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1 Introduction

Nonlinear boundary value problems involving Riemann-Liouville fractional derivatives have been studied
by many researchers, for example, see [1-6]. In a recent article [7], the authors discussed the existence and
Ulam-type stability for nonlinear Riemann-Liouville fractional differential equations with constant delay.

The nonlocal nature of fractional derivative operators significantly contributed to the popularity of
fractional calculus. Nowadays, one can find extensive application of fractional-order operators in the
mathematical models of several real-world phenomena occurring in physical and applied sciences, such
as continuum mechanics [8], bioengineering [9], financial economics [10], fractals [11], etc.

The topic of fractional differential systems also received considerable attention in view of their applica-
tions in diverse fields such as anomalous diffusion [12], disease models [13] biological models [14], hybrid
systems [15], rheological models [16], diffusion systems [17], ecological models [18], etc. For theoretical
details of such systems, see [19-29].

In this paper, we investigate the existence of solutions for a system of nonlinear Riemann-Liouville
fractional differential equations

@

D*u(t) = F(t, u(t), v(t)), 1<a<2, tel0,T],
DAv(t) = G(t, u(t), v(t)), 1<B<2, tel0,T],
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equipped with nonlocal semi-coupled fractional integro-multipoint boundary conditions of the form:
[ Da2u(0*) + apDa2u(T-) = Ay,

Dy (0%) + ey D W(T) = vI*W(n,) + Zyiv({i),
i-1

2

1 DB-20(0") + boDF2(T-) = Ay, @

DF-(0) + byDB-W(T) = uIPtu(n,) + ) ou({),
j=1

L

where DX is the Riemann-Liouville fractional derivative of order y € {a, 8}, 0 <y, <1, <§ < ¢, <...<
<G <G <<, <T,ao, i, bo, b1, vV, uy by Ao, p; (i=1,2, ...,m), g; (j = 1,2, ...,n) are real constants
andag # -1,a1 # -1, bg # -1, and F, G : [0, T] x R x R — R are continuous functions.

Here we emphasize that our results are new with respect to the semi-coupled boundary conditions (2)
and enrich the related literature on the topic.

In Section 2, we prove an auxiliary lemma dealing with the linear variant of systems (1)—(2), which plays
a fundamental role in establishing the existence and uniqueness results for the given nonlinear problem,
presented in Section 3. Illustrative examples demonstrating the application of the obtained results are given
in Section 4.

2 Preliminaries
Let us begin this section with some related definitions [30,31].

Definition 2.1. The (left) Riemann-Liouville fractional integral of order y > O for p € Ly[a, b], —c0 < a <
t < b < +00, existing almost everywhere on [a, b], is defined as

t
%)) = r%x)!(t _sy-lg(s)ds, x> 0,

where I'(-) is the gamma function and (I2,p)(x) = p(x).

Definition 2.2. For p, Q<’“) € L'a, b], the (left) Riemann-Liouville fractional derivative D}Q of order
X € (m - 1, m], m € N is defined as

t
m
DXo(t) = ﬁ%j(t - s)™ 1 xp(s)ds, -co<a<t<b<+oo.
a

In the sequel, we will write Riemann-Liouville fractional integral and derivative operators as IX and DX
instead of I, and DX, respectively.

Lemma 2.1. Let ,, 3, € C[0, T] n L[O, T] and A # O. Then the unique solution of the following linear system

Du(t) =y, (), 1<a<2, tel0,T], 3
DV(t) = (), 1<B<2, te0,T], ®
subject to the boundary conditions (2) is given by
u(®) = Aip; () + hwipy(6) = ap,(OI'Y(T) — bips(OI'Y,(T) — aop,(OI*PY,(T) — bowp,(OI*P,(T)
(4)

+ ]f‘p3(t)1a+ﬁil¢1(rlz) + sz(t)lwrﬁil'pz(rll) + pg,(t)zojla'abl((j) + pz(t)ZViIﬁlpz('fi) + I“lpl(t),
i=1

j=1 i=
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v(6) = Aop; () + Avip; (£) — ap; (OI'Y(T) = bip; (OI'Y,(T) — aovip; (OI*PYy(T) — bop, (OIP,(T)

