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ON A NEW GENERALIZATION OF FIBONACCI HYBRID
NUMBERS

ELIF TAN AND N. ROSA AIT-AMRANE

ABSTRACT. The hybrid numbers were introduced by Ozdemir [9] as a new
generalization of complex, dual, and hyperbolic numbers. A hybrid number
is defined by k = a + bi + ce + dh, where a,b, c,d are real numbers and
i,e, h are operators such that i2 = —1,¢> = 0,h? = 1 and th = —hi =
€ 4+ i. This work is intended as an attempt to introduce the bi-periodic
Horadam hybrid numbers which generalize the classical Horadam hybrid
numbers. We give the generating function, the Binet formula, and some
basic properties of these new hybrid numbers. Also, we investigate some
relationships between generalized bi-periodic Fibonacci hybrid numbers
and generalized bi-periodic Lucas hybrid numbers.

1. INTRODUCTION

Non-commutative algebras play important role and have broad applications
in many areas, such as mathematics and physics. Hence it is worth to study
and investigate the properties of some special types of non-commutative alge-
bras. The real quaternion algebra is the first non-commutative division algebra
to be discovered and defined by

H={a+bi+cj+dk|i>=52=k=—1,ij=—ji=k}

where a, b, c,d € R. For a survey on the properties of quaternions, we refer to
Hamilton’s book [5], and for some special type of quaternions see [4.[6].

A new non-commutative number system, the hybrid numbers, were intro-
duced by Ozdemir [9] as a generalization of complex numbers, dual numbers,
and hyperbolic numbers which are having the form a+be with 2 = —1,e? = 0,
and e? = 1, respectively. The set of hybrid numbers are defined as

K={a+bi+cet+dh|i®*=-1, =0,k =1ih=—hi=c+i} (L1
where a,b,c,d € R.
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The addition, substraction and multiplication of two hybrid numbers k1 =
a1+ b1i + cie +dih and kg = a9 + boi + coe + doh are defined as

]{71:|:k‘2:((Il:l:ag)—l-(blibg)i—l—(q:l:CQ)E—l—(dl:l:dQ)h,

kiks = ajas —bibs + dide + bica + c1bo
+ (a1by + brag + bids — diba) i
+ (alcz + cr1ag + bidy — diby + dicg — Cldg) €
+ (a1dy + dyaz + c1be — bica) h.

The multiplication of a hybrid number k = a+ bi+ ce+ dh by the real scalar
s is defined as
sk = sa + sbi + sce + sdh,

and the norm of a hybrid number k is defined by

[kl := /IC (k)]

where C (k) := kk is the character of the hybrid number k and k := a —
bi — ce — dh is the conjugate of k. Ozdemir’s paper [9] serves as an excellent
reference to the algebraic and geometric properties of the hybrid numbers.

Recently, many studies have been devoted to hybrid numbers whose com-
ponents are taken from special integer sequences such as Fibonacci, Lucas,
Pell, Jacobsthal sequences, etc. In particular, Szynal-Liana [13] introduced
the Horadam hybrid numbers as

Kwn = Wa + Wit + Wipoe + Wiy sh (1.2)

where {W,} is the Horadam sequence defined by W,, = pW,,_1 — ¢qW,,_»
with arbitrary initial values Wy, Wi. In [12HI5], the authors studied several
properties of special type of hybrid numbers. The basic properties of k-Pell
hybrid numbers were investigated by Catarino [2]. Also, Morales [§] considered
the (p, q¢)-Fibonacci and (p, ¢)-Lucas hybrid numbers and gave several relations
between them. Recently, motivated by the Szynal-Liana’s paper, Senturk et
al. [I1] derived summation formulas, matrix representations, general bilinear
formula, Honsberger formula, etc. regarding to the Horadam hybrid numbers.
This work has been intended as an attempt to introduce a new gener-
alization of Horadam hybrid numbers, called as, bi-periodic Horadam hy-
brid numbers. The bi-periodic Horadam hybrid numbers generalize the best
known hybrid numbers in the literature, such as Horadam hybrid numbers,
Fibonacci&Lucas hybrid numbers, k-Pell hybrid numbers, Pell&Pell-Lucas hy-
brid numbers, Jacobsthal&Jacobsthal-Lucas hybrid numbers, etc. The com-
ponents of the bi-periodic Horadam hybrid numbers belong to the bi-periodic
Horadam sequence {w,} which is defined by the recurrence relation

