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1. INTRODUCTION

Upon its definition, the B-treepromptly proved to be an effective accessmethodfor the
primary applicationsof relationaldatabases[Bayer andMcCreight 1972]. The success
andubiquity of the relationaldatamodelarguablyowesmuchto the timely definition of
theB-tree.Sincethen,amajorthrustof databaseresearchhasbeento extendtherelational
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2 Joseph M. Hellerstein et al.

modelandrelationalsystemsto managemorecomplex typesandmoreexpressive query
languages.TheB-treeis widely recognizedto beaninadequatedatastructurein many of
thenovel contexts,andnosingle,general-purposesuccessorhasemergedto enablethedi-
versityof applicationsandrequirementsfor contemporaryinformationsystems.Therefore,
it is importantto developgeneralmethodologiesandtoolsfor thedesignof new indexing
methods,aswell asmathematicaltoolsto, apriori, evaluatetheirperformanceandidentify
their limitations.

A systemsapproachto the“generalizedindexing” problemhasbeenproposedandim-
plemented[Hellersteinet al. 1995;Kornacker et al. 1997;Aoki 1998;Kornacker 1999].
Theresultshighlightedtheneedfor theoreticaltoolsto rigorouslyanalyzeindexing prob-
lems. To aid developersof new indexes in this generalframework, a kind of theoryof
indexability is required:a mathematicalmodelthatallows the performanceandscalabil-
ity of an indexing schemeto be evaluatedmuchascomplexity theoryis usedto evaluate
algorithms. Wherecomplexity theoryconsidersin-memorydatastructures,a theoryof
indexability mustconsidertheimpactof disk-basedsecondarystorage.

Our pragmaticresultsfocuson themulti-dimensionalrangesearchproblem,a common
workloadfor many advancedapplications.An enormousamountof experimentalresearch
hasbeendevotedto thisproblem:arecentsurvey citesover50differentmulti-dimensional
datastructures[GaedeandGünther1998].Many commercialvendorsof Object-Relational
DatabaseSystemsandGeographicInformationSystemsuseoneof thesestructures,typ-
ically somevariantof the R-tree[Guttman1984], the Grid File [Nievergelt et al. 1984]
or disk-residentadaptationsof thequad-tree[Samet1989]. This researchis primarily ex-
perimental. Analytic researchon thesestructureshasconcentratedon probabilisticand
empiricalstudiesof their average-caseperformance,undervariousdataandquerydistri-
butions.

At thesameperiodof time thatheuristicdisk-basedindicessuchastheR-Treewerein-
troduced,thecomputationalgeometrycommunitywasstudyingmain-memorydatastruc-
turesfor rangesearching,payinglittle attentionto secondarymemory. In contrastto most
multi-dimensionalindexing researchby the databasecommunity, the work in computa-
tional geometryis mostly theoreticallyoriented,with an emphasison worst-caseasymp-
totic performance.We believe that thestriking contrastbetweenthesetwo approachesto
the sameproblemarosefrom a fundamentalfact: for two-dimensionalrangesearching
(andmoreso for higherdimensions),optimal querycostcannotbe achieved with space
proportionalto thedataset,but insteadrequiressignificantstorageredundancy, typically
by a multiplicativefactor at leastlogarithmicto thesizeof thedataset[Chazelle1990a].
Of course,redundancy hasoftenbeenusedin databasesto accelerateperformance:index
structuresarethemselvestypically redundantto thedatasetsthey index, andtheaddition
of logarithmicspaceis standardfor upperlevels in searchtrees.However, thespacecost
of redundancy in databaseshasrarely beenashigh asa logarithmicmultiple to the size
of the dataset. This is only reasonable:databasesusually storevery big datasets,on
topof whicha logarithmicfactorof redundancy makesthesolutionconsiderablymoreex-
pensive in space.Also, high redundancy increasestheI/O costof onlineupdates,at least
proportionallyto the redundancy. For thesereasons,low-redundancy accessmethodsare
typically usedin practice[Kornacker1999;Kanthetal. 1999]1.

�
A notableexceptionto this rule is theinvertedindex techniquewidely usedfor text retrieval (see,e.g.,[Witten

et al. 1999]), in which eachdocumentidentifier is replicatedin the index aboutasmany timesastermsin the
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On a Model of Indexability and its Bounds for Range Queries 3

Thus,databaseresearchconcentratedon datastructureswith low redundancy, with very
badworst-casebehavior, but with the hopeof reasonableaverage-casebehavior for real
workloads.Loweringtheobservedaverage-casecosthastypically beenachievedthrough
problem-specificheuristics,which take into accounttheparticularitiesof variousdatasets
andqueryworkloads.For example,accessmethodsfor two-dimensionalgeographicdata
have beendifferentiatedfrom accessmethodsfor temporalqueriesover one-dimensional
data,by a choiceof heuristicsappropriateto theexpecteddistributionsof respective data
setsand typical queries,despitethe fact that from a conceptualpoint of view the two
problemsareequivalent.

Thetwoapproachespresentedabove(adhocandapplication-dependentindexingschemes
versushighly redundantcomputationalgeometrydatastructures)arein a senseextreme:
onepenalizesworst-casequeryperformanceby keepingspacelinear, the otherstrongly
favors queryperformancewithout regardto the storagecostbecomingprohibitive. The
resultsin this paperstrive to reconcilethesetwo approachesby exposingandstudyingthe
fundamentaltrade-off betweenI/O time andspacefor theseproblems,andinvestigating
techniquesthatareparameterizedby thetotal spaceor thedesiredworst-casequerycost.

1.1 Indexing Workloads and Indexing Schemes

Databaseaccessmethodsmustbe evaluatedin the context of a particularworkload. A
workloadconsistsof an instanceof a database(a finite subsetof somedomain),together
with a setof queries(a givensetof subsetsof the instance).In one-dimensionalindices
suchasB-trees,for example,the instanceis sometotally orderedfinite set,andthemost
commonqueriesconsideredarerangequeries, thatis to say, intervalsof this order. Other
commonworkloadsincludemulti-dimensionalpoint setswith rangequeries,setsof inter-
valswith stabbingqueries,andpowersetswith intersectionor inclusionqueries.

In whatwe termindexability theory, theworkloadplaysa role similar to therole a par-
tially recursive languageplaysin complexity or decidability theory: it is the unit whose
complexity mustbecharacterized2. For eachworkloadwe haveaspaceof possibleindex-
ing schemes;theanalogof algorithmsthatpartiallydecidethelanguage.Suchanindexing
schemeis a collectionof � -subsetsof the instance,which we call blocks. Theblock size
� is assumedfixedandvery large(usuallyin thehundreds).Theunionof theblocksex-
hauststheinstance.Eachqueryis answeredby retrieving a setof blocks,whoseunionis a
supersetof thequery.

Our approachsuppressesimportantaspectsof indexing, suchasthealgorithmsfor de-
terminingthepartitionof theinstanceinto blocks(possiblywith repetitions),aswell asthe
algorithmsfor determining,givena query, theblocksin the indexing schemethatcover it
(e.g.,thecostof traversinga treeto its leaf level). Furthermore,wealsoignorethestorage
andretrieval costsnecessaryto supportsuchalgorithms,e.g.,auxiliary informationsuch
as“directories”or “internal nodes”.Theseomissionsarejustifiedin threeways: first, we
aremostlyinterestedin lowerbounds,andthereforewearefreeto disregardaspectsof the
complexity of theproblem.Second,in practice,theseaspectsdonotappearto bethesource
of designdifficulties or of complexity—it appearsthatgoodassignmentof dataitemsto

document.This replicationmeansthat online, concurrentupdatesto text indexes arenot widely supportedin
practicein text retrieval systems.�
More accurately, the analogof a languageis a family of workloads, onefor eachcardinalityof the instance.

