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We develop a theoretical framework to characterize the hardness of indexing data sets on block-
access memory devices like hard disks. We define an indexing workload by a data set and a set
of potential queries. For a workload we can construct an indexing scheme, which is a collection
of fixed-sized subsets of the data. We identify two measures of efficiency for an indexing scheme
on a workload: storage redundancy, r (how many times each item in the data set is stored), and
access overhead, A (how many times more blocks than necessary does a query retrieve).

For many interesting families of workloads, there exists a trade-off between storage redundancy
and access overhead. Given a desired access overhead A, there is a minimum redundancy that
any indexing scheme must exhibit. We prove a lower-bound theorem for deriving the minimum
redundancy. By applying this theorem we show interesting upper and lower bounds and trade-offs
between A and r in the case of multi-dimensional range queries and set queries.
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1. INTRODUCTION

Uponits definition, the B-tree promptly provedto be an effective accessnethodfor the
primary applicationsof relationaldatabasefBayer and McCreight 1972]. The success
andubiquity of the relationaldatamodelarguably owesmuchto the timely definition of
theB-tree. Sincethen,amajorthrustof databaseesearcthasheento extendtherelational
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2 . Joseph M. Hellerstein et al.

modelandrelationalsystemso managemore complex typesand more expressve query
languagesThe B-treeis widely recognizedo be aninadequatelatastructurein mary of

thenovel contexts, andno single,general-purpossuccessohasemegedto enablethedi-

versityof applicationsaandrequirementor contemporarynformationsystemsTherefore,
it is importantto developgeneraimethodologiesndtools for the designof new indexing

methodsaswell asmathematicaloolsto, apriori, evaluatetheir performancendidentify
their limitations.

A systemsapproacltto the “generalizedndexing” problemhasbeenproposedandim-
plementedHellersteinet al. 1995; Kornacler et al. 1997; Aoki 1998; Kornacler 1999].
Theresultshighlightedthe needfor theoreticaltoolsto rigorouslyanalyzeindexing prob-
lems. To aid developersof new indexesin this generalframework, a kind of theory of
indexability is required: a mathematicamodelthat allows the performanceand scalabil-
ity of anindexing schemeo be evaluatedmuchascompleity theoryis usedto evaluate
algorithms. Wherecompleity theory considersin-memorydatastructuresa theory of
indexability mustconsidetheimpactof disk-basedecondarystorage.

Our pragmaticresultsfocuson the multi-dimensionakangesearctproblem,acommon
workloadfor mary advancedapplications An enormousmountof experimentakesearch
hasbeendevotedto this problem:arecentsurey citesover50 differentmulti-dimensional
datastructure§GaedeandGiinther1998]. Many commerciavendorsof Object-Relational
DatabaseSystemsand Geographidnformation Systemauseone of thesestructurestyp-
ically somevariantof the R-tree[Guttman1984], the Grid File [Nievergelt et al. 1984]
or disk-residentdaptation®f the quad-tredSamet1989]. This researchs primarily ex-
perimental. Analytic researcton thesestructureshasconcentratedn probabilisticand
empirical studiesof their average-casperformanceundervariousdataandquerydistri-
butions.

At the sameperiodof time thatheuristicdisk-basedndicessuchasthe R-Treewerein-
troducedthe computationabeometrycommunitywasstudyingmain-memorydatastruc-
turesfor rangesearchingpayinglittle attentionto secondarynemory In contrasto most
multi-dimensionalindexing researchuy the databaseommunity the work in computa-
tional geometryis mostly theoreticallyoriented,with an emphasion worst-caseasymp-
totic performance We believe thatthe striking contrastbetweerthesetwo approacheso
the sameproblemarosefrom a fundamentafact: for two-dimensionakangesearching
(and more so for higherdimensions)pptimal query cost cannotbe achiezed with space
proportionalto the dataset,but insteadrequiressignificantstorageredundany, typically
by a multiplicativefactor at leastlogarithmicto the size of the dataset[Chazelle1990a].
Of course redundang hasoftenbeenusedin databaseto acceleratgerformanceindex
structuresarethemselestypically redundanto the datasetsthey index, andthe addition
of logarithmicspaceds standardor upperlevelsin searchirees. However, the spacecost
of redundang in databasesasrarely beenas high asa logarithmic multiple to the size
of the dataset. This is only reasonabledatabasesisually storevery big datasets,on
top of which alogarithmicfactorof redundang makesthe solutionconsiderablynoreex-
pensve in space.Also, high redundang increaseshe I/O costof online updatesat least
proportionallyto the redundang. For thesereasonslow-redundang accessnethodsare
typically usedin practice[K ornacler 1999;Kanthetal. 1999F.

LA notableexceptionto this rule is the invertedindex techniquewidely usedfor text retrieval (see e.g.,[Witten
etal. 1999]), in which eachdocumentdentifier is replicatedin the index aboutasmary timesastermsin the
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On a Model of Indexability and its Bounds for Range Queries . 3

Thus,databaseesearcttoncentratedn datastructureswith low redundanyg, with very
bad worst-casebehaior, but with the hopeof reasonableverage-casbehaior for real
workloads.Loweringthe obsenedaverage-caseosthastypically beenachievedthrough
problem-specifiheuristicswhich take into accounthe particularitiesof variousdatasets
andqueryworkloads.For example,accessnethodgor two-dimensionabeographiaata
have beendifferentiatedrom accessnethodsfor temporalqueriesover one-dimensional
data,by a choiceof heuristicsappropriateto the expecteddistributions of respectre data
setsand typical queries,despitethe fact that from a conceptualpoint of view the two
problemsareequialent.

Thetwo approachepresentedbove (adhocandapplication-dependeidexing schemes
versushighly redundantomputationabeometrydatastructuresirein a sensesxtreme:
one penalizeswvorst-casequery performanceby keepingspacelinear, the other strongly
favors query performancewithout regardto the storagecostbecomingprohibitive. The
resultsin this paperstrive to reconcilethesetwo approacheby exposingandstudyingthe
fundamentatrade-of betweenl/O time and spacefor theseproblems,andinvestigating
techniqueghatareparameterizetly thetotal spaceor the desiredworst-casejuerycost.