+ Up; (OIF =4y (,) + v (DI P4, (y) + p5 (8 Y o1 Yi(§)) + p3 (O Y T Apy(&) + TFp(0),
j=1 i=1

(©)

where

p,(t) = ta-2 1 L alT@ (a, __bITB) | _ jeitn|,,, - _bITB)
1 A+a)lf@-1) AQ+a)@a-D\ > (1+a)l@ Al A+ a)r@

fa-2 aoT(b; + DI(B) B t“‘l(l + b)I'(B)
1+ a)1 + a)T(a - 1) a+ a)la) |

M(u ][taer(a) t“l]

1
(1) = A

A+ a)l@ | A+ a)l(@-1)
1 + ﬂ boTr(ﬁ) _ aoT v _ tﬁ_lﬂ Vs — aoT v
A+b)TB-1 AQ+b)IB-D\ > A+a) A7 A+a) 'l
bOTr(ﬁ) _ tﬂ_1:|,
(A + bo)I(B - 1)
aoT vl][tﬁz bIT@) Bl]’ 6)
1+a) 1+ b)IB-1)

aogT

1+ a)

p3(t) = %[ah

p1*(t) = tﬁ_2|:

1
*(t) = —| th-2
p, () A[

p;(6) = %[v -

A=-T(B)A + by) + [Vz - Vl][r(a)(l + a)w; — boTT(B)w.],

a+f— I(a -1 c a-

1
T AT ao)a - 1)[ fa+B-2 &

e I(a S an
A GO R .08 1],

1+ al)l"(a)[ Ta+p-1) 3

weet3 LB +§yi{ﬁ_2]’

o |
A+ b)IB-1) Fa+p-2) o

— ; a+ﬂ—2r—(ﬁ) & B-1
Y7 W @ [V”l faspop " 2N ]

Proof. It is well known that the solutions of fractional differential equations in (3) can be written as
u(t) = IY,(t) + cot®2 + ot 7)
v(t) = IPY,(t) + otP=2 + cstP, (8)
where ¢; € R, i = 0, 1, 2, 3 are unknown arbitrary constants. From (7) and (8), we have
D2u(t) = col'(at — 1) + al(a)t + I2P,(t), 9)
DE-2y(t) = oI (B - 1) + T (Bt + I2(0), (10)
D*tu(t) = al(a) + I'Y,(t), (11)
DE-ly(t) = gT'(B) + I', (D). (12)
Using (9) and (10) in (2), we get
(1 + ag)l(a - 1o + aoTT(@)a = A — aol2py(T), (13)

(1 + bo)r(ﬁ — 1)C2 + boTr(ﬁ)Cg = /12 - b()Izll)Z(T) (14)
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Combining (11) and (12) with (2), we obtain

MBS g DITB)  (eps TE-D S s
()1 + a)a - lr( Y lz; Mié; 1 bl (- 1) v, Ta+f-2) + ;I‘ifi C

o bo e TB-D S pap S, 18 o
(1+ boT(B - 1)[ W e po * AN ]I $o0 + ZudAE) — alh(D) "

A a+Bp-3 r(ﬁ -1 - B-2 a+B-1
@+ bor(B - 1)[ T Ta+p-2 " ;yi{i ] T,

a+p-2 F(IX) L ra-1
[le Ta+p-1) + i;")(j }51 + T(B)A + b

N oI () — bl 1 [ T@eD & (16)
2o = D+ [’”’2 arp-2 5%

x [A = aoaTT(@) — aol?P,(O)] + pI®F-1p,(n,).
Solving (15) and (16) for ¢ and ¢;, we find that

1 (b + DI m
G = [Xgllj—ail))rg][—wl/\z + bOwllzl/)z(T) - VI‘“ﬁ’ll/)z(rll) _ i;“’lﬁl’bz({") + 0111¢1(T):|

