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1 Introduction

Let D denote the unit disk in the complex plane C, and let H(D) be the space of all holo-

morphic functions on D with the topology of uniform convergence on compacts of D.
For 0 < « < 00, the -Bloch space, denoted by 5%, consists of all functions f € H(D) such

that

sug(l —121)*|f'(2)] < o0.

By Z“ we denote the Zygmund-type space consisting of those functions f € H(D) satisfy-
ing

sup(L - 121*)"|f" ()| < co.
zeD

B and Z* are Banach spaces under the norms

’

Ifllge = |£(0)] + sug(l - 1z)|f"(2)

Ifllz« = |[£(0)] + | (0)] + squ(l - 1zP)%|f"(2)|,

respectively. For some results on the Zygmund-type spaces on various domains in the
complex plane and C” and operators on them, see, for example, [1-18]. The «-Bloch
space is introduced and studied by numerous authors. For the general theory of o-Bloch
or Bloch-type spaces and operators of them, see, e.g, [4, 19-41]. Recently, many au-
thors studied different classes of Bloch-type spaces, where the typical weight function,
w(z) =1 - |z|%, z € D, is replaced by a bounded continuous positive function p defined
on D. More precisely, a function f € H(D) is called a t-Bloch function, denoted by f € B*,
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if [|fll,. = sup,ep n(2)|f'(2)] < 00. If u(2) = w(2)*, a > 0, B* is just the a-Bloch space B*. It
is readily seen that B* is a Banach space with the norm ||f||g« = [f(0)| + ||f |l »-

Recently, Ramos Ferndndez in [42] used Young’s functions to define the Bloch-Orlicz
space. More precisely, let ¢ : [0, +00) — [0, +00) be a strictly increasing convex function
such that ¢(0) = 0 and note that from these conditions it follows that lim;_, .o, ¢(¢) = +00.
The Bloch-Orlicz space associated with the function ¢, denoted by B, is the class of all

analytic functions f in D such that

sug(l —z1*)@(A|f(2)]) < o0

for some A > 0 dependingon f. Also, since ¢ is convex, it is not hard to see that Minkowski’s

functional

Iflly = inf{k >0:S, (%) < 1}

defines a seminorm for B, which, in this case, is known as Luxemburg’s seminorm, where

Se(f) = sup(1 - [21*) (|f (2)])-

zeD

Moreover, it can be shown that B is a Banach space with the norm ||f||ze = |[f(0)| + ||f |-
We also have that the Bloch-Orlicz space is isometrically equal to a particular x-Bloch
with z € D. Thus, for any f € B¢, we have

space, where ;(z) = =y L
1—\z\2

Ifllse = |f(0)] + sugu(Z) If'(2)].

When ¢ is the identity map on [0, +00), B? is the so-called Bloch space B.
Let u € H(D) and ¢ be an analytic self-map of D. The differentiation operator D, the

multiplication operator M,, and the composition operator C, are defined by

DR =f2), M2 =u@f2),  (Cof)2)=f(d(), feHD).
There is a considerable interest in studying the above mentioned operators as well as their

products (see, e.g., [1-38, 41-56] and the related references therein).
A product-type operator DM, C, is defined as follows:

(DM, Cyf)(2) = ' (2)f (¢(2) + u(2)¢' () '($(2)),  w.f € H(D).

For 0 <a < oo and % < |a| < 1, we define the test functions (see [1])

2y2 2
ﬁ(z):i[(l_'“” _ 1-14 i|,

22| l-az¢ (1-az)*!

1 (% 1-|al?
a == PrE———— d)t, D
ha(2) a/o (1-ar) Z€
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It is easy to show that f;, s, € Z* and f,(a) = 0,

@ =K@ =2 (1), @)= i @)=

Esmaeili and Lindstrom in [1] investigated weighted composition operators between
Zygmund-type spaces. Ramos Ferndndez in [42] studied the boundedness and compact-
ness of composition operators on Bloch-Orlicz spaces. Li and Stevi¢ in [5] investigated
products of Volterra-type operator and composition operator from H* and Bloch spaces
to Zygmund spaces, and they in [8] studied products of composition and differentiation
operators from Zygmund spaces to Bloch spaces and Bers spaces. Liu and Yu in [25] char-
acterized the boundedness and compactness of products of composition, multiplication
and radial derivative operators from logarithmic Bloch spaces to weighted-type spaces on
the unit ball. Sharma in [27] studied the boundedness and compactness of products of
composition multiplication and differentiation between Bergman and Bloch-type spaces.
In [52], Stevi¢ investigated the properties of weighted differentiation composition oper-
ators from mixed-norm spaces to weighted-type spaces. Stevi¢ in [13] studied weighted
radial operators from the mixed-norm space to the nth weighted-type space on the unit
ball. Stevi¢ et al. in [54] characterized the boundedness and compactness of products of
multiplication composition and differentiation operators on weighted Bergman spaces.
Zhu in [18] studied extended Cesaro operators from mixed-norm spaces to Zygmund-
type spaces.