wy, = X (n) Wy—1 + CwWp—2, N >2 (1.3)
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where x (n) = a if n is even, x(n) = b if n is odd with arbitrary initial
conditions wg, w7 and nonzero real numbers a,b and c. It is clear that if we
take a = b = p and ¢ = —¢q, then it reduces to the classical Horadam sequence
in [7]. For the details of the bi-periodic Horadam sequences see [1L[3}10L,18].

The outline of this paper is as follows: In the rest of this section, we give
some necessary definitions and mathematical preliminaries, which is required.
In Section 2, we introduce the bi-periodic Horadam hybrid numbers and give
the generating function, the Binet formula, matrix representation and several
basic properties of these hybrid numbers such as Vajda’s identity, Catalan’s
identity, Cassini’s identity, summation and binomial sum formulas. In Section
3, we give some relationships between the generalized bi-periodic Fibonacci
hybrid numbers and the generalized bi-periodic Lucas hybrid numbers. The
final section is devoted to the conclusions.

The Binet formula for the bi-periodic Horadam sequence {w,,} is

aé(n+1)

Wy = L (Aa™ — BB"), (1.4)
(ab)L 2]
where 5
wy — Ewo o wy — %wo

Here a and 8 are the roots of the polynomial 22 — abx — abe, that is, a =
abtva7b +dabe “1221’2+4abc and § = %b=Vaibiidabe ”‘221’2+4“bc and £ (n) = n — 2|%| is the parity

function, i.e., {(n) = 0 when n is even and ¢ (n) = 1 when n is odd. Let

assume a?b® 4 4abc > 0. Also we have o+ 3 = ab, A := o — = Va2b? + 4abe
and aff = —abc. If we take the initial conditions 0 and 1, we get the Binet
formula of the generalized bi-periodic Fibonacci sequence {u,} as

e (55

and by taking the initial conditions 2 and b, we get the Binet formula of the
generalized bi-periodic Lucas sequence {v,} as

ot
(ab)L 2]

The bi-periodic Horadam numbers for negative subscripts is defined as

(o™ +8"). (1.7)

Un =

b &(n)
n
(—c)"w_p, = <E> Wolpt+1 — W Up- (1.8)
Also we have
_1 m+&(m) m—E(m) m—¢&(m)  m+€&(m)
™ =a a3 2 Uy, +ea 2 2 U1 (1.9)
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and
1, ) megn) m—€(m)  m+E(m)

B =a""a Bum +ca 2 b 2 Up_q. (1.10)
For details, see [16]17].

2. THE BI-PERIODIC HORADAM HYBRID NUMBERS

Definition 1. For n > 0, the bi-periodic Horadam hybrid number K, , is
defined by the recurrence relation

Kw,n = Wp + Wp41?% + Wpy2€ + wn+3h
where w, is the n-th bi-periodic Horadam number.
From the definition of bi-periodic Horadam hybrid numbers, we have

Kuwo = wo+wii+ (awy + cwo) € + ((ab + ¢) wy + bewp)h,
Kwi = w1+ (awi + cwp) i+ ((ab+ ¢) wy + bewp)e
+(a (ab + 2¢) wy + ¢ (ab + ¢) wo)h.
In the following table we state several number of hybrid numbers in terms

of the bi-periodic Horadam hybrid numbers K, ,, according to the initial con-
ditions wy, w; and the related coefficients a, b, c.

