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We consider the singular boundary value problem

−Du+K(x)u−a=lup in V, u=0 on ∂V.

We study the existence, uniqueness, regularity and the dependency on parameters of the

positive solutions under various assumptions.

1. Introduction

Let V be a bounded domain in Rn, n"2, with C2,b boundary ∂V, where bµ(0, 1).
We consider a singular boundary value problem

−Du+K(x)u−a=lup in V,

u>0 in V,

u=0 on ∂V.

(1.1)

where K(x)µC2,b(V9 ), a, pµ(0, 1) and l is a real parameter. Such singular elliptic
problems arise in the contexts of chemical heterogeneous catalysts, nonNewtonian
fluids and also the theory of heat conduction in electrically conducting materials,
see [3, 5, 8, 9] for a detailed discussion.

Obviously (1.1) cannot have a solution uµC2(V9 ) if K(x) is not vanishing near ∂V.
However, under various appropriate assumptions on K(x), we will obtain classical
solutions of (1.1) for l belonging to a certain range, and we will also obtain some
uniqueness criteria. Here a classical solution is a solution u of (1.1) which belongs to
C2(V)mC(V9 ) with u>0 in V. We also study the boundary behaviour of solutions of
(1.1), and we will show that the solution u of (1.1) lies in a certain Hölder class.

The special case when K(x) is negative and l=0 has been studied by several
authors. The existence and uniqueness of the solution were established by Crandall,
Rabinowitz and Tartar [6], Del Pino [7], Gomes [10] and Lazer and McKenna
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[13], while in [6, 7, 12, 13], the regularity and the boundary behaviour of solutions
were investigated.

For l≠0, if K(x)¬1, Zhang [17] proved that (1.1) has a positive solution u
l

when l is large enough; if K(x)¬−1, M. M. Coclite and G. Palmieri [4] proved
that if 0<p<1, then (1.1) has at least one solution u

l
for all l"0 and p"1, there

exists lA>0 such that (1.1) has a solution u
l

for lµ[0, lA ) and no solution for l>lA .
If K(x)¬0, it is well known that there exists a unique solution u

l
of (1.1) in

C2,b(V)mC2(V9 ) if and only if l>0. Thus throughout this paper we assume that
K(x)¬/ 0 in V9 .

The main results of this paper are stated in the following theroems, where

K*=max

xµV9
K(x),

K
*
=min

xµV9
K(x),

E={uµC2,b(V)mC0(V9 ) : u−aµL 1(V)},

d(x)=dist (x, ∂V).

T 1.1. L et K*<0 [respectively K*=0]; then:
(i) (1.1) has one and only one solution u

l
µE for any lµR [respectively l"0];

(ii) u
l

is increasing with respect to l;
(iii) c1d(x)!u

l
(x)!c2d(x) for any xµV9 , and some c1 , c2>0 independent of x;

(iv) u
l
µC1,c(V9 ), where c=1−a.

T 1.2. L et K*>0; then:
(i) there exists a l*>0 such that (1.1) has at least one classical solution u

l
for

l>l* , and (1.1) has no classical solution for l<l* ;
(ii) for l>l* , (1.1) has a maximal solution u:

l
µE and u:

l
is increasing with respect

to l;
(iii) for l>l* , c1d(x)!u:

l
(x)!c2d(x) for any xµV9 , and some c1 ,c2>0

independent of x;
(iv) u:

l
µC1,c(V9 ), where c=1−a.

T 1.3. L et K*>0>K* , then:
(i) there exists a l*>0 such that (1.1) has at least one solution u

l
µE for any l>l* ;

(ii) for l>l* , u
l

is increasing with respect to l;
(iii) for l>l* , c1d(x)!u

l
(x)!c2d(x) for any xµV9 , and some c1 , c2>0

independent of x;
(iv) u

l
µC1,c(V9 ), where c=1−a.

