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Abstract. In this paper, a strongly nonlinear coupled elliptic-parabolic system modelling a
class of engineering problems with heat effect is studied. Existence of a weak solution is first
established by Schauder fixed point theorem, where the coupled functions o (s), k(s) are assumed
to be bounded. The uniqueness of the solution is obtained by applying Meyers’ theorem and
assuming that o (s), k(s) are Lipschitz continuous. The regularity of the solution is then analyzed
in dimension d < 2 under the assumptions on o (s), k(s) € C 2(]R) and the boundedness of their

derivatives of second order. Finally, the blow-up phenomena of the system are studied.
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1 Introduction

In many engineering problems, cf. [1, 2, 3], and the references therein, we en-
counter an incompressible quasi Newtonian flows with viscous heating which
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518 NONSTATIONARY NONLINEAR COUPLED SYSTEM

can be modelled as:

i -2V-(c@®)Dw)+Vp=f
(i) V-u=0 (1)
(iii) 6, — V-(k(O)VO) +u-VO +c = (0)|D(u)?

where u is the velocity, p the pressure, 6 the temperature. The viscosity o is a
function of 6,

D(u) = %(Vu + Vu')

is the strain rate tensor, and | D(u)|? is the second invariant of D (u).

Problems of this type have received especial attention recently, cf. [2, 4, 5].
Very similar problems can be found in modelling turbulent flows, cf. [6, 7],
thermistor problems, cf. [9, 10, 12, 15, 13, 14, 16, 19, 23, 22, 24,26, 29, 31, 32],
semiconductor devices, cf. [30, 17, 28], electromagnetic “induction heating”
problems, cf. [11], and so on. The main difficulties in analysis of the system
(1) come from the strongly coupled nonlinearity and the incompressibility
(from numerical point of view). In this paper, we focus the first difficulty and

consider its simplified scalar model:

() —V-(@®)Vu)=f inQ x (0, T),

(i) 6, —V-(k(®)VO) +b-VO+cO =0 Vul> inQx0,T), @
(i) u=0, 6=0 onT x (0, T),

(v) 6(x,0) = Op(x) in Q.

where u, 0 : 2 x (0, 7) — R are unknowns, 2 is a bounded open subset of
R d = 1,2 or 3, I its regular boundary, T is some positive given number.
b, ¢ are given vector and scalar functions. We will study the problem (1) in
next work.

The model problem (2) can be also thought, from mathematical point of view,
as a generalization of thermistor problem where u is potential, 8 temperature and
f, b, c = 0. Itis necessary and important to understand well such a fundamental
model problem (2) in simulating quasi Newtonian flows with viscous heating,
turbulent flows, thermistor problems, semiconductor devices, electromagnetic
“induction heating” problems, etc.
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Following the works by Antontsev-Chipot [10] and Elliott-Larsson [16] for
thermistor problem, we give in this paper a complete analysis such as exis-
tence, uniqueness, regularity and blow-up of the problem (2). While in [24] the
authors assumed f € L?(R2) to get the existence of the solution, we establish
similar results with a weaker assumption on it (see Theorem 1 below), which
also extends results in [10, 16], where simply f = 0 is involved in the par-
tial differential equation. By applying Meyers’ estimate from [21], regularity
assumptions on the solution such that

Vu;, Ve € L*/477(0, T; L9(Q)), i = 1,2

and
Ve € LY (0, T; LY(Q)), ¢ > max(n, 2)

etc. in [10] are not needed to reach the uniqueness of the solution. And a
non-trivial extension of the blow-up analysis in [10] to the case of diffusion-
convection-reaction is presented following the idea from [8].

The paper is constructed as follows. In section 2 we formulate the variational
form of the problem. And the following two sections are devoted to analyze the
existence and uniqueness of the weak solution. Then we study the regularity of

the solution. Finally, we discuss the blow-up.

2 Variational formulation

We will use standard notation for the spaces and corresponding norms. Let

w™s(€2) denotes the standard sobolev space, with its norm || - ||pm.s(q), for
m>0and 1 <s < oo. We write H"(2) = W™5(Q2) when s = 2, with the
norm || - || pma2(q), and L(R2) = w05 (2) when m = 0, with the norm || - s (-

Wy"*(2) is the closure of the space C$°(2) for the norm || - [|jpms(q). When
considering space-time functions v(x, t), (x,?) € Q x (0, T), we define the
space L"(0, T; X)(1 <r < oo) (where X is a Sobolev space on €2) as:

T
L0, T; X) := {v (0, 7) — X| f lv@)'ydt < oo}
0

In a similar way we can define L*>°(0, 7'; X) and C(0, T'; X). Vector variables
are, in general, denoted with bold face.