(17)
1 boTT S
+ X[wz - 7(1 :al)(ﬁ()a) a)1][—/l1V1 - WP (n,) - j;ajl"‘l,bl((}) + bl (T) + aOVllzlpl(T)}’
G= %[—/hvl - Azwl[Vz - (161;—)7;1) Vl) + aoV1[2¢1(t) + bowl( )Vl]lzlpz(T)
T T s
- v(vz - (1af a V1)I“+B_1¢2(’T1) - I F N (n,) - (Vz - (1a0 @) Vl) ;Hilﬁlpz(é) (18)

- DoY) + al(vz -

j=1

T
(l"j al)vl)llwlm + blllwz(T)].

Substituting the values of ¢ and ¢ in (13) and (14), respectively, we get
1 Vi aoTT() ( boTT(B) )]
+ = Wy — ———————w
A+a)l(a-1) AQ+al(a-1) 1+ aDl'(a)
wh ao(l + b])Tlr(ﬁ) 5 w1 aobo(l + bl)Tr(ﬁ)
| — - I’Y,(T)| —
A A+ a))d+a)l(a-1) A1+ ay)d+a)l(a-1)

" ao(1 + b)TT(B) . ao(1 + b)TT(B)
I 1)[A 1+ ag)d+a)(a-1) 121“ A8 A+ ad+ a)la-1)

L aoay(1 + b)TT(B) s aoTT(@)  BIT(B)
T )[A (1 + ap)(1 + a)T(a — 1)] lpl(nz)[zx 1+ ag)l@-1) (“’ 1+ a)l(@) wl)]

aoTT(a) boTT(B)
+ Z"’ bl [A 1+ a)f(@ — 1) (‘" (1 + @)@ wl)]

| P @TT@ [, b
e )[ A (+a)i@-D (w 1+ @)@ wl)]’

co=[N - 0012¢1(T)][
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Cz=Mz—boIZ¢2(T>l[ 1 v Dol ( a1 )]

— V) — 1%1
A+b)IB-1) A A+b)IB-1) 1+ by)

+ A ﬂ boTr(B) _ 121/) (T) ﬂ aoboTr(B)
"A @+ bo)T(B - 1) BN+ bo)T(B - 1)

s v BIT®) aT
v 1¢2(”1)[A A+ blB-D\ 2 Q+ra)

arp- M boTT(B) S | L DoTT(B) _ aT
+ 1 lll)l(rlz)[A a+ bo)r(ﬁ Y + izzl]lll Ebz(‘i) A+ bo)r(ﬁ Y 1% d+a) Vi

1 boayTT T
_ Ill/,l(T)[_ o TT(B) (Vz _ (1af al)w)]

A+ bo)T(B-1)

oy (o LbTT® | 1__bobTT®)
" i:zlg’l lpl((’vf)[A 1+ bo)I(B - 1)] Illpz(T)[A (1 + bo)T(B - 1)]‘

Inserting the value of ¢y, ¢, 6, and ¢ in (7) and (8) together with the notations (6) leads to the solutions (4)
and (5). The converse of this lemma follows by direct computation. The proof is completed. O

3 Main results

Let C([0, T], R) denote the Banach space of all continuous real-valued functions defined on [0, T] with
norm [ull = suppo,rlu(t)|. For t € [0, T], let C([0, T], R) denote the space of all functions u, such that
u, € C([0, T],R), which is a Banach space endowed with norm |lull, = supyefo, riit"lu(t)l}. Let X = {u : u €
Co-o[0, T], R} and Y = {v : v € Co_4([0, T], R)} be equipped with the norm |lullx = sup;ejo, ri{t> %u(t)[} and
Ivlly = supte[o,T]{tz‘ﬁlv(t)B, respectively. Then the product space (X x Y, ||-|xxy) is @a Banach space with the
norm
I, Vlixxy = lullx + Iviy.
Next we introduce an operator # : X x Y - X x Y by
P(u’ V)(t) = (Pl(u’ V)(t)’ P2(ua V)(t))’
where
Piu, v)(t) = Aipy(t) + Awip,(t) — ap,(OI'F(T, u(T), v(T)) - byp5(OI'G(T, u(T)v(T))
= aop,(OPF(T, u(T), v(T)) — bowp,()I*G(T, u(T), v(T))
+ ups (DI FIF (n,, u(ny,), v(n,)) + vp,(OI*F1G(ny, ulny), v(n,))
n m
+ p3() Y GIF(§, u($)), V(ED) + py(6) Y WIPG(E, u(€), v(E)D)
j=1

