdx]. (103)

—00

“+oo
/ (y(@ —m)dx = Iy I 2(q)

—00

Therefore, from (103) we deduce that
IS [(La (D) wa) e —n2]|a
L2 [(m"‘(;)*”)””‘” J e
<y 2 Z ‘( V )(n)

From Definition 1 we have &z € L1(R) and # is [—7, ] band limited. From Definition 3

(104)

« € L'(R). Therefore, from the Poisson summation formula (see Appendix L) we obtain

that
1 . .
Z ’(M v )(")‘= M“(E)*”

Indeed, from Young inequality (see, e.g., [61, p. 525]) we have that (l—}/‘(x (‘—/) * 12) e LY(R).
In addition, from (51) ¥ € L2(R). Thus, combining (104) and (105) we deduce that

+o0 00 1 ' )
/—oo ,Zoo [(W (5)+ ”) (m)(y (x ~ n))z}
and therefore obtain

/ Z [(Ivl (v) % u) () (y (x — n))Z] dx 221, (106)

For any R > 0, from (98) we have that

%? var(Uest (x))dx = R (/ Z |:( |V| (v) * 12) (n)()/(x—n))2:| dx)

< 4o00. (105)

LY(R)

dx < 4o00.

(107)
wlellpg) + o 1
+ LZ(;f) - ~/R |&(§V)|2]l[_”’”](§)d$' (108)
Combining (106) and (107)-(108), we obtain
L* Roco Ml +ol [ 1

2R d 1y (E)de,

IR _RVaf(Uest(x)) X Dy /]R|d(§v)|2 [ n,n](é) é
(109)

Hence, combining (100) and (109), we deduce that, for any x € R,

1 (R 2 Rooo Mllellpigy + 07 1

— E — d 1_ d

o7 | B (et = ) ol [ IO,
Therefore, (24) is proved. The proof of (25) follows from the definition of u (Defini-
tion 1), (22) and the above equation. This concludes our proof.
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Appendix J: Proof of Theorem 4.1
From Theorem 3.4 we have

" el +o7 dr)
MSEoded exposure(a) :/ ® 4 (110)

o |d($v)|2 2’
where dA denotes the Lebesgue measure on (R, B(R)). Let S := {otof the form (12),
a € LY(R), 0 < o < 1}. From Definition 3, we deduce that optimizing the coded exposure
method boils down to finding « € S that minimizes (110). We wish to prove that (27)
holds true. Our proof is in 4 steps. Step (a) proves that, for any o € S, (110) is bounded
from below, namely that there holds

inf (MSEcoded exposure (o ))
aEesS

> /”'”'“ pAL S yeplen 0P i)

> . (111)
(e @)arel-11] \ J—x|v|At |y| At3sinc? (%) 1>z akefik€|2 27

Step (b) proves that as soon as |[v|At < 1 the RHS of (111) can be rewritten in terms of
Fourier series and that there holds

inf (MSEcoded exposure (a))

aEesS
- /”'W WAL NGy + 07 di)
> in
fermmisf=t\ Joaiviat vl Acsine? (55 ) [f(-9)* 27

(112)

Step (c) proves that the RHS of (112) is attained by constructing an adequate f that allows

to show that

2
+0?

L2(—m,m) "

nAtC?

1
sinc (ﬁ) ]l[_”|V|ALﬂ|V|At](')

At2C2

inf(N[SECOded exposure (a )) >

a€eS
(113)
Step (d) proves that (27) holds by giving a closed form of the RHS of (113), and giving a

formula for the constant C. We now turn to step (a).

Step (a) From its Definition 3 we have that «(¢) € [0, 1] for any ¢ € R and that « € L1(R).
Hence, we deduce that &® < « and that [; |a(x)[dx > [, [o(x)|*dx. Hence, from (110)
and the definition of S, we obtain that

(114)

-

7 pllellZs g +of dA(E))

1r51f (MSEcoded exposure(a)) = llgf (/ (Ev) ’2 o

In addition, the form of « given in Definition 3 and the fact that £}(Z) C ¢%(Z), imply that
S C {Ot of the form (12), « € L2(R),0 < « < 1}. Thus, from (114) we deduce that
2

7 pllelfog, + 07 dae)
inf / 5
S \Jox &(§V)| 2
™ Mllalle(R) + 02 dx(g))

> inf / 5
aof the form (12), «€L2(R), 0<a <1\ .J—x |6{(‘§V)| 2

(115)

Consider the set T := {aof the form (12), ¢ € L*(R), -1 <« < 1}. We have that S C
{a of the form (12), « € L2(R),0 < «a < 1} C T. Therefore, combining (114) and (115)
we deduce that
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7 pllel o + 07 dae)
inf (MSEcoded exposure(a)) > inf / L® ) - . (116)
N T \J_x |d($v)| 2