Suchgrowing familiesof workloadsallow usto focusonasymptoticanalysisandignoreadditive constants.
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4 Joseph M. Hellerstein et al.

blockstendsto suggestefficient traversalalgorithms,andto have low storageoverhead.
Third, secondarystoragetechniquessuchasbuffer managementmaskandabsorbmany of
theseauxiliary costcomponents.However, our modelalsoignoresthedynamicaspectof
theproblem,i.e., thecostof insertionanddeletion.Its considerationcouldbea sourceof
addedcomplexity, andin amoregeneralmodelthesourceof morepowerful lowerbounds.

In this paperwe proposea modelfor the indexing of a datasetwith respectto a given
workload,andexplore in its light the fundamentalpropertiesandtrade-offs of indexing,
with an emphasison lower bounds. In particular, we introducea lower-boundtheorem
that is applicableto arbitraryworkloads—althoughit is not guaranteedto alwaysyield
tight bounds.We alsoanalyzewithin this modela numberof interestingfamiliesof work-
loads,includingmulti-dimensionalpoint setswith rangequeries,andpowersetswith sub-
sumptionqueries. Besidesrevealingsomeinterestinglaws, our resultsindicatepositive
prospectsfor the useof limited redundancy. For example, for two-dimensionalrange
queries,evenasmallamountof redundancy cansignificantlydecreasetheworst-casequery
cost.

2. RELATED WORK

Thiswork wasinitially motivatedby thework of Hellerstein,NaughtonandPfeffer on the
GeneralizedSearchTree(or GiST) [Hellersteinet al. 1995]. The GiST is an extensible
templateindexing structure,organizedasa balancedsearchtree. In their discussionof
indexing issues,theauthorsstatedtheneedfor a “theory of indexability”, a formal frame-
work thatwould “describewhetheror not trying to index a givendatasetis practicalfor a
givensetof queries.”

The researchinto externaldatastructureshaslargely beenexperimental. Theoretical
work on theB-treeandits variants,aswell asonexternalhashing,concentratedmainlyon
probabilisticanalysisof performance,undervariousdistributionsof theindexeddata.For
theseproblems,theworst-caseasymptoticperformancehasbeenknown for a long time.

Previous work on index datastructuresconcentratedon the studyof specializedprob-
lems. In the areaof multi-dimensionalindexing, datastructuresareoften classifiedinto
two categories: thosethat partition the dataset, suchasR-treesand their variants,and
thosethat partition the searchspace,suchasquad-treesandtheir variants. In both cat-
egories,mostof the proposedalgorithmsarebasedon heuristics,andall have relatively
badworst-caseasymptoticperformance.It is not clearwhetherthis classificationhasany
definitivebearingon performance,andno clearwinnerhasemergedamongthemany pro-
posals,even for well-understoodfamiliesof workloads. A comprehensive expositionof
the relevant work can be found in the survey of spatialaccessmethodsof Gaedeand
Günther[GaedeandGünther1998],andthesurvey of temporalaccessmethodsof Salzberg
andTsotras[Salzberg andTsotras1999].

Thissituationhasbeenchangingin thepastfew years,mostlydueto thework of Kanel-
lakis, Vitter, andtheir collaborators.In [Kanellakiset al. 1993], it wasshown thatmulti-
dimensionalrangesearchgeneralizesindexing problemsin new databaseparadigmssuch
asconstraintdatabasesandclasshierarchies.In subsequentpublications,[Ramaswamy
andSubramanian1994;RamaswamyandKanellakis1995;SubramanianandRamaswamy
1995;Vengroff andVitter 1996]asymptoticallyefficientdynamicalgorithmsarepresented
for two-sidedand three-sidedrangequeries,andfor interval stabbingqueries. An opti-
mal solution to the interval managementproblemhasrecentlybeenfound by Arge and
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On a Model of Indexability and its Bounds for Range Queries 5

Vitter [ArgeandVitter 1996]. Most of this work involvesupperbounds,andis therefore
mainly concernedwith theanalysisof thesearchingaspectof theproblem.Therearetwo
exceptions:First, in [Kanellakiset al. 1996] thereis an argument(proof of Lemma2.7)
thatanticipatesourTheorem4.1,namely, thattheaccessoverheadmustbe � � in thespe-
cial casein which the blocksare restrictedto be rectangular. Second,in the last section
of [SubramanianandRamaswamy1995], thereis an interestinglower bound,whereit is
shown (by extendinga resultby Chazelle[Chazelle1990a]to thecaseof block accesses)
that storageredundancy �8�H�D�F���2���D�F���D�F�����5� is necessaryif additive(asopposedto our
multiplicative) accessoverheadis to remainpolynomial in �D�F� � � . Also relatedarethe
resultsin [Nodine et al. 1993], who usecostmetricssimilar to ours, to characterizethe
locality in externalgraphsearching.

Thequestionof lowerboundsin multi-dimensionalsearchinghasbeenaddressedin [Mehlhorn
1984], without, however, our emphasison block accesses.Similar work is presentedin
[Smid andOvermars1990],wherelower boundsarederivedin a modelinvolving binary
treeswith certainfurtherrestrictions;theblocksizeis consideredin thatpaperasafunction
of � , thenumberof points.Finally, in thedatabaseliteraturetherehasbeenextensiveanal-
ysis (worst case,expectedcase,or empirical/experimental)of many accessmethodsfor
multi-dimensionalsearching(see,for example,[Pagelet al. 1993; FaloutsosandKamel
1994; BelussiandFaloutsos1995]). More recently, the ideaspresentedherehave been
usedin a morerigorousframework for empiricallyanalyzingandtuningindexing perfor-
mance[Shahet al. 1999].

The conceptof a space/timetradeoff in main-memoryrangesearchinghasbeenstud-
ied thoroughly[Fredman1980; 1981; Yao 1982; Vaidya1989; Chazelle1990a;1990b;
1995]. All theseworksconsidervariantsof eitherthe RAM machine,or thepointerma-
chine.Thesememorymodelsarefundamentallydifferentfrom block-structuredsecondary
memory.

Thecell probemodel, originally introducedby Yao[Yao1981],is a generalframework
for dealingwith datastructureproblems,especiallyvaluablefor proving lower bounds,
andspace-timetrade-offs in particular. Let � be any mappingfrom query �����U�'�!�(�!�
anddataset���p�*�C�!�F�.� to the answer�$�����*�v� of query � over � . Thecell probemodel
assumestheexistenceof a memoryof � cells,eachcell of � bits. Let � bethemaximum,
over all � and � , of the leastnumberof cells that mustbe accessedin orderto compute
�$�f�8�*�v� . We areinterestedin trade-offs between� and� , with � a parameterof themodel.
Miltersenet.al [Miltersen et al. 1995] proposedsomegenerallower boundstechniques,
employing asymmetriccommunicationcomplexity, andappliedthemto certaindatastruc-
tureproblemsrelatedto setmembership.