Motivated by the above papers, in this paper, we investigate the boundedness and com-
pactness of the product-type operator DM, C, from Zygmund-type spaces to the Bloch-
Orlicz space. The paper is organized as follows. In Section 2, we give some necessary and
sufficient conditions for the boundedness of the operator DM,,Cy : Z* — B?.In Section 3,
we give some necessary and sufficient conditions for the compactness of the operator
DM, Cy: Z% — BY.

Throughout this paper,
1
wz) = ———r,
¢_1 ( 1—|12\2 )

and we use letter C to denote a positive constant whose value may change at each occur-

rence.

2 The boundedness of DM, Cy : Z% — B¢

The following lemma was essentially proved in [3] and [11] (see also [1]).

Lemmal Forf € Z% and o > 0. Then:
(i) For0<a <, |f'(2)| < 25 Ifllze and [f(2)] < 225 1If Il 2=
(i) Fora =1, |f"(2)| <log = Ifllz and |f ()] < [Ifl =
(iil) Fora>1, |f'(2)l < 25 (llllfz"‘;’;‘;,l Fora=2,|f'@)| = ez llfll 22
(iv) Forl<a <2, |f(2)| < m|V||Zu.
(v) Fora =2,|f(z)| < 2log == IIf | 2.

. 2 Il zer
(vi) Fora>2,|f(2)] < @ D@D a-{z\%
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Lemma 2 [fDM,Cy : Z* — BY is bounded and 0 < a < 00, then the following conditions

hold:
ki = sup w(a)|u' (@) < o, )
ky = ::gM(Z)|2u/(Z)¢/(Z) +u(2)¢"(2)| < o0, ()
ks = SggM(Z)Iu(ZH |#/(2)]” < o0, (3)

Proof Suppose that DM,,C, : Z* — BY is bounded. Taking the function f(z) =1 € Z* and
using the obvious fact that ||f|| z« = 1, we have that

DMMC ’ 1’ 1"
() . (45) - (12

from which it follows that (1) holds. Taking the function f(z) = z € Z“ and using the fact
that ||f]| z« = 1, we obtain

\ Clfllze
s <M”(Z)¢(Z) +2u (2)¢'(2) + u(z)¢“(z)>
Yy
C
= sup(1- |Z|2)¢< |t (2)¢(2) + 2u/ ()¢’ (2) + u(z)¢>”(z)|) -1
zeD C
Hence

sugu(z)‘Zu’(z)qb/(z) +u(2)p" (2) + u" ()9 (2)| < o0.

From this, (1) and by the boundedness of ¢(z), condition (2) easily follows. Now taking the
function f(z) = 22 € Z% and using the fact that ||f| z« = 2, we get

s (u”(z)(</>(z))2 +2¢(2)(2u/ (2)9'(2) + u(2)9"(2)) + 2u(z)¢>/(z)2> -1
¢ 2C -

Hence

sup 1(2) | (2)($(2))” + 20(2) (24 (2)¢' (2) + u(2)" (2)) + 2u(2)¢ (2)%] < 0.

zeD

From this, (1), (2) and the boundedness of ¢(z), we obtain (3). a

Now, we are ready to characterize the boundedness of the product-type operator
DM, Cy : Z* — B?. For this purpose we need to break the problem into five different
cases:O<a<l,a=1,1<a<2,0=2and o > 2.

Theorem 3 Let u € H(D), ¢ be an analytic self-map of D and 0 < o < 1. Then DM,Cy :
Z% — B? is bounded if and only if k| < 00, ky < 00 and

e 1(2)|u(2)||¢'(2)?
4 =SUup —————————— <

b (- [p)P) “)
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Proof Suppose that DM,,C, : Z* — B? is bounded, by Lemma 2 we know that k;, k2, k3 <
00. Now we will prove (4). Let

26(@)(@) = fp(@) (@) = M) (2) + Hp() ()

for all z € D and w € D such that % < |p(w)] <1, then gy(,) € 2%, and

o

() (0(@) = g4y ($(@) =0, g5, (¢()) = A= @R

By the boundedness of DM,,Cy : Z* — B¢, we have | DM, Cygy(w)llBe < C, then

> sup (1-lof)e

1> S:p < (DMquEg¢(w))/(z)>

(fxlu(w)ll¢’(w)|2>
CA-Ip@)P) )