1.1 Indexing Workloads and Indexing Schemes

Databaseaccesanethodsmustbe evaluatedin the context of a particularworkload A
workloadconsistsof aninstanceof a databasda finite subsetf somedomain),together
with a setof queries(a given setof subsetof the instance).In one-dimensionaindices
suchasB-trees,for example,the instanceis sometotally orderedfinite set,andthe most
commonqueriesconsideredarerange queries thatis to say intervalsof this order Other
commonworkloadsincludemulti-dimensionapoint setswith rangequeries setsof inter-
valswith stabbinggueries andpowersetswith intersectioror inclusionqueries.

In whatwe termindexability theory the workloadplaysarole similar to therole a par
tially recursve languageplaysin complexity or decidabilitytheory: it is the unit whose
compleity mustbe characterizetl For eachworkloadwe have a spaceof possibleindex-
ing schemestheanalogof algorithmsthatpartially decidethelanguage Suchanindexing
schemads a collectionof B-subset®of the instancewhich we call blocks. The block size
B is assumedixed andvery large (usuallyin the hundreds).The union of the blocksex-
haustgheinstance Eachqueryis answeredy retrieving a setof blocks,whoseunionis a
supersebf thequery

Our approactsuppressesnportantaspectof indexing, suchasthe algorithmsfor de-
terminingthe partitionof theinstancanto blocks(possiblywith repetitions) aswell asthe
algorithmsfor determining givena query, the blocksin theindexing schemehatcover it
(e.g.,thecostof traversingatreeto its leaf level). Furthermorewe alsoignorethe storage
andretrieval costsnecessaryo supportsuchalgorithms,e.g.,auxiliary informationsuch
as“directories” or “internal nodes”. Theseomissionsarejustifiedin threeways: first, we
aremostlyinterestedn lower boundsandthereforewe arefreeto disregardaspect®f the
compleity of theproblem.Secondin practice theseaspectslonotappeato bethesource
of designdifficulties or of compleity—it appeardhatgood assignmenof dataitemsto

document. This replicationmeansthat online, concurrentupdateso text indexes are not widely supportedn
practicein text retrieval systems.

2More accuratelythe analogof a languagds a family of workloads onefor eachcardinality of the instance.
Suchgrowing familiesof workloadsallow usto focuson asymptoticanalysisandignoreadditive constants.
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4 . Joseph M. Hellerstein et al.

blockstendsto suggesefficient traversalalgorithms,andto have low storageoverhead.
Third, secondangtoragetechniquesuchasbuffer managemennaskandabsorbmary of
theseauxiliary costcomponentsHowever, our modelalsoignoresthe dynamicaspecbf
the problem,i.e., the costof insertionanddeletion. Its consideratiorcould be a sourceof
addedcompleity, andin amoregeneramodelthe sourceof morepowerful lowerbounds.

In this paperwe proposea modelfor the indexing of a datasetwith respecto a given
workload,andexplorein its light the fundamentapropertiesandtrade-ofs of indexing,
with an emphasison lower bounds. In particulay we introducea lower-boundtheorem
thatis applicableto arbitrary workloads—althoughit is not guaranteedo alwaysyield
tight bounds.We alsoanalyzewithin this modela numberof interestingfamiliesof work-
loads,including multi-dimensionapoint setswith rangequeries,andpowersetswith sub-
sumptionqueries. Besidesrevealing someinterestinglaws, our resultsindicatepositive
prospectsor the use of limited redundang. For example, for two-dimensionalrange
gueriesgvenasmallamountof redundang cansignificantlydecreas¢éheworst-caseuery
cost.

2. RELATED WORK

Thiswork wasinitially motivatedby thework of Hellerstein NaughtonandPfeffer onthe
GeneralizedSearchTree (or GiST) [Hellersteinet al. 1995]. The GiST is an extensible
templateindexing structure,organizedas a balancedsearchtree. In their discussionof
indexing issuesthe authorsstatedthe needfor a “theory of indexability”, aformal frame-
work thatwould “describewhetheror nottrying to index a givendatasetis practicalfor a
givensetof queries.

The researctinto external datastructureshaslargely beenexperimental. Theoretical
work onthe B-treeandits variants,aswell ason externalhashing concentratednainly on
probabilisticanalysisof performanceundervariousdistributionsof the indexeddata. For
theseproblemstheworst-caseasymptoticperformanceénasbeenknown for alongtime.

Previous work on index datastructuresconcentratean the study of specializedprob-
lems. In the areaof multi-dimensionalindexing, datastructuresare often classifiedinto
two cateyories: thosethat partition the dataset, suchas R-treesand their variants,and
thosethat partition the searchspace suchas quad-treesandtheir variants. In both cat-
egories,mostof the proposedalgorithmsare basedon heuristics,andall have relatively
badworst-caseasymptoticperformancelt is not clearwhetherthis classificatiorhasary
definitive bearingon performanceandno clearwinnerhasemegedamongthe mary pro-
posals,even for well-understoodamilies of workloads. A comprehensie exposition of
the relevant work can be found in the surwey of spatialaccessmethodsof Gaedeand
GuntherfGaedeandGuintherl998],andthesurwey of temporalccessnethodof Salzbeg
andTsotragSalzbeg andTsotras1999].

This situationhasbeenchangingn the pastfew years mostlydueto thework of Kanel-
lakis, Vitter, andtheir collaborators.In [Kanellakiset al. 1993],it wasshown that multi-
dimensionafkangesearchgeneralizesndexing problemsin new databas@aradigmssuch
as constraintdatabaseand classhierarchies. In subsequenpublications,[Ramasvamy
andSubramaniad 994;RamaswamyandKanellakis1995;SubramaniaandRamasvamy
1995;Vengrof andVitter 1996]asymptoticallyefficientdynamicalgorithmsarepresented
for two-sidedand three-sidedangequeries,andfor interval stabbingqueries. An opti-
mal solutionto the interval managemenproblemhasrecentlybeenfound by Arge and
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Vitter [Arge and Vitter 1996]. Most of this work involvesupperbounds,andis therefore
mainly concernedvith the analysisof the searchingaspecof the problem. Therearetwo
exceptions:First, in [Kanellakiset al. 1996]thereis an argument(proof of Lemmaz2.7)
thatanticipatesour Theoremd.1,namely thatthe acces®verheadnustbe /B in the spe-
cial casein which the blocks are restrictedto berectangular Secondjn the last section
of [Subramaniarand Ramaswamy 1995], thereis an interestinglower bound,whereit is
shawvn (by extendinga resultby ChazellefChazelle1990a]to the caseof block accesses)
that storageredundang Q(log n/ loglogz n) is necessaryf additive (asopposedo our
multiplicative) accessoverheadis to remainpolynomialin log; n. Also relatedarethe
resultsin [Nodine et al. 1993], who usecostmetricssimilar to ours,to characterizeéhe
locality in externalgraphsearching.