Comp. Appl. Math., Vol. 30, N. 3, 2011



520 NONSTATIONARY NONLINEAR COUPLED SYSTEM

We assume that ) € L?(Q), and let V = HOI(Q), V' = H () the dual
space of V. Then, for a given f € L*°(0, T'; V'), the variational formulation of
the problem (2) can be defined as:

Find u € L®(0,T; V), 6 € L*>(0,T; V)N C([0, T]; L*()),

6, € L*(0, T; V') such that

. (3)
i) a®;u,v)=(f,v), VveV
(i) (B, ) +b©B;0,1) = (00)|Vul?,n), VneVNL®Q)
where
a@;u,v) = (c(@)Vu, Vv), 4)
b(&;0,n) = kE)VO, V) +(b-VO,n) + (ch,n), (5)

and (-, -) denotes the inner product of [L?(2)]¢ or the duality between [L*(2)]¢
and [L* ()19, s’ is the dual number of s.

3 Existence of a weak solution
We assume that o, £ € C(R) satisfying
0<o)<0(0) <oy < o0 0< k1 <k) <k <o (6)

where o;, k; are positive constants. C denotes a generic constant depending on
Q,dand o;, k;.
It is easy to see that, for any given 6, and v, w € V

a(®;v,v) = 01|V}, g, @)
la(@; v, w)| < o2 Vull 2 VWl 2 3
where |V - || ;2 is equivalent to the norm || - || > by Poincaré inequality (cf. p. 11

in [25]).

To symmetrize the trial and test function spaces of (3.ii), we note that in
[24,32, 33] Meyer’s estimate was applied and some regularity assumption in 3D
case was needed. Here we are doing in a different way which is based on the
Maximum principle and that regularity assumption is then unnecessary.
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Lemma 1. For any given 0, the solution to (3.1) u satisfies that

IVull .22 < ClLf Iz, ;- ©)

Moreover, if f € L*(0, T; LY(2)) where q > d /2, then
el z20,7: 200 = C||f||L2(0,T;Lq(Q))- (10)

Proof. Let v = u in (3.1), and notice that (7), we can get (9). (10) is a con-
sequence of Theorem 8.16 in [20]. O

By (2.1), the right-hand side of (2.ii) can be written as
o @)|Vul*> =V - (c@)uVu) + fu. (11)
Then, for any n € V', we have

@O)IVul®,n) = =(V- (@ @)uVu) + fu,1n)

(12)
= (6@ uVu,Vn) + (fu,n).

By Lemma 1, if f € L0, T; V)N L*(0, T; L1(R)), then (12) defines an
element of L2(0, T; V'). Thus, we can rewrite (3) equivalently as:
Find u € L®(0, T; V), 6 € L*(0, T; V)N C([0, T]; L*(RQ)),

6, € L*(0, T; V') such that

1 (13)
1) a@;u,v) = (f,v), YveV

(i) (6, m) +b®;6,n) = @@O)Vul’,n), YneV

Problem (13) is easier to study since its trial and test function spaces are same.

Since
(b-V0,0)=—(V-(b6),0)=—(b-V0,0) —(V-b0,0)
or {
(b-V0,0) = —E(V-b 0,0). (14)
So, if |
Cc— EVb > _(kl - p))\min, (15)
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522 NONSTATIONARY NONLINEAR COUPLED SYSTEM

where A, denotes the smallest eigenvalue of —A in 2, p > 0 and if
be L3V, ce L), (16)

we have, forany £,0,n € V

1

b(;0,n)| < k2||V9||L2(Q)||V'7||L2(Q) + ||b||L3(Q)||V9||L2(Q)||77||L6(s2)
+||C||L3/2(s2)||9||L6(Q)||77||L6(sz) (13)

< BIVOl 2 IVnll L2
where « = min(k, p), B = B(ka, b, ¢) is a constant.
Then we can prove the following:
Theorem 1. (Existence) If f € L>(0, T; V') N L*(0, T; L1()) (¢ > d/2),

and b, c functions satisfying (15), then there exists a weak solution {u, 0} to
problem (13) such that

IVl pooo.7: 2202 < CIlf I, 777, (19)

lullz200.7:20002)) < CIlfllz200.7:29(2))> (20)
2 2

||9||C(0,T;L2(Q)) + ||9||L2(0,T;V)

1)
< C(If B o1 Poago piocay + 160122 )-

Proof. Choose £ € L%(0, T; L*(R)), since (7), (8) hold, we denote by
ug € V the solution of

a(§;ug, v) = (f,v), YvelV (22)
in view of the Lax-Milgram Theorem.