3<Ig(@)I<1
It follows that
wp @I @) 5
%<|¢(w)|<1 (1 - |¢(w)|2)a
By k3 < 00, we see that
o)|u(w)||¢’ (@)|?
wp BOONOR _ 6 <oo ©
p<l  1=18@)) )<}

From (5) and (6), we obtain (4).
Suppose that ki, ko, ks < 00. For each f € Z¢ \ {0}, by Lemma 1(i) we have

S(@m%ﬁw)
A\ Clf .z
L mmmwubwwmumawwmwwwwm]
%ﬂlww[ Cu@f 2
2 /qﬁ +k2ﬁ + k4]
AL i

where C is a constant such that C > k; % + ko % + k4. Here we use the fact that
2\o
sup(1-[6@)|)"|f" (¢(@)] < If | 2=
zeD

Now, we can conclude that there exists a constant C such that | DM, Cyf||ge < C||f|| z«
for all f € Z¢, so the product-type operator DM, C, : Z% — B¥ is bounded. d

Theorem 4 Let u € H(D) and ¢ be an analytic self-map of D. Then DM, Cy : Z — B? is
bounded if and only if k; < oo,

ks = sugu(Z) 124/ (2)¢' (2) + u(2)9" (2)| log (7)

e
- lp@P =™
ke 1(2)|u(2)|1¢'(2) >
6=SUp ————————— <

e Sy ®)
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Proof Suppose that DM, Cy : Z — B? is bounded, by Lemma 2 we know that ki, ks, k3 <

00. Let
2
r(z):(z—1)|:(1+logl—) +1],
0 ="4 (| B /11 dr
Sa(2) = = g7 PE ; Ogl—"k ¢+ ¢y,
where

r(lal?) e -1 /‘“ e
= 1 , =/ 1 dir
a7z (1 2= ), i

for any a € D such that % < |a] < 1. Then we have

2 e e -1 1 C
"(2)] = ——(C +1og —— | (1 <
(@) 1—|z|< +Ogl—|a|)<°g1—|a|2) 11—

for % <lal <1and SUP1 i1 1841l 2 < 0.
Now let a = ¢p(w), w € D such that % <|¢(w)| <1, then

¢(w)

Sp(w) (¢(w)) = S;(w) (¢(w)) =0, S;;(w) (¢(w)) - W

By the boundedness of DM, Cy : Z — B?, we have ||DM,Cysy(w)lle < C, then

= S¢<(DMuC¢S¢(w))/(Z)) >

o) [2
sup (1- |w|2)<p(|u(w)”¢ ()| |¢(a))|>‘

C o - p(@)P)
From this it follows that
O O T 8 S TN
2 1 pena 17 p(w)|> 1 pw)l<1 1-[¢(w)|?
By ks < 00 we see that
|¢$E% u(wilf(;)(lcloa)ﬁ[ §w)|2 < g |¢(il;|p§ % () ()| (@) < oo. (10)

From (9) and (10) we obtain kg < 0.
Let

to(w)(2) = r(gw)e) (lo ¢ )_l—c
YO ETEE) P p(w)? !

for w € D such that 1 < |¢(w)| < 1, then, as above, we can get that £y, € Z and

2¢(w)

to)($(@) =0, £, (¢(@)) =log e

e 1"
Th@p  w@)=
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By the boundedness of DM, Cy : Z — B?, we have ||DM,,Cytg(w)llge < C, then

1> S(p((DMqubtqb(w))/(Z))

C
(DM, Cytp(0) (@)
> sup (1—|w|2)€0< - ¢C¢( )
3 <lp(@)I<1
> sup (1-lwl?)
3 <lg(w)l<1

<u2u%a»¢%ao+»4a»¢“«u»10g;—;%mz+-u«ux¢%aoﬁlﬁ¢ggp|)
. (p .
C

From this and by k4 < 00, we get

e

sup () |26 (0)¢' (@) + u(w)¢” (w)|log ————
J<lp@l<1 1-lplw)?

< C +2Ckg < 0.

By ky < 0o we see that
e

sup () |24 ()¢ (@) + u(@)p" (@) |log —————

(@)=} | | 1-|¢p(w)?

<C sup ,u(w)|2u'(a))¢>/(w) + u(a))¢”(a))| < 00.

lp(w) <3

From (11) and (12) we obtain (7).

