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ON A RIEMANNIAN MANIFOLD ADMITTING
KILLING VECTORS WHOSE COVARIANT
DERIVATIVES ARE CONFORMAL KILLING TENSORS

By Cuencg-Hsien CHEN

§1. Let M™ be an n-dimensional Riemannian manifold with metric g..° Let
V., denote the operator of covariant differentiation with respect to the Riemannian
connection. We denote the Riemannian curvature tensor, the Ricci tensor and the

scalar curvature respectively by Rase®, Roe=Ree® and R=g"Ry,.
Mn is called a manifold of constant curvature if its Riemannian curvature

tensor is given by
Rape’ =(R[n(n—1))(0a’gse — 9acds®).

A vector field v° is called a Killing vector if it satisfies
L1 Pve+Vevs =0,  (ve=0°¢ec).
It is well known that a Killing vector »° satisfies
1.2 VaVsve+ Reanct*=0.

A skew symmetric tensor field u,. is called a conformal Killing tensor, if there
exists a vector field p° such that

(1. 3) Vattve+ Pothae =2 pegar — Pagve — Pogac.?
Such a vector field p° is called an associated vector of u, and is given by
1. 4) Vettee=(m—1) pe.

Tachibana studied such a tensor and got the following:

TueEOREM A. ([21) In a Riemannian manifold M™ of constant curvatuve, the
covariant derivative Vyw. of any Killing vector v, is a conformal Killing tensor.

It is well known that the set of all Killing vectors constitutes a Lie algebra
L. We assume L to be transitive, ie., there exists a Killing vector »° satisfying
v(p)=V° for any point p and for any direction V°. Then, we know the converse
of Theorem A is valid as follows.

Received June 18, 1970.
1) Indices @, b, ¢, -+ run over the range 1,2, ---, n.
2) This definition is primarily given by Tachibana in [2].
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THEOREM 1. In a Riemannian manifold M™ (n>>2), if the Lie algebra L of all
Killing vectors v° is tranmsitive and the covariant derivative Vyw. of any Killing vector
v. 1S a conformal Killing tensor, then M™ is a manifold of conslant curvature.

Proof. Taking #up.=Fw, in (1. 4) and by making use of (1. 2), we find
(1.5) DPe=—(1/(n—1))Recr".

Again, taking w#,.=Fw. in (1. 3) and substituting (1. 2) and (1. 5) into what follows,
we have

(Reavet Repac)v® =(1/(n—1))(2Recgas — Reagoe — Revgac)v®.
Since the last equation is valid for any ¢°, by the assumption, we have
(1. 6) Reavet+ Repae=(1/(n—1))(2Recqas — Reagoe— Revglac)-
Contracting (1. 6) with ¢%, we get
Rar=(R/1)gas.
By virtue of the last equation, (1. 6) becomes
€7 Reave + Revac = (R[n(1—1))(29ecqas — GeaGse — Gerac)-
Interchanging indices «, b, ¢ in (1. 7) as a—b—c—a, we have
1.8 Rovea+ Reocva=(R[1(n—1))(2geagoe — evgea— Gecva)-
If we form (1. 7)—(1. 8), we get
Revac=(R[n(n—1))(gecdsa— geagsc)
on taking account of the first Bianchi identity. Thus the proof is completed.

In the next section, we shall study analogous facts in a Kihlerian manifold.

§2. A Kihlerian manifold 9" is an even dimensioanl Riemannian manifold
with a mixed tensor F,? and with a Riemannian metric g, satisfying the follow-
ing conditions

FlFp= '—5a,by Fof Fy"Gor =gan,
VanBZOy Fab=Faegeb=_Fba-
It is well known that there holds the following relations:

RabceFde = Rabdchey Rab = RerFaerr»
2.1
RyF=—1/2)RerdF.
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If we define a tensor S, by

2.2 Sav=(1/2)RaperF*",

then we have

2.3) RooeFy*=Su,  Swefy'=—Rap  and R=—S,F°.

M is called a manifold of constant holomorphic sectional curvature or a
locally Fubinian manifold if its Riemannian curvature tensor is given by

(2~ 4) Ropet= (R/%(” + 2))(5aegbc —0ac0s® + FofFye— FocFp® — 2Fache).

For a skew symmetric tensor field W, in 94", if there exists two vector
fields p° and ¢° such that

2.5) Vorvve+ Votac=2pegas — Pagse— Poac + 3(qal ve + o Fac)

then, corresponding to a conformal Killing tensor u, in M?®, we shall call w; an
F-conformal Killing tensor and p° and ¢° are associated vectors of wp..
Corresponding to Theorem A, we know the following

TuaeoreM B. ([11) In a manifold of constant holomorphic sectional curvature,
the covariant devivative Vy. of any Killing vector v. is an F-conformal Killing tensor.

We know the converse case of Theorem B is also valid as follows.

THEOREM 2. In a Kéhlevian manifold M™ (n>2), if the Lie algebra L of all
Killing vectors v° is transitive and the covariant derivative Vy. of any Killing vector
ve is an F-conformal Killing tensor, then ™ is a manifold of constant holomorphic
sectional curvature.

Proof. Taking wy.=Vw, in (2. 5) and by making use of (1.2) we know (2.5)
becomes

2. 6) —(Reave + Repac)V® = 2Pegas — Pagoc — Pogac +3(@aF ve + o Fuc).

Transvecting (2. 6) with ¢*°, we get

2.7 —Rect’ =(n—1)pe+3¢°Fe.

On the other hand, transvecting (2. 6) with F?¢, we have
—Seat® = Fae+(n+1)ga-

Transvecting the last equation with F.%, we get

2.8 Ro* = —po—(n+1)g¢Fe.

If we form (2. 7)+(2. 8), we obtain
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2.9 Pe=q Flee,
provided #>2. Consequently (2.7) and (2. 8) imply
2. 10) DPe=—(1/(n+2))Rect? and ge=—(1/(n+2))S.c0".
Substituting (2. 10) into (2. 6), we have
(Rease+ Repac)v® =(1/(n+2))[2Recgar — Reagve— Revgac+3(SeaFve+Ses Fac)1®.

Since the last equation holds good for any ¢, therefore by the assumption, we
obtain

2.1 Reavet+ Revac=(1/(n42))[2Recfad — Reagoc— RevGac +3(Sease + Sev Fac)]-

Transvecting (2. 11) with ¢° and taking account of (2. 3), we know
Ray=(R[1)gas.

Substituting the last result into (2. 11), we get

2. 12) Reave + Revae=(R[n(n+2))[2gecdar — geagoe — JerGac+3(Feal v+ FerFac)]-

Interchanging indices @, b, ¢ in (2. 12) as e@—b—c—a, and then substracting what
follows from (2. 12), we get the desired result

Rebac= (R/%(n + 2))(gecgba —eaPve+ Fecha, - Feanc - 2FebFac)-

I am grateful to Professors T. Adati and S. Tachibana for many suggestions
and criticisms.
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