According the Theorem 2.1 in [10], there exists a unique 0; € L?(0, T; V) N
C(0, T; L*(RQ)) with s, € L*(0, T; V') and 6;, = 6, the solution of

¢, m) + (k(E)VO:, V) + (b - VO, ) + (cb;, )

= —(0(&)ueVue, Vi) + (fue, ), VneV

(23)
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together with £ = k(&). Let us consider the map
§— 0: = J(@). (24)

This map carries L2(0, T; L?(2)) into itself. Moreover, since (15) holds, by (6)
and (17), if choosing n = 6 in (23) and integrating in ¢, we have

1 t
el +a [ 1961 gt
0

A

1 t
S0y [ TG0, V0 + (b V06, 00) + (et 00)]de 25)
0

IA

t t
I
‘fo (a(g)usvztg,veg)dt‘+(/o (fug,eg)dr‘+5||90||§2(Q).

By Hélder, Young’s inequalities, the first two terms of the right-hand side of the
last equation follows,

t
‘/ (a(.g)ugwg,veg)dz(
0
t
= 02/ llug ll oo | Vuell 2@ - 1VOellL2o)dt (26)
0
o
= Z||95||i2(0,T;V) +G ”f”%“’(O,T;V’)”f”iZ(o,T;Lq(Q))’
t
| [ e oerd
0
t
< / ISy - Nug Lo - 1061l vdt (27)
0

o
2 2 2
= Z”GS ”LZ(O,T;V) + C2”f||Loo(0’T;V/) ”f”Lz(O,T;L‘l(SZ))'
Hence, (25) follows

t
166 oy + [ IV iy
’ (28)

(1 a\T!
= C3 |:m1n (Ea 5)] {“f”iOC(O,T;V’)”f”?}(o’]';]‘q(g)) + ”90”12(9)}

And again, choosing v € L2(0, T; V), lvll 2.7,y = 1 in equation (23), one
easily deduce

16l 2 0.7y < C {1 f .m0 1 fll20.:00c2) + 160l 2@} - (29)
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524 NONSTATIONARY NONLINEAR COUPLED SYSTEM

Therefore, provided we take R large enough, & — 6 maps the ball By of center
0 and radius R in L?(0, T; L?(S)) into itself. Moreover, since

w={0¢eL*0,T; V)6 € L*0,T; V')}

is compactly imbedded in L2(0, T'; L?(2)), and this mapping will be carried into
a relatively compact set by (28), (29). We are then going to show that this map
is continuous, it will be done by the Schauder fixed point theorem. We consider
a sequence £, € L2(0, T; L?(R2)) such that

& —> & in Bg (30)
defines u;, as in (22) and 0;, = J(&,). We will show that
O, = J(&1) — J (&) =0 in Bp. 31
For that, subtracting the equation satisfied by 6 from the one satisfied by
g, with n = 0, — ¢, we get
(%(05,1 —0¢),0:, — 9§> + (k(&) Vs, — k(E)VO:, V(0s, — 6¢))
+(b- V0, — 0,0, — 0¢) + (c (B, — 0¢), O, — 0¢) (32)
= (0 (&) Vug, |* — 0 (§)|Vug|*, 65, — 65).
By (6), (14), (15) and (17), if integrating in ¢, we have,

1 t
2 0e, = el + [ 19, = 001 gt
0

A

l t
105, = Ocl2ag) + /O (k€)Y (O, — 06), V(6 — 0:))di
1 t
_§</O (V- b(@gn — 95), an — eg)dl‘
t

+ O —0:),0: — 0:)dt
/0<c<s,, . 6, — 06) -

_ fo ((K(E) — k(E) Ve, VO, — 0))dt
+ / (0 Enue, Vi, — 0 (E)usVug), VB, — 60))dr
0
+/O (fugn —fug,egn —eg)dl‘
=L+ 5L+ L.
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Set
a (! )
=% [ 196k, =60l gt
0

then by Holder inequality and Poincaré inequality, we get

ni=| [ () — (6,)) V8, VB, — B

spi+y | ) — k)Tl
b= [ (0, Tue, — o s Vue). VB, — 00|

<+ é /Ot o e, Vite, — o €)ue Vg |2 g dt, (34)
L] = ‘/Ot(fugn — fue. 0, —Gg)dt‘

</ Al ey — s - 165, — Gl

1Al (! 2
S 14 + o ||ugn - us”Loo(Q)dt
0

Thus, taking into account the Definition of /4, we have

t
1, — O gy + / 1V, — 00) 122 gl
0

1 (1 a\T! T 2
- &[mln(§,5>:| { /0 1) — KDV It

T
+/ lo(§n)ug, Vug, — U(E)Mévusniz(g)dt}
0

1/ o [ (1 «\T"f (7
e )] | -]

Since 0, is in a relatively compact set of Bp, it is enough to show that 6;

(35)

is the only limit point for 6; . Let 6; be such limit point, i.e.
, . .
65 = n,llinooeg"m m BR
provided that we have extracted another sequence of #,, that still denoted by

n, we can assume

Enm — & ae. in 2 x (0,7). (36)
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Then, since |VO:|> € L'(Qr), and by (6), we know almost everywhere by the
Lebesgue theorem,

T T
/0 |G — K(E)) VO 122 gt = fo /Q k(En,y) — K©PIVE, Pdxdt — 0.