i=1
+ I*F(t, u(t), v(t)), te][0,T],
Pou, v)(t) = Aop;' () + Avip; (t) — ayp; (OI'F(T, u(T), v(T)) - byp; (OI'G(T, u(T), v(T))
— aovip, (OIPF(T, u(T), v(T)) — bop; (OI’G(T, u(T), v(T))
+ up; (OI**P-IF (1, u(n,), v(1,)) + vp; (OI“F-1G(ny, u(ny,), v(n,))
+p; () GIF((, u(gy), v(gy)) + p; ()Y WIPG(&;, u(&), v(£)
j=1

i=1

19)

+ IBG(t, u(t), v(t)), te][O,T].
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For the sake of brevity, we set

2a+p-3 _ a+2B-3 _ " B
= |y|53l'12 [(a - 1) o I'(B 1)] + laol 51[T fa-1) TAT(B 1)]
TRa+B-2)  T(a+28-2) T(a + 1) TB+1)

20— 21- fx+/3—21—~ -1 o B
. 532"51( @-1 §PrTe )] . |a1|52[(aT—1 . ﬂ] (20)

P TQa - 1) T+ -1 D (B-0)

T*T(a - 1) . TAT(B - 1)
Fra-1) T@+p-1)"

2+-31(y _ 1 a+28-3r(B — 1 a _ B _
:|v|52l”1 @-D w76 )]+|bo||w1|5z[”(“ b, G- D ]

I'Qa+p-2) [(a+28-2) I'a+1) I'B+1)

(21)
m €a+l3 ZF((X ) é‘iZﬁer(ﬁ _ 1) a1 81
' 522ly l[ fa+p-1 & T@B-1) |b1|63[ 1 - 1]’
2a+p4-3 _ a+28-3 B . )
=1 I(sz"‘[l22 Ma -1 + 2 I 1)] + Iaovllb‘z"[T Ma-1) TAT(B 1)]
I[Qa+p-2) I(a+28-2) T(a + 1) T8 + 1)
(22)

+ 683 Z|0,

j=1

(Za Zr(a 1) (ia+ﬁ*2r(ﬁ -1 5 Ta-1 61
foa-1n @ Tarp-n | 3[(0{—1) " (3-1)]’

2a+p-3 _ a+2B-3 _ o _
i 3[11 Ma-1  7*°rp 1)] b 61*[T Ma-1) | TTQ 1)]
I'2a+ -2 [(a+28-2) I'(a + 1) I'B+1)

n o [geir@-1 g -1 Ll L @)
+ 63 ZU‘I[ Ta+B-1) " repg-1 |b1|62[ 17 B- 1]

T“T@-1)  TAr@E-1)

Ta+B-1) TEE-1)°

Theorem 3.1. Assume that:
(Al) F,G:[0,T] xR xR — R are continuous functions and there exist positive constants L, and L, such
that, for allt € [0, T] and u;, v; e R,i =1, 2,

[F(t, u, vi) — F(t, up, v2)| < Li(Jlug — wp| + |v1 — o),

|G(t, w1, vi) = G(t, up, v2)| < Lo(Jug — U] + w1 — va).

Then the system (1)—(2) has a unique solution on [0, T], provided that
L1(N1 + Nl*) + L2(N2 + Nz*) < 1, (24)
where, Ny, N>, Ny, and N; are, respectively, given by (20), (21), (22), and (23).