R 1.4. (a) In contrast to the case K(x)<0, the uniqueness of the solution does
not hold when K(x)>0. In [14], the present authors and Ouyang studied the
equation (1.1) with K(x)¬1, and V=Bn, the unit ball in Rn. We showed that (1.1)
has at least two solutions for l>l* and sufficiently close to l* by a bifurcation
method, and that l=l* is a turning point on a solution curve.

(b) The bounds of solution in Theorem 1.2 or Theorem 1.3 may not hold for all
the solutions of (1.1). In [14], the present authors and Ouyang showed that when
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K(x)¬1, and V=Bn, the unit ball in Rn, (1.1) has a solution u
l

such that

u
l
(x)=

∂u
l

∂n
(x)=0 for any xµ∂V,

and

c1d(x)2/(1+a)!u
l
(x)!c2d(x)2/(1+a).

It is interesting to know, for the general bounded smooth domain, whether some
solutions with vanishing normal derivative exist, and if they exist, whether the normal
derivative vanishes at isolated points or on the entire boundary. We conjecture that
such a positive solution exists for any bounded smooth domain, and in general, the
normal dervative only vanishes at isolated points.

The paper is organised as follows. Some preliminary lemmas are stated and proved
in Section 2. In Section 3, we give the proofs of all the theorems.

2. Preliminaries

Let Y1 (x) denote the normalized positive eigenfunction corresponding to the first
eigenvalue l1 of the problem

−Du=lu in V,

u=0 on ∂V.

Then, as is well known, l1>0 and Y1µC2 (V9 ). Moreover, we have the following
property of Y1 :

L 2.1 [13]. L et s>0; then

P
V

[Y1(x)]−s ds<2 if and only if s<1.

With the regularity theory and this lemma, we have Y1µE. We will also need the
following result from [17], which is proved by using a super-subsolution method.

L 2.2 [17]. Suppose that K(x)¬1; then there exists a lA>0 such that (1.1) has
a solution u

l
µE for all l>lA . Moreover, u

l
(x)"C(l) (Y1 )2/(1+a) (x) for xµV9 and l>lA .

Next we establish a comparison lemma, which is proved by using a method
motivated by method II in [2, p. 103]; see also [1, Lemma 3.3].

L 2.3. Suppose that f :V×R+�R is a continuous function such that s−1 f (x, s)
is strictly decreasing for s>0 at each xµV. L et w, vµC(V9 )mC2(V) satisfy:

(a) Dw+ f (x, w)!0!Dv+ f (x, v) in V;
(b) w, v>0 in V and w"v on ∂V;
(c) DvµL 1 (V).

T hen w"v in V9 .

Proof. We argue by contradiction. If w"v is not true, then there exist e0 , d0>0 and
a ball B55V such that

v(x)−w(x)"e0 , xµB (2.1)
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and

P
B

vw A f (x, w)

w
−

f (x, v)

v B dx"d0 . (2.2)

Let

M=max {1, dDvd
L1(V)

}

and

e=min q1, e0 ,
d0
4Mr .

Let h be a smooth function on R such that h(t)=0 if t!1
2
, h(t)=1 if t"1, h(t)µ(0, 1)

if tµ(1
2
, 1), and h∞(t)"0 for tµR. Then, for e>0, define the function h

e
(t) by

h
e
(t)=h AteB , tµR.

It then follows from (a) and the fact that h
e
(t)"0 for tµR that

(wDv−vDw)h
e
(v−w)"vw A f (x, w)

w
−

f (x, v)

v B h
e
(v−w) in V.

On the other hand, by the continuity of w, v and h
e
, and the fact that w"v on ∂V,

it is easy to see that there exists a subdomain V* with smooth boundary, such that
B5V*55V satisfying that v(x)−w(x)< (e/2), for all xµVcV*. Then we have

P
V*

(wDv−vDw)h
e
(v−w) dx" P

V*

vw A f (x, w)

w
−

f (x, v)

v B h
e
(v−w) dx.