Next, for n = n,, the second integral in the right-hand side of (35) reads
! 2
/0 lo e, Ve, — 0 (€)ug Vg |2 g dt

T
< [ o, Ve, — o G, Vi s g dt
0

' (37)
[ oG, Vit = 0 6V gy
0

T
[ oGV - o @ Vi s gt
0
=1+I11+1I1

It is clear that

~
A

T
2 2
<C /O 1120 19 Gty = )2t
T
C/ Il (ue,, —us)vuénihmdh
0

T
c fo 1/ By 10 &) — 0 (€)) Vit | g .

11

IA

111

IA

By (36), (6) and Lemma 1, together with the Lebesgue theorem we can obtain
I11 — 0. Next, ug, satisfies

—V-(0 () Vue,) = f; ug, =0 onT,

n

hence
(0 &) Vue,. V(ug, —ug)) = (o) Vug, Vug, — us))
or
(0 (EDV (ue, — ug), Viug, —ue)) = ((0(§) — 0(5,)) Vug, V(ug, — ug)),
which implies, for every ¢,

IV (g, — ue) 172y < Cll@(E) — 0 (E)) Vel - (38)
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Thus, .
I=c / 112010 (62) — 0 E) Vg |22 dt — 0
0

as above for ///. By the Poincaré inequality, this implies

T
2
/0 ||u5n — uS”LZ(Q)dt — 0,

and up to an extracted subsequence we can assume
ug, —ug —> 0 a.e. on 2 x (0,7T); (39)

then the Lebesgue convergence theorem gives // — 0, which also implies the
third integral in the right-hand side of (35) approaches to zero almost everywhere
in Q2 x (0, 7). Hence 0, — 0 = Qé in L2(0, T; L*()). O

4 Uniqueness of the solution

Definition 1. We denote by R for 1 < s < oo the class of regular subsets G in
R? for which the Laplacian operator maps WO1 “(G) onto W=15(G).

Remark 1. A bounded C' domain, for example, is of class R, for every s €
(2, 00), see Theorem 4.6 in [34].

From now on, we assume that 2 is of class R, for some r* > 2. For
1 <s <r* wedefine M; > 1 by

inf sup (Vu, Vv) = L (40)
IVulles@IVolly @y M

ueWy \{0) vel ! \(0)

It is easy to see that M, = 1 and My = M,.

Lemma 2. ([32)) Ifr € (2,7"] is such that

0y — 0]
M.,
o1+ 0y

<1, (41)

then, for any 0, we have

. a@;u,v
inf sup ( ) >y (42)
ueWy M0} ey o) IV #llLr@ VUl @)
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528 NONSTATIONARY NONLINEAR COUPLED SYSTEM

where

y =T (2T 43)
2M, o+ o0

Similarly to [24, 32], we have

Lemma 3. Let f € L*=(0, T; W=17(Q)), where r is defined in Lemma 2. Then,
for any given 0, the solution to (13.1) u € L*>(0, T; Wol’r(Q)) and satisfies that

1
VullLeo, ;00 ) < ;”f”LOO(O,T;W*L"(Q)) (44)
where y is defined by (43).

Lemma 4. Under the assumptions of Lemma 3, if b, ¢ are bounded continuous
functions, o, k € L°(R), then solution to (13.i1) 6 € W with 6(0) = 0y, where

wr=1{0eL0,T; W’ (Q):6,€L0,T; w ()}
Proof. Since u € L>(0, T; W' (R)), it follows that o(9)|Vu|> € L>(0, T;
L"2(Q)) < L0, T; W= (Q)) — L"(0, T; W=7 ()). Following the idea

of Theorem 1 and Remark 5 in [21], and the similar proof in Chapter 4 of [18]

we can complete the proof. ([l

To study the uniqueness of problem (13), we need to assume that: o, k are
Lipschitz continuous, i.e. there is a Lipschitz constant L, for any &,& € R
such that,

k(51) — k(&)I, o) —o (&)l = L|& — & (45)