Thequestiorof lowerboundsn multi-dimensionasearchindhasbeenaddresseth [Mehlhorn
1984], without, however, our emphasison block accessesSimilar work is presentedn
[Smid andOvermars1990], wherelower boundsarederivedin a modelinvolving binary
treeswith certainfurtherrestrictionstheblocksizeis consideredn thatpaperasafunction
of n, thenumberof points.Finally, in thedatabaséiteraturetherehasbeenextensive anal-
ysis (worst case,expectedcase,or empirical/experimental)of mary accessmethodsfor
multi-dimensionalsearchingsee,for example,[Pagelet al. 1993; Faloutsosand Kamel
1994; Belussiand Faloutsos1995]). More recently the ideaspresentecherehave been
usedin a morerigorousframeawork for empirically analyzingandtuning indexing perfor
manceShahetal. 1999].

The conceptof a space/timdradeof in main-memoryrangesearchincghasbeenstud-
ied thoroughly[Fredman1980; 1981; Yao 1982; Vaidya 1989; Chazelle1990a;1990b;
1995]. All theseworks considervariantsof eitherthe RAM machine or the pointerma-
chine.Theseamemorymodelsarefundamentallydifferentfrom block-structuredecondary
memory

The cell probemode] originally introducedby Yao[Yao1981],is ageneraframewvork
for dealingwith datastructureproblems,especiallyvaluablefor proving lower bounds,
andspace-timerade-ofs in particular Let f be ary mappingfrom query@ € {0,1}¢
anddataset € {0,1}" to theanswerf(Q, d) of query@ overd. The cell probemodel
assumeshe existenceof a memoryof s cells, eachcell of b bits. Let ¢ be the maximum,
over all Q andd, of the leastnumberof cellsthat mustbe accessedh orderto compute
f(Q,d). We areinterestedn trade-ofs betweens and¢, with b a parametenf the model.
Miltersen et.al [Miltersen et al. 1995] proposedsomegenerallower boundstechniques,
employing asymmetriccommunicatiorcomplexity, andappliedthemto certaindatastruc-
ture problemsrelatedto setmembership.

Thecell probemodelis moregenerathantheindexability modelin this paperbecause
in it memorycanbeorganizedn anarbitraryway, whereasn indexability we assumehat
thememorycontainsexplicit representationsf therecords.Thecell probemodelhasbeen
usedin the pastto derive lower boundsin geometricproblems;for example,[Chakrabarti
etal. 1999;Barkol andRabani2000]appliedthis modelto the nearestneighborproblem,
a puresearchproblemfor which indexability yields trivial results. However, to datethe
cell probemodelhasnot beenappliedto rangereporting problems which is the classof
problemswith which indexability is concernedBy “reporting problems”"we mean infor-
mally, datastructureproblemsn which theoutputof thealgorithmmustbea setof records
(think of themasstringsor pointers),andthe algorithmis not allowedto look insidethese
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records.Reportingproblemsareanappropriatéframeavork for databasstorageproblems,
asthey reflectthedataindependencpresentn databased-or reportingproblemsijt makes
sensdo restrictthedatastructuresolutionssothateachmemorylocationholdsarecord,as
we do in theindexability framework, forfeiting the generalityof the cell probemodel. As

oneof therefereegpointedoutto us, by restrictingthe recordsstoredto be singlebits, the
cell probemodelcanbe adaptedo prove certainlower boundssimilar to our boundsfor

setworkloadreportingproblems(Section7), startingfrom the communicatiorcomplexity

resultsof [Miltersen et al. 1995]. Theseboundsare quantitatvely weaker thanours, but

hold in amoregeneraimodel(albeita modelthe generalityof which is inaccessibléo the
databas@roblemsof interesthere). It would beinterestingto find suchcell probelower
boundsfor rangesearchworkloads(our mainconcernin this paper).

3. DEFINITIONS

In this section,we setout a simpleframework for defininganindexing problem,andfor
measuringheefficiency of aparticularindexing schemeor the problem.

3.1 Indexing Workloads

Indexing schemesnustbe evaluatedn the context of a particularworkload consistingof
afinite subsebf somedomaintogetherwith a setof queries.More formally, we have the
following definition:

DerINITION 3.1. AworkloadW isatupleW = (D, I, Q), wher D is a non-empty
set(thedomain, I C D is a non-emptyfinite set(the instancg, and Q is a setof subsets
of I (thequeryse).

A workloadwe considerextensiely is the setof two-dimensionalangequeries. This
workload consistsof the domainR?, theinstancel = {(i,j) : 1 < 4,4, < n}, andthe
family of “range queries”Q[a,b,c,d] = {(i,j) : a < i < b,e < j < d}, onefor
eachquadruple(a,b,c,d) with 1 < a < b < n,1 < ¢ < d < n. Noticethatthisis a
family of workloads with instance®f increasingcardinality onefor eachn > 0. Another
family of workloads(the setinclusionqueries)hasasits domain,for eachn, all subsets
of {1,2,...,n}, andfor eachsubset/ of thedomain,the setof queriesQ = {Qs : S C
{1,2,...,n}},whereQs ={T' e 1:T C S}.

In the terminologyof combinatorics ¥ is a simplehypegraph,where! is the vertex
set,and Q is the edgeset. The hypegraphabstractionhasbeenusedin relatedwork
to measurehe quality of existing indexing scheme®n particularworkloads[Shahet al.
1999]. We do not usethis terminologyhere,choosingnsteadto definetermsmorenatural
for databasesThereis no analogof thedomainD in hypegraphs We couldhave dropped
it from our definition,but it is suggestie of a parameterizationf workloads.For example,
all two-dimensionatange-queryvorkloadshave the samedomain.