Page 7 of 18

(11)

12)

Suppose that k1, ks, kg < 0o. Then, by Lemma 1(ii) and similar to the proof of Theorem 3,

we get that DM, Cy : Z — B is bounded.

O

Theorem 5 Let u € H(D), ¢ be an analytic self-map of D and 1 < a < 2. Then DM,,Cy :

Z% — B? is bounded if and only if ki < oo,
ko = sup 1(2)[2u' (2)¢'(2) + u(z)¢" (2)|
= N e

ke = sup (@) u@)¢'(z)* e
T p (1-lpRP)

(13)

(14)

Proof Suppose that DM,,C, : Z* — 3% is bounded, by Lemma 2 we know that ky, k3, k3 <
00. Inequality (14) can be proved as in Theorem 3. Using the test function fy(,)(z) in Sec-

tion 1, where z € D, w € D such that % < |¢p(w)| < 1, then we have that fy(,) € Z%, and

Fotw) ($(@)) =0,

, B 1

ﬁww@”‘aauwwwmwf
2o

1- [p@)P)

fq;/(w) (¢(a))) =
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By the boundedness of DM, Cy : Z* — B¢, we have ||DM,,Cyfp(w)lle < C, then

’
1 > S(p((DMquéfcp(a))) (Z)>
DM, Cyfsw) (@
= ap (1_|w|2)¢<|( uCofp)'( )I)
1 <lg(w)I<1 ¢
2/ ()¢ () +u()¢ (@) 2au(w>¢’(;u>2|
_ 2\ya-1 —|d(w o
> sup (1_|w|z)¢ P(0)(1-1p()2) = (1-1p()2)
$<lg(w)l<1

From this and by kg < 0o, we get

()26 ()¢ () + u(@)$” ()|
3<Ig(@)I<1 (1 - |p(w)[2)* 1

< C +2Cakg < 0.

Then, according to the former proof with k; < 0o, we can get (13).
Suppose that ki, k7, kg < 0o. Then, by Lemma 1(iii) and (iv) and similar to the proof of
Theorem 3, we get that DM, Cy : Z% — B¥ is bounded. O

Theorem 6 Let u € H(D) and ¢ be an analytic self-map of D. Then DM,,C, : Z* — B¥ is

bounded if and only if
ko = jélg,u,(z)|u”(z)| log m < 00, (15)
@) 20 ()¢ (2) + u(z)¢" (2)|
o e <o o)
’ 2
oy = sup 1@)u@I¢"@)I" (17)

p  (1-19()%)?

Proof Suppose that DM, C, : Z*> — B¥ is bounded, from Lemma 2 we know that
ki1, ky, k3 < 00. By repeating the arguments in the proof of Theorem 3 and Theorem 5,
(16) and (17) can be proved similarly. Hence we only need to show kg < co. For every
z € D and w € D such that % < |p(w)| < 1, let pg(y)(2) = log 1_%2. Clearly py(,) € 22, and
Po() (@) =log 5,

, ()
Py (0()) = - 16 ) Jw”i'
, $(w)
Po(#) = G gt

By the boundedness of DM, C, : Z* — B%, we have | DM, Cypyw)llpe < C, then

1 > S(p ( (DMqu)CI:]qb(w))/(Z))

(DM, Cypy() (@)
> wp(kw#w( o
3 <lg(w)|<1
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> sup (1—|w|2)

3<lp@)<1
% 21 (@)¢ (@) +1(@)¢" (@)@ , W)@ (©)*d@)
| (@) log =505 + 9 t T p@rr |
. (p C
By ko, k11 < 0o we get
e
sup ,u(a))|u”(w)| log T < C + Ckyo + Cky; < 00. (18)
%<|¢(a))|<l - |¢(w)|
By k; < 0o we see that
e
sup u(a))|u”(w)| 10g142 <C sup ,u(a))|u”(a))| < 00. (19)
~l¢(@)] ()<}

[p(w) <1

From (18) and (19) we obtain (15).
Suppose that ko, k1, k11 < 00. Then, by Lemma 1(iii) and (v) and similar to the proof of
Theorem 3, we get that DM, Cy : 2% — 8% is bounded. O

Theorem 7 Let u € H(D), ¢ be an analytic self-map of D and o > 2. Then DM, Cy : Z% —
B? is bounded if and only if

B w(@)|u” (2)|
b =00 G et < (20)
w(2)|12u' (2)¢' (2) + u(z)¢” (2)|
s = e 1 - |¢(2)[2)* = 00 (21)
o = sup LN P -

e (1=19()1)*

Proof Suppose that DM,,C, : Z* — ¥ is bounded, by Lemma 2 we know that ky, k3, k3 <

0o. With the same argument as in Theorem 5 one can show that (21) and (22) hold.
(-lal?)?
(—a2)?