Ky, | (Wwo,wy;a,b,c) | bi-periodic Horadam hybrid numbers
Kun |(0,15a,b,¢) gen. bi-periodic Fibonacci hybrid numbers
Kyn |(2,b;a,b,c) gen. bi-periodic Lucas hybrid numbers
Kw. | (Wo, W1;p,p, —q) | Horadam hybrid numbers [111[13]

Kun |(0,1;p,p,q) (p, q)-Fibonacci hybrid numbers [8]

KV,TL (2>pa b, D, q) (p7 q)-LucaS hybI‘ld numbers [8]

Krn |(0,151,1,1) Fibonacci hybrid numbers [12]

Krn, |(2,1;1,1,1) Lucas hybrid numbers [13]

Kp, 1(0,1;2,2,1) Pell hybrid numbers [15]

Kon |(2,2;2,2,1) Pell-Lucas hybrid numbers [15]

Krpn | (0,152,2,k) k-Pell hybrid numbers [2]

Ky, 1(0,1;1,1,2) Jacobsthal hybrid numbers [14]

Kin 1(2,151,1,2) Jacobsthal-Lucas hybrid numbers [14]

Table 1 : Special cases of the sequence {Ky, ,,}

The norm of the n-th bi-periodic Horadam hybrid number Ky, ,, is || Ky, »|| :=
V|C (Ky n)|- Here C (K, 5,) is the character of the n-th bi-periodic Horadam
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hybrid number K, , and defined by

C (Kw,n) = Kw,an,n = ng + (wn—i-l - wn+2)2 - w?L+2 - w72L+37 (2'1)

where Ky, 1= Wy, — Wp41% — Wpy2€ — wp43h is the conjugate of the bi-periodic
Horadam hybrid number.

Theorem 1. The generating function for the bi-periodic Horadam hybrid se-
quence {Ky, 5} is

(1= (ab+ c) 2 + bea®) Kuo + 2 (1 + az — cz?) Ky 1

G o) = 1 — (ab+ 2¢) 22 + 2at

Proof. Let

[e.e]
G(2) =) Kiynt" =Kyo+Ku1z +Kyoz? + -+ Kypa" + - .

n=0
Since the bi-periodic Horadam hybrid numbers satisfy the recurrence relation
Kun = (ab+2¢) K2 — PKypna, n > 4,
we get

(1 — (ab + 2¢) z® + 2') G (2)

= Kw,() + ]Kmla: + (Kw,g — (ab + 20) Kwp) a:2
+ (ng — (ab + 26) Kw,l) x3

o
+3 7 (K — (ab+ 20) Kypa + Kyps) 2"
n=4

= Kyo+ Ky + ((aKy,1 + Ky o) — (ab + 2¢) Ky 0) x?
+ (((ab + ¢) Ky 1 + bcKoyp 0) — (ab+ 2¢) Ky 1) 2.

O

Next, we state the Binet formula for the bi-periodic Horadam hybrid num-
bers and so derive some well-known mathematical properties.

Theorem 2. The Binet formula for the bi-periodic Horadam hybrid numbers
18
aé(n+1)

Kyn = Aagima”™ — BBgm 8"
; (ab)L%J ( Qg (n)e Be( )B>
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where ey and By
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are defined as

1+ 2 (g)ﬁ(n) at + ia2e + i <%>§(n) a?h,

b ab a’b

1

=1+ 2 (%)g(n) Bi + %ﬁ% +— (g)g(n) B3h.

a?b \b

Proof. By using the definition of the sequence {K,, } and the Binet formula

of {wy,}, we obtain the desired result. O
Remark 1. If we take a = b = p and ¢ = —¢q, we obtain the Binet formula of
the classical Horadam hybrid numbers in [15].
Lemma 1.
Ky.0 +2c(Kyo—1n), ifn is even
= a 2.2
e (n) Be(n) { KAO_Q_F%C(KM)— n), ifnis odd (2:2)
Koo — 60— 2¢(Kyo—1n), ifn is even
= a 2.3
Pem e { KAO—H—%C(KgO— n), ifnis odd (23)
where
n =(1-bit+(a—b—c)e+(1+ab+c)h,
7 =(1—-a)i+(b—a—c)e+ (1+ab+c)h,
0 =1- % + be + bi
N 3
0 =1- ? +ac+ %.

and the sequences {Kg,o

} and {K@,O} are the auxiliary sequences that are

obtained from {Ky o} and {Ky,o} just only switching a < b. That is, u, =
(B and 5 = ()" v,

Proof. By using the definition of multiplication of two hybrid numbers, we

have

be
)Py = 1+

2

+ ( (ab+2¢) + & (b)2§(n)A+ % (%)E(n) A> ’