3.2 Indexing Schemes

DEerINITION 3.2. An indexing schemeS = (W, ) consistsof a workload W =
(D,1,Q), and for somepositiveinteger B a set5 of B-subsetof I, sud that B cov-
ersi.

We referto the elementof 5 asblocks,andto 15 asthe setof blocks. We referto B as
the block size,and K standsfor the total numberof blocks|5|. Notice thatanindexing
schemas a simple, B-regularhypegraphwith vertex set/.
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As acorventionin thispaperwewill uselower-casdettersfrom theendof thealphabet,
x,y, z to representlementf 7, letter ), possiblywith subscriptsto denotequeriesand
letter b, possiblywith subscriptsfo denoteblocks. Also, we typically useU to represent
setsof blocks.

3.3 Performance Measures

We now definetwo performancemeasure®n indexing schemesredundancyandaccess
overheadevaluatingtheperformancef theschemen termsof spaceandl/O, respectiely.

In particular redundang measureshe amountof spaceneedecdby theindexing scheme,
while accessoverheadmeasureshe amountof 1/0 requiredby queries. In both cases,
the measuresarenormalizedby the ideal performancelinear spaceandsizeof thequery

respectiely). In thefollowing definitions,let S = (W, B) beanindexing schemeof block

size B onworkloadW = (D, I, Q),andlet N = |I|.

3.3.1 Storage Redundancy

DerINITION 3.3. Theredundancy-(z) of x € I is the numberof blocksthat contain
x

r(z) =|{be B:z € b}

Theredundang r of S is thendefinedasthe averageof () overall objects:

xzel

It is easyto seethatthe numberof blocksis K = %.

We alsodefinethemaximumredundang 7 in S, as7 = max,¢c 7(z).
3.3.2 Accesverhead
DEFINITION 3.4. Asetofblocks,U C B, coversaqueryQ € Q,iff Q C (J, e/ 0.

DErINITION 3.5. A coverset,Cy C B, for query@ € Q is a minimum-sizesetof
blocksthat covers ().

Noticethata querymayhave multiple cover sets.
DEerINITION 3.6. TheaccesverheadA(Q) of query@ € Q is definedas

Col
(Q)—@

whee C¢ C Bis acoversetfor Q.

It is easyto seethatl < A(Q) < B, sinceary query@ will be coveredby at most|Q)|
blocks.

Informally, A(Q) modelsthe obsened costof query@ normalizedby its ideal cost,in
termsof block accessesror agivenquery@, [|Q|/B] is the minimumnumberof blocks
required. A(Q) is the multiplicative overheadassociatedavith @ for a particularindexing
scheme.

We now definethe accesoverheadA of indexing schemes, to be the maximumof
A(Q) overall queries.
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8 . Joseph M. Hellerstein et al.

DEFINITION 3.7. TheaccessverheadA for indexing schemesS is

A =max AQ)

Notice that, althoughthe redundanyg is definedasan average(over all dataitems),the
accesoverheads a maximum(over all queries).This is lessarbitrarythanit may seem
atfirst. By averagingover all dataitemswe capturethe true (worst-caseypaceperfor
manceof the indexing schemewhile averagingl/O performanceover all querieswould
be muchlessdefensiblesincequeriesaregenerallynot equiprobableandguaranteesand
thusworst-casenalysisaredesirablan the context of queryresponsdime.

3.4 Some Trivial Bounds and Tradeoffs

Basedon standargropertiesof databaseanddisks,we assuméhatthe numberof objects
N is alwaysmuchgreatetthanthe block size B, althoughB is notlimited in arny concrete
way.

For someindexing schemeS, the minimum possibleredundang is 1, when B is a
partition of 7, andthe maximumredundang is (¥~7), whenB = (%).3 For S having
maximumredundang, A is exactly 1, which is minimum;in thatcase gvery query(@ can
be coveredby a setof disjoint blockswhoseunioncontains). Also, for » = 1 it is easyto
deviseaproblemwhereA = B, whichis maximum(e.g.,Q = (5)).

4. TRADEOFFS FOR A TWO-DIMENSIONAL WORKLOAD

Giventhis framework for indexability, we proceedo examinesomefamiliesof workloads
thathave recevedsignificantattentionin the indexing literature. Our main goalis to ex-
posethetradeofsin lower boundsof  and A for theseworkloads delimiting the potential
efficiency of indexesfor theseworkloads.We startwith somesimple positive results(up-
per bounds)thatareusefulin two ways. First, they illustratethe framework of indexing
schemesAnd secondthey allow usto concludelaterthatthe lower boundsof this paper
aretight.

Ourmainlowerboundresultsaredrivenby the Redundancyrheoemthatwe developin
Sections. However, wedonotneedheRedundang Theoremnto obtainourfirstinteresting
lower bound,whichis presentedh thesecondartof section.

4.1 Two-Dimensional Queries

We shallconsidethereworkloadsover the two-dimensionatiomainR?, with I = {(4, j) :
1 <4,j,< n}, and2-d rangequeriesover this instance.We areinterestedn determining
theminimumpossibleacces®verheadvhentheredundang r is fixed.

PROPOSITION 1. For eadhinteger r, there is an indexing schemes, with redundancy
r andaccesverhead? Bz + 2.

ProoF. Themainideafor theindexing schemes,. is thateachquery@ of = x y points
will be coveredby disjointblocksof S, thathave “almost” the sameaspectatio y/x with
Q. Theidealsituationis to have blockswith aspectatio y/z, sothatthe query@ is tiled
nicely by theseblocks; comparethis with the worst casewhenthe query Q@ is “long and
narron” andit is coveredby “short andwide” blocks. Becauseof the restrictionon the

3ForsetS andn > 0, (i) denoteghesetof all n-subset®f S.
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On a Model of Indexability and its Bounds for Range Queries . 9

redundang r of theindexing schemesS,., it is not possibleto have blocksfor eachaspect
ratio. However, we canchooseblockssothatany aspectatio canbeapproximated.