212)%1q/(z)| < 4o - 2% - (@ + 1), which shows that g, € Z%. Now we let a = ¢(w) for every
w € D such that % < |¢p(w)] <1, and we have

Now we prove that ki < 0o. For every a,z € D, define q,(z) =

. Then sup, (1 -

1
e 00) = G g
— —2
1
oo 0) = D (o) = S

(1 ()2t 1-[p(@)2)*”

By the boundedness of DM, Cy : Z* — B¢, we have |[DM,,Cyqp(w)lle < C, then

1 > S(p ( (DMqugqb(w))/(z))

> sup (1—|a)|2)
3 <lp(@)I<1

| W0) | adelen @8 ) ) |, o5 o) o |
(p< 9 (@) - Ip(@) DT 1 p@)D* )

C
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Then we have

wp M@
Lagya 1= 19(@)12)*2

2u () (@) + u(w)d"(w)  «+1 2au(w)d (w)?

@) 1—p@P) 1 2a (- [p@P)

<C+ sup au(w)

T<lg(w)l<1
2 / / /" 1|2 / 2
<C+ sup au(w){ U (0)¢'(0) + u(w)¢” () ‘ o +1|20u(w)p (czo) } (23)
L)<l P(@)(1 - |p(w)[?)*! 200 | (1= [p(w)]?)
Since % <1, then by (21), (22), (23) and according to the former proof with k; < oo for
|p(w)] < %, then kip < 0o. Suppose that ki, k13, k14 < 00. Then, by Lemma 1(iii) and (vi) and
similar to the proof of Theorem 3, we get that DM, Cy : Z% — B is bounded. O

3 The compactness of DM, Cy : Z* — B?

In order to prove the compactness of the product-type operator DM, Cy : Z* — 3%, we
need the following lemmas. The proof of the following lemma is similar to that of Propo-
sition 3.11 in [43]. The details are omitted.

Lemma 8 Let u € H(D), ¢ be an analytic self-map of D and 0 < « < 0o. Then DM,,C, :
Z% — B? is compact if and only if DM, Cy : Z* — B is bounded and for any bounded
sequence {f,,}nenr in Z% which converges to zero uniformly on compact subsets of D as n —

0o, we have || DM, Cyf,llge — 0 as n — oo.
The following lemma was essentially proved in paper [11] in Lemma 2.5.

Lemma 9 Fix 0 <« <2 and let {f,},en be a bounded sequence in Z* which converges to
zero uniformly on compact subsets of D as n — oco. Then lim,,_, o, SUPp |f(2)] = 0. More-
over, for 0 < o < 1, if {f,}nen is a bounded sequence in Z* which converges to zero uniformly

on compact subsets of D as n — oo, then lim,,_,  sup,.p |f,(z)| = 0.

Theorem 10 Let u € H(D), ¢ be an analytic self-map of D and 0 < a < 1. Then DM, C, :
Z* — B is compact if and only if DM,Cy : Z% — B is bounded,

w(2)u(2)| ¢’ (z)|*

TR Y T T (24)

Proof Suppose that DM,,Cy : Z* — B¢ is compact. It is clear that DM, C, : Z* — 3¢ is
bounded. By Lemma 2, we have that ki, ky, k3 < 00. Let {z,},car be a sequence in D such
that |¢(z,)| — 1 as n — oo. Without loss of generality, suppose that |¢(z,)| > % for all n.

Taking the function

—— * dh.
I TEARE

8n (2) =

1 [(1—|¢>(Zn)|2)2 1-|¢(zn)|? ]_ 1 /z 1 |p(zn)
2 o (

$a) L 0-0G)2*  (1-6E)2 ] 6@

Then sup, s I1gxll z« < 00, and g, — 0 uniformly on compact subsets of D. Since DM, Cy :
2% — B is compact, then lim,_, o [[DM,Csg,llge = 0. Since lim,,_, |¢(2,)| = 1, then
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lim,,_, o0 SUP,p |€4(2)| = 0. Moreover, we have

o

8(0z) =0, g (¢(zn) = A= 1p@)D)

Then

/ 4 aulzn)d’ (zn)*
I~ <(DMMC¢g,,) (z,,)) Sy 2)¢(Iu (2n)gn(P(zn)) + TP I).
- ”DMMC¢gn||B‘/’ - ||DMMC¢gn||B‘P

Hence

o (z4)u(z,)] |¢/(zn)|2
1= lg(zn)|?)*

= 1(zn) |t (24)| | gn (B(2)) |

< IDM,Cognll -

Therefore

wen)lu@g' @)1* . anz)uz)llg' @)1
= lim =0.