Proof. Define supy[o,11F(t, 0, 0) = M, Supsepo, r1G(t, 0, 0) = My, and choose r > 0 such that

S [A](81 + 65lvil) + |o](Jwil6s + 67) + Mi(ey + ef) + My(e; + €5)
N 1- [L](Nl + Nl*) + Lz(Nz + NZ*)]

, (25)

where

rla+ﬂ1 (’ T2
a 5—+ a1|6,T + |u|b s
=|aol6: |67 |ul T(as B) 3Z| ]lI‘(a I‘(a+1)

(26)

rla+ﬁ 1 2

e =|b1|65T + |V|52 2Z|IJ | + |bow1|527,
i=1
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72 na+ﬁ 1
e = laovil§;— + |ail65T + 165 % Z' M@+ F(a +1)°
a+ﬁ 1 T2
€ = IbiBiT + Wi sIZIM s D)
Bn = sup {t>|p, (O}, 65 = sup {*Pp (O}, m=1,2,3. (27)
t€[0,T] te[0,T]

In the first step, it will be shown that PB, ¢ B,, whereB, = {(u, v) € X x Y : |[(u, V)|xxy < r}.By the assump-
tion (4,), for (u,v) € B,, t € [0, T], we have

[F(t, u(t), v(D)| < [F(t, u(t), v(t)) - F(t, 0, 0)] + |F(t, 0, 0)| < Li(Jul + [v]) + M
and
|G(¢, u(t), v(t)| < |G(t, u(t), v(t)) — G(t, 0, 0)| + |G(t, 0, 0)| < Ly(Ju| + |v]) + M.

In consequence, by using the relation for beta function B(:,-):

1
B(a,b) = Ju“’l(l WP du =
0

T(a)I(b)
T(a+b)’

we obtain

1P(u, V)lix = sup {t2Pi(u, v)(t)]}
te[0,T]

(T
T(2)

< sup 274 Ao, (O] + owillpy(B)] + |ao||P1(t)|J. (Ll(lul + [v]) + My)ds

te[0,T]
+ Ialllpz(t)II(Ll(lul + VD) + Mp)ds + Ib1IIp3(t)Ij(Lz(|uI + [V]) + Mp)ds

(711 _ )a+ B-2 (’lz _ )a+ -2

+ [vllp,(t )I @+ f - )(Lz(lul + V) + Mp)ds + Iullpg(l‘)l @+ f- )(Ll(lul + V) + My)ds

+ Ipz(t)IZIIil _[(‘S (Lz(lul + V) + My)ds + Ip;(t)IZIQIIT(Ll(IuI + [v]) + Myds

(T
T(2)

+ |bow1||p2(t>|j S Lol + ) + Mz>ds+j&al(|u| + V) + Mds

I(a)

T
2

T
< |Mil6y + [hwi|8; + laoldiLy | (T - $)[s*ulx + sP-2vly]ds + M1|a0|517

T T
+ |m|6,L4 I[S“‘leullx + sP2\vilylds + |ai|6:MT + |by]65L, I[S“_2||u||x + sP2|vlly ]ds
0 0

mn
(’71 _ s)a+ﬂ—2

M,|by|65T 6>L
+ M| by|63T + |v|8,L, T+ p-1)
0

[s*~2lullx + sP=2Ivily]ds

)
( )a+ﬁ—1 ( —s a+f-2
L s sty [

I TRy Rl TRy

[s*2lullx + sP2|vily]ds

(n,)5h1 I(cf
Mi|u|b +6 L a-2 B-2 d
+ Myl Tt B 2IZ;|H1| 2 [s lully + sP~2|vly]ds



DE GRUYTER Semi-coupled fractional differential systems =— 767

G- 9

+ M6 i |}1,-|f,~ﬁ +6 znlla-lL I
2 21.:11"([3+1) 31»:1 ! 10 T(a)

n I(
+Ml3z ]

[s%2lullx + sP-2|viy]ds

T
+ Ibowil6L, j(T - s 2uly + P2y 1ds 08

+ Ml|b0w1|62_ + Lyt J'(t—S)a_l[S“‘ZIIuIIx + sP2|vilylds + My r
T'(a) T(a + 1)

< |A1|51 + |/\2(1)1|62 + [ N+ LzNz]r + Mie; + Moe,.