More precisely for eachi = 1,2,...,r, ourindexing schemesS,. containsall B* x
B¥ = blocksthat partition I. TheaspeciratiosB“iM, fori =1,2,...,r, of these
blocksareevenly distributed. It is immediatethat S, hasredundang » (maximumaswell
asaverage). To seethat S, hasaccessverheadat most2Bz- + 2, considerthe setof
B+ x B+ queries,j = 0,1,...,r. Clearly, the bestcoverageof sucha queryis by
blocksthat have almostthe sameaspectratio, thatis, blocks of size B x B
or blocksof size B*% x B>’ . In both caseswhen the queryis “aligned” with
the blocks, it requiresB% blocks (eitheronerow of B3 blocksor onecolumnof Bz-
blocks).For non-alignedjueriesheratio canbeashigh as2B2 + 2; to seethis, consider
the casewhereanalignedqueryis satisfiedby arow of Bz blocks. If we shift this query
outof horizontalandverticalalignmentwe needtwo rows of blocksinsteadof one,andat
oneof the endswe needanadditionalcolumnof two blocksaswell. Onthe otherhand,it
is not difficult to seethatthesearetheworstqueriesfor this indexing scheme.

O

If the accesgatio is A, the above schemeéhasboth averageand maximumredundanyg
r = Q(log B/log A). Wewill shav thatthisis thebestpossiblerelationbetween- and A.
Indeed,in the remainderof this sectionwe prove thatthis is the casewhenthe maximum
redundang is one. We will deferthe study of the generalcaseafter we introduceour
lower-boundtheorem.

4.2 A lower bound for redundancy r = 1

We will shav that up to a constantfactorthe above indexing schemeis optimal when
r = 1. In [Kanellakiset al. 1993], the resultbelon wasshawn for the specialcasewhen
theblocksarerestrictedto berectangular

THEOREM 4.1. Anyindexingschemefor 2-dimensionatange querieswith redundancy
r=1 hasaclcesswerheadat leastA = B3 . For thed-dimensionatase thelower bound
isA=B'"a.

Proor. We consideffirst the 2-dimensionatase the generalcasebeinga straightfor
wardgeneralizationFor simplicity, we assumehatn is amultiple of B.

For thelower bound,we consideronly queriesof sizel x B andB x 1. Thequeriesof
sizel x B partitiontheinstanceandsodo the queriesof size B x 1. Thetotal numberof
queriesis 2n?/B.

Now fix ablockb € B thatintersects:; horizontallinesandz, verticallines(by a“line”
we mearasetof datapointsof theform {(1, j), (2, 4), ..., (n,j)} or{(i, 1), (¢, 2),..., (i,n)}).
Sinceevery block hasB points,we musthave x5 > B; hencer; + x5 is atleast2Bz.
Therefore,every block intersectsat least2B= of the above gueries. Taking into account
that the numberof queriesis twice the numberof blocks, we can concludethat, on the
average every queryof theabove collectionis intersectedy B? blocksat least. (To see
thisin detail,considerthe numberof pairsof intersectingblocksandqueries;t is no less
than2B? timesthe total numberof blocks,which is 2B2n2/B; sincethereare2n?/B
gueriesin total in the collection, the averagenumberof intersectingblocks per queryis
Bz.) Whentheredundangis » = 1, all theseblocksareneededo coverthequery
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10 . Joseph M. Hellerstein et al.

Notice thatwe shaved not only thatthereexists a querywith accesoverheadB 2, but
thatthisis theexpectedacces®verheador arandomqueryfrom theabove set.

The generalizatiorto the d-dimensionalcaseis straightforvard (for examplewe now
have 1 + ...+ x4 > dB7 whichgivesaccesoverheadatleastB! 7). O

5. THE REDUNDANCY THEOREM

We now turn our attentionto a workload-independerdnalysisof the indexability model
thatculminateswith the Redundang Theorem.

We first stateandprove a set-theoreticesultthatis of centralimportanceto our work.
Notethatthis theoremis not specificto indexing schemesit arisesin extremalsettheory
Thereadelis warnedthatthe notationdoesnot correspondo indexing schemes.

THEOREM 5.1. LetSy,Ss,..., S, (a > 1) benon-emptyinitesets,S = S;US>U. ..U
S, betheir union,and L < |S| bea positiveinteger. Let & denotethe maximuminteger
sud thatthere exist k pair-wisedisjointsetsp,, P, ..., Py, sothatforall i, 1 < i < k,

(1) |P|=L,and
(2) P C S;forsomej,1<j<a.

or k = 0 if nosud setsexist. Then,

k>——a (1)

PROOF. Let Pi,..., P besetsthat satisfythe propertiesof the theoremandlet P be
their union, P = P, U P, U ... U P,. The maximality of £ guaranteeshat P contains
all but at most L elementsrom every S;, i = 1,...,a. Thatis, |S; \ P| < L (otherwise
we canaddary subsetof L elementsof S; \ P to the collectionof P;’s). We cannow
estimate|S \ P| = [(USi) \ P| = [U(Si \ P)| < >0, |Si \ P| < aL. Sinceevery
P; hascardinality L we concludethatkL = |P| > |S| — aL which impliesthe desired
k> |S|/L — a.

O

To applythe above theorento the domainof indexing schemeswe definea corvenient
conceptflakes to capturethe overlapof queriesandblocks.

DEFINITION 5.2. LetS = (W, B) beanindexingschemeonworkloadWW = (D, I, Q).
Aflakeis anysetof objectst’ C I sudthatfor somequery@ andsomeblock b, £ C @QNb.

Notethataflake is a subse{(potentiallya propersubsetpf theintersectiorof ablockanda
qguery Theflexibility to dealwith propersubsetwill allow usto considerflakesof afixed
size,allowing usto apply certaincombinatoriaresultsbelow.

We now have thefollowing lemmaon flakes:

LEMMA 5.1 FLAKING LEMMA. LetS be anindexing scheme A beits accessover
head,and bea real numberin theinterval [2, £] suc that £ is aninteger. Then,any
query@ with |Q| > B/2 will containat least(¢ — 2)A% pair-wisedisjoint flakesof size
B
M.