Be)l—=1 (1 —|p(zn) ) n—>oo  (L—|p(z,)]?)*

Suppose that DM,,C, : Z* — B? is bounded and (24) holds. Then ky, ks, k3 < 0o by
Lemma 2 and for every € > 0, there is § € (0,1) such that

w(2)|u(2)||¢’ (2)[*
—_— < €

25
1-1p(2)1)* 2%

whenever § < |¢(z)| < 1. Assume that {f; } ,c A is a sequence in Z¢ such that sup,,. 7 |[f, || z« <
L, and f,, converges to 0 uniformly on compact subsets of D as # — 00. Let K = {z € D
|¢(2)| < 8}. Then by kq, k2, ks < oo and (25) it follows that
sup u(2) (DM, Cyf,) (2)|
zeD
< sup u(@)|u" @) |fu(#(2)| + sup u(2) |26 (2)¢' (2) + u(2)9" (2) ||, (¢ (2)|
zeD zeD
+sup u(2)|u(@)]|¢' @’ |f (¢@)| + sup p(2)|u(@)||¢'@)[|f; (6(2))]
zeK zeD\K

<k squ{f,,(q)(z)) ’ +ky sugﬂ@(z))‘ + ks sulg {f; (¢(z))|

+ sup @ u@)1¢' @) *Q - [p@)*)|f;) (¢(2)]
2eD\K (1-|p(2)12)*

<k sup [f,,(a))| + ky sup [f,;(w)| + k3 sup [fn”(w)| + Le.
weD weD |w| <8
Here we use the fact that sup,.(1 - [#(2)12)*|[f/ (¢(2))| < |[full z« < L. So we obtain

| DM, Cyfoll e
= |/ (0)£,(#(0)) + u(0)¢' (0)f; (¢(0)) | + sup 1(2)| (DM, Cyfy) (2)|

= [ O]/ (6(0)] + |(0)][¢/(0)][£;(£(0)]
+ kq sup Lf,,(a))| + ky sup W(w)| + k3 sup W’(a))| + Le. (26)
weD weD lw| <8
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Since f, converges to 0 uniformly on compact subsets of D as n — oo, Cauchy’s estimation
gives thatf;, f also do as n — co. In particular, since {w : || < §} and {¢(0)} are compact,
it follows that

lim {|u/(0)|[£:(¢(0))] + [(0)||¢'(0)||f;(¢(0))|} =0 and  lim ks sup |f}'(w)| =O.

H—>0Q n—00 |w\<8

Moreover, since 0 < « <1, by Lemma 9 we have

lim sup [ﬂ,(a))| =0, lim sup [f,;(a))| =0.
n—)ooweD

n—)ooweD

Hence, letting n — oo in (26), we get
lim | DM, Cyfullge = 0.
n—00
Employing Lemma 8 the implication follows. O

Theorem 11 Let u € H(D) and ¢ be an analytic self-map of D. Then DM,Cy : Z — B? is
compact if and only if DM,Cy : Z — B is bounded,

lim u(z) |2u/(z)¢>’(z) + u(z)gb”(z)‘ log———— =0, (27)
[(2)|—1 - z

Pl 1- |p(2)]2 (28)

Proof Suppose that DM, Cy : Z — B¥ is compact. It is clear that DM,Cy : Z — B? is
bounded. By Lemma 2, we have that ki, ko, k3 < 00. Let {z,},cns be a sequence in D such
that |¢(z,)| — 1 as n — oo. Without loss of generality, we may suppose that |¢(z,)| > % for
all n. Taking the function

r(@(zu)2) e ‘1< e >42 s e
n = 1 -1 PEEEYVIENT) 1 —d
= <%14waw> RS FTERTE A e T

Then sup,,.x lIs«ll z < 0o by the proof of Theorem 4, and s, — 0 uniformly on compact

subsets of D by a direct calculation. Consequently, lim,,_, o, Sup,.p Is,(2)| = 0 by Lemma 9.
Since DM,,Cy : Z — B? is compact, then lim,,_, o [|[DM,Cys,|l 3¢ = 0. Moreover, we have

(0 =0, (o) = -0
Then
1>, (M)
IIDMMC¢SH||B¢

_ / 2
|1 ()30 ((2)) + ~HEREEIE |
> (1 _ |Zn|2)§0 [ (zn)l

DM, Cognl5¢

It follows that

- M(Zn)|u”(zn)| |Sn (d’(zn)) |

’ 2
’M(Zn)w’(zn)nu(zn)”‘p (zn)| =< ||DMMC¢SVI”B‘”'