Similarly, one can get
[P, Vlly < |Aal65 + [Avi]65 + [LiNy + LoN3|r + Mier + Mae;. (29)

In view of (28) and (29) together with (25), we have
1P, Vlixxy < [Al[61+ [vil63] + 1| [8a]wi] + 67 + [Li(Ny + Ni) + Lo(N, + NY)|r + Mi(ey + ef) + Mx(e, + &) <.
Now, for (uy, v1), (U, v2) € X x Y, and for any ¢t € [0, T], we get

t24Py(up, vo)(t) — P, vi)(B)|

T
< sup {t*® Iaopl(t)II(T - S)|F(s, up, vo) — F(s, uy, v1)|ds
te[0,T]
0

v |aw2(t)|f|F<s, . v2) — F(s, s, wlds + |b1p3<t)|j|6(s, U, v3) — G5, ug, w)lds

g (’11 )a+ﬂ 2

F(a Ay )|G(s w, v2) — G(s, ug, v1)|ds

+ [vp,y ()]

_ Q)a+p-2
+ lups(t )|j%|F(s y, v5) — F(s, w, v;)|ds

m 5 _ g)B-1
+ |p2(t)|z|yllj‘(é’ll—‘T§;|G(s’ u, VZ) - G(S, 258 Vl)lds (30)

+ ng(t)l n |0, J(( @) IF(s, U, v2) — F(s, uy, vi)|ds

a-1
+ |bow1p2<t)|j<r— $)IG(s, s, V) — G5, us, v1)|ds+j%

I(a) [F(s, up, v2) — F(s, uj, v)lds

Using (4;) and the relation |u, — wy| + |vo — vi| < % Yuy — willx + t52|v, — villy in (30) yields

P12, v2) = Pi(ug, v)llx < (LiNy + LoNo)[lluz — willx + [lv2 — wally ] (31)
In a similar manner, one can get

1Pz, v2) = Por, vi)lly < (LiNy + LoNp)[llw — wallx + llva — willy | (32)

Thus, it follows from (31) and (32) that
1Pz, v2) = Pur, vllixxy < [LiNy + NY) + Ly(N, + N)I[lw, — willx + v, — wiliy ],
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which, in view of condition (24), implies that # is a contraction. Hence, by Banach’s fixed point theorem,
the operator # has a unique fixed point, which is indeed a unique solution of the problem (1)-(2) on [0, T].
This completes the proof. O

In the following result, we present the sufficient conditions ensuring the existence of solutions for the
problem (1)—(2). We apply Leray-Schauder alternative [32] to prove this result.

Theorem 3.2. Assume that
(A1) F,G:[0,T] xR x R — R are continuous functions and there exist real constants k;, y;, > 0, (i = 1, 2)

and ko > 0 and y, > O such that, for allt € [0, T] and u,v € R,
[F(t, u, v)| < ko + Klu| + kglv], |G(t, u, v)| <y + wlul + ylvl.
(A2) k(N + Ny) + y(N; + N3) < 1, where k = max{k, lo}, y = max{y, y,}.
Then the system (1)—(2) has at least one solution on [0, T1.
Proof. Let us first note that continuity of the operator # follows from that of the functions F and G. Let

B ¢ X x Y be bounded such that |F(t, u, v)| < Kr, |G(¢t, u, v)| < Kg, V(u, v) € B, for positive constants K
and Kg. Then, for any (u, v) € B, we have

£2=01Pi(u, V()

a+/3 1 C’ T2
< |61 + w6, + KF[|a0|5l_ + |m|T6; + |H|53 3Z| ]IF( = 1) CEE
a+ﬁ—1 {[3 T
+ KG[|V|52 B + |b1]65T + 6, Z|Ii ll"(ﬂ + |b0w1|627