Journalof theACM, Vol. V, No. N, 20YY.



On a Model of Indexability and its Bounds for Range Queries . 11

PROOF. Theparametep existsonly to guaranteehatﬁ% is integer.
Choosea cover setfor Q, sayCq = {b1,...,bs}, Of sizea. Let S1,..., 5, beflakes
definedby S; = QN b; for1 < i < a. Wehave

- w0 2] <]

(becauseQ)| > B/2). We apply Theorem5.10n S; for L = 19%, andconcludethatthe
numberk of flakesof size Z; is atleast

| <24

1@l
B B

Q|
k Z ?—a

A

)48l 0
B B

_ Q
- (0-2)a

v

O

We proceedto prove a secondtechnicaltool from extremalsettheory In codingthe-
ory, underaslightly differentstatementthis resultis known asJohnsors bound[Johnson
1962]. Again, the notationdoesnot correspondo indexing schemes.

THEOREM 5.3 JOHNSON’S BOUND. LetS bea finite set,and S, Ss, ..., S besub-

setsof S, eadh of sizeat least«|S|, sudh thattheintersectionof anytwo of themis of size
2 A
atmostg|S|. If § < 52—, thenumberof subsets: is at mosta/ 3.
PROOF. SinceSi, Ss,..., S t <k, aresubset®f S, theirunionS; U Sy U... U S; is
alsoasubsebf S andtherefore

t
U sil <18l
j=1

It followsthat

t t t

DS =D > Isinsi<|s.
j=1 j=11=j+1

By the assumptionsboutthe sizesof the subsetsandtheir pairwiseintersectionthe last

inequalityimpliesthat

t
tals| (Q)mﬂ <|8].

Therefore,every t < k mustsatisfytheinequality at — [3(;) — 1 < 0. It immediately
follows thatif a positive integer ¢ doesnot satisfy this inequality thenthe numberk of
subsetsnustbelessthant. So,in orderto upperboundthe numberk of subsetsywe need
to guarante¢hatthe above inequalityis not satisfiedby at leastonepositive integer. This
canbeeasilydoneif we requirethatthetwo rootsof thepolynomialat — ﬁ(g) — 1 differ
by morethanl. Sincetherootsof the polynomialare

a+ )2+ /(o + BJ2)2 — 28
/@ b)
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12 . Joseph M. Hellerstein et al.

it is easyto verify thatthey differ by morethan1 whenj3 < a?/(2 — «).
But then, the numberof subsetss at mostequalto the minimum root of the above
polynomial. Thus

a+B3/2—/(a+5/2)2-28
B '
This lastinequalityimpliesthatk < a/3. O

k <

Note thatthe hypothesesf the above lemmacannotbe improved by a factorof more
than2, becausavhen3 > o2, the numberof possiblesubsetss unboundedi.e., it is an
increasingunctionof |S|.

We arenow readyto stateandprove our mainresult.

THEOREM 5.4. LetS beanindexingschemeandletQq, Qo, ..., Qs bequeriessuc
thatfor everyi, 1 < i < M:
(1) Qi = B/2,and
(2 1QiNQ)| < sz forall j #i,1 <5 < M.

Then,theredundancys boundedoy

> 2 Z|Q|

where ¢ is anyreal numberin theinterval 2, B] sud that 7% B ~ IS integer.

ProoF. We will prove the lower boundin two steps.First, we computethe minimum
numberof flakescontainedn queriesQq, Q. ... Q. Let thisnumberbe f;. Thenwe
will computethe maximumnumberof flakescontainedn eachblock. Let this numberbe
f2. Clearly, therewill beatleastf,/ f> blocksin 5.

5.0.0.1 Stepl. Considerary query@;. By theflaking lemma,this querycontainsat
least() — 2)A‘Q” disjointflakesof size 75 .. Let F besuchaflake. F cannotbecontained
in someotherqueryQ;, j # 1, becausef |t were,thenit would bea subsebf Q; aswell
asof ;, andthus|Q; N Q;| > & > ( ’ny=- We concludethat

M

M
A=) (- 2)A|Ci?l| =0 - Q)A; |%‘

i=1

5.0.0.2 Step2:. Considerary block b, andlet Fy, Fs, ..., F}, betheflakescontained
in this block. Sinceall theseflakesaresubsetof b, we upperboundthe numberof flakes
k usingJohnsors bound. EachflakeF is of sizem4 Also, for two distinctflakes F; and
v G| F N Fy| < 50 A)2' by thefollowing argument:If the flakesare containedn
thesamequery thenthey aredisjoint. If the flakesarecontainedn differentqueriesthen
theirintersectioris boundedy theintersectiorof thesequeries.Thus,Johnsors boundis
applicablewith a = gir, and3 = g7 . It caneasilybechecledthats < o?/(2 — ).
Thus,we concludethat

fF%zwA
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On a Model of Indexability and its Bounds for Range Queries . 13

Substitutingwe get

9 —2 < |Q|
fl/fzzwz B

The proofis completepy theinequality X' = TN > g which simplifiesto

([l

Notice that the theoremis useful only for accessoverheadA = O(v/B): eitherall
queriesaredisjoint (implying accessverheadLl), or for non-disjointqueries; and@);,
thesecondpremisein the statemenof thetheorenimpliesthatﬁ > 1.

We now simplify thetheoremby remaving the parametep.

THEOREM 5.5 REDUNDANCY THEOREM. LetS be an indexing schemewith access
overheadA < v/B/4, andlet Q1,Qs, ..., Q. bequeries,sud thatfor everyi, 1 < i <
M:

(1) Q| > B/2, and
(@ 1QinQ;| < 16A2 forall j #4,1<j <M.
Then,theredundancys boundedoy

_12NZ\Q|

PROOF. Letd; = 12/5 andds = 2\/— We first shaw thatthereexists 9 € [0, V2]
suchthat % isinteger Thisfollowsfrom ;25 — -2 = (- — D)8 > (- - )& >

79214 191 792 A = 192
1
(3 — 192)16 > 1.