1-|¢(zn)l?
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Therefore

(zn) |z 19 ()12 - tim (z2n) 1 (20) | 1(2,) 19 (20) |* _

penl—1  1—]p(z,)|? 100 1 p(z)2 0. (29)

On the other hand, let

d(zy)z -1 e 2 ( e )1
a@)= T2 (14 log ——e og——) —e,
= [(“"gl—wzn)z) ”] T 6@r) €

c _7|¢(z,,)|2—1|:<1+10 B >2+l]<10 B )_1
" @) 1= 10G)P 1= 10G)P

such that lim,_, ¢, = 0. By a direct calculation, we may easily prove that £, — 0 uni-

formly on compact subsets of D, and sup,,c x/ £, |l z < 00 by the proof of Theorem 4. Since
DM, Cy : Z — B? is compact, then lim,_, o [|[DM,Cyt,|lge = 0. Moreover, we have

n(#(@n) =0, 4,((z) =log - T (¢@) = 12 PR
Then
1 > S(p < (DMquhtn)/(zn))
DM, Cytull B
> (1-z4]%)
' w( |26 (28 (2) + 1(20)" (2) log iy + 2lilanld en) )
IDM, Cytull B
It follows that
,LL(Z,,)|2M/(ZW)¢/(Z,1) + u(z,,)qb”(z,,)} 10g m
214(20) | (2n)|4(2) 9 () 1
< [IDMyCptnlige + 1= 16 . (30)
Letting n — oo in (30) and combining with (29), we can get
. 7 ’ " € _
|(éél"r)rllﬁl/L(zn)|2u (20)§ (zn) + u(z,)$" (24)| log 16T 0. (31)

The implication follows from (29) and (31).
Conversely, by Lemma 1(ii), Lemma 2, Lemma 8 and Lemma 9, we can prove the con-
verse implication similar to Theorem 10, so we omit the details. O

Theorem 12 Let u € H(D), ¢ be an analytic self-map of D and 1 < o < 2. Then DM,,Cy :
2% — B? is compact if and only if DM,Cy : Z% — B? is bounded,

- w(2)12u' (2)¢' (2) + u(z)¢” (z)| _
(@)1 (1-p(2)2)*t

0, (32)
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s (- 6P (33)

Proof Suppose that DM,,Cy : Z2* — B¢ is compact. It is clear that DM, C, : Z* — 3¢ is
bounded. By Lemma 2, we have that ki, ko, k3 < 00. Let {z,},ens be a sequence in D such
that |¢(z,)| — 1 as n — oo. Without loss of generality, we may suppose that |¢(z,)| > % for
all . Then (33) can be proved as the method of (24) in Theorem 10, so we only need to
show that (32) holds. Taking the function

1 [(1— lp(z)1?)>  1-lg(za))? ]

n(z — -
d(z,) L A=¢)2)*  (1-o(z)2)*!

Then sup,c s |[fxll z« < 00, and f;, — 0 uniformly on compact subsets of D. Since DM, Cy :
Z% — B? is compact, it gives lim,,_, o [[DM,, Cyf,ll5s = 0. Moreover, we have

1 20

) =0 K= s e ) e

Then
DM !
L5, (DG )
| DM,, Cyfall 5e
| 20 (2) ¢’ (2) +1(21)9” (21) 2otu(zn)¢’(§n)2 |
B (zn) (1| (z,1)|2)*! (1= (zn)|5)*
> (1-lzl? 90( )
(-1=F) IDM, Cyf | 5o
It follows that

‘ M(Zn)|2M/(Zn)¢/(Zn) + M(Zn)¢//(zn)| _ 200 1(z) | 16(21) | |¢/(Zn)|2 < ||DMMC¢fn||B¢.

[(2,)1(1 = |p(z,,) )21 (1 - lo(za)]?)™
Therefore
lim 1(20) 126 (2,)¢' (20) + ul(20)¢" (20)] _ 0
I¢(zn)|—1 (1 - |p(z,)[2)> 1 )

By Lemma 1(iii), Lemma 2, Lemma 8 and Lemma 9, we can prove the converse implica-

tion similar to Theorem 10, so we omit the details. O

Theorem 13 Let u € H(D) and ¢ be an analytic self-map of D. Then DM, Cy : Z* — B¢
is compact if and only if DM, Cy : Z*> — BY is bounded,

. " e —
|¢};HIIL1M(Z)’M ()| log 1-|¢(z)? 0. (34)
lim 1(2)12u' (2)¢'(2) + u(2)p"(2)| 0, (35)
l6(2)—>1 1-19(2)]?
(@) u@)l19' @) (36)

w1 (- p@P)?

