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On a problem of Arnold:
The average multiplicative order
of a given integer

Par Kurlberg and Carl Pomerance

For coprime integers g and n, let £,(n) denote the multiplicative order of g
modulo n. Motivated by a conjecture of Arnold, we study the average of £,(n)
as n < x ranges over integers coprime to g, and x tending to infinity. Assuming
the generalized Riemann Hypothesis, we show that this average is essentially as
large as the average of the Carmichael lambda function. We also determine the
asymptotics of the average of £,(p) as p < x ranges over primes.

1. Introduction

Given coprime integers g and n with n > 0 and |g| > 1, let £4(n) denote the
multiplicative order of g modulo r, that is, the smallest integer k > 1 such that
g“=1 mod n. For x > 1 an integer, let

T, =2 Y 40,

n<x
(n,8)=1
essentially the average multiplicative order of g. Arnold [2005] conjectured that if

|g| > 1, then
X

logx’

Tg(x) ~c(8)

as x — oo, for some constant c(g) > 0. However, Shparlinski [2007] showed that
if the generalized Riemann Hypothesis' (GRH) is true, then
“— exp(C(g)(loglog log x)*?),

Te(x) > Togx
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Council. Pomerance was supported by NSF grants, numbers DMS-0703850 and DMS-1001180.
MSC2010: 11N37.
Keywords: average multiplicative order.

'What is needed is that the Riemann Hypothesis holds for Dedekind zeta functions ¢k, (s) for all
n > 1, where K, is the Kummer extension Q(e27(/" gl/m).
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where C(g) > 0. He also suggested that it should be possible to obtain, again
assuming GRH, a lower bound of the form

To(x) > exp((log log logx)2+”(l)) as x — oQ.

Let
—e? 1‘[( m) — 0.3453720641 ... ., (N

the product being over primes, and where y is the Euler—Mascheroni constant. The
principal aim of this paper is to prove the following result.

Theorem 1. Assuming the GRH,

X Bloglogx
S X

T, =—— 1 1
¢ () 1 logloglogx( +ol ))) @ oo

uniformly in g with 1 < |g| < logx. The upper bound implicit in this result
holds unconditionally.

Let A(n) denote the exponent of the group (Z/nZ)*, which is commonly known
as Carmichael’s function. We have £,(n) <A(n) when (g, n) =1, so we immediately
obtain that

1
T () < D A,
n<x
and it is via this inequality that we are able to unconditionally establish the upper
bound implicit in Theorem 1. Indeed, Erd6s, Pomerance, and Schmutz [Erdds et al.
1991] determined the average order of A(n) showing that, as x — oo,

DIOE <Blog1°gx (1+ (1))) )
lgxeXp logloglog x ? '

n=<x

Theorem 1 thus shows under assumption of the GRH that the mean values of A (n)
and {¢(n) are of a similar order of magnitude. We know, on assuming the GRH,
that A(n)/€4(n) is very small for almost all n (for instance, see [Kurlberg 2003; Li
and Pomerance 2003]; in the latter paper it was in fact shown that A(n) /£, (n) <
(log n)°togloglogn) a5 5 o0 on a set of relative asymptotic density 1 among
integers coprime to g), so perhaps Theorem 1 is not very surprising. However, in
[Erdés et al. 1991] it was also shown that the normal order of A(n) is quite a bit
smaller than the average order: There exists a subset § of the positive integers of
asymptotic density 1 such that forn € S and n — oo,

n

An) =
(n) (logn)logloglogn+A+(logloglogn)’H"(l)’
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where A > 0 is an explicit constant. Thus the main contribution to the average of
A(n) comes from a density-zero subset of the integers, and to obtain our result on
the average multiplicative order, we must show that £, (n) is large for many n for
which A(n) is large.