Usingsucha in Theoremb.4,the secondporemisebecomes

B B B
@in@sl= 1642 2(02A4)2 ~ 2(9A)2

andthefactor% of theconclusionbecomes
¥ —2 ¥ —2 1
- > —

20 T 29, 12
O

Obsenethatgivenary setof queriesM = {Q1, ..., Qs }, we canconstructhlocksfor
eachqueryindependentlyfor atotal of

g

=1
blocks, achieving a perfectaccessoverheadof one, with redundang » = TM% >

M . ) ) . . _
w. The Redundang Theoremstatesthat when the queriesintersectpairwisein
at mostw'% elementdor someA, increasinghe accessverheado A doesnotyield an
improvementn spaceby morethana constanfactorof 7'y.
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6. LOWER BOUNDS FOR MULTI-DIMENSIONAL RANGE QUERIES

We now applytheRedundang Theorento d-dimensionalangequeries First,we examine
the casefor 2-dimensionatangegueriesandthenwe generaliz€o d dimensions.

Forary d > 1, we definethe d-dimensionarangequeryworkload,R¢, whosedomain
is R, with instancel = [1 : n]¢ andqueryset

Q:{[al:bl]x...x[ad:bd]|1§ai§bi§n}
For thisworkload, N = n?.

6.1 2-d Range Queries

In orderto apply the Redundang Theorem,we mustidentify queriesQ1, Qs, ..., Q,
eachof sizeatleastB/2, andwith pairwiseintersectionatmost%. We consideronly
queriesof sizec’ x g forj =0,1,...,log, B. Foreachaspectatiowewill partitionthe

n X n grid, obtaininga total of M = ”7;(1 + log,. B) queriesof size B each.Beforewe
applythetheoremwe computethe parametet.

— O

—— o ——&

B
ci’ =i

Fig.1. Two rectangle®f sizesc? x g ande?’ x ;%,j < j',intersectingn atmost points.

Let j and;j’ beintegers0 < j < j' < log, B, and@; and( ;. bequeriesof dimensions
. B -/ B . . - .
¢ x Z andc? x 2 respectiely. Figurel depictsthesetup.lt is easyto seethatfor ary
jandj’, |Q; N Q| < P < Z. Thuswetakec = 164°.
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We arenow readyto applythe Redundang Theorem.Fromthetheorem,
1 MB
r -2
— 12 n?

11 n?
- —— (BX(1+1log B
12n2( (1 + log )>

1
— —(1+1log. B
12(+0gc)

1
> —log. B
_120&;

1 logB
12 log(16A2)

log B
=0
" <logA>

We cangeneralizethe above techniqueto d-dimensionalqueries.We considerqueriesof
size B, with dimensions/* x ¢/2 x . . . x ¢/, for all nonneyativeintegerji, ja, . . . , j4, Such
thatZZ:lj,c = log, B. Foreachsequencg, jo, . . ., ja, We partitionthed-dimensional
cubeinto n?/ B (hyper)rectanglesf dimensions* x ¢z x ... x cJ4,

In orderto selectthe appropriatevaluefor ¢, we considerthe size of pairwiseintersec-
tionsof rectangleswith differentdimensionslt is easyto seethatc = 1642 is applicable
in this casealso,guaranteeinghattheintersectiorof any two rectangleill have sizeat
most 2.

We alsousethewell-known factthatthe numberof distinctsequencesf d nonneative
integers,whosesumis n, is givenby

n+d—1
d—1
(cf. Bose-Einsteiristribution).
Thus,thetotal numberof queries(eachof size B) will be

A{_n_‘i(loch—i—dl) _f(%—!—dl)

andthuswe have

6.2 d-Dimensional Queries

B d—1 B d—1
andfor theredundang we have
log B
r> i log(lgﬁA2) +d—1
12 d—1

For d aconstanttheabove quantityis a polynomialof degreed — 1. Thus,we have shavn
thefollowing theorem:

THEOREM 6.1. For workloadR¢, the storage redundancys boundby

log B _
o Q(128)+d-1 NN
d—1 log A
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6.3 Fibonacci Workload

Sofar, our trade-ofs have dependeanly on the block size B, but not on the size of the
instance.Unfortunately this is not alwaysthe case.In this section,we studya family of
workloadsfor two-dimensionatangequeriesthatexhibits muchworseperformance.

Using our framework of indexing schemesit was shovn in [Koutsoupiasand Taylor
1998] that thereexist simple 2-dimensionalvorkloadswith tradeofs that dependon the
instancesize. In particular they studiedrangequeriesof theFibonacciattice (to bedefined
shortly)andshavedthatary indexing schemewith redundang lessthan®(log n) hasthe
worstpossibleoverheadd = B. Thebound© (log n) is tight up to aconstanfactor They
laterextendedheresultsto randomsetsof pointsandhigherdimensiongK outsoupiagnd
Taylor1999].

Herewe illustrate the power of the Redundang Theoremby extendingthe resultsfor
the Fibonaccilattice whenthe accessverheads small, A = O(v/B). Furthermorewe
givethe precisdrade-of betweerredundang andacces®verhead.

We now definethe Fibonaccilattice, which is the regular lattice rotatedappropriately
Letn = f; bethe k-th Fibonaccinumber The Fibonaccilattice I}, is the setof points
definedby:

F, ={(i,ifx—1 modn):i=0,1,...,n— 1} forn = fx.

The Fibonacciworkloadover domainR? is definedby taking the Fibonaccilattice asthe
instancel, andall rectangulaqueriesasQ .

Wewill only needthefollowing propertyof theFibonacciattice,from [Fiat andShamir
1989]:

PROPOSITION 2. FortheFibonaccilattice ¥}, of n points,andfor ¢ > 0, anyrectangle
with areat - n containsbetween t/c; | and|[t/co| points,where ¢; =~ 1.9 andcs = 0.45.

Now we applythe Redundang Theoremto the Fibonacciworkload. We have to define
anappropriatesetof queries; . . . ., @, eachof cardinalityatleastB /2.