Proof Suppose that DM,,C, : Z* — B is compact. It is clear that DM,Cy : Z* — B is
bounded. By Lemma 2, we have that ki, ko, ks < 00. Let {z,},ens be a sequence in D such
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that |¢(z,)] — 1 as n — oco. Without loss of generality, we may suppose that |¢(z,)| > %
for all n. Then, by repeating the arguments in the proof of Theorem 10 and Theorem 12,
(35) and (36) can be proved similarly, so we only need to show that (34) holds. Taking the

function
1 e \\(x ¢ B

n =1 — P ——— . 37

P <+<0g1—¢(zy,)z> )(°g1—|¢(zn)|2> 37
Then we have

, ZM e e -1

= 1 1 ,
) e ( *®1- ¢(zn)z> ( 81C |¢<zn)|2> )
— 9 1
/7 _ 2¢(Zn) (1 e 1) (1 e ) 39
P = o Vg T e ) (39)

Itis easy to show that {p, },cn” is a bounded sequence in Z2, and p,, — 0 uniformly on com-
pact subsets of D. Since DM,,Cy : Z2 5 BYis compact, then lim,,_, o | DM, Cyp,lie = 0.
From (37), (38) and (39), we can get that

P e e -
lenlu (Z”)|[1°g1—|¢(zn>|2 ' <1°g1—|¢<zn)|2) }
202 9126 (@) 2) + 1z 2]

1—|p(z,)1?

214(zn) | (2n)* [u(z) ¢ (20) P [1 + (log 15E-7) 7]
(1 -1 (za)?)?

=< ||DMMC¢pn ”B‘P'

Since lim,,_, » (log m)‘l =0, and by (35) and (36), we can get (34).
By Lemma 1(iii) and (v), Lemma 2 and Lemma 8, we can prove the converse implication
similar to Theorem 10, so we omit the details. O

Theorem 14 Let u € H(D), ¢ be an analytic self-map of D and « > 2. Then DM, Cy :
Z* — B is compact if and only if DM,Cy : Z% — B is bounded,

im w@)u"(2)]
621 (1 - |¢(2)|?)*2

im 1@)26 (2)9'(2) + uz)¢"(2) _
p(z)l—>1 (1-|p(2)2)*t

i n(2)|uz)|¢' (2)|* o
lb@—-1  (1-|p(2)|?)~

=0, (40)

0, (41)
(42)

Proof Suppose that DM,,Cy : Z2* — B¢ is compact. It is clear that DM, C, : Z* — 3¢ is
bounded. By Lemma 2, we have that ki, ky, k3 < 0o. Let {z,},cas be a sequence in D such
that |¢(z,)] — 1 as n — oo. Without loss of generality, we may suppose that |¢(z,)| > % for
all #. Then, by repeating the arguments in the proof of Theorem 10 and Theorem 12, (41)
and (42) can be proved similarly, so we only need to show that (40) holds.
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_ (-lpGn)?)?

Now let qn (Z) (1-¢(zn)2)® ’

sets of D, and

then sup,,czr 14|l z« < 00, g, — 0 uniformly on compact sub-

1
qn(¢(zn)) = W’
o(z,) —
qln(‘p(zn)) = M qZ(¢(zn)) _ala +1)@(z4)

T 1=z )t AR

Then we have
wzn)lu" (z,)]
(1-|¢(zy)|2)*2
< IDM,Cysqyll B¢
20/ (20)@ (zn) + u(2) 9" (21) —— u(z,)P (2)?
TP | e A P PR v

2u(z,)P' (z) + u(z,)P" (21) Lot 12au(z,)¢' (z,)?
Pzn) (1~ | (za)[2)> 2a (1-|p(z)?)

+ ot |p(zn) | 1 (2)

< ||DMMC¢qn llge + a/'L(Zn)

< IDM,,Cyql 5e
2u/(2,)9' (zn) + u(24) 9" (21)

P(z) (1~ | (z,)1?)*!

20{1/!(2”)([5/(2,4)2
(1 = |p(z) 2™

a+1
20

+au&ﬁ{

}. (43)

Since % <1, then by (41), (42) and letting # — oo in (43), we can get (40).

For the converse, by Lemma 1(iii) and (vi), Lemma 2 and Lemma 8, we can prove the
converse implication similar to Theorem 10, so we omit the details. O
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