Our goal is to evaluate the RSH of the above equation. From Definition 3, by an easy
calculation of a Fourier transform (14), we deduce that, for any £ € R, there holds
2

EAL +00 +00
l&(&)> = | At sinc (?) Z age KA and ”O‘HEZ(R) = At Z oz,%‘ (117)
k=—00 k=—00
Hence, combining (116) and (117) we deduce that
g;f (MSEcoded exposure (05))
> inf /n 1AL Y e Il + o7 26N )
T (@)e2@), axel-11 \ J-x A£2sinc? (%) S ien ake—ikSVAt’2
Thus, by a change of variable, from (118) we deduce that
inf (MSE
;zréS ( coded exposure (Ol))
|v|At 2 2
N YD M e 1 O WA

> inf /
(@)e@), axel-111 \ J=zpvlar |v|A3sinc (%) |3 ey ke |
This concludes step 1. We now turn to step (b).

Step (b) Since, by assumption, we have |v|At < 1 we deduce that [—7|v|At, |v|At]
C [, 7] (note that sinc? (%) # Oforany & € [—m, ]). Assoon as |[v|At < 1, the term
> ker axe K that appears in the RHS of (119) is the Fourier series (18) synthesis formula
of some f € L?(—mx, ) function evaluated at —£. In other words, as soon as |[v|At < 1,
ax = ci(f) for any k € Z, for some f € L*(—m, ). From Parseval identity (18) we have
>k log|> = |[f||L2( o) Thus, form (119) and Riesz—Fischer theorem (see, e.g., [62, p.
27]), as soon as |V|At < 1, we obtain

T pALfIIT L 0P daE)
inf (MSEcoded exposure(a)) > inf / ey 2 2
It U \J-rwlat |y|At3 sinc (ﬁ) [f(=8)[" =7

(120)

where U := {f € L>(—n, ), —1 < f < 1}. This concludes step (b). We now turn to step
(c).

Step (c) On the one hand, oy = ¢ (f) € R for any k € Z and the Hermitian symmetry
implies that |[f(—&)| = |f(§)]. On the other hand, the function (0, +00) > x }C is strictly

convex. In addition, we have w

232]), from (120) we obtain that

= 1. Thus, by Jensen inequality (see, e.g., [59, p.

e /mmt PALI Ty T 07 di(E)
n -
feu \ 27 J_xpiat |v|At3sinc? (%) F-o)* 27

WAL 112 + 0}
> inf L2m,7) . (121)

. 2
S\ [T massine? () [F©)* 42
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The strict convexity of (0, +00) 3 x > }C implies that the equality case in (121) is realized

when & — sinc? (%) [f(é)|2 is constant say C > 0 on the interval [—m|v|A¢ w|v|At].

We choose tosetf(§) := L& forany & € [—m|v|At |v|At]. It remains to extend this
Sin b=

2w
fon [—m, x]\[-7|v|At |v|At], and discuss the value of C, to give a complete definition

ofanf € L%(R) that provides, through its Fourier series, a lower bound for the MSE of
any coded exposure method. From the term |Lf||%2(_ﬂ)ﬂ) in (121) it is easy to see that we
need to extend f by zero on [—m, 7]\[—7|v|At w|v|At]. This yield to the definition of
f € L*(—m, ) of the form

C
) L npiagriviangé) (122)

) =——"7—
/ sinc (i

2
where C is a positive constant. Being real and even, this f therefore entails that the a; =
¢ (f) arereal. The f given in (122) provide the equality case in (121). Thus, combining (120)
and the equality case in (121) given by the definition of f (122) we deduce that, as soon as
|[v|At < 1, there holds

inf (MSEcoded exposure (O‘))

aesS

2
w|v|At MAtC

1
sine () L-mviaeaivian ()

2
)+Gr dxr

/ L2(—m,
T Joapae [v|At3C2 2

where C is a positive constant. It remains to set the value of C in (122) so that f € U, i.e,,

(¢ )) (123)
T

to ensure that |ax| < 1 (recall Definition 3). From (123) it is easy to see that we would
like C as large as possible, while |cx(f)] < 1 so that f € U. From their Definition (18)

we have that |c(f)| < % Z‘Tﬁit ,L(E))dé . Therefore, we deduce that we need C <
sinc bra