If one averages over g as well, then a result like our Theorem 1 holds uncon-
ditionally. In particular, it follows from [Luca and Shparlinski 2003, Theorem 6]
that

1 x Bloglog x
— = 1 1 .
x2 Z Z te () log x eXp(logloglogx( +oll)) sy

n=<x l<g<n

(g.n)=1

We also note that our methods give that Theorem 1 still holds for g = a/b a

rational number, with uniform error for |a|, |b| < log x, and n ranging over integers
coprime to ab.

1.1. Averaging over prime moduli. We shall always have the letters p, g denoting
prime numbers. Given a rational number g # 0, =1 and a prime p not dividing
the numerator or denominator of g, let £,(p) denote the multiplicative order of g
modulo p. For simplicity, when p does divide the numerator or denominator of g,
we let £,(p) = 1.

Further, given k € Z7, let

D, (k) := [@(gl/k, e>rilky @]

denote the degree of the Kummer extension obtained by taking the splitting field of
Xk — g. Let rad(k) denote the largest squarefree divisor of k and let w (k) be the
number of primes dividing rad(k).

Theorem 2. Given g € Q, g # 0, £1, define

o0

o ¢ (k) rad(k)(—1)°®
5= K2Do(k)

k=1

The series for c, converges absolutely, and, assuming the GRH,

1 e al
T (x) Zgg(p) =23Cg X + 0((10gx)2—4/10g10g10gx>'

P=x

Furthermore, with g = a/b, where a, b € Z, the error estimate holds uniformly for
lal, |b] < x.

At the heart of our claims of uniformity, both in Theorems 1 and 2, is our
Theorem 6 in Section 2.
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Though perhaps not obvious from the definition, ¢, > 0 for all g #0, £1. In
order to determine cg, define

ci= ];[(1 — #) —0.5759599689 . . . |

the product being over primes; ¢, turns out to be a positive rational multiple of c.
To sum the series that defines ¢, we will need some further notation. For p a prime
and o € QF, let v, («) be the exponential p-valuation at o, that is, it is the integer
for which p~»@¢ is invertible modulo p. Write g = :I:gg, where £ is a positive
integer and go > 0 is not an exact power of a rational number, and write go = g g%,
where g is a squarefree integer and g is a rational. Let e = v,(h) and define
A(g)=g1if g1 =1 mod4, and A(g) =4g1if gg =2 0or3 mod 4. For g > 0,
define n =1lecm(2¢*!, A(g)). For g <0, define n =2g; ife=0and gy =3 mod 4,
ore=1and g;=2 mod 4;letn = lem(2¢12, A(g)) otherwise.

Consider the multiplicative function f (k) = (—1)®®rad(k)(h, k)/k>. We note
that for p prime and j > 1,

f(pj) — _p1—3j+min(j,vp(h))).

Given an integer t > 1, define F(p, t) and F(p) by

t—1 00
F(p.t):=)_f(p)) and F(p):=)_ f(p’).

j=0 j=0

In particular, we note that if p { A, then

o0
F(py=1-Y p %=1~ p3p_ T 3)
j=1

Proposition 3. With notation as above, if g < 0 and e > 0, we have

o Fp) [ FQe+D-1 F(pvpm)\ ).
w=clli— (1 o 05 )>

plh pi-1 pln

otherwise

F F(p.
e T (e TIO-55)

plh p-1 pln

For example, if g =2, then h =1, e =0, and n = 8. Thus

F(2, 3)) . (2_ 1-2/2")? —2/(22)3) 159
FQ2) ) 1-2/(8—1)

c2=c-<1+1—
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We remark that the universal constant
P
c= H(l - )
p pi=1
is already present in the work of Stephens on prime divisors of recurrence sequences.
Motivated by a conjecture of Laxton, Stephens [1976] showed that on GRH, the

limit '
lim 1 Z g (p)
x—o00 T(Xx) p—1
pP=x

exists and equals c times a rational correction factor depending on g. In fact, from
the result it is easy deduce our Theorem 2 with a somewhat better error term.
However, Stephens only treats integral g that are not powers, the error term is
not uniform in g, and, as noted by Moree and Stevenhagen [2000], the correction
factors must be adjusted in certain cases.