Denote

H
e
(t)= P t

0
sh∞
e
(s) ds, tµR;

then it is easy to verify that

0!H
e
( t)!2e, tµR and H

e
(t)=0, if t<

e

2
. (2.3)

Therefore

P
V*

(wDv−vDw)h
e
(v−w) dx

= P∂V* wh
e
(v−w)

∂v
∂n

ds− P
V*

(VvΩVw)h
e
(v−w) dx

− P
V*

wh∞
e
(v−w)VvΩ(Vv−Vw) dx− P∂V* vh

e
(v−w)

∂w
∂n

ds

+ P
V*

(VwΩVv)h
e
(v−w) dx+ P

V*

vh∞
e
(v−w)VwΩ (Vv−Vw) dx
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= P
V*

vh∞
e
(v−w)(Vw−Vv)Ω (Vv−Vw) dx+ P

V*

(v−w)h∞
e
(v−w)VvΩ (Vv−Vw) dx

! P
V*

VvΩV(H
e
(v−w)) dx

= P∂V* H
e
(v−w)

∂v
∂n

ds− P
V*

H
e
(v−w)Dv dx

!2e P
V*

|Dv | dx (by (2.3))

!2eM<
d0
2

.

But we have

P
V*

vw A f (x, w)

w
−

f (x, v)

v B h
e
(v−w) dx" P

B
vw A f (x, w)

w
−

f (x, v)

v B h
e
(v−w) dx

= P
B

vw A f (x, w)

w
−

f (x, v)

v B dx (by (2.1))

"d0 (by (2.2)),

which is a contradiction. Thus the lemma is proved. %

To end this section, we state a lemma which is proved in [16]. For the proof,
readers are referred to [16, Theorem 2].

L 2.4. Suppose that function f satisfies:
(F1) f :V9× (0, +2 )�R is Hölder continuous with exponent bµ(0, 1) on each

compact subset of V9× (0, +2 );
(F2)

lim sup
s�+2 As−1 max

xµV9
f (x, s)B<l1 ;

(F3) for each t>0, there exists a constant D(t)>0 such that

f (x, r)− f (x, s)"−D(t)(r−s) for xµV9 and r"s"t;

(F4) there exist a d>0 and an open subset V0 of V such that

min

xµV9
f (x, s)"0 for sµ(0, d),

and

s−1 f (x, s)�+2 as s�0+ uniformly for xµV0 .
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T hen for any non-negative function Q0 (x)µC2,b(∂V), the problem

Du+ f (x, u)=0 in V,

u>0 in V,

u=Q0 on ∂V,

(2.4)

has at least one positive solution u(x) of problem (2.4) such that, for any
compact subsets G of Vn{xµ∂V : Q0 (x)>0}, u(x)µC2,b(G)mC0(V9 ).

3. Proofs of main theorems

In this section, we will always assume that f
l
(x, u)=lup−K(x)u−a.

Proof of T heorem 1.1. (i ) (Existence) Let Q0 (x)¬0; then we can apply Lemma 2.4
to obtain the existence of a solution u

l
(x)µC2,b(V)mC0(V9 ) for any lµR

(respectively l"0).
(ii) (Uniqueness) If l!0, f

l
(x, u) is decreasing in u on (0, 2 ). Thus, by a standard

argument of the maximum principle, we obtain the uniqueness of u
l

for l!0.
If l>0, we have that u−1 f

l
(x, u) is strictly decreasing in u for u>0 and xµV9 .

Hence, if u1 and u2 are two solutions to (1.1), then u1¬u2 by Lemma 2.3 (noting
that Du

i
µL 1(V) by (iii) below.) Therefore the uniqueness of u

l
for l>0 is also proved.

(iii) (Dependence on l) First, we assume that l1<l2!0 and u
l
1

, u
l
2

are the
corresponding unique solutions to (1.1). We prove by contradiction that
u
l
1

(x)!u
l
2

(x). Suppose not; then

A={xµV : u
l
1

(x)>u
l
2

(x)}≠B.