= M6 + |hwi|6; + Krey + Kgea,
which implies that
1P, V)lix < |Ail61 + hwi|6; + Krey + Kge,.
Similarly, one can show that
1P, Vlly < |Al85 + |Avil65 + Kre + Kges.
In consequence, we get
1P, Vlixxy < 1|61 + [Al67 + |hwi]6s + |Avi|6; + Kr(er + ef) + Ke(ez + &) < oo,

which shows that the operator # is uniformly bounded.
Next, we show that # is equicontinuous. Let t;, t, € [0, T] with t; > t,. Then we have

161, VI(B) ~ 6 Piw, V)(E)
< Wy (6) = §-y(6)] + PowillEE~P,(86) — G y(®)]

_ _ T? _ _
+ K| laol|t? 0, () — t5 apl(t2)|7 + |ai| T||tE %, (k) — & %p,(B)]

e, - & mﬂ“wllf%@—ﬁ%@ﬁm—f—
yy D@+ D

FG)“ Im 9

I'(a) I'(a)

ml |a+ B-1

+ K |v| B

6%, () — 85 %, (&) + b1 TIEE 05 (k) — & °p5 (1))
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+ Z|H,~| i 2%, (t) - (t2)|+|bow1| | “,(t) -t %, (b))
o T
_ I Vi __boIT(B)
< |4 t2|{[|/11|+|ao| 5 KF][ A ’ w —F(a)(l T ]
n“ﬁl T2 || TB)by + 1)
i el s e | 2

n a+f-1
+ Z|0- + |y|LKF TR || = |, = 2TTB
197, T(a + B) W T@( + a)
+2mﬁ““_ua 16—t
I'(a +1) F(a +1)

independent of (u, v) € B. Also, we have

-0 ast-—-t,

|t12—/3¢)2(u’ V)(tl) — t22—/3('7)2(u’ V)(tZ)I

T2 w1
< |t -t A bolKz— —_—
I ﬂ{bﬂ+|o|GZH‘A ]

T2 rl‘”ﬁ 1 (a 1
+ | Ay + |aov1|Kp7 + pri + |b1|TK + Kp Z|a, [—]

aoT
2 Aray

+B) I'(a) [L1Al
rla+ﬁ 1 aoT
a|TKr + |V|K,
l| ITK + [VIKg——— I+ szlr(ﬁ D |A| (1+a1)
2-B 2 2
4 Kt |t1— t P +I<G|t1 Gl o as t— b,
F(B rg+1

independently of (u, v) € B. Thus, the operator # is equicontinuous. Thus, we deduce that the operator P is
completely continuous.
Finally, we consider the set

V={u,v) e Xx Y|(u,v) = mPu,v),0 <m<1}

and show that it is bounded. Let (u, v) € V with (u, v) = mP(u, v), u = mPy(u, v), and v = mP,(u, v). Then
we have

lulx < |Ald1 + [wilb: + (Nikq + Noy)llullx + (Niko + Noy)lIvlly + koer + yge2
<61 + [Awi]6; + (Nik + Noy)llullx + (Nik + Noy)lIvlly + koer + yyeas
IVlly <1167 + 1Awil65 + (NTha + Noy)llullx + (N7 + Noy)lvlly + koer + ypes
<|Al61 + [Awi|65 + (NTk + Noy)llullx + (kNY + Noy)Ivlly + koer + yy€3,
which imply that
lullx + vy < 1A1l61 + [Awilby + 15187 + |Awl6; + [k(Ny + NY) + y(N> + Ny)]llullx
+ [k(Ny + NY) + y(N2 + N)lIVIly + ko(er + er*) + yylez + €5).