Let (u;, 6;), i = 1,2, two weak solutions to problem (13), and set 0 =06, —
6y, u = u; — uy, noticing (4), we have Vv € V,

a(@i;u,v) = a(®; ui, v) —a®; uz, v) = a(®; uz, v) —a®; uz, v).
Therefore, letting v = u, by (7) and (45), we have
o1IVitl7a gy < LIVl 2@l Vil @ 101 202

or
IVilz2@ = CliVuallr@ 101l 2re-2 .- (46)
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On the other hand, subtracting the equation satisfied by 6, from the one satis-
fied by 6,, we get, forany n € V,

(ORI
= [b(62: 62, 1) — b(61; 62, M) + (0O | Vs[> — 0 (62)|Vuua|*, )
= ([k(62) — k©D]V62, V) + ([0 (61) — 0(62) ]|V |

+0 (62) Vit - V(uy + uz), ).

Let n = 6, and noticing (17), we have

1d - _
< ((k(By) — k(8))V02, VO) + ((6(6) — 0 @) |Vuy 2.6) 37
+(0(0) Vit - V(uy + uy), 6).

By Holder and Young inequalities, we easily can deduce that

IA

(k(61) — k(62)) V62, Vé)( LIV6lr@ IVE 12 161l L2002 )

IA

elVOI72.q) + Cell VO T 1017 2102 (g

A

(0 (61) — 0 (62)| V1|2, é)( < LIVutlgr @ lf17 202 g

(0 (62)Vii - V(w1 +u2), 0)|

A

< 0| Vitll g2 IV 1 4 u2) ll r @) 101l 20/0-2 -

Combining the above estimates and (46), choosing ¢ = ¢, (47) follows

1d - 30 -
T —|IVo?
= C<||V92”%r(g) + ||VM1||2r(Q) + ||Vu2||2"(§2)>”9”%{2}’/072)(9)'

By the Galiardo-Nirenberg interpolation inequality, (48) becomes

1d -, 3 -,

205 oan
= (196213 gy + IVu1 131 gy + V2110 ) 181207 1VEN
) 2r/(r—d 2r/(r—d 2r/(r—d )
< eIV012, g+ Ce (V617G + 1V G + IVl ) 1612

L2(Q) L7 () LT() L7(2) L2(Q)
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where we apply Young’s inequality ab < ea’/? + C.b"/"~%9 . Again choosing

¢ = %, and by the estimates in Lemma 3, 4, and by Sobolev inequality that

L7(0,T) c L¥/"=9(0, T), Gronwall lemma implies that

t
101172y + / IVO(@)72g)dT < ClOO)172q,-
0

Thus, by (46), uniqueness of the solution follows. Therefore, with the above
result, we can state:

Theorem 2. (Uniqueness) Under the conditions of Lemmas 3 and 4 with Lips-
chitz assumption on k,o as (45), there exists at most one weak solution to
problem (2).

Remark 2. Here the uniqueness result is obtained without additional regularity

assumptions on the solution as those required in [10].

5 Regularity of the solution

In this section we study the regularity of the solution to the problem (2) only
on the dimension of space d < 2( in [33] we considered a simplified case of
k(9) = 1). For our regularity estimates, we need to assume that

o (), k(s) € C*(R), lo' ()] + " O+ 1K O+ K" () < L' (49)

for all s € R, where L’ is some positive constant.

Then we have:

Theorem 3. (Regularity) Let T > 0 and assume that 6, € H?*(Q2) N HOl (),
b, c are bounded continuous functions. f € C?>(0, T; L" () where r is defined
in Lemma 2. Then problem (2) has a unique solution u € L*®(0, T; H*()),
0 € CY 0, T; L*(Q)) N C, T; H*(R)). Moreover, there is a constant C,
depending on T, 6y, f, Q and on o, k through the constants o;, k; in (6), such
that for every t € [0, T], we have

lull 2 + lu@llwro + lu@Oll g + 10O 520
+ 10D ll22) + N0 D a1 @) + L0 (Dl 12) = C

Comp. Appl. Math., Vol. 30, N. 3, 2011



G. LI, H. WANG and J. ZHU 531

Proof. We consider the initial value problem (‘here V = H*(Q2) N H, (2))

0t) eV,

O, m) + k@O)VO,Vn) + (b-VO,n) + (cb, n) (50)
= (c(0)|Vul?, 1), VYneV,t>0

©0(0),n) = (6o, n), VneV

where u(¢) is determined by the linear elliptic problem
u(t) € Hj, (@@ Vu,Vv)y=(f,v) YveH,t>0 (51)
we are now to analyze the regularity of the solution.