Theorem 2 might also be compared with the work of Pappalardi [1995]. In fact,
his method suggests an alternate route to our Theorem 2, and would allow the
upper bound
> te(p) < 3eg+o(D)x,

1

m(x) o

as x — oo to be established unconditionally. The advantage of our method is that
it avoids computing the density of those primes for which g has a given index.

Finally, Theorem 2 should also be contrasted with the unconditional result of

Luca [2005] that

p—1
1 1
= 1/0 *
T 2 oty e =+ 01/ (logx))
pP=x g=1
for any fixed k > 0. By partial summation one can then obtain

p—1

1 1 1

nx)pgxﬁ Elgg(p)’\’EC'X as x — oQ,
=< g=

a result that is more comparable to Theorem 2.

2. Some preliminary results

For an integer m > 2, we let P(m) denote the largest prime dividing m, and we let
P(l)=1.

Given a rational number g # 0, =1, we recall the notation 4, e, n described in
Section 1.1, and for a positive integer k, we recall that D, (k) is the degree of the
splitting field of X* — g over Q. We record a result of Wagstaff on Dy (k); see
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Proposition 4.1 and the second paragraph in the proof of Theorem 2.2 in [Wagstaff
1982].

Proposition 4. With notation as above,

k) -k
Do) = 2 @)
Sk h) gk
where ¢ is Euler’s function and €, (k) is defined as follows: If g > 0, then
2 ifn|k,
€g(k) = f |
1 ifntk.
If g <0, then
2 ifn|k,
eg(k):=1{1% if2|kand 2" {k,
1 otherwise.

We also record a GRH-conditional version of the Chebotarev density theorem
for Kummerian fields over Q; see [Hooley 1967, Section 5; Lagarias and Odlyzko
1977, Theorem 1]. Let ig(p) = (p — 1)/€g(p), the index of (g) in (Z/pZ)*
when g € (Z/pZ)*.

Theorem 5. Assume the GRH. Suppose g = a/b # 0, =1, where a, b are integers
of absolute value at most x. For each integer k < x, the number of primes p < x for
which k |ig(p) is

Dgl(k)”(x) + O(xl/2 log x).
Note that k |ig(p) if and only if xk — g splits completely modulo p. Also note
that the trivial bound x/k is majorized by the error term in Theorem 5 when
k > x'/2/log x. In fact, the error term majorizes the main term for k > x /4.

We will need the following uniform version of [Kurlberg and Pomerance 2005,
Theorem 23].

Theorem 6. If the GRH is true, then for x, L with 1 < L <logx and g =a/b #
0, £1, where a, b are integers with |a|, |b| < x, we have

p—1 w(x) ht(h) xloglogx

L
uniformly, where t (h) is the number of divisors of h.

Proof. Since the proof is rather similar to the proofs of the main theorem in [Hooley
1967], Theorem 2 in [Kurlberg 2003], and Theorem 23 in [Kurlberg and Pomerance
2005], we only give a brief outline. We see that £,(p) < (p — 1)/L implies that
ig(p) > L. Further, in the case that p | ab, where we are defining £,(p) = 1 and
hence i, (p) = p— 1, the number of primes p is O (logx). So we assume that p {ab.
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First step: Consider primes p < x such that iz(p) > x1/? log2 x. Such a prime p
divides a* — b¥ for some positive integer k < x'/2/log? x. Since w (|a* — b¥|) «
klog x, it follows that the number of primes p in this case is

O ((x'?/1og? x)*logx) = O(x/ log® x).

