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ON A QUESTION OF N. SALINAS

MUNEO CHÖ

ABSTRACT. In [5], Salinas asked the following question: If T = (Xi,... ,T„)

consists of commuting hyponormal operators, is it true that (1) S(T — X) =

d(X,aT,(T)) and (2) r^(T) = ||£>t||? He proved that, for a doubly commuting

n-tuple of quasinormal operators, (2) was true and (1) was true for A = 0.

In this paper we shall show that (2) holds for a doubly commuting n-tuple

of hyponormal operators and give an example of a subnormal operator which

does not satisfy (1).

1. Introduction. Let ii be a complex Hilbert space, and all operators on H

will be assumed to be linear and bounded. £, will denote the algebra of all operators

onH.
Let T = (Ti,..., Tn) G Zn. We shall say that a point z = (zu... ,zn) oí Cn is

in the joint approximate point spectrum c7r(T) of T if there exists a sequence {x&}

of unit vectors in H such that

\\(Ti - Zi)*Xk\[ -» 0(fc -»oo),        i=l,...,n.

A point z = (zi,..., zn) of Cn is said to be in the joint defect spectrum os(T) of T

if there exists a sequence {xfc} of unit vectors in H such that

||(35 - «i)*Xfc|| -» 0(fc - oo), i = 1,... ,n.

The joint numerical range of T is the subset W(T) of C" such that

W(T) = {((Tix, x),..., (Tnx, x)): x G H, ||x|| = 1}.

The joint operator norm and the joint approximate spectral radius of T, denoted by

||Dt|| and r^(T), respectively, are defined by

^IITixH2        :x€ff,||x|| = l

1/2

:(*i,-",a«) €ff„(T)

\V2

^IKTi-AiJxfJ      :xGH,\\x\\ = l
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Let ot(T) be Taylor's joint spectrum of T.   We refer the reader to [7] for the

definition of ot(T).

In the sequel, we let T*T be the n-tuple (Tx*Ti,.. .,T*Tn).

2. Theorem.

THEOREM. Let T = (Ti,..., Tn) be a doubly commuting n-tuple of hyponormal

operators.

Then]\DT[\=r„(T).

We shall need the following three facts.

THEOREM A   (CURTO [2]).   LetT = (Ti,...,Tn) be a doubly commuting n-
tuple of hyponormal operators.

ThenoT(T) =os(T).

THEOREM B (DASH [3]). LetT = (Ti,..., Tn) be a doubly commuting n-tuple

of normal operators.

Then W(T) = cooT(T) (= convex hull of oT(T)).

THEOREM C (CHÖ AND TAKAGUCHI [1]). LetT = (Ti,...,Tn) be a doubly

commuting n-tuple of hyponormal operators. If r = (ri,... ,rn) G ot(T*T), then

there exists a point z = (zi,..., zn) G ot(T) such that Zi = *Jri(i = 1,..., n).

PROOF OF THE THEOREM.

][DT[]2 = sup J ¿ ||r¿x||2: ||x|| = 11 = sup i ¿(77TiX,x): ||x|| = 1 1.

So there exists r = (ru... ,rn) in W(T*T) such that ||£>T||2 = E"=i ri- % Theo-

rem B, it follows that W(T*T) = cooT(T*T). If there exist a = (au ..., an), ß =

(ßi,...,ßn) in oT(T*T) and 0 < t < 1 such that r = ta + (1 - t)ß, then we have

n (   n n \

^r¿ < max I ^2ai,^ßi > ,
¿=i U=i      i=\     )

which is a contradiction to the choice of r. Therefore, r = (f"i,..., rn) belongs to

ot(T*T) and there exists z = (zi,... ,zn) in og(T) such that J27=i r* = l2l2 Dv

Theorems C and A.

Let {xk} be a sequence of unit vectors in H such that

\\(Ti - Zi)*xk[[ -* 0(fc -> oo),        i = l,...,n.

Hence,
n n

J2 11(3; - zi)xk\\2 < \z\2 - 2 • £Rex¿(3ixfc,xfc) + [z]2,
i=l i=l

and, since (TiXk,xk) = (xk,T*xk) = (xfc,(T¿ - z¿)*xfc) + z¿ -» Zi(k -» oo), i =

1,... ,n, we have
n

^2\\(Ti-Zi)xk\\2^0,        asfc^oo.
i=l

Therefore, z = (zi,..., zn) belongs to crx(T).

So the proof is complete.
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3. Examples.   Let H be an infinite-dimensional Hilbert space with orthonor-

mal basis {ek}kLi- Consider the weighted shift T on H such that

Tei = \-e2,        Tek=ek+i    (fc = 2,3,...).

Then T is subnormal (cf. p. 379 in Stampfli [6]), an(T) = {z: \z\ = 1} (cf. Furuta

[4]) and evidently 8(T) = \. Therefore, 6(T) < 1 = d(0,o„(T)), so that (1) is in

general false for a subnormal n-tuple.
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