Thecell probemodelis moregeneralthantheindexability modelin this paper, because
in it memorycanbeorganizedin anarbitraryway, whereasin indexability weassumethat
thememorycontainsexplicit representationsof therecords.Thecell probemodelhasbeen
usedin thepastto derive lower boundsin geometricproblems;for example,[Chakrabarti
et al. 1999;Barkol andRabani2000]appliedthis modelto thenearestneighborproblem,
a puresearchproblemfor which indexability yields trivial results. However, to datethe
cell probemodelhasnot beenappliedto rangereportingproblems,which is theclassof
problemswith which indexability is concerned.By “reportingproblems”we mean,infor-
mally, datastructureproblemsin whichtheoutputof thealgorithmmustbeasetof records
(think of themasstringsor pointers),andthealgorithmis not allowedto look insidethese
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6 Joseph M. Hellerstein et al.

records.Reportingproblemsareanappropriateframework for databasestorageproblems,
asthey reflectthedataindependencepresentin databases.For reportingproblems,it makes
senseto restrictthedatastructuresolutionssothateachmemorylocationholdsarecord,as
we do in theindexability framework, forfeiting thegeneralityof thecell probemodel.As
oneof therefereespointedout to us,by restrictingtherecordsstoredto besinglebits, the
cell probemodelcanbe adaptedto prove certainlower boundssimilar to our boundsfor
setworkloadreportingproblems(Section7), startingfrom thecommunicationcomplexity
resultsof [Miltersen et al. 1995]. Theseboundsarequantitatively weaker thanours,but
hold in amoregeneralmodel(albeita modelthegeneralityof which is inaccessibleto the
databaseproblemsof interesthere). It would be interestingto find suchcell probelower
boundsfor rangesearchworkloads(ourmainconcernin thispaper).

3. DEFINITIONS

In this section,we setout a simpleframework for definingan indexing problem,andfor
measuringtheefficiency of aparticularindexing schemefor theproblem.

3.1 Indexing Workloads

Indexing schemesmustbeevaluatedin thecontext of a particularworkload, consistingof
a finite subsetof somedomaintogetherwith a setof queries.More formally, we have the
following definition:

DEFINITION 3.1. A workload � is a tuple �¡ ¢�f£u��¤��!¥�� , where £ is a non-empty
set(thedomain), ¤§¦¨£ is a non-emptyfinite set(the instance), and ¥ is a setof subsets
of ¤ (thequeryset).

A workloadwe considerextensively is thesetof two-dimensionalrangequeries.This
workloadconsistsof the domain ©2ª , the instance¤q «�w�D¬U��­C�A®n�a¯¨¬���­(�.¯¨�n� , andthe
family of “range queries” ��°`±y�*�*�*²U�.�.³´ µ���D¬U�f­'��®8±¶¯·¬t¯µ�U�.²¸¯·­¹¯º��� , one for
eachquadruple�f±y�*�U�.²U�*�v� with ��¯»±t¯»�u¯¼�2����¯»²u¯»�t¯¼� . Notice that this is a
familyof workloads, with instancesof increasingcardinality, onefor each�¾½¿� . Another
family of workloads(the setinclusionqueries)hasasits domain,for each� , all subsets
of �w���]ÀC�.Á*Á*Á����n� , andfor eachsubset¤ of thedomain,thesetof queries¥Â ¼�F�1Ã¸®�ÄÅ¦
�w�(�#À'�*Á*Á.Á��f�n�w� , where �1Ãi q�4Æ¼�o¤Ç®�Æ¹¦qÄ2� .

In the terminologyof combinatorics,� is a simplehypergraph,where¤ is the vertex
set, and ¥ is the edgeset. The hypergraphabstractionhasbeenusedin relatedwork
to measurethe quality of existing indexing schemeson particularworkloads[Shahet al.
1999].We donotusethis terminologyhere,choosinginsteadto definetermsmorenatural
for databases.Thereis noanalogof thedomain£ in hypergraphs.Wecouldhavedropped
it from ourdefinition,but it is suggestiveof aparameterizationof workloads.For example,
all two-dimensionalrange-queryworkloadshave thesamedomain.

3.2 Indexing Schemes

DEFINITION 3.2. An indexing scheme ÈÉ Ê�f�a��Ë�� consistsof a workload �  
�f£Ì�f¤s�.¥m� , and for somepositiveinteger � a set Ë of � -subsetsof ¤ , such that Ë cov-
ers ¤ .

We referto theelementsof Ë asblocks,andto Ë asthesetof blocks.We referto � as
the block size,and Í standsfor the total numberof blocks Î Ë7Î . Notice thatan indexing
schemeis asimple, � -regularhypergraphwith vertex set¤ .
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On a Model of Indexability and its Bounds for Range Queries 7

As aconventionin thispaper, wewill uselower-caselettersfrom theendof thealphabet,Ï ��Ð��*Ñ to representelementsof ¤ , letter � , possiblywith subscripts,to denotequeries,and
letter � , possiblywith subscripts,to denoteblocks. Also, we typically use Ò to represent
setsof blocks.

3.3 Performance Measures

We now definetwo performancemeasureson indexing schemes,redundancyandaccess
overhead, evaluatingtheperformanceof theschemein termsof spaceandI/O, respectively.
In particular, redundancy measurestheamountof spaceneededby the indexing scheme,
while accessoverheadmeasuresthe amountof I/O requiredby queries. In both cases,
themeasuresarenormalizedby theidealperformance(linearspaceandsizeof thequery,
respectively). In thefollowing definitions,let ÈÓ q�f�a��Ë�� beanindexing schemeof block
size � on workload �Ô Ó��£u�f¤s�.¥m� , andlet ÕÖ qÎ ¤�Î .

3.3.1 StorageRedundancy

DEFINITION 3.3. Theredundancy×C� Ï � of Ï ��¤ is thenumberof blocksthat containÏ :

×'� Ï �� qÎD�(���´ËÓ® Ï �§�*�FÎ
Theredundancy × of È is thendefinedastheaverageof ×'� Ï � overall objects:

×u  �
Õ ØwÙ�Ú ×'� Ï �

It is easyto seethatthenumberof blocksis Í· �ÛWÜ� .
We alsodefinethemaximumredundancy Ý× in È , as Ý×Ì ¾ÞmßFà Ø�Ù�Ú ×'� Ï � .
3.3.2 AccessOverhead

DEFINITION 3.4. A setof blocks, Ò¹¦¸Ë , coversa query �¹�á¥ , iff �¹¦ â Ù�ã � .
DEFINITION 3.5. A cover set, ä�å«¦¢Ë , for query �æ�¨¥ is a minimum-sizesetof

blocksthat covers � .

Noticethata querymayhavemultiple coversets.

DEFINITION 3.6. Theaccessoverheadç9���A� of query �¹�á¥ is definedas

ç9�f����  ÎGä å Îè å è�
where ä�åb¦¸Ë is a cover setfor � .

It is easyto seethat �´¯éçK�f�A�9¯ê� , sinceany query � will becoveredby at most ÎG�8Î
blocks.

Informally, ç9�f��� modelstheobservedcostof query � normalizedby its idealcost,in
termsof block accesses.For a givenquery � , ë�Î��AÎ��w�<ì is theminimumnumberof blocks
required. ç9���A� is themultiplicative overheadassociatedwith � for a particularindexing
scheme.