Second step: Consider primes p such that g | ig(p) for some prime ¢ in the interval
I :=[x"%/log? x, x'/? 1og? x]. We may bound this by considering primes p < x
such that p =1 mod ¢ for some prime ¢ € /. The Brun-Titchmarsh inequality
then gives that the number of such primes p is at most a constant times

x loglog x

X X 1
< - <K
Z ¢(q)log(x/q) log x Z q logzx
qel qgel

Third step: Now consider primes p such that g |ig(p) for some prime ¢ in the
interval [L, x'/2/log? x). In this range we use Proposition 4 and Theorem 5 to get
on the GRH that

w(x)(g,h)
q¢(q)

Summing over primes g, we find that the number of such p is bounded by a constant
times

Hp<x:qlig(p} <K +x'2logx.

w(x)(q, h T(x)w(h
Z ( )(zq )+x1/210gx> < (x) ()+ x2 ‘
q L log” x
ge[L,x'/2/log* x)

Fourth step: For the remaining primes p, any prime divisor g | i, (p) is smaller

than L. Hence ig(p) must be divisible by some integer d in the interval [L, L2].

By Proposition 4 and Theorem 5, assuming the GRH, we have

7 (x)(d, h)
d¢(d)

Hence the total number of such p is bounded by

w(x)(d, h) 172 ) w(x) ht(h)
2—————= 40 1 ,
de[;m( o) (T logx) ) « — o)

[ip<x:dlig(p)}| =<2 +0x'?logx). (5)

where the last estimate follows from

(d, h) m 1
D= D =) D s
de[L,1?] d¢(d) m|h de[L‘,sz] d¢(d) wlh ksLm ¢ (m)ke (k)

m _ h m_ ¢ _ ht(h)
<<H§L¢(m)_L¢(h)n%¢(m) W S Loy

(6)
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Here we used the bound

Z kd)(k) < 1T

for T > 0, which follows by an elementary argument from the bound

> klz <1/T
k=T
and the identity 2(j)
w(j
k/pk) = —.
/o) AL
Indeed,
1 T%0))
+ < —. O
,;kqﬁ(k) qu(])ﬂ kot 12 Tqu(])/ ; 2

Corollary 7. Assume the GRH is true. Let m > 2 be an integer and x > 107 a real
number. Let y =loglog x and assume that m <log y/loglogy. Letg=a/b+#0, +1,
where a, b are integers with |a|, |b| < exp((log x)3™), and let h be as above.

Then uniformly,
> ozl
P=x p qlh
Plig(p)>m q>m

Proof. This result is more a corollary of the proof of Theorem 6 than its statement.
We consider intervals /; := (¢/, e/™!] for j <logx, with j a nonnegative integer.
The sum of reciprocals of all primes p < exp((log x)'/™) is y/m + O(1), so this
contribution to the sum is under control. We thus may restrict to the consideration
of primes p € I; for j > (log x)!/™. For such an integer j, lett =e/*!. If ¢ | ig(p)
for some prime ¢ > ¢'/?log? ¢, then £,(p) < t'/?/1og* ¢, and the number of such
primes is
O( Z klog |ab|) = O(tlog |ab|/10g4 1),

k<t1/2/log*t

so that the sum of their reciprocals is O (log |ab|/log* t) = O ((log x)3/™ /j*). Sum-
ming this for j > (logx)!/™, we get O (1), which is acceptable.

For J := (t'/2/10og?t, t'/?10g? t], with r = e/*!, we have that the reciprocal
sum of the primes p € I; with some g € J dividing i,(p) (so that g | p — 1) is
O(loglogt/log?t) = O(log j/j?). Summing this for j > (logx)"/™ is o(1) as
x — oo and is acceptable.

For g <t'/?/1og? t we need the GRH. As in the proof of Theorem 6, the number
of primes p € I; with g | i, (p) is bounded by a constant times

r (g.h)

1/2
logt q2 +t/“logt.
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Thus, the reciprocal sum of these primes p is
,h log ¢ Jh j
0<(q)+g>:0((q ')+g_)‘
q2logt | 1172 2j | eil?

We sum this expression over primes g with m < g < e//? /j2, getting

1 1 1 1
(Gutegm * 7 2 it 7)

qlh,g>m

Summing on j < logx completes the proof. U

3. Proof of Theorem 1

Let x be large and let g be an integer with 1 < |g| <logx. Define
y=loglogx, m=|y/log’y], D=m!, Si={p<x:(p—1,D)=2k}.