(b 1 3bc) : (%)5(") A> h
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(L2 @)

+ (%)f(") <<2>£(n) 2 4 bi+ <2>£(n) (ab+ 2¢) e + (b (ab + 3c)) h) _2

+A (%)5(") 2 ((%)5(") bi + <b (%)5(") + c> e h>

After some necessary simplifications, we get the result ([2.2]).
Similarly, we can obtain B¢, (n)- U

By using the Lemma [Il we have

2(Kyo—0), ifniseven
V() Pe(n) + Pe(n) e () 2 (Kao - 5) . if nis odd. (24)
B 2A% (Kypo—mn), ifniseven
g Bem) — Pem ey = { oAE (Koo —7), ifnisodd. (2D
Lemma 2.
Kyo + i +é(Kuo+’y ), ifn is even
— ’ e ’ e : . 26
g (n)¥(n) { Koo+ o+ 2 (Koo +7,), ifnis odd (2:6)
Koo+ pte — 2 (Kuo4+7,.), ifn is even
- , e , e ! _ 2.7
ﬂg(n)ﬁg(n) { Kso -+ 1y — % (Ka,o + ’Yo) , if n is odd 27)
where
b
Be + =—1+4 EC(% + 2ug — u1) + by,
a b
Ho - :—1+EC U5+25U2—U1 + a7,
and
1/0b b
Ye + = 5 EUG+2U3_EU2
1
Yo 1 = §(U6+2U3—u2).

Proof. By considering the relations

Q) Qe(n) = 20¢(n) — C (ag(m))
and

Be(n)Pem) = 2Bgm) — C <55(n>> )

where C (ag(n)) is the character of the hybrid number ag(,) and using the
relations (L9) and (LI0), we get the desired result. O
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Remark 2. If we take a = b = p and ¢ = ¢, we obtain the analogous relations
for (p, ¢)-Fibonacci hybrid numbers in [8, Lemma 2.9].

Theorem 3. (Vajda’s like identity) For nonnegative integers n,r, and s, we
have

Kw,n+27’Kw,n+2s - Kw,an,n+2(r+s)
(—c)" ABA?uy, (Kyo — 0) ugs — ¢ (Kyo —n)vas),  if n is even
- (—c)" ABA%uy, ((K@o — 5) qus —c (K@O — ﬁ) v23> , ifn is odd.
Proof. From the Binet formula of the bi-periodic Horadam hybrid numbers,
we get

Kw,n+2er,n+2s - Kw,an,n+2(r+s)

q€(n+2r+1) L 2o4)
(ab) 5" (oo ™) (ab) 5] (Aacn e
aﬁ(n-l-l) af(n+2(7’+s)+1)
—— A« o — B,B 5” . (A« n+2 (r+s) B,@ /Bn+2(r+s)
5 ¢m) £(n) T £
(ab) 2] ( > E=E2) ( )
a2£(n+1) a™ 2r on+2s n+2s pn+2r
T (ablBleres (—ABagu e ¥ B = ABguyagma™ 5"
+ABO&5(n)65(n)a”ﬁn+2(r+s) + ABﬁg(n) Pe(m) an+2(r+s)ﬁ")
a26(n+1) n 2s ( p2r % 9 ¢ o o
a
a2£(n+1) n 2r 2r 2s 2s

If n is even, by considering the relations ([2.2]) and (2.3]), we obtain

Kw,n+2er,n+2s - Kw,an,n+2(r+s)
q2(n+1)

) WAB (aB)" (o — B°7) <5§<n)af(n)a25 - Oég(n)ﬁg(n)ﬁzs)
a

2
_ ()r+)s AB( /827‘) <(Kv,0 _ ) ( 628) _ (KU,O _ 77) (0128 + ﬁ28)>

( b @
— a( 5) o) AB(GZ)T Aug, <(KU,O —0) <(GZ)SU28A> — %C(Kup —n) ((ab)” ’U2s)>

)+

A

= (— ) ABUgrAz ((KU70 — 9) U2 — C (Ku,O — T]) 1)25) .