Step 1. We first show some estimates of u. By (10), we know

lullzo) < Cll fllza (52)

for some g > d/2. Next, by Lemma 3, there existes a 2 < r < r* such that
IVu(@)llzr@ < Cll fllw-1r- This implies that for every ¢,

luOllwir@) < Clfllr@ =C (53)

We note that we should consider mostly the derivatives of o (8) to obtain fur-
ther estimates of u. First, equation (51) impliesthat —o () Au—Vo (0)-Vu = f,
so that by Holder inequality,

f+Vo(@©)-Vu ‘
o (0)

< Cllfllzr@+ClIVOlrn @l Vull 2 @

| Aullr@ = | s
L"(2)

1 1
for any r, r;, satisfying — + — = —. We thus obtain
roory r

lullpar @ < CllAullr@) < CUlfllzr@ + IVOllzri @Vl ).

Hence, by Gagliardo-Nirenberg interpolation inequality and estimate (53), we
will get

1-6
lullwariey = € (112 @ + 10l 13, g Nl )

1-8
C (1 1o + 10l )
1/8
(17117 + 16132 ) + Sl

A TA

IA
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532 NONSTATIONARY NONLINEAR COUPLED SYSTEM

where § =1 —d/r +d/r, =1 —d/r,. In the last step we also used Young’s
inequality

ab < g7V 8 4 opl/(1=8) £>0,0<d8<1,a,b>0

For the above estimates of | VO] 171 (o) to hold, it is required that ; < oo, which
in its turn is equivalent to § < 1. Thus, we have proved the preliminary estimate

||u(t>||H»-<msc(1+||9<t>||;;fm)), Véell—d/p.l) (54)

where C is independent of §. Next, arguing as [16] treats, we get

@l gy + 14Oy = € (14 10012 g, ) (55)
where p < 1ifd < 2.

Step 2. We now estimates [|01| ;2(q) and [|6;]|.2(q). First, without lost of gener-
ality, we assume that ||0|| 1.4, < C (see Lemma 4). We note that it suffices to
estimate [|0; | ;2(q). In fact, equation (50) implies that 6, — k(0)A6 + b - VO +
chd = P(o(0)|Vul|*> + k'(6)|VO|?), where P denotes the orthogonal projection
onto V. Hence,

101172y = ClAON 2y = C<||9z||L2(Q) +11b- VOl 2q) + 0l 2(q)

+ o @) Vulll 20 + K O)IV6 Ll 20
=C (||9z||L2(Q) + ||u||2W1,4(Q) + IIQII%VLA;(Q) +IVOl 2@ + ||9||L2(Q)) :
By the interpolation inequality, we know the two terms in the last inequality can
be estimaed by (|0 2(q), and in view of the estimate (55), so we can get

0O 2 < C (1 + ||9t(t)||L2(SZ)) . (56)

For the further estimates of 6;, we differentiate equations (50) and (51) with
respect to ¢. Beginning with (51), we have

(o (@)Vu,, Vv) = —(0(0);Vu, Vv) + (f;, v), Yve HO1 (57)
Because o (0) is continuous in C'(R), and in view of (55), we have

ludl g < C (6@, Vull 2@ + I fill 12
C (1 + ||9t“L2(Q)”“”W1’°°(Q)) (58)

C(14+181xg ) -
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Next, by (12), if differentiating equation (50), we have
(Ore, m) + (KO)VEO),, Vi) + (b - VO, 1) + (¢ 0, 1)
= —((@(@uVu);, Vi) + ((fu):, n)

for each n € V, where (k(0)V0), = k'(6)6,VO + k(6)V0,. Similarly, if
condition (15) is satisfied, with n = 6; in above equation, we would get

(59)

|| t||22 || t”zz

2 dt 0 2 T Vo L2(Q)

< 16,1172, + (k(©)VE,, V6,) 1(V b6, 6,) + (cb;, 6,)
= 2 ¢ t 2() 1 t 2 ty YVt ty Vit

= (0@ uvVu), V)| + [((fu), 6)] + | (K ©)6, V6, V8,)| (60)

IA

C (Mo @uVu) sy + (/1))

FL 161246y V0124 gy + ENVON2 2

where
(o @uVu)llL2q)

o' @)0uNVull2q) + o (@uVull 2 + llo@uVull2q)

IA

IA

C<||9t ||L2(Q) el ooy [l wieo(q) T [l ||LF(Q) fluel| WLr(Q)

Hlulleie el o)
1/r + 1/7 = 1/2. By Sobolev’s inequality and known bounds for u and u, in

(52), (53), (55), (58), we get (0 (@)uVu) |l 2@ < C(1+ 116;]172q,), thus (60)

follows J
0N ) + V000 = C (1416111 ) (61)
Since 6(0) = P(6,), thus
10Ol < CIABO) 2 < Cllfoll i) < C.
then by (55),
10,0 20) < KOO AOO) 20 + 18- VOO 120 + lle OO 12