Then Sy, S, ..., Sp), are disjoint sets of primes whose union equals {2 < p < x}.
Let

S=[pesiipte L |t) ™

be the subset of S, where £, (p) is “large”. Note that if k <logy, p € S\ Sk,
and p{ g, there is some prime ¢ > m with g | (p —1)/€4(p), so that P (iz(p)) > m.
Indeed, for x sufficiently large, we have log y < m/2, and thus k < log y implies
that each prime dividing D also divides D/(2k), so that (p — 1, D) = 2k implies
that the least prime factor of (p — 1)/(2k) exceeds m.

Thus, from Theorem 6,

n0) he)
¢ (h)

1Sk \ Skl < |{p < x:Le(p) < p/m}| +Zl<<
plg

uniformly for k < log y. Using this it is easy to see that Sy and Sy are of similar
size when k is small. However, we shall essentially measure the “size” of Sy or Sy
by the sum of the reciprocals of its members and for this we will use Corollary 7.

We define
1 ~ 1
Ek = E — and Ek = E F.

peSk pGS‘k
l<p®<x 1<p®
= <p“=x

By Lemma 1 of [Erdds et al. 1991],

E = IL Pe-(1+0(1) (8)
ogy
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uniformly for k < log? y, where

eV 1 qg-—1
r= M- =) T 5= )

q>2 qlk,g>2

Note that, with B given by (1),

=~

Ziz . (10)

k=1

bl

The next lemma shows that not much is lost when restricting to primes p € St.

Lemma 8. For k <logy, we uniformly have

. log>
Ek=Ek-(1+0<0g y))
y

Proof. By (8) and (9), we have

y

> = ) 11
g klogy l()g2 y an

and it is thus sufficient to show that > pesn§ 1/ P <K log® y since the contribution
from prime powers p* for @ > 2 is O(1). As we have seen, if k < logy and
P € Sk \ S, then either plgor P(ig(p)) > m. Hence, using Corollary 7 and noting
that the hypothesis |g| < log x implies that # < y and so /& has at most one prime
factor ¢ > m, we have

1
Z —<<l=—y3 <« log’ y. ([
" m  |y/log”y]
PEE\Ey

Lemma 9. We have
E; By
% 1—(1 +o(1)),
k<logy ogy

where B is given by (1).
Proof. This follows immediately from (8), (9), and (10). O

Given a vector j = (ji, j2, ..., jps2) with each j; € Z~, let
ljll:=ji+j2+---+Jjp-
Paralleling the notation €2; (x; j) from [Erdds et al. 1991], we let

o Qi (x; j) be the set of integers that can be formed by taking products of v = || j |
distinct primes pi, p2, ..., Py SO that

— foreachi, p; <x 1/y? , and
— the first j; primes are in S 1, the next j, are in Sz, etc.;
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o Qo(x; j) bethe setof integers u = py pa - - - py € Q1 (x; j) where (pi—1, p;—1)
divides D for all i # j;

o Q3(x; j) be the set of integers of the form n = up, where u € Qo(x; j) and p
satisfies (p — 1, D) = 2, max(x/(2u), x'/) < p <x/u and £,(p) > p/y*;

o Qu(x; j) be the set of integers n = (pypa - - - py) p in Q3(x; j) with the addi-
tional property that (p — 1, p; — 1) =2 for all i.

(In the third bullet, note that the max is not strictly necessary since when x is

sufficiently large, x /(2u) > x'/7.)

3.1. Some lemmas. We shall also need the following analogues of [Erdds et al.
1991, Lemmas 2-4]. Let

J:={j:0<jix < Ex/kfork <logy, and jr =0 for k > log y}.

Lemma 10. If j € J, n € Qu(x; j), and x > x,, then

tm=as [] @,

k<logy
where x1, c; > 0 are absolute constants.