We now definethe accessoverheadç of indexing schemeÈ , to be the maximumof
ç9���A� overall queries.

Journalof theACM, Vol. V, No. N, 20YY.



8 Joseph M. Hellerstein et al.

DEFINITION 3.7. Theaccessoverheadç for indexingschemeÈ is

çq ¾ÞmßFàå Ùví ç9���A�
Notice that,althoughtheredundancy is definedasanaverage(over all dataitems),the

accessoverheadis a maximum(over all queries).This is lessarbitrarythanit mayseem
at first. By averagingover all dataitemswe capturethe true (worst-case)spaceperfor-
manceof the indexing scheme,while averagingI/O performanceover all querieswould
bemuchlessdefensiblesincequeriesaregenerallynot equiprobable,andguarantees,and
thusworst-caseanalysis,aredesirablein thecontext of queryresponsetime.

3.4 Some Trivial Bounds and Tradeoffs

Basedonstandardpropertiesof databasesanddisks,weassumethatthenumberof objects
Õ is alwaysmuchgreaterthantheblocksize � , although� is not limited in any concrete
way.

For someindexing schemeÈ , the minimum possibleredundancy is 1, when Ë is a
partition of ¤ , andthe maximumredundancy is ÜKî$ï� îEï , when ËÖ  Ú� .3 For È having
maximumredundancy, ç is exactly 1, which is minimum;in thatcase,every query � can
becoveredby asetof disjointblockswhoseunioncontains� . Also, for ×Ì q� it is easyto
deviseaproblemwhere çÓ ð� , which is maximum(e.g., ¥�  Ú� ).

4. TRADEOFFS FOR A TWO-DIMENSIONAL WORKLOAD

Giventhis framework for indexability, weproceedto examinesomefamiliesof workloads
thathave receivedsignificantattentionin the indexing literature. Our maingoal is to ex-
posethetradeoffs in lowerboundsof × and ç for theseworkloads,delimiting thepotential
efficiency of indexesfor theseworkloads.We startwith somesimplepositive results(up-
per bounds)thatareuseful in two ways. First, they illustratethe framework of indexing
schemes.And second,they allow usto concludelater that thelower boundsof this paper
aretight.

Ourmainlowerboundresultsaredrivenby theRedundancyTheoremthatwedevelopin
Section5. However, wedonotneedtheRedundancy Theoremto obtainourfirst interesting
lowerbound,which is presentedin thesecondpartof section.

4.1 Two-Dimensional Queries

We shallconsiderhereworkloadsover thetwo-dimensionaldomain© ª , with ¤� p���D¬U�f­'��®
�A¯b¬U�f­(�.¯¿�n� , and2-d rangequeriesover this instance.We areinterestedin determining
theminimumpossibleaccessoverheadwhentheredundancy × is fixed.

PROPOSITION 1. For each integer × , there is an indexing schemeÈ Û with redundancy
× andaccessoverheadÀ'�òñó]ô9õ À .

PROOF. Themainideafor theindexing schemeÈ Û is thateachquery � of Ï§ö Ð points
will becoveredby disjoint blocksof È Û thathave “almost” thesameaspectratio Ðs� Ï with
� . Theidealsituationis to have blockswith aspectratio Ð�� Ï , sothat thequery � is tiled
nicely by theseblocks;comparethis with the worst casewhenthe query � is “long and
narrow” andit is coveredby “short andwide” blocks. Becauseof the restrictionon the

÷
For set ø and ùAú�û , ü�ýþUÿ denotesthesetof all ù -subsetsof ø .
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redundancy × of the indexing schemeÈ Û , it is not possibleto have blocksfor eachaspect
ratio. However, wecanchooseblockssothatany aspectratiocanbeapproximated.

More precisely, for each¬K ¨�(�#À'�*Á*Á.ÁU�f× , our indexing schemeÈ Û containsall � ó�� � ñó#ô ö
� ó]ô���ó�� � ñó]ô blocksthatpartition ¤ . Theaspectratios � ô���ó�� � ñô , for ¬A ¢���]ÀC�.Á*Á*Á���× , of these
blocksareevenlydistributed.It is immediatethat È Û hasredundancy × (maximumaswell
asaverage). To seethat È Û hasaccessoverheadat most À'� ñó]ômõ À , considerthe setof
� �ô ö � ô����ô queries,­p Â�C�����*Á.Á*ÁU��× . Clearly, the bestcoverageof sucha query is by
blocksthat have almostthe sameaspectratio, that is, blocksof size � ó��	� ñó]ô ö � ó]ô���ó
��� ñó]ô
or blocks of size � ó
��� ñó#ô ö � ó]ô���ó
�
� ñó#ô . In both cases,when the query is “aligned” with
the blocks,it requires� ñó]ô blocks(eitheronerow of � ñó#ô blocksor onecolumnof � ñó]ô
blocks).For non-alignedqueriestheratiocanbeashighasÀC�¢ñó#ôIõ À ; to seethis,consider
thecasewhereanalignedqueryis satisfiedby a row of � ñó]ô blocks.If we shift this query
outof horizontalandverticalalignment,weneedtwo rowsof blocksinsteadof one,andat
oneof theendswe needanadditionalcolumnof two blocksaswell. On theotherhand,it
is not difficult to seethatthesearetheworstqueriesfor this indexing scheme.

If theaccessratio is ç , theabove schemehasbothaverageandmaximumredundancy
×Ì ¾�8�H�D�F�1�8���D�F�IçK� . Wewill show thatthis is thebestpossiblerelationbetween× and ç .
Indeed,in theremainderof this sectionwe prove that this is thecasewhenthemaximum
redundancy is one. We will defer the study of the generalcaseafter we introduceour
lower-boundtheorem.

4.2 A lower bound for redundancy ×u ¶�
We will show that up to a constantfactor the above indexing schemeis optimal when
×§ ¢� . In [Kanellakiset al. 1993], the resultbelow wasshown for thespecialcasewhen
theblocksarerestrictedto berectangular.

THEOREM 4.1. Anyindexingschemefor 2-dimensionalrangequerieswith redundancy
×Ì q� hasaccessoverheadat least çq q� ñó . For the � -dimensionalcase, thelowerbound
is çq q� ïWî ñ� .

PROOF. We considerfirst the2-dimensionalcase,thegeneralcasebeinga straightfor-
wardgeneralization.For simplicity, weassumethat � is amultiple of � .

For thelowerbound,we consideronly queriesof size � ö � and � ö � . Thequeriesof
size � ö � partitiontheinstanceandsodo thequeriesof size � ö � . Thetotal numberof
queriesis À(�$ª(�F� .

Now fix ablock �I�uË thatintersectsÏ ï horizontallinesandÏ ª verticallines(by a“line”
wemeanasetof datapointsof theform ���#����­'�f�!�SÀC��­C���*Á.Á*ÁU���D�2�f­'�#� or �w�j¬U�!�F���!�j¬��]À,���*Á*Á.Á��!�j¬����5��� ).
Sinceevery block has � points,we musthave Ï ï Ï ª ½ � ; henceÏ ï õ Ï ª is at leastÀ'�tñó .
Therefore,every block intersectsat least ÀC�áñó of the above queries.Taking into account
that the numberof queriesis twice the numberof blocks,we canconcludethat, on the
average,every queryof theabove collectionis intersectedby � ñó blocksat least. (To see
this in detail,considerthenumberof pairsof intersectingblocksandqueries;it is no less
than ÀC�¾ñó timesthe total numberof blocks,which is ÀC�áñó �$ªF�w� ; sincethereare À(�$ª(�F�
queriesin total in the collection, the averagenumberof intersectingblocksper queryis
�tñó .) Whentheredundancy is ×u Ó� , all theseblocksareneededto cover thequery.
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Noticethatwe showednot only that thereexistsa querywith accessoverhead� ñó , but
thatthis is theexpectedaccessoverheadfor a randomqueryfrom theaboveset.