1

in order to ensure that [k (f)|] < 1 for any k € Z. Therefore, we

1 mlv|At C d
2 J—m|v|At sinc (%)
deduce that the choice
1
C .= (124)

v|At pm 1 d
2T f—n sinc (%ﬁt) 5

in the definition of f is enough to provide a lower bound to the MSE of coded exposure
cameras. That is this choice for f realizes in infinimum of the RHS of (120). In other

words, from (123) we deduce that, as soon as |[v|At < 1,

inf (MSEcoded exposure (a ))
aEesS

2
AtC? .;.]]. — : + o?
_ /nth 1% sinc (=) [ nllet,nllet]() 2(—nm) " dA®) (125)
= Joawiar lv|A3C? 2m
with C given by (124). From (125), as soon as |v|At < 1, we obtain
AtC? | —L—1 ’ ;
t —— 7 d[— . +
inf(MSE (@)= - e Gy sy
o coded exposure = At2C2 g
(126)

This concludes step (c). We now turn to step (d).
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Step (d) It remains to give a closed form for (126). On the one hand, we have

2
2 1
wAtC ml[_nwmt,nwmt](') ) " /nlet 1
5 — —dg
At2C? 2 At J_q At sinc 2 (%)
(127)
vl [T 1
_ Al — _d&. (128)
27 J_x sinc? (S'ZLN)
On the other hand, from (124), we have
2
o o [IvAt /” 1 d&
A2C?2 A2\ 27 J_n gine (Sgﬁt)
2
1 T 1
:G,2|V|2 2—/ —Atdé . (129)
T J-m sinc (S;ﬂ )
Thus, combining (127)—(128) and (129) we deduce that
2 1 2
wAtC Wl[fﬂwlAt,ﬂ‘let](‘) i) + o,
Ar2C2
2
wlvl ™ 1 1 (7 1
T Jn sincz(—ﬂ;}lf ) T J-m sinc (5‘2’11 )
and therefore
2
2 1 2
UALC Sinc (ﬁ)+orzﬂ[—n|v|At,n\v|At](') ) + o,
: 130
Ar2C? (130)
2
[T dé 1 (" dé
— v —/ —— ol o | ——— | |- (131)
T

27 ) cine 2 (ElvIAL T i §vAL
T sinc o T sinc o

Combining (126) and (130)—(131) we obtain (27) and conclude our proof.

Appendix K: Proof of Corollary 4.2 p. 17

In order to evaluate the maximal theoretical “gain” of coded exposure camera we need to
compare the bound in terms of MSE given in Theorem 4.1 namely (27) with the MSE of a
snapshot. Therefore, the proof is in two steps. The first step prove an upper bound for the
MSE of the optimal snapshot. Step (b) calculates the ratio of these MSE and prove (28).
We now turn to step (a).

Step (a) From Corollary 3.5 and the definition of the sinc function (16) we have

1 [T pAt+o? 1 [T pAt+o?
MSEsnapshot (Af) = g/ : rAt 2d =5 ; : Atr ng'
- : v _r v
e (T )
2
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Hence, we deduce

2
1 [T pAt+o? WAt + 02 [T Ev
MSEsnapshot(At) = 2_/ . 2d = . / dg
T J—m sin(w) 21 -7 |2sin (%)
23— 2
Ev
and therefore obtain
2
WAL + vo? [T £
MSEsnapshot(At) = |v| - dé. (132)
27 -7 | 2sin (—‘EVZM)
Thus, combining (26) and (132), we deduce that the MSE of a snapshot with exposure
time equal to At := ﬁ (this implies that support of the blur kernel is 1 pixel) satisfies
1
MSEoptimal snapshot = MSEsnapshot At = m
2
o 1 [7 §
= vl (n+ Ivloy) — — | d& (133)

27 ) n ZSin(%)

Indeed, the optimal snapshot, if it exists has, by definition, a MSE lower or equal to the one
in Eq. (133). In other words, (133) provides an upper bound for the MSE of the optimal
snapshot. We now compare the MSE of the coded exposure method given by Theorem 4.1
namely Eq. (27) and the MSE of this snapshot in step (b).

Step (b) From Theorem 4.1 (p. 17), as soon as |v|At < 1 we have

2
wo[T d& 1T d
MSEny fluttter (@) > |V 2—/ —At+0}”2|v| by T e\
TJ—m sinc? (—E‘glr ) TJ-n sinc (—;n )
(134)
2 Lom o dE
L w ()
= I %/ : EvAL " 2 Torlvly.
-7 sinc ( = ) L d&
2 =T Ginc (E;—ﬁt)
(135)
In addition, by Jensen inequality (see, e.g., [59, p. 232]), we have
2
1 /” de 1T de
27 ) sinc (é;?t) T 27 J_x ginc? (5|;7\1At)
Hence, we deduce that
1 7 dg
2 f_” sinc%%)
—= =1 (136)