Proof. Suppose that n = (p1p2--- py)p € Qu(x; j). Let d; = (pi — 1, D), and
let u; := (p; —1)/d;. By (7), u; divides £¢(p;) for all i, and by the definition of
Q3(x; j) we also have Le(p) > p/y*. Since (p —1)/2 is coprime to (p; — 1)/2 for
each i and each (p; — 1, p; — 1) | D fori # j, we have uy, ..., u,, p — 1 pairwise
coprime. But

te(n) =lem[le(p1), £g(p2), - - -, Le(Pu), Le(P)],
so we find that, using the minimal order of Euler’s function and £, (p) > p/y?,

¢ (n)
y2- Hiv=1 di
n X

5 l > ——g -,
y?-loglogn - [ [;_; (2k)/ V3 ] Limq (2k) %

where we recall thatd; = (p; — 1, D) =2k if p; € S‘k, and that n € Q4(x; Jj) implies
that n > x /2. U

Le(n) = ujuy - - -uylg(p) >

>

Lemmall. IfjeJ,ue Qz(x; J),and x > xo, then

{p :up € Qa(x; j)}| > cox/(uylogx),

where x», c» > 0 are absolute constants.
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Proof. Note that || j|| < Zi:l Ev/k < y/logy for j € J, by (8) and (9). For such
vectors j, Lemma 3 of [Erdds et al. 1991] implies that the number of primes p with
max(x/2u, x'/Y)y < p<x/u, (p—1,D)=2,and (p—1, p; —1) =2 for all p; | u
is > x/(uylog x). Thus it suffices to show that

{p<x/u:(p—1,D)=2, L,(p) < p/y*}| = o(x/(uylogx)).

As we have seen, || j|| < y/logy for j € J, so that u € $,(x; j) has u < X1 for
all large x. Thus, Theorem 6 implies that

7(x/u
Z I« ( 2/ )<< 2)lco :0<u l)i) x>'
=t y uy?logx ylog

Le(p)=p/y*

The result follows. O
Lemma 12. If j € J, then for x > x3,
5 1 p £
ueh(x;)) &y k<logy “*
where x3, c3 > 0 are absolute constants.
Proof. The sum in the lemma is equal to

1 1
>, —

N !
JuaJ2zsc s Jlogyls ()

where the sum is over sequences of distinct primes for which the first j; are in S,
the next j, are in S>, and so on, and also each (pi—1,p;—D|Dfori# j. Such
a sum is estimated from below in Lemma 4 of [Erdds et al. 1991] but without the
extra conditions that differentiate Sy from S;. The key prime reciprocal sum there
is estimated on pages 381-383 to be

log1
Ek<1+0(—0g Ogy>).
logy

In our case we have the extra conditions that p{g and (p—1)/2k | £,(p), which alters
the sum by a factor of 14+ O (log5 y/y) by Lemma 8. But the factor 1+ O (log5 y/y)
is negligible compared with the factor 1 + O (loglog y/log y), so we have exactly
the same expression in our current case. U

3.2. Conclusion. For brevity, let [ = [log y]. We clearly have

Tg(x)z%Z PIRAD)

J€J neulx;j)
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By Lemma 10, we thus have

Ty (x) > 3Z]‘[(zk) YL

JjeJ k=1 neQu(x; 1)

Now,

2. 1= ) X

neQu(x;j)  ueh(xij) upeu(x;))

and by Lemma 11, this is

X
> Z uylogx’
ueh(x; /)

which in turn by Lemma 12 is

/ Jk
—c3yloglo E

N exp( 3y 2g gy>1—[ i
ylogx log”y i Ji!