The generalizationto the � -dimensionalcaseis straightforward (for examplewe now
have Ï ï õ Á.Á*Á õ Ï�� ½q��� ñ� whichgivesaccessoverheadat least � ï]î ñ� � .
5. THE REDUNDANCY THEOREM

We now turn our attentionto a workload-independentanalysisof the indexability model
thatculminateswith theRedundancy Theorem.

We first stateandprove a set-theoreticresultthat is of centralimportanceto our work.
Notethat this theoremis not specificto indexing schemes;it arisesin extremalsettheory.
Thereaderis warnedthatthenotationdoesnot correspondto indexing schemes.

THEOREM 5.1. Let Ä ï �*Ä ª �*Á*Á.ÁU�*Ä�� ( ±A½Ó� ) benon-emptyfinitesets,Ä¸ ðÄ ï � Ä ª � Á*Á.Á �
Ä�� be their union,and �¶¯êÎGÄ2Î bea positiveinteger. Let � denotethe maximuminteger
such that thereexist � pair-wisedisjointsets� ï ��� ª �*Á.Á*ÁU����� , sothat for all ¬ , �9¯¾¬�¯�� ,
(1) Î����#Î' �� , and

(2) � � ¦qÄ�� for some­ , �K¯¸­m¯p± .

or �o ¸� if no such setsexist. Then,

��½ Î�ÄnÎ
�  ± (1)

PROOF. Let � ï �.Á*Á*Á.�!� � be setsthat satisfythe propertiesof the theoremandlet � be
their union, �· "� ï � � ª � Á*Á.Á � � � . The maximality of � guaranteesthat � contains
all but at most � elementsfrom every Ä � , ¬7 ����.Á*Á*Á.�*± . That is, ÎGÄ �$# ��Î&%'� (otherwise
we canaddany subsetof � elementsof Ä �(# � to the collectionof � � ’s). We cannow
estimateÎ�Ä # ��În «Îj� Ä � � # ��În «Î �fÄ �)# �8��În¯ ���* ï ÎGÄ �+# ��Î,%»±-� . Sinceevery
��� hascardinality � we concludethat ���¼ êÎ.��Î+/ ÎGÄ2Î  ±-� which implies the desired
�0/¶ÎGÄ2ÎG�1�  ± .

To applytheabovetheoremto thedomainof indexing schemes,we definea convenient
concept,flakes, to capturetheoverlapof queriesandblocks.

DEFINITION 5.2. Let ÈÓ q���i��Ë�� beanindexingschemeonworkload �Ô ¶�f£u��¤��!¥�� .
A flakeis anysetof objects2 ¦t¤ such thatfor somequery � andsomeblock � , 2¶¦Ó�435� .
Notethataflakeis asubset(potentiallyapropersubset)of theintersectionof ablockanda
query. Theflexibility to dealwith propersubsetswill allow usto considerflakesof afixed
size,allowing usto applycertaincombinatorialresultsbelow.

We now have thefollowing lemmaon flakes:

LEMMA 5.1 FLAKING LEMMA . Let È be an indexing scheme, ç be its accessover-
head,and 5 bea real numberin the interval ° ÀC� � 6 ³ such that

�7 6 is an integer. Then,any

query � with Î��8ÎC½p�8�.À will containat least ��5  À,�fç è å è� pair-wisedisjointflakesof size�7 6 .
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PROOF. Theparameter5 existsonly to guaranteethat
�7 6 is integer.

Choosea cover setfor � , say ä å  ¢�(� ï �*Á.Á*ÁU�.���y� , of size ± . Let Ä ï �.Á*Á.Á*�*Ä�� beflakes
definedby Ä �  p�83 � � for �1¯¸¬�¯q± . We have

±� qç9���A� Î��8Î
� ¯Óç Î��AÎ

� ¯hÀCç Î��8Î
�

(becauseÎG�8Î;½é�8�.À ). We applyTheorem5.1 on Ä�� for �¹  �7 6 , andconcludethat the
number� of flakesof size

�7 6 is at least

�Ó½ ÎG�8Î�7 6  ±

½95�ç ÎG�8Î
�  À'ç ÎG�8Î

�
  ��5  À,��ç ÎG�8Î

�

We proceedto prove a secondtechnicaltool from extremalsettheory. In codingthe-
ory, undera slightly differentstatement,this resultis known asJohnson’sbound[Johnson
1962].Again, thenotationdoesnot correspondto indexing schemes.

THEOREM 5.3 JOHNSON’ S BOUND. Let Ä bea finite set,and Ä ï �*Ä ª �*Á*Á.Á*�.Ä � besub-
setsof Ä , each of sizeat least :;Î�Ä2Î , such that theintersectionof anytwo of themis of size
at most;5Î�ÄnÎ . If ;<%>= óª î = , thenumberof subsets� is at most :E�?; .

PROOF. Since Ä ï �*Ä ª �*Á*Á.ÁU�*Ä�@ , �I¯�� , aresubsetsof Ä , theirunion Ä ï � Ä ª � Á*Á.Á � Ä�@ is
alsoasubsetof Ä andtherefore

Î
@
� * ï

Ä���ÎM¯¶ÎGÄ2Î�Á
It follows that @

� * ï
Î�Ä � Î  

@
� * ï

@
A * �CB ï

ÎGÄ � 3´Ä A ÎM¯¶Î�ÄnÎ�Á
By theassumptionsaboutthesizesof thesubsetsandtheir pairwiseintersection,the last
inequalityimpliesthat

�!:;Î�Ä2Î  �
À ;5ÎGÄ2ÎM¯¶Î�ÄnÎ�Á

Therefore,every � ¯D� mustsatisfy the inequality :C�  ; @
ª  �a¯¢� . It immediately

follows that if a positive integer � doesnot satisfy this inequality, then the number � of
subsetsmustbelessthan� . So,in orderto upperboundthenumber� of subsets,we need
to guaranteethat theabove inequalityis not satisfiedby at leastonepositive integer. This
canbeeasilydoneif we requirethatthetwo rootsof thepolynomial :C�  ; @

ª  � differ
by morethan1. Sincetherootsof thepolynomialare

: õ ;n�*ÀFE ��: õ ;n�*À�� ª  ÀG;
; �
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12 Joseph M. Hellerstein et al.

it is easyto verify thatthey differ by morethan1 when;<%H:'ª����SÀ  :�� .
But then, the numberof subsetsis at most equal to the minimum root of the above

polynomial.Thus

�o¯ : õ ;n�.À  �
: õ ;5�*À,� ª  ÀG;
; Á

This lastinequalityimpliesthat �m¯�:E�?; .

Note that the hypothesesof the above lemmacannotbe improvedby a factorof more
than2, becausewhen ; ½':,ª , thenumberof possiblesubsetsis unbounded,i.e., it is an
increasingfunctionof Î�ÄnÎ .