The function w(x)=u
l
1

(x)−u
l
2

(x) satisfies

Dw(x)=l2upl
2

−l1upl
1

+K(x)u−a
l
1

−K(x)u−a
l
2

"0, xµA,

and

w(x)=0 xµ∂A.

By the maximum principle, w(x)<0 in A, which is a contradiction.
Secondly, we assume that 0!l1<l2 and u

l
1

, u
l
2

are the corresponding unique
solutions to (1.1). Since u

l
(x)"c1Y1 (x), it is easy to see that Du

l
1

µL 1(V) by Lemma
2.1,

Du
l
2

−K(x)u−a
l
2

+l2upl
2

=0<Du
l
1

−K(x)u−a
l
1

+l2upl
1

for xµV, and u
l
1

(x)=u
l
2

(x) on ∂V. Therefore, by Lemma 2.3,

u
l
1

(x)!u
l
2

(x) in V9 .

Moreover, by the maximum principle, we have u
l
1

(x)<u
l
2

(x), xµV, for both cases.
So u

l
is increasing with respect to l.

(iv) (Bounds of solutions) First, let v(x)=cf(x), where f(x) is the solution of the
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problem:

Df=K(x) xµV,

f(x)=0 xµ∂V.

Then, for l<0 when K*<0, or l=0 when K*=0, we have

−Dv− f
l
(x, v)=−Dv+K(x)v−a−lvp

=−cK(x)+K(x)(cf)−a−l(cf)p

!−cK(x)+
K(x)

2
c−af−a+K*

2
c−af−a−lcpfp

=K(x)c−af−a A12−c1+afaB+c−af−a AK*

2
−lcp+afp+aB

!0 (3.1)

for c>0 small enough. Fixing c0>0 such that (3.1) holds, we claim that
u
l
(x)"c0f(x). Suppose not; then A={xµV : u

l
(x)<c0f(x)} is not empty, and we

have

D[u
l
(x)−c0f(x)]!−[ f

l
(x, u

l
)− f

l
(x, c0f)]!0, xµA,

and

u
l
(x)−c0f(x)=0, xµ∂A,

which gives u
l
(x)"c0f(x), xµA, a contradiction. Therefore, u

l
(x)"c0f(x)"c1d(x)

for some c1>0. For any l"0, we fix l1<0 when K*<0, or l1=0 when K*=0;
then

u
l
(x)"u

l
1

(x)"c1d(x),

since u
l

is increasing with respect to l. Therefore, for any lµR when K*<0 or any
l"0 when K*=0, we have u

l
(x)"c1d(x). In particular, u−a

l
µL 1(V) by Lemma 2.1

and hence u
l
µE.

Next, we prove that u
l
(x)!c2d(x). Since u

l
is increasing with respect to l, it

suffices to prove the case l>0. Our following method is similar to and motivated
by the proof in [12, pp. 1024–5]. Let B

r
(x) denote the ball in Rn with radius r and

centred at the x, and w
K

be the unique solution of

Dw+w−a+lwp=0 in B
K
(0)cB1 (0),

w>0 in B
K
(0)cB1(0),

w=0 on ∂(B
K
(0)cB1 (0)),

where K>1 will be determined later. By the uniqueness of the solution, we know
that w

K
is radially symmetric and satisfies

w◊+
n−1

r
w∞+w−a+lwp=0 in (1, K ),

w(1)=w(K)=0.