Hence

—c3yloglogy
HOR Sryres: exp( > )Z]‘[(zm fk—

log”y jed k=1

Now,

] 1 [Ex/k] i
y (Ex/2k)
D C T (B3]

jed k=1 b ji=0 Tk

Note that Z?io w//j!> e /2 for w > 1 and also that E; /2k > 1 for x sufficiently
large, as Ex > y/(klogy) by (11). Thus,

ZH(Zk) iEe >2 exp(é: f—)

jeJ k=1

Hence

1
x —c3yloglogy\ Ey
T € 27 — ).
g0 > y*logx Xp( 2 ) Xp(; 2k

log”y

By Lemma 9 we thus have the lower bound in the theorem. The proof is concluded.
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4. Averaging over prime moduli — the proofs

4.1. Proof of Theorem 2. Let z =log x and abbreviate £,(p) and i,(p) by £(p)
and i (p), respectively. We have

Y oupy= Y Up+ Y, Up)=A+E,

p=x p=x p=x
i(p)<z i(p)>z

say. Writing £(p) = (p —1)/i(p) and using the identity 1/i(p) = Zuvh’(p) w(v)/u,

we find that
A=Y oo Y MY

pP=x uv|i(p)
i(p)=z
wu(v) u(v)
= —1 — —1
So-n ¥ M- o ¥
pP=x uv [i(p) p=x uv|i(p)
Uv<zg i(p)>z Uv<zg
=A—Ej,

say. The main term A; is

A=Y S o,

UV=z pP=x
uvli(p)

By a simple partial summation using Theorem 5, the inner sum here is
Li(x?)
D¢ (uv)
assuming the GRH. Thus,

A = Li(xz)( > ug(—gv)) + O<x3/2 logx Y
8

Uv=<z n=<z

+ 0()C3/2 log x)

wu(v)
2,

uv=n

The inner sum in the O-term is bounded by ¢ (n) /n, so the O-term is O (x3/? log2 x).
Recalling that rad(n) denotes the largest squarefree divisor of n, we note that

Yo @ =TT, (1 = p) = (=1)*® ¢ (rad(k)), and hence

3 p(v) -y ppu (=)W radk))
uDg(uv) 4= Dg(k)k D, (k)k '

uv=k

On noting that ¢ (rad(k)) = ¢ (k)rad(k)/k, we have

vk

Z w(v) _Z(—l)w“‘)rad(k)cb(k) _.
uDg(uv) D, (k)k? o

u,v k>1
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Thus, with ¥ (h) := ht (h) /é (h),

3 p) _Z( D*Orad(k)g k)
-8

DD Dl =Gt 0w/,

UV<zg k>z

by Proposition 4 and the same argument as in the fourth step of the proof of
Theorem 6 (in particular, see (6)). It now follows that

=Li(x*)(cg + O (¥ (h)/2)).
It remains to estimate the two error terms E, E;. Using Theorem 6, we have

x loglog x x2
| X xlogloex 4y V()
z  log’x log? x

Toward estimating E;, we note that

o= | T 1P| < [y K - 3 #D <
uv|n din ' vld din
uv<z d=<z d<s

Further, from the last sum we get

fz(”)f l_[<1+p7++p7)<2w(n7)’

piln
P=z

where n, denotes the largest divisor of n composed of primes in [1, z]. We have

E\[< ) (p=DAGP) <x Y fG(p)).

p=x pP=x
i(p)>z i(p)>z

Let w:=41logz/loglogz. We break the sum above into three possibly overlapping
parts:

Evi:=x Y f(p). Eiz=x Y  fi(p),

p=<x <x

i(p)>z z<i(p)§;1/2 log? x
w(i(p))=w w@i(p).)>w
Ezi=x Y  fG(p).
p=x

i(p)>x'"2log” x
Using Theorem 6, we have

logl
Eni=x2” Y 1< 2ww(h)w.
P=x
i(p)>z
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The estimate for E| 3 is similarly brief, this time using the “first step” in the proof
of Theorem 6. We have

2

Ei3=<xz 1K .
; log? x

i(p)>x1/2 logzx

The estimate for E ; takes a little work. By the Brun-Titchmarsh inequality,

2
Xz 1
E1p<xz E m(x;n, 1)<<1— E

ogx n
z<n§x1/210g2x & z<n§x1/210g2x¢( )
w(ng)>w w(ng)>w
<2 Y 0y L e 3L
ST LA em S g ¢ (m)
=z n<x!/2log* x P(m)<z
w(m)>w w(m)>w