We arenow readyto stateandproveourmainresult.

THEOREM 5.4. Let È beanindexingscheme, andlet � ï �.� ª �*Á.Á*Á.�*�JI bequeries,such
that for every ¬ , �K¯¾¬�¯�K :

(1) Î�� � ÎM½Ó�8�*À , and

(2) Î��J��3 � � ÎC¯ �
ªGL 7
6�M ó for all ­ON t¬ , �K¯¾­o¯PK .

Then,theredundancyis boundedby

×u½ 5  À
ÀG5

�
Õ

I
��* ï

Î��J�#Î
where 5 is anyreal numberin theinterval ° ÀC� � 6 ³ such that

�7 6 is integer.

PROOF. We will prove the lower boundin two steps.First, we computethe minimum
numberof flakescontainedin queries� ï �.� ª �.Á*Á*Á*� I . Let this numberbe � ï . Thenwe
will computethemaximumnumberof flakescontainedin eachblock. Let this numberbe
� ª . Clearly, therewill beat least � ï �w� ª blocksin Ë .

5.0.0.1 Step1. Considerany query � � . By theflaking lemma,this querycontainsat
least ��5  À,��ç è å � è� disjointflakesof size

�7 6 . Let 2 besuchaflake. 2 cannotbecontained
in someotherquery �J� , ­QN ¿¬ , becauseif it were,thenit would bea subsetof �R� aswell
asof � � , andthus Î�� � 3 �J��ÎM½ �7 6 / �

ªSL 7
6�M ó . We concludethat

� ï  
I
�T* ï

��5  À,��ç ÎG�J��Î
�  q��5  À,�fç

I
�T* ï

ÎG�J�#Î
�

5.0.0.2 Step2:. Considerany block � , andlet 2 ï ��2 ª �*Á*Á.Á*��2�� be theflakescontained
in this block. Sinceall theseflakesaresubsetsof � , we upperboundthenumberof flakes
� , usingJohnson’sbound.Eachflake 2�� is of size

�7 6 . Also, for two distinctflakes 2�� and
2 � , ¬UN ð­ , Î.2��V3W2 � Î@¯ �

ªSL 7
6�M ó , by thefollowing argument:If theflakesarecontainedin

thesamequery, thenthey aredisjoint. If theflakesarecontainedin differentqueries,then
their intersectionis boundedby theintersectionof thesequeries.Thus,Johnson’sboundis
applicablewith :¾  ï7 6 , and;p  ïªSL 7

6�M ó . It caneasilybecheckedthat ;8%X: ª ���SÀ  :�� .
Thus,weconcludethat

� ª   :
;  ¸ÀG5�ç
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Substitutingwe get

� ï �F� ª   5  À
ÀG5

I
��* ï

Î�� � Î
�

Theproof is complete,by theinequality Í·  ÛWÜ� ½ZY ñY ó which simplifiesto

×u½ 5  À
ÀG5

�
Õ

I
��* ï

Î�� � Î

Notice that the theoremis useful only for accessoverheadç  \[8��� ��� : either all
queriesaredisjoint (implying accessoverhead1), or for non-disjointqueries�J� and � � ,
thesecondpremisein thestatementof thetheoremimpliesthat

�
ªSL 7
6�M ó ½¶� .

We now simplify thetheoremby removing theparameter5 .

THEOREM 5.5 REDUNDANCY THEOREM . Let È be an indexing schemewith access
overheadç ¯¹� �A�!] , andlet � ï �*� ª �*Á.Á*Á*�.�JI bequeries,such that for every ¬ , ��¯¿¬:¯
K :

(1) Î�� � ÎM½Ó�8�*À , and
(2) Î��J��3 � � ÎC¯ �

ï�^
6 ó for all ­WN á¬ , �9¯¸­m¯PK .

Then,theredundancyis boundedby

×u½ �
��À'Õ

I
�T* ï

ÎG�J�#Î�Á
PROOF. Let 5 ï  «��À'�!_ and 5 ª  ¼À � À . We first show that thereexists 5¼�¹° 5 ï ��5 ª ³

suchthat
�7 6 is integer. This follows from

�7
ñ
6  �7 ó 6  ¶� ï7 ñ

 ï7 ó � � 6 ½ � ï7 ñ
 ï7 ó � �6 ó ½

� ï7 ñ
 ï7 ó �#�?`a/¹� .

Usingsucha 5 in Theorem5.4,thesecondpremisebecomes

Î�� � 3Ì�J��ÎC¯ �
�?`Cç ª   �

À,��5 ª ç9� ª ¯ �
À���5�ç9� ª

andthefactor
7 î ªª 7 of theconclusionbecomes

5  À
Àb5 ½ 5 ï  À

ÀG5 ï
  �

��À Á

Observethatgivenany setof queriesc  q�F� ï �*Á.Á*Á.�*�JI§� , wecanconstructblocksfor
eachqueryindependently, for a total of

Æ&d  
I
��* ï

ÎG� � Î
�

blocks, achieving a perfect accessoverheadof one, with redundancy ×   Æ�d �
Ü ½eWf� g ñ

è å � è
Ü . The Redundancy Theoremstatesthat when the queriesintersectpairwisein

at most
�

ï�^
6 ó elementsfor someç , increasingtheaccessoverheadto ç doesnot yield an

improvementin spaceby morethana constantfactorof Æ&d .
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6. LOWER BOUNDS FOR MULTI-DIMENSIONAL RANGE QUERIES

Wenow applytheRedundancy Theoremto � -dimensionalrangequeries.First,weexamine
thecasefor 2-dimensionalrangequeries,andthenwe generalizeto � dimensions.

For any �o½¨� , we definethe � -dimensionalrangequeryworkload,h �� , whosedomain
is © � , with instance¤i q°D�7®.�$³ � andqueryset

¥¼ Ó�w°�± ï ®y� ï ³ ö Á.Á*Á ö °�± � ®v� � ³sÎ��K¯Ó±b�;¯q�i�;¯¾�n�
For this workload, ÕÖ á� � .
6.1 2-d Range Queries

In order to apply the Redundancy Theorem,we must identify queries� ï �*� ª �*Á.Á*Á*�.�JI ,
eachof sizeat least �8�*À , andwith pairwiseintersectionsat most

�
ï
^
6 ó . We consideronly

queriesof size ² � ö �j � , for ­u ¸�'�!���.Á*Á.Á��#�D�F� j � . For eachaspectratiowewill partitionthe

� ö � grid, obtaininga total of K   � ó� �]� õ �D�F� j �m� queriesof size � each.Beforewe
applythetheorem,we computetheparameter² .

Qj Qj’

Qj

Qj’

B

c j’

c j

Fig. 1. Two rectanglesof sizeskil$mPno � and kilqp�mrno � p , sutvsxw , intersectingin at most no � p ��� points.