(3.2)
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Since w
K
(x)"c1d(x), then we can obtain that both w∞

K
(1) and w∞

K
(K ) are finite by

integrating (3.2). Consequently,

w
K
(x)!C min {K−|x |, |x |−1},

for any xµB
K
(0)cB1 (0) and some C>0. By the smoothness of ∂V, there exists d>0,

K>0 such that for any x0µV
d
={xµV : d(x)!d}, we have V5 (B

2Kd
(y)cB

d
(y)), and

d(x0 )=|x0−y |−d,

for some y1V. Let

v(x)=c0wK Ax−y

d B , xµV;

then v(x) satisfies

Dv−K
*
v−a+lvp!0, xµV,

provided c0>L, where L depends on a, d, K (not on x0 ). On the other hand, we
have

Du
l
−K

*
u−a
l

+lup
l
"0, xµV,

and Du
l
µL 1 (V). Since u−1(lup−K

*
u−a ) is strictly decreasing in u for u>0 and

xµV9 , then by Lemma 2.3,

u
l
(x)!v(x), xµV.

In particular,

u
l
(x0 )!c0wK Ax0−y

d B!c2d(x0 ),

for any x0µV
d
and some c2>0 independent of x0 . Therefore, u

l
(x)!c2d(x) for xµV.

(v) (Regularity) By Green’s formula, we have

u
l
(x)= P

V

G(x, y)[K(y)u−a(y)−lup(y)] dy, xµV.

Vu
l
(x)= P

V

G
x
(x, y)[K(y)u−a(y)−lup(y)] dy, xµV.

If x1 , x2µV, then

|Vu
l
(x1)−Vu

l
(x2 ) |! P

V

|G
x
(x1 , y)−G

x
(x2 , y) |Ω|K(y)u−a(y)−lup(y) | dy

! P
V

|G
x
(x1 , y)−G

x
(x2 , y) |Ω |K(y)u−a(y) | dy

+|l | P
V

|G
x
(x1 , y)−G

x
(x2 , y) |Ωup(y) dy

¬I+II.
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Since c1d(x)!u
l
(x)!c2d(x), we have

I!cd1−a(x1 , x2 ),
by the proof of [12, Theorem 1]. On the other hand, u

l
µC0(V9 ); then

II!cd(x1 , x2 ),

by the standard regularity theory (see for example [11]). Therefore, u
l
µC1,c(V9 ),

where c=1−a. This completes the proof of Theorem 1.1. %

Proof of T heorem 1.2. (i) (Existence) By Lemma 2.2, for m>lA , there is a solution
v
m
µE to the problem

−Dv+v−a=mvp in V,

v>0 in V,

v=0 on ∂V.

Let

l=m(K*)(1−p)/(1+a), u2
l
= (K*)1/(1+a)v

m
;

then u2
l
µE is a solution of

−Dv+K*v−a=lvp in V,

v>0 in V,

v=0 on ∂V.

Now we consider an approximate problem P
k
(l) of (1.1) as follows,

−Dv+K(x)v−a=lvp in V,

v=
1

k
on ∂V,

where k=1, 2, . . . . It is easy to verify that v
k
(x)=u2

l
(x)+ (1/k) is a subsolution to

P
k
(l). On the other hand, by Lemma 2.4, there exists a solution wµC2,b(V9 ) to the

problem

−Dw=lwp in V,

w>0 in V,

w=1 on ∂V.

It is clear that w is a supersolution of P
1
(l). Moreover, since

Dv1+lvp
1
"0"Dw+lwp in V,

v1=w on ∂V,

and Dv1µL 1(V), it follows from Lemma 2.3 that

1!v1 (x)!w(x) for xµV9 .

Thus, by the standard super- and subsolution argument, there exists a solution
u(1)
l
µC2,b(V9 ) of P1 (l) such that v1 (x)!u(1)

l
!w(x). Similarly, taking u(1)

l
and v2 as a
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pair of super- and subsolutions for P2 (l), we conclude that there exists a solution
u(2)
l
µC2,b(V9 ) of P

2
(l) such that v2 (x)!u(2)

l
(x)!u(1)

l
(x).