+IIK ©0)VOO) 120 + 1P (0 (00N VU020

A

A

CllABO)ll 2y + Cllu(O)1 + ClleO) |l c

2
Wi4(Q) wid@) =
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Therefore, integrating (61) in ¢, we get

t t
100 ey + [ VOO gy = C+C [ 101t
0 0

By Gronwall’s lemma, we obtain

t t
16: (1172 + / IV6,(2)[172q)dT < exp ( f ||9,<r)||iz(mdr) (62)
0 0

We are now to establish the estimates of the right hand side of the above
inequality. Taking n = 6; in (50),

1d
161175 g + EE(k(Q)VQ, VO) +(b-V0,0,) + (ct,0,)

1
= (0(0)|Vul?,6,) + E(k/(9)|V<9I2, 6:) (63)

A

L/
2
Cllullyra gl 20y + S VO 19l 220

In view of (56) and Sobolev inbedding inequality, if integrating in ¢, we arrive at
t
fo 101220y dT + V012 < CIVP @) |22y +Ct < C (64)

since 0(0) = P(6p), where P is bounded with respect to the norm ||V - || 2(q),
which implies (62) is bounded by C.
Substituting this result into (54),(55), (56), (58), we may conclude that
lu @l ar @) + lu@ ) + lud Ol g1 e
+ 10D w2 + 10Dl 12 ) = C

(65)

Step 3. We next to estimate #||60;(¢)|| y2(q) and [0 (¢)[l12(q). We note that
0, — V-(k(0)VO), + b -V, 4+ c 6, = P(c(8)|Vul|*),, where

V- (k(0)VO), = k" (0)6,|V0|> + 2k’ (9)V6, V0 + k' (8)6, A0 + k(0) A6,

and
(o (O)|Vul*)ll 2

< o’ )6\ Vul*|l 120 + 2o @) VuVull 12q)

(66)
=< C(||9z||L2(Q)||U||2W1.w(9) + ”u”W‘vC’O(Q)”ut”lez(Q))
<C
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so it is easy to get the following estimates by (65),

16: )Nl 22y < C (1 + 161Dl 120) (67)

In order to obtain estimate of 7|6;,(¢).2(q), we differentiate (50) with respect
to ¢t and let n = 6,,, similar disposal like before, and in view of (66) and (67),

we get
d
1001172 + 7 1VO 720y = €
Hence, if multiplying by ¢ and integrating in ¢, it follows

t t
0 0

by virtue of (62) and (64). We then differentiate (59) with respect to ¢ and let
n = 6, to have

%%Ilenllﬁ + ((k(O)VEO)s, 6:1) + (b - Vi, 6,1) + (cbir, Our)
= (@@)uVu)y, 6i) + ((fu)i, Ou)
where
(k(O)VO), = k' (0)0>VO + k' (9)6,, V6 + 2k (0)6,V6, + k(0)V6;,
(Je = fuu +2 fiu, + fuy

we could use similar method as above to treat them separately, then, if condition
(15) is satisfied, we obtain

%nenniz(m +allVOilj2q < C (u(a(e)uvmnuiz(m + ||un||iz(m) (69)
Differentiating (57) with respect to ¢, we have
(0d(@)Vuy, Vo) + (0 (0);Vu + 20 (0);Vu,, V) = (fi1, v) Vve HO1
with v = u,,, it follows
”utt”H](Q) = C<(||9n||L2(Q) + ”‘9[||L2(§2)”0t||L°°(Q))||u”W‘v""(Q)
10l iy + iy ) (70)
<C (1 + ||9tt||L2(Q))
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536 NONSTATIONARY NONLINEAR COUPLED SYSTEM

For the term

(c(@uVu); =o(0),;uVu + o(@)u;;Vu

+o(@)uVuy +200)u;Vu + 20 0)uVu, + 20 0)u,Vu,

we estimate similarly to [16] to get ||[(o0()uVu)yllr2 < C + 10l 12(),
together with (70) show (69) could be estimated by

d
0y + V0 gy = € (14 1642 q,)
If we multiply by #* and integrate, and in view of (68), it follows
t t
16 (D72, + f VO, lI32gdT < C <1 + / r||et,||iz(mdr> <C
0 0
which completes the proof. O

6 Blow-up result

In this section we are interested to investigate under what condition the solution

exists globally or finite time blow-up? We consider the problem as follows:

() —V-©@O)Vu) = f in Q x (0, T)
() 6 —V-(k(O)VO) +b-VO +co =a@)|Vul> inQx(0,7)
{ (i)  u = up, xel,t>0 (71)
(iv) 96/dv =0, xelt>0
V) 6(x,0) =6y, x e

where d/0v is the outward normal derivative of 9€2.