Let ­ and­by beintegers�m¯¸­a%h­by$¯¿�G�w� j � , and �J� and �J� p bequeriesof dimensions
² � ö �j � and ² � p ö �j � p respectively. Figure1 depictsthesetup.It is easyto seethatfor any

­ and­by , Î��R�(3 �J� p ÎM¯ �j � p ��� ¯ � j . Thus,we take ²< Ó�?`Cçnª .
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We arenow readyto applytheRedundancy Theorem.Fromthetheorem,

×¶½ �
�UÀ
K¹�
� ª

  �
�UÀ

�
� ª � �$ª

� �#� õ �D�F� j ���
  �

�UÀ �#� õ �D�F� j ���
½ �

�UÀ �G�w� j �
  �

�UÀ
�D�F�:�

�G�w�,�]�z`Cç ª �
andthuswehave

×u ¸� �D�F�:�
�D�F�1ç

6.2 � -Dimensional Queries

We cangeneralizetheabove techniqueto � -dimensionalqueries.We considerqueriesof
size � , with dimensions² � ñ ö ² � ó ö Á.Á*Á ö ² � � , for all nonnegativeinteger­ ï ��­ ª �*Á.Á*Á.�f­ � , such
that

�
� * ï ­��¨ æ�D�F� j � . For eachsequence­ ï �f­ ª �.Á*Á.Á*�f­ � , wepartitionthe � -dimensional

cubeinto � � �w� (hyper)rectangles,of dimensions² � ñ ö ² � ó ö Á*Á.Á ö ² � � .
In orderto selecttheappropriatevaluefor ² , we considerthesizeof pairwiseintersec-

tionsof rectangleswith differentdimensions.It is easyto seethat ²1 ¹�?`Cç2ª is applicable
in this casealso,guaranteeingthat the intersectionof any two rectangleswill have sizeat
most

�
ï�^
6 ó .

We alsousethewell-known factthatthenumberof distinctsequencesof � nonnegative
integers,whosesumis � , is givenby

� õ �  �
�  �

(cf. Bose-Einsteindistribution).
Thus,thetotalnumberof queries(eachof size � ) will be

KÔ  � �
�

�D�F� j � õ �  �
�  �   � �

�
{ |�} �{ |i} L ï
^
6 ó M õ �  �
�  �

andfor theredundancy we have

×m½ �
��À

{ |i} �{ |�} L ï�^
6 ó M õ �  �
�  �

For � aconstant,theabovequantityis apolynomialof degree�  � . Thus,wehaveshown
thefollowing theorem:

THEOREM 6.1. For workloadh �� , thestorageredundancyis boundby

×o  � { |i} �{ |�} 6 õ �  �
�  �  ¸� �D�F�:�

�G�w�:ç
� îEï
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6.3 Fibonacci Workload

So far, our trade-offs have dependedonly on the block size � , but not on the sizeof the
instance.Unfortunately, this is not alwaysthecase.In this section,we studya family of
workloadsfor two-dimensionalrangequeriesthatexhibits muchworseperformance.

Using our framework of indexing schemes,it wasshown in [KoutsoupiasandTaylor
1998] that thereexist simple2-dimensionalworkloadswith tradeoffs that dependon the
instancesize.In particular, they studiedrangequeriesof theFibonaccilattice(tobedefined
shortly)andshowedthatany indexing schemewith redundancy lessthan~Ì�S�G�w�;�5� hasthe
worstpossibleoverheadçq p� . Thebound~Ì�H�D�F�;�5� is tight up to aconstantfactor. They
laterextendedtheresultsto randomsetsof pointsandhigherdimensions[Koutsoupiasand
Taylor1999].

Herewe illustratethe power of the Redundancy Theoremby extendingthe resultsfor
the Fibonaccilatticewhenthe accessoverheadis small, çé �[8��� ��� . Furthermore,we
give theprecisetrade-off betweenredundancy andaccessoverhead.

We now definethe Fibonaccilattice, which is the regular lattice rotatedappropriately.
Let �ò Â��� be the � -th Fibonaccinumber. The Fibonaccilattice 2 � is the setof points
definedby:

2 �  q���D¬U�f¬U��� îEï mod �5��®.¬< ¾�C�����.Á*Á*Á*�f�  �F� for �h q����Á
TheFibonacciworkloadover domain © ª is definedby taking theFibonaccilatticeasthe
instance¤ , andall rectangularqueriesas ¥ .

Wewill only needthefollowing propertyof theFibonaccilattice,from [Fiat andShamir
1989]:

PROPOSITION 2. For theFibonaccilattice 2 � of � points,andfor �I½h� , anyrectangle
with area �$� � containsbetween�G�*�w² ï

�
and ëD�*�F² ª ì points,where ² ï�� �(Á � and ² ª � �CÁ ]1_ .

Now we applytheRedundancy Theoremto theFibonacciworkload.We have to define
anappropriatesetof queries� ï �*Á.Á*Á*�.� I , eachof cardinalityat least �A�*À .

We considerrectanglesof area ±Å Ö² ï �I�2�.À . By Proposition2, eachsuchrectangle
will containat least �8�.À points. Let ² be a parameterto be specifiedlater. We consider
rectanglesof dimensions² � ö �j � , for appropriatevaluesof ¬ . For eachsuchaspectratio,
wepartitiontheFibonaccilatticeinto non-overlappingrectangles,in a tiling fashion.Each
of theserectangleswill definea query.

Becauseno rectanglecanhaveasidelongerthan� , wemustconstrain¬ to obey

² � ¯¾� and
±
² � ¯¾�

Fromthese,wecomputethat ¬ mustrangebetween�G�w� j j ñ �ª and�D�F� j � , i.e.,approximately
�D�F� j ª��j ñ � aspectratios.Sincefor each¬ we cover thewholesetof points,theRedundancy
Theoremgives

×o½ �
��À �D�F� j À��

² ï �
 ¸� �D�F� ��

�G�w�<²
Now we specifyan appropriatevalueof parameter² that satisfiesthe secondpremise

of theRedundancy Theorem—whichstatesthatno two queriescanintersectby morethan�
ï�^
6 ó points.Weobservethatrectanglesof thesameaspectratiodonot intersect,andrect-

anglesof differentaspectratioshave intersectionsof areaat most ±y�F² . Again by Proposi-
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tion 2, it sufficesto have

±y�w²
² ª �

¯ �
�z`Cç ª

which is satisfiedby

² ���
² ï² ª

ç ª Á
Thus,wehave thefollowing theorem:

THEOREM 6.2. For the Fibonacci workload, any indexing schemewith the access
overheadçp¯ � �A�!] musthaveredundancy

×o h� �G�w�,�D�2�w���
�D�F�<ç Á

The Fibonaccilattice is only one of many low-discrepancy [Matousek1999], planar
point setswe could have used. For example,we could have usedthe point setusedby
Chazelle[Chazelle1990a],in his proof of a lower boundfor rangesearchin the pointer
machinemodel. Matousek[Matousek1999] discussesthe discrepancy propertiesof the
Fibonaccilattice, andmany other point sets. However, noneof thesewill improve the
trade-off of Theorem6.2by morethanasmallconstantfactor.

7. SET WORKLOADS

We now turn our attentionto the problemof indexing for arbitrarysets. An interesting
workload is the � -set workload � ��� � , whoseinstanceis the set �w���.Á*Á.Á��f�n� and whose
querysetis thesetof all � -subsetsof the instance.We show that theseworkloadsarefar
worsethan2-dimensionalqueries.

Our Redundancy Theoremis applicableonly when �</ �8�.À . In practicewe arealso
interestedin workloadswith small valuesfor � . To analyzetheseworkloads,we prove a
corollaryof thefollowing famoustheoremby Turán[Turán1941;J.H.vanLint andWilson
1992]:

THEOREM 7.1 TURÁN’ S THEOREM . If a simplegraphof � verticeshasmore than

���  À��D�$ª
À,���  �w�  ×'���  �  ×C�

À,���  �w� �j×u ¾�ÌÞ����u�s�
edges,thenit containsa completegraphof � vertices(a � -clique).