Repeating the above arguments, we obtain a sequence {u(i)
l

} which is decreasing
in i, for i=1, 2, . . . , and is uniformly bounded from below by u2

l
in V9 . Thus, as in

the proof of Lemma 2.4 (see [16]), let

u
l
(x)= lim

i�2
u(i)
l

(x), xµV9 ;

then by a standard argument using the Schauder-type estimates and the regularity
theory (see [11]), we conclude that u

l
is a solution of (1.1) in E if l>lA(K*)(1−p)/(1+a).

(ii) (Existence of the maximal solution) We observe the problem

−Dw=lwp in V,

w>0 in V,

w=0 on ∂V,

(3.3)

has a unique solution w
l

for any l>0 by Lemmas 2.3 and 2.4. We claim that for
any classical solution u

l
of (1.1) we have

u
l
!w

l
.

If u
l
µE, then Du

l
µL 1(V). By Lemma 2.3, we have u

l
!w

l
. If u

l
1E, Lemma 2.3

is not applicable. But we can still use the proof of lemma 2.3 to prove it. In fact, if
S={u

l
>w

l
} is not empty, then for any xµS, u

l
(x)>w

l
(x)"cd(x), for some c>0

independent of x, since w
l
µC2,b(V9 ) and ∂w

l
/∂n<0 for any xµ∂V. On the other

hand, u
l
satisfies equation (1.1), then |Du

l
(x) |!cd(x)−a. Therefore Du

l
µL 1 (S). Now

let f (x, u)=lup, w=w
l

and v=u
l
; we can repeat the proof of Lemma 2.3 word by

word, only replacing the definition of M by

M=min {1, dDu
l
d
L1(S)

}.

Note that H(v−w)=0 if x1S, so

P
V*

H(v−w)Dv dx!2e P
S
|Dv | dx,

in the proof of Lemma 2.3. The other part of the proof remains the same. So we still
have a contradiction, and the claim is proved.

Let V
j
={xµV : d(x)> (1/ j )}, j=1, 2, . . . , and w

j
be the solution of

−Dv+K(x)w−a
j−1=lwp

j−1 in V
j
,

v=w
j−1 in V9 cVj ,

for j=1, 2, 3, . . . , with w0=w
l
defined in (3.3). Let u

l
be a classical solution of (1.1).

By the maximum principle, we have

u
l
(x)!w

j+1 (x)!w
j
(x)!w0 (x), xµV9 .

Furthermore, for any compact subset G55V, w
j
µC2,b(G) for j large enough, and

{w
j
} is bounded from below by u

l
. Thus, similar to (i), the function

u:
l
(x)= lim

j�2
w
j
(x)
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is a solution of (1.1), and for any u
l
, u:

l
"u

l
. Therefore u:

l
is the maximal solution

of (1.1). By (i), we have proved that for l>lA(K*)(1−p)/(1+a), (1.1) has a maximal
solution u:

l
.

(iii) (Nonexistence when l is small) Since K*>0, then there exists a k(l)>0 such
that f

l
(x, u)!k(l)u for xµV9 and u>0. Moreover, k(l) can be chosen such that

k(l)�0 if l�0. Suppose that u
l

is a solution of (1.1); then

l1 (V) P
V

u2
l
(x) dx! P

V

|Vu
l
(x) |2 dx= P

V

u
l
(x) f

l
(x, u

l
) dx!k(l) P

V

u2
l
(x) dx,

where l1 (V) is the first eigenvalue of −D in V. Therefore, (1.1) has a classical solution
only if l>l* , for some positive constant l* .