We note that our difficulty to treat problem (71) compared to general
considered problem lies in the convection term b - VO and reaction term c6.
From the physical point of view in [8], any solution 6 to (71) can be written
as O(x, 1) = O(x — tb, 1), by a variable transformation, we can obtain the
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equations that 6 and corresponding solution # satisfy,

i) —V-c@Vi)=f inQ x {t> 0}

() 6, —V-(k(@)VO) +c0=0c@)|Vi|*> in$ x{t>0}

(i) @ =1u9=uolx —th,t), xel,t>0
(iv) 96/dv =0, xel,t>0
v)  6(x,0) =6, xey

537

(72)

where we still write x, ¢ if not causing any confusion and 2, = 2 —th. We note

that this transformation does not change the shape of the boundary I of 2 and

initial value 6. In this case we see that if & blow up so does 6 and vise versa,

thus the convection term has no effect on whether solution is blow-up in finite

time. So we turn our attention to problem (72). We assume that

6y > 0, x e

(73)

0 < k(s),0(s) < 00,Vs >0; o(s) differentiable, o'(s) > 0,Vs >0 (74)

and
/“’O ds
— <00
0o o(s)

From [10], if dy (x) is the superficial measure on I', then

A—>/|u—)»|2dy(x)
r

achieves its minimum value for

thus, if we set ug, = ﬁ udx, we have for some constant C,
t Q

/|u—a|dy<x> < f|u—ugt|dy<x)
T T

IA

C [ |Vul*dx VYueHY Q)
Q

Comp. Appl. Math., Vol. 30, N. 3, 2011



538 NONSTATIONARY NONLINEAR COUPLED SYSTEM

so we get

f lu —al’dy(x) < C [ |Vu|*dx YueHY(Q)
r

Q

where C denotes the best constant. Then we have the following result:

Theorem 4. Assume that c is nonpositive function and
o0 ds 1 [ . =
N vei [ [ i Rodycoar
6 O (S) CJo Jr

- 1
110 = uo(x —tb, f), ﬁo = —/ﬁody(x)
Tl Jr

where

then problem (71) cannot have a smooth global solution.

Proof. The proof is similar to that of Theorem 5.1 in [10].

(75)

(76)

0

Remark 3. In one dimension case, when & = 1 and b is a function of x with
%V-b + ¢ > 0, we could show that 9(x, t) blow up globally. In other words,

if t* denotes the blowup time when
0(x,t) — oo, ae.x € when ¢t — ¢*
Indeed, consider 2 = (0, 1), then integrate the equation
(c@u) =f

it follows |
/ fx,t)dx + C(1)
1 JO
B o(0)

1
(/ fx, t)dx + C(z))
0

o(0)

thus the equation satisfied by 6 reads

2

0 — Oy +b-6, +cO =
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Differentiating in x and let n = 0,, we see that
| 2
o’ (0) (/ fx, tdx + C(t))
0

N —Nxx +b-nc +(V-b+0)np = — 0.(9)2

n
with initial boundary
nx,t)=0, x=0,1 n(x,0) = (6y)x

Assuming that (6y), € L*°(0, 1), and noting that

2

1
o’ (0) (/ f(x, tdx + C(z))
0
o(6)?

then it follows from the parabolic maximum principle that

|9x|oo = |(90)x|oo

ie.
O(x,t) = f 0, (x, )dx + 6 (xq, t)

X0

shows that if 8 (x¢, t) blows up, then € blows up for any x.

Remark 4. We note that the result of Theorem 4 is independent of f, then,
without loss of generality, we specialize the problem (72) in one dimension
with f = 0 to show the sharpness of (76). Still consider 2 = (0, 1), 6(0) =
6y = Const and look for a solution § = 6(¢) depending on ¢ only. Set

to(—th, 1) = ap(2), to(l —th,t) = a1 (t)
then the equation satisfied by u leads to
i(x, 1) = ag(t) + x (a1 (1) — ao(t))
thus, the equation satisfied by 6 becomes

6, — b = o (0)(a1(t) — ap(®))’
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t 5[ 9“ t
fo ;(ré‘; dt:/o (a1(6) — ap(1)) d1

0 ds L b d 2
—ds = — d
/90 o (5) +/(; 20 s ,/0 (al(s) ao(s)) s

In this case, the failure of (76) reads

o d o0
| Sz @o - ae)s

0

which implies that (72) has a global solution which is bounded when

o0 d 0
/90 G(Z) 2/0 (a1(s) — ao(s))’ds

and is unbounded otherwise.
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