Thus,

|A1]61 + [hwi|6; + |67 + |Avil65 + ko(er + er*) + yy(ex + €5)

<
I, v)llxxy 1- [k(Ny + Np) + y(N> + ND)]

Hence, the set V is bounded. Thus, by Leray-Schauder alternative, we deduce that the operator # has at
least one fixed point, which corresponds to the fact that the problem (1)—(2) has at least one solution on
[0, T]. The proof is completed. O
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4 Examples
This section is devoted to the illustration of the results derived in the previous section.

Example 4.1. Consider the system of fractional differential equations consisting of the equations given by

1
Dé/5y(t) = ———(u(t) + tan'v(t)) + cost, te[0,1],
® 41600+t(() ) [0, 1] -
1
D7%y(t) = ————(sinu(¢t) + v(t)) + tsint, te[0,1],
® 2500+t( () +v(t) [0, 1]
supplemented by the following boundary conditions
D4/5u(0") + %D“‘”u(l‘) _—
D1/5u(0+) _ EDl/Su(r) — _2[1/5]/(1) — 6V(l) — 4V(£),
3 2 4 2 3 (34)

D14%(0%) - DV4(1) = 2,

D3/*v(0%) - iD3/‘*v(1*) = 3[3/4u(1) + Eu(E) + 3u(i)
| 2 3) 73 \15) 5 \a

Herea:6/5’[;:7/4’('10:1/45170:_1/4’a1:_3/23b1:_3/2aV:_2)’1:3;/‘1:_4’A2:25}11:_6:
W=-4,00=5/3,00=2/5n=1/4,&=1/2,§=2/3,n,=1/3,§ =11/15,(, = 3/4.

Using the given data, it is found that A = 70.9531, v; = 2.9182, v, =~ —-6.3910, w; ~ —15.3511, w, = 15.2944,
6; = 0.7330, 6, = 0.0135, §5 = 0.3100, 6; = 0.8213, 65 = 0.0176, 65 = 0.0869, N; = 12.2414, N, = 3.6569,
Ny = 1.1599, N5 ~ 9.4324, L, = 1/160, L, = 1/50, and

Li(N; + Ny) + Lo(N, + Ny) = 0.3455 < 1.
Thus, all the conditions of Theorem 3.1 are satisfied and hence the problem (33)-(34) has a unique solution

on [0, 1].

Example 4.2. Let us consider the problem (33)-(34) with

_ sin’t tanu(t) v(Olu(t)|
Fit, u®), vin) = 2+ 6 " 24400 + ¢ 50(1 + [u(®)])’ tel0.1], 35)
Gt u(t), v(t)) = et + DIcosu(®) 40) t €0, 1].

+ b
150 + ¢ 64041 + sin?t

Clearly, [F(t, u(t), v(O)| < 5 + 75 u(@®)] + VO], Gt u(t), v(t)) < 1+ s lu(®)] + = |v(t)], and soko = 112,
ki =1/40,k, =1/50,y, = 1,y, = 1/150,y, = 1/640, k = max{k, o} = 1/40,y = max{y,, y,} = 1/150. Moreover,
k(N; + N7) + y(N; + N3) = 0.4223 < 1.

Therefore, by Theorem 3.2, the problem (33)-(34) with F and G given by (35) has at least one solution
on [0, 1].

5 Conclusion

We have investigated the existence and uniqueness of solutions for a nonlinear system of Riemann-
Liouville fractional differential equations, equipped with nonseparated semi-coupled integro-multipoint
boundary conditions. We apply Banach contraction mapping principle to establish the existence of a
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unique solution, while Leray-Schauder alternative is used to obtain the existence result for the problem at
hand. We emphasize that the novelty of our results lies on the semi-coupled boundary conditions (2) and
enrich the related literature on the topic. Our work also produces some special cases by fixing the para-
meters involved in the boundary conditions. For example, our results correspond to the ones for nonlocal
semi-coupled fractional multipoint boundary conditions by fixing v = 0 = u and the results for nonlocal
semi-coupled fractional integral boundary conditions follow by taking all p; = 0,i=1,..., m and g; = 0,
j=1,...,n
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