This last sum is smaller than

Z%<Z<pil+p(pl— 1) +)>k=2%<z (pfl)2>k

k>w P=z k>w P=z

1
= Z E(loglogz + 0(1))k.

k>w

The terms in this series are decaying at least geometrically by a large factor, so by
a weak form of Stirling’s formula, we have

Z % < exp(w logloglogz —wlogw +w+ O(w/ loglogz)).
P(m)<z
w(m)>w
By our choice for w, this last expression is smaller than exp(—3log z) = (logx)~>
for all large values of x. Hence, E| , < x?/log” x.
Noting that v (h) < 7(h) loglog x, we conclude that

ZE(P) =A+E=A+E+O(Ei1+Ei2+E3)

p=x

x2

= ¢ Li(x?) + 0(1 (¥ (h) + 2"y (h) loglog x + 1 + 1))

og’ x
x?(loglog x)2>

=c,Li(x*) + 0 <2wr(h) " logx

2
1 >
- chxﬂ(x) + O((logx)2—4/log10g10gx>’
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using that Li(x?) = Jx7(x) + O(x?/log® x), the definition of w, and / < logx
together with Wigert’s theorem for the maximal order of the divisor function 7 (k).
This completes the proof.

4.2. Proof of Proposition 3. We begin with the cases g > 0,or g <0 and e =0.
Recalling that D, (k) = ¢ (k)k/(eg(k)(k, h)), we find that

(=D*®rad(k)¢ (k) (=D)*®rad(k) (k, h)e, (k)
CgZZ rad(k)¢ :Z ra k)

D, (k)k? [ (12

k>1 k>1

Now, since €, (k) equals 1 if n { k, and 2 otherwise, (12) equals

—1)*®rad(k)(h, k —1)e®rad(k) (h. k
Z( ) r];()( )+Z( ) r:3()( )=Z(f(k)+f(kn)), (13)

k>1 nlk k>1
where the function f (k) = (—1)*®rad(k)(h, k)/k> is multiplicative.
If pthand j > 1, we have f(p/) = —p/p>/. On the other hand, writing
h= leh p-r we have f(p/) = —pltmintenp) /p3i for p|h and j > 1. Since f
is multiplicative,

DO+ fhmy= > (fR+fkn) - Y fk).

k>1 k:rad(k) | hn (k,hn)=1

Now, for p{h and j > 1, we have f(p/) = —rad(p/)/p* = —p/p?/; hence

p p
Zf(p])— ——=1—
= *(1=1/p?) p’—1
and thus
p C
Yo ro=T]Fp=]](1- = .
(k.hn)=1 plhn p’(hn< P’ - 1) Hﬂlhn(l - ﬁ)

Similarly, Zmd(k) PRAGES npmn F(p) and

> rwm=TT( X reh)=TTF®-F@p.enp).

rad(k) | hn plhn j>e, ), plhn
Hence
Yo fo+ D> femy=]] F)+][[(Fp) —Fp.enp)
rad(k) | hn rad(k) | hn plhn plhn

=11 F(p)-(l +]_[( F(Ilj(;’;”))).

plhn plhn
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Thus

Cg:

l_[F(P)( 1 —F(ﬁ’(;’;”’))),

plhn plhn

ITp|hn(1“p3_1
which, by (3), simplifies to

F F(p,e,
cg=c-1_[—1 (Pg -<1+H(1——(§(;)’p)>).

plh p*=1 plhn

The case g < 0 and e > 0 is similar: using the multiplicativity of f together with
the definition of €4 (k), we find that

=Y (fER+[Uhn) =3 Y fQh)

k>1 j=1(k,2)=1

= H F(p)+ H(F(p) —F(p.enp)— 5 (FQ e+ —1)-[] F(p)

p>2
F(p,enp) FQ2,e+1)—1
‘HF(”)<1+H(1_ Fo )T 5 ® )
Again using the fact that

_TT(1 - P U o RO
'GF@LEEQ ﬁ+051ﬂm_cr] L

o 1P/

the proof is concluded.
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