2

Page 35 of 39



Tendero and Osher Res Math Sci(2016)3:4

Thus, combining (134)—(135) and (136) we deduce that

2

1ot de )
MSEany fluttter (@) > [V ) ——————~ [/L-FO', |V|]
TTJ-m sinc (—Egﬁt)

and therefore obtain
1 1

< . (137)
MSEany fluttter (@) - d 2 )
vl Effn sinc (%) [M+OV|V|]
Thus, combining (133) and (137) we obtain
= L
MSEoptimal snapshot MSEsnaPShOt (At '_ \Vl)
MSEany fluttter (@) MSEany fluttter ()
2
W o 7 || dE | [+ Ivie?
2 T 2$1n(%) [ r ]
<
- 2
1 dé
vl (Ff—n sinc (svm)) [/’L + 07'2|V|]
2
and therefore
2
1z £ de
1 2 f —7 | osin(&
MSE optimal snapshot < MSE napshot (At T |V|) < sm(2) (138)
MSEany fluttter (@) MSEany fluttter (@) N - d 2
Ef—n sinc (%)

Equation (138) is valid for any « that satisfies Definition 3 and |v|At < 1. In other
words, (138) is valid for any coded exposure method that satisfies |[v|A¢ < 1. Hence (28)
is proven. This concludes our proof.

Appendix L: Poisson summation formula for L'(R) band-limited functions
This section proves that the Poisson summation formula that we use in this paper is valid.

The Poisson summation formula is, formally,

+o00 +00
> fy= > feam). (139)

However, (139) is not always valid when f € L}(R). Indeed, even when both sides of (139)
converge absolutely the equality may fail (see, e.g., [63] and [64, Example 1.17, p. 163] for
an example of f € L!(R) such that f e L'(R) for which (139) fails). A classic condition
that ensures that (139) holds involves decay estimates of both f and f at the infinity (see,
e.g., [61, Theorem 1, p. 628]) and does not apply if f is just in L' (R) and band limited. Other
results involve bounded variation assumption (see, e.g., [63]) on f that are not applicable
here. Therefore, we shall now provide a proof that (139) holds in our case that is for an
f € L'(R) and band limited. Our proofis based on [65]. Let f € L!(R) be such thatf(é) =0
for any & such that |§| > C for some constant C. From Riemann-Lebesgue theorem (see
e.g., [52, Proposition 2.1]) we have f is continuous. From the band-limited assumption
we deduce that f € LY(R). Since f is band limited the series Z;:Loo f (2mrm — x) is finite
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and therefore converges uniformly in x € R. By Plancherel-Pdlya inequality (see [66, Eqs.
(25) and (26), p. 233], since f € L'(R) and band limited it satisfies the growth condition)
we obtain that Z,‘:ﬁ’i oo F )| < Allfll 1) for some positive constant A. Therefore, the
series Z,J(:'i oof (k) converges. Thus, we can apply [65, Theorem 2, p. 147] (with g := f
and W = %) to deduce that (139) is valid for any f € L}(R) band limited.

Appendix M: Main notations and formulae
1. ¢ > 0 time variable.
At length of a time interval (exposure time).
x € R spatial variable.
X ~ Y means that the random variables X and Y have the same law.
P(A) probability of an event A.
E(X) expected value of a random variable X.
var(X) variance of a random variable X.

® N U W

P(A) Poisson random variable with intensity A > 0. Thus, if X ~ P(1) we have
P(X = k) = M

9. fxg Convolutlon of two functions (f * g)(x) = [ f(1)gx — y)dy
10. obs(n), n € Z observation of the scene at a pixel at position 7.
11. v relative velocity between the scene and the camera (unit: pixel(s) per second).
12. o) = Zk__ o Likag(k+1)ae)(+) exposure function ((a)x € N(Z)).

13, flpe = Je @I, If 2@ =/ Jz 1 x>|2dx.

14. Let fg € LYR) or L*(R), then ]:(f = f = [of@®)e ™ dx and

FUFO)) == Fx) = fx) = 5 fR f(f)(é)emsdé Moreover F(f * g)(§) =
F()(&)F(g)(€) and (Plancherel)

1 2 1
/R P de = 1f o) = 5 /]R [FOI" ©)ds = —IF ) (140)

15.  u ideal (noiseless) observable scene.

16, sinc (¢) = 20 = LA a0)) = F ' (U r,n)).

17. 1|4 indicator function of an interval [4, b].

18. Letf € LY(—m,7) or f € L*(—m, ). The n-th Fourier series coefficient of f is
cn(f) = % [T fe)e~™de and we havef(t) = 10 cu(f)et™. Moreover we
have (Parseval)

= 2 9 1 [ 2
S (el P = Iy = / o) de. (141)
e ’ 2 J_5
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