We considerrectanglef areaa = ¢;Bn/2. By Proposition2, eachsuchrectangle
will containat leastB/2 points. Let ¢ be a parameteto be specifiedlater. We consider
rectangleof dimensions:’ x %, for appropriatevaluesof i. For eachsuchaspectatio,
we partitionthe Fibonacciatticeinto non-overlappingrectanglesin atiling fashion.Each
of theserectangleswill defineaquery

Becausanorectanglecanhave a sidelongerthann, we mustconstrain to obey

. a
c'<n and = <n
c/L

Fromthesewe computethati mustrangebetweerlog, % andlog, n, i.e.,approximately

log, 2% aspectatios. Sincefor eachi we cover thewhole setof points,the Redundang
c c1 B

Theoremgives
1 2n log %
> _log,. — =0 B
=12 % B ( logc

Now we specify an appropriatevalue of parameter that satisfiesthe secondpremise
of theRedundang Theorem—uwhichstateghatno two queriescanintersectoy morethan
% points. We obsenethatrectangle®f the sameaspectatio do notintersectandrect-
anglesof differentaspectatioshave intersection®f areaat mosta/c. Again by Proposi-
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tion 2, it sufficesto have

a/c B
i I
can | — 16A2

whichis satisfiedby
cr 86—1A2.
C2
Thus,we have thefollowing theorem:

THEOREM 6.2. For the Fibonacci workload, any indexing schemewith the access
overhead4 < v/B/4 musthaveredundancy

(L)),

log A

The Fibonaccilattice is only one of mary low-discrepang [Matousek1999], planar
point setswe could have used. For example,we could have usedthe point setusedby
Chazelle[Chazelle1990a],in his proof of a lower boundfor rangesearchin the pointer
machinemodel. Matousek[Matousek1999] discusseshe discrepang propertiesof the
Fibonaccilattice, and mary other point sets. However, noneof thesewill improve the
trade-of of Theorem6.2 by morethana smallconstanfactor

7. SET WORKLOADS

We now turn our attentionto the problemof indexing for arbitrary sets. An interesting
workload is the A-setworkload K, », whoseinstanceis the set{1,...,n} andwhose
guerysetis the setof all A\-subsetof theinstance.We shav thattheseworkloadsarefar
worsethan2-dimensionafjueries.

Our Redundang Theoremis applicableonly when > B/2. In practicewe arealso
interestedn workloadswith smallvaluesfor \. To analyzetheseworkloads,we prove a
corollaryof thefollowing famousheorenmby Turan[Turan1941;J.H.vanLint andWilson
1992]:

THEOREM 7.1 TURAN'S THEOREM. If a simplegraphofn verticeshasmorethan

(p=2* rp—1-1) _
21 21y Tnmeds)

edges,thenit containsa completegraphof p vertices(a p-clique).

Foragivengraph,anindependensetis asubsebf its verticessuchthatthereis noedge
betweerary pair of thesevertices.

CoOROLLARY 1. InasimplegraphG(V, E), with |V | = n, if

n®> —n(p—1)
Bl o1

thenG hasanindependensetof sizep.
PROOF. Let G(V, E) bethegraphwith

E= {(vl,vg) = <‘2/> ‘ (01, v2) ¢E}
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Then,
= (n (p —2)n?
e1=(5) - o> S

andthusby Turan’s TheoremG hasa p-clique. The verticesof the clique form aninde-
pendensetin G. O

We now shav alower boundfor setworkloads.

THEOREM 7.2. For workload KC,, A (I, Q), B > A, any indexing schemewith redun-
dancy

n—A+1
A—1)(B-1)
hastheworst possibleaccesoverhead4 = .

r<

ProOF. ConstrucgraphG(I, E) where(x1, z2) € E iff thereexistsablock containing
bothz; andzs. Thisgraphwill have atmost

5(3) <o

edges.By Corollary 1, it hasanindependensetof size \. This set,takenasa query, will
requireexactly \ distinctblocksto be covered(by the constructiorof G). O

Thelasttheoremstateshat C,,  requiresspaceatleastquadmatic in n/B to avoid the
worstpossibleacces®verheadWe shav thatwithin afactorof 2, theboundof thetheorem
is tight.

THEOREM 7.3. For workload K,, » and B > ) there exists an indexing schemeof
accesoverheadA = )\ — 1 andredundancy
2n
= 1
"TO-0B
PrRooF. We arbitrarily partition the instanceinto A — 1 setsof roughly equal size,
S1,...,8\_1. ForeachsetS;, wewill constructsuitableblockssothatfor ary z, 2’ € S;
thereis a single block containingboth. Then,for every query @, someelementsr; and
x2 Will belongto the sameset.S;, andthuswill be coveredby a single block, and so
AQ)<A—1.

To constructblocksfor setS;, we arbitrarily partitionthe setS; into k = (/\E+)B sets
t;,j = 1,...,k of size B/2 each. For eachpair of thesesetswe constructa block con-

taining their union. Thus,for ary pair of elementof S;, thereexists a block containing
both.

For eachof the A — 1 setsS; we constructec{’;) blocks. The total numberof blocks

constructedhusis
~2n__ 2n
_p(o=nB)y (4
(A )< 2 > B\(A-1)B

whichyieldstherequiredredundang. O
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8. CONCLUSIONS

We have presentech new framework for the modelingand study of indexing in external
memory Our costmodelis minimalistic,in thatit ignoresimportantparametersf external
memoryand indexing. This is not by accidentbut ratherby design. Thereexist more
precise(andmorecomplex) costmodelsthataremoreaccuraten predictingspaceand/or
I/O indexing costs,e.g., modelsthat include the searchaspectsof indexing, or models
that describeharddisk performancenoreaccurately In our view, however, a successful
modelis notonethatrepresentseality faithfully, but ratheronethatmanageso capturehe
essencef afacetof therealworld in awaythatallows for deepestudyandunderstanding
of thisfacet.

Having amguedin favor of the minimalistic aspectsof indexability, we should stress
that we expectindexability resultsto often carry over to more detailedmodelsstraight-
forwardly, and alsoto the implementationdomain. Recentresultsby Arge, Samoladas
andVitter [Argeetal. 1999]indicatethatit may be possibleto employ indexability tech-
niguesassubroutinesn externaldatastructuresas part of a systematicapproacho the
“externalization”of main memorydatastructures Kornacler, Shah,andHellersteinhave
developedanindex analysistool calledamdb [Shahet al. 1999]; amongits featuresis a

testfor unit redundang indexability, which senesasa concreteperformancedarget for
index developers.
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