Similarly, we obtain the desired result for odd n. O
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Corollary 1. If we take s = —r, we get the Catalan’s like identity:

Kw,n+2er,n—2r - K%U,n
(—1)7”rl 2" ABA?us, (Koo — 0) ugr + ¢ (Kyo — 1) v2r),  if n is even
N (—1)"Jrl 2" ABA%uy, <<K570 — 5) gugr +c (K@O — ﬁ) ’Ugr) , ifn is odd.
Corollary 2. If we take s = —r and r = 1, we get the Cassini’s like identity:

Kw,n+2Kw,n—2 - K?y’n
(=) ac"2ABA? (Kyo — ) a + ¢ (ab+ 2¢) (Kuo — 1)), if n is even
T ) (—1)" a2 ABA? ((Km . 5) b+ c(ab+ 2c) (Koo — ’ﬁ)) . ifn is odd.

Note that for even case, the Cassini’s like identity can be stated as by means
of the following matrix identity:

Kw,2n+2 Kw,2n _ Kw,4 Kw,2 ab + 2c _02 et (2 8)
Kw,2n Kw,2n—2 N Kw,2 Kw,O 1 0 ' '

By taking determinant from above to down below of both sides of the matrix
equality (Z8)), we get

Kw,2n+2Kw,2n—2 - K121;72n = C2n_2 (Kw,4Kw,0 - K'[%},Q) . (29)

By taking determinant from down below to above of both sides of the matrix
equality (2.8)), we get

Kw,2n—2Kw,2n+2 - K%Ugn = C2n—2 (Kw,OKwA - K%Ug) . (210)

Theorem 4. Forn > 1, we have

ZH:K _ C2 (Kw,n + Kw,n—l - Kw,O - Kw,—l) - Kw,n+2 - Kw,n—i—l + Kw,2 + Kw,l
— wor c2—ab—2c+1 ’

Proof. First note that by considering the formula in (L8]), the bi-periodic
Horadam hybrid numbers for negative subscripts can be defined as

Kw,—n =W_p + W1l + W_pi2€6 + W_pi3h.

If n is odd, we have

n+1

n—1
n T2 T2
E Kw,r = 5 Kw,2r+ 5 Kw,2r—1
r=1 r=1 r=1
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n—1
Aaga™! — Aagmoa® (@b) = ~BBew8"" + Blemb” (ab)

a? —ab 8% —ab

Il
—~
Q
S
N— @
‘3
N |
/

n—1
2

n+1
ab Aag(ya™t? — Aag(yyor (ab) 2 N —BBe(ny BT + BPe(n) B (ab)
a? —ab B% —ab

r=1 r=
n71+1 n71+
ab 3 a2\"  ab 3 52 "
+—Aagm) D <—b> ~ 5 BB > <@>
1 r=1
(az AL <a2>"21+l 5
‘ab T ab ab T ab
= G,Aas(n) P —G,B,BS(”) 52
ab b 1
; T A N [ T
a a a a al al
+—Aag(, — — BB,
q0) — 5 Blem .
a

n

(ab)%1 (a2 — ab) (B* — ab) :
((@8)? (Aagua™" = BBgp8" ) — ab (Aagua™" — Big,5™")
+(ab)"T" (— (af)? (Aag(n) _ Bﬁg(n)) +ab (Aozg(n)o; — BBy 52)))

c? (Kw,n—l - Kw,O + Kw,n - Kw,—l) - Kw,n—l—l - Kw,n+2 + Kw,2 + Kw,l
2 —ab—2c+1

If n is even, we have

n n
n 2 2
5 Kw,r = 5 Kw,2r + 5 Kw,27"—1'
r=1 r=1 r=1

In a similar manner, we get the desired result. O

n+1
2
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Theorem 5. For nonnegative integers n and r, we have
§(ntr)—&(r)

O (1) o Fumr =@ (3) T K

[SIEE

n E(it+r)—£&(r)
(i)Y <7Z> i (ab) (%) T Kuitr = Kugngr

1=0

11

Proof. (i) From the Binet formula of the bi-periodic Horadam hybrid numbers,

we get
n n )
Z <Z> (_C)n—z Kw,2i+7’
i=0
o q&(2i+r+1)

_ EZ% (?) (—0)

. Aa " a2i+r _ BB . /822'4-7’
(ab)Lm?iJ ( £(n) &(n) )