For agivengraph,anindependentsetis asubsetof its verticessuchthatthereis noedge
betweenany pair of thesevertices.

COROLLARY 1. In a simplegraph �8���E���A� , with Î.�AÎ' t� , if

Î��AÎM¯ �$ª  �5���  �w�
À,���  �w�

then � hasan independentsetof size� .

PROOF. Let ��8���E������ bethegraphwith

��¼  ��� ï �
� ª �;� �
À ��� ï ��� ª ��N���
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Then,

Î ��8ÎC  �
À  Î��8Î�/ ���  À��D�$ª

À,���  �w�
andthusby Turán’s Theorem �� hasa � -clique. Theverticesof the clique form an inde-
pendentsetin � .

We now show a lowerboundfor setworkloads.

THEOREM 7.2. For workload � ��� � �j¤��!¥�� , �·½r� , any indexing schemewith redun-
dancy

×0% �  � õ �
�
�  �w�#�f�  �w�

hastheworst possibleaccessoverheadçq �� .

PROOF. Constructgraph�8�j¤����A� where� Ï ï � Ï ª �;��� if f thereexistsablockcontaining
both Ï ï andÏ ª . Thisgraphwill haveat most

× �
�

�
À % �$ª  �5�
�  �w�

À,���  �F�
edges.By Corollary1, it hasanindependentsetof size � . This set,takenasa query, will
requireexactly � distinctblocksto becovered(by theconstructionof � ).

The last theoremstatesthat � ��� � requiresspaceat leastquadratic in �2�w� to avoid the
worstpossibleaccessoverhead.Weshow thatwithin afactorof 2, theboundof thetheorem
is tight.

THEOREM 7.3. For workload � ��� � and � ½\� there exists an indexing schemeof
accessoverheadçÓ P�  � andredundancy

×Ì  À(�
���  �F���  �

PROOF. We arbitrarily partition the instanceinto �  � setsof roughly equal size,
Ä ï �*Á*Á.Á*�.Ä � î$ï . For eachset Ä � , we will constructsuitableblockssothatfor any Ï � Ï y@�áÄ �
thereis a singleblock containingboth. Then,for every query � , someelementsÏ ï andÏ ª will belongto the sameset Ä�� , and thus will be coveredby a single block, and so
ç9���A��¯��  � .

To constructblocksfor set Ä�� , we arbitrarily partition the set Ä�� into �t  ª��LT� î$ï
M � sets

� � �f­¾ ê���.Á*Á*Á*�!� of size �A�*À each.For eachpair of thesesetswe constructa block con-
taining their union. Thus,for any pair of elementsof Ä�� , thereexists a block containing
both.

For eachof the �  � sets Ä � we constructed
�
ª blocks. The total numberof blocks

constructedthusis

���  �F� ª��LT� î$ï
M �

À   �
�

À(�
���  �F�f�  �

which yieldstherequiredredundancy.
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8. CONCLUSIONS

We have presenteda new framework for the modelingandstudyof indexing in external
memory. Ourcostmodelis minimalistic,in thatit ignoresimportantparametersof external
memoryand indexing. This is not by accidentbut ratherby design. Thereexist more
precise(andmorecomplex) costmodelsthataremoreaccuratein predictingspaceand/or
I/O indexing costs,e.g., modelsthat include the searchaspectsof indexing, or models
thatdescribeharddisk performancemoreaccurately. In our view, however, a successful
modelis notonethatrepresentsrealityfaithfully, but ratheronethatmanagesto capturethe
essenceof afacetof therealworld in awaythatallowsfor deeperstudyandunderstanding
of this facet.

Having arguedin favor of the minimalistic aspectsof indexability, we shouldstress
that we expect indexability resultsto often carry over to moredetailedmodelsstraight-
forwardly, and also to the implementationdomain. Recentresultsby Arge, Samoladas
andVitter [Argeet al. 1999] indicatethat it maybepossibleto employ indexability tech-
niquesassubroutinesin externaldatastructures,aspart of a systematicapproachto the
“externalization”of mainmemorydatastructures.Kornacker, Shah,andHellersteinhave
developedan index analysistool calledamdb [Shahet al. 1999]; amongits featuresis a
test for unit redundancy indexability, which servesasa concreteperformancetarget for
index developers.

REFERENCES

AOKI , P. M. 1998.Generalizing“search”in generalizedsearchtrees(extendedabstract).In Proceedingsof the
FourteenthInternationalConferenceon Data Engineering, February23-27,1998,Orlando, Florida, USA.
380–389.

ARGE, L ., SAMOLADAS, V., AND V I TTER, J. 1999.Ontwo-dimensionalindexability andoptimalrangesearch
indexing. In Proc.18thACM Symp.Principlesof DatabaseSystems. 346–357.

ARGE, L . AND V I TTER, J. 1996. Optimal dynamicinterval managementin externalmemory. In FOCS’96;
37thAnnualSymposiumonFoundationsof ComputerScience. IEEE ComputerSociety, 560–569.

BARKOL , O. AND RABANI , Y. 2000. Tighterboundsfor nearestneighborsearchandrelatedproblemsin the
cell probemodel. In Proc.32ndACM Symp.Theoryof Computation. 388–396.

BAYER, R. AND MCCREIGHT, E. 1972. Organizationandmaintenanceof large orderedindexes. Acta Infor-
matica1, 173–189.

BELUSSI , A . AND FALOUTSOS, C. 1995. Estimatingthe selectivity of spatialqueriesusingthe ‘correlation’
fractaldimension.In Proc.21stIntl. Conf. VeryLargeDatabases. 299–310.

CHAKRABARTI , A ., CHAZELLE, B., GUM , B., AND LVOV, A . 1999. A lower boundon the complexity of
approximatenearest-neighborsearchingon thehammingcube. In Proc.31stACM Symp.Theoryof Compu-
tation. 305–311.

CHAZELLE, B. 1990a. Lower boundsfor orthogonalrangesearching,i: the reportingcase. Journal of the
ACM 37,2 (Apr.), 200–212.

CHAZELLE, B. 1990b. Lower boundsfor orthogonalrangesearching,ii: thearithmeticmodel. Journal of the
ACM 37,3 (June),439–463.

CHAZELLE, B. 1995. Lower boundsfor off-line rangesearching.In Proc.27thACM Symp.Theoryof Compu-
tation. 733–740.

FALOUTSOS, C. AND KAMEL , I . 1994. Beyond uniformity andindependence:Analysisof R- treesusingthe
conceptof fractaldimension.In Proc.13thACM Symp.Principlesof DatabaseSystems. 4–13.

FIAT, A . AND SHAMIR, A . 1989.How to find abattleship.Networks19, 361–371.

FREDMAN, M. 1980. Theinherentcomplexity of dynamicdatastructureswhich accomodaterangequeries.In
Proc.IEEE Symp.onFoundationsof Comp.Sci.191–199.

FREDMAN, M. 1981. Lower boundson the complexity of someoptimal datastructures. SIAM Journal of
Computing10, 1–10.

Journalof theACM, Vol. V, No. N, 20YY.



20 Joseph M. Hellerstein et al.
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