Q&) I\, i {2\ Gt &N /n
= ——rAagma’ ) <Z> ) (g) ——— BB ) <Z

(ab) L] =0 (ab) 2] o
B (éb()% (Aagua™” = Bgn™”) = (t)ﬁ (;Z)Lj wnr

(74) It can be proven similarly.

o

O

3. SOME RELATIONS BETWEEN GENERALIZED BI-PERIODIC FIBONACCI AND

LUCAS HYBRID NUMBERS

Now we state some relations between bi-periodic Fibonacci and bi-periodic
Lucas hybrid numbers. To do this, we consider the generalized bi-periodic
Fibonacci hybrid numbers K, ,, and the generalized bi-periodic Lucas hybrid

numbers K, ,, which are stated in Table 1.
The Binet formula of K, , is

at( 1) <%<n)a" - ﬁan)ﬁ")
NEl ap )

u,n =

(3.1)

52

ab

)
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and the Binet formula of K, ,, is

—¢(n)
Kyn = ——— (gma™ + B ) - .
" )] (aﬁ( )0+ By B ) (3-2)

Theorem 6. For any natural number m,n with n > m, we have
. a\ &)
(Z) Ku,n+1+CKu,n—1 = (Z) Kv,n
. a\ém)
(”) Kv,n+1+CKv,n—1 = <g> A2Ku,n
2(—¢)" Up—m (Kyo —0), if n is even
(17) KoK~ KoK = 2 (%)—f(m) (=)™ Up—m <K@0 — 5) . if n is odd.

2_,2 2_,2
(AAza > (Koo + 1) van + <Aa2a ) (Ku,0 + 7e) u2n

if n is even
+2(=0)" (252 ) (Koo — 0).

(iv) K3, —K2

5 = 2_ .2 2 2
u,n <AA2a ) (Ka,o + ,Uo) bvaw + <Aa2a ) (Kg’o —|—’70) U2p, . .
2 n { A21q2 ~ if n s odd.
+2(=0)" (52 ) (Kgo —0),

Proof. (i) From the relations ([BI]) and (3:2)), we have,
Ku,n—i—l"’_CKu,n—l

atm <a5(n)a"+1 - 55(n)5n+1 > +c at (af(")an_l B 55(”)5n_1>

(ab) 5] a—p (ap) L7 *=F
 at™ g " = Be() BT — agn)0™ B+ Be(ny 8"
 (ab)lE]rE@ o—p
B af(n) (ag(n)a” (Oé_/B) "‘Bg(n)ﬂn (a_/B)>

(ab) 3] +€0) a—pf

aém) . N a\&(n)
~ (ap)l3lrE0 (aema” +Bew”) = (5) Kom

(74) The proof can be done similarly as (i) by using the relations (3.I]) and

B.2).

(#4i) By using the Binet formulas for K, , and K, ,, and considering the
relation (2.4]), we get the desired result.
(iv) By using the Binet formulas for K, ,, and K, ,,, we have

A2 (Kv,nKv,n - Ku,nKu,n)
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a2£(n+l)

(ab)2L2]
Az 2n 2n n
g(%(n)%(n)a + Bem)Pem) P + (ab) (%(n)ﬁg(nﬁﬁsm)%(n)))

2n 2n n
—<%(n>%<n>a + Bem)Be(m)B™ — () (%(n)ﬁs(n>+ﬁ£<n>%<n>>>

a2+ 7 A2 . .
(ab)?L8] <<a_2 - 1> (Oemaema® + B Ben 5"

A2 .
+ <g + 1) (@B)" (exgim Bem + Bé(m%(n))) -

By considering the relations (2.4]), (2.6)), and (2.7]), we get the desired result.

O

4. CONCLUSION

In recent years, many studies have been devoted to investigate the hybrid
numbers whose components are from the special number sequences such as
Fibonacci, Lucas, Pell, Horadam numbers, etc. This work provides a new
generalization for hybrid numbers whose coefficients are from the Horadam
numbers. Most of the results of this study generalize the results of those were
given in [8[ITLI3]. It would also be interesting to study the algebraic structure
of these new hybrid numbers.
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