(iv) (Dependence on l) Let

H={m>0 : (1.1) has a classical solution with l=m},

and l*= inf {m>0 : mµH}. By (i), H≠B, and by (iii), l*>0. Let l1µH, and u:
l
1be the corresponding maximal solution of (1.1) for l=l1 . Then for any l2>l1 ,

Du:
l
1

+l2u: pl
1

"0 in V. By Lemma 2.3, u:
l
1

!w
l
2

in V9 . By the same iteration scheme
as in (ii ), just replacing u

l
by u:

l
1

, one can prove that there is a solution u
l
2

of (1.1)
with l=l2 such that u:

l
1

!u
l
2

!w
l
2

. Therefore, l2µH, and H6 (l* , 2 ). Moreover,
by (ii), for any l2>l1>l* , u:

l
2

"u:
l
1

. By the maximum principle, we have
u:
l
1

<u:
l
2

.
(v) (Bounds of solutions and regularity) From the above proof, we have

u2
l
(x)!u

l
(x)!u:

l
(x)!w

l
(x),

for l>l* . Then from Lemma 2.2 and that w
l
(x)!c2d(x), we obtain the bounds for

w
l

c1d(x)2/(1+a)!u
l
(x)!c2d(x),

and u:
l
(x)!c2d(x). To prove the lower bound for u:

l
, let l

*
<l2<l1 , u:

l
1

and u:
l
2

be
the corresponding maximal solutions of (1.1) for l=l1 and l2 . Then we have

D(u:
l
1

−u:
l
2

)+l1 (u:pl
1

−u:p
l
2

)−K(x)(u:−a
l
1

−u:−a
l
2

)+ (l1−l2 )u: pl
2

=0.

Since u:
l
1

(x)"u:
l
2

(x) by the monotonicity of u:
l
, then D(u:

l
1

−u:
l
2

)<0 for any xµV.
Also, v=u:

l
1

−u:
l
2

is continuous up to ∂V, and ∂V satisfies an interior sphere
condition at any x0µ∂V. Therefore, by the remark following the proof of the Strong
Maximum Principle in [11, p. 34], we have, for any x0µV,

lim inf
x�x

0

v(x)

|x−x0 |
=c(x0 )>0.

where the angle between the vector x−x0 and the normal at x0 is less than (p/2)−d
for some fixed d>0. Moreover, from the proof in [12, p. 34], we can see that c(x0 )
can be chosen continuously depending on x0 , hence there exists a c(V)>0, such that
for any xµV

d
={xµV : d(x)!d},

v(x)"c(V) |x−x0 |"c(V)d(x)

for some x0µ∂V. Therefore u:
l
1

(x)−u:
l
2

(x)"c(V)d(x). In particular, for any l>l* ,
u:
l
(x)"c1d(x). As long as the bounds of u:

l
are established, the regularity can be
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proved in the same way as that of Theorem 1.1. We omit the details here. Notice
that u:

l
µC1,b(V9 ) and our above arguments imply that ∂u:

l
/∂n exists and is negative

for any x0µ∂V. This completes the proof of Theorem 1.2.

Proof of T heorem 1.3. (i) (Existence) We first prove that the problem P
k
(l) has a

solution. Since K*>0>K* , then by Theorem 1.2, there exists a l*>0, such that
for l>l* , the problem

−Dv+K*v−a=lvp in V,

v>0 in V,

v=0 on ∂V.

has a maximal solution v
l
µE. Moreover, v

k
=v

l
+ (1/k) is a subsolution of P

k
(l).

On the other hand, the problem

−Dw+K
*
w−a=lwp in V,

w>0 in V,

w=
1

k
on ∂V,

has a solution w
k

for any kµN, by Lemma 2.4. Also, w
k
is a supersolution of P

k
(l).

Since

Dw
k
+lwp

k
!0!Dv

k
+lvp

k
,

and v
k
=w

k
on ∂V, Dv

k
µL 1 (V), then by Lemma 2.3,

v
k
!w

k
in V9 .

Therefore, by the standard super- and subsolution argument, there exists a minimal
solution u(1)

l
of P1 (l), satisfying v1!u(1)

l
!w1 . Similarly, taking u(1)

l
and v2 as a pair

of super- and subsolutions for P2 (l), we conclude that there exists a minimal solution
u(2)
l
µC2,b(V9 ) of P

2
(l) such that v2 (x)!u(2)

l
(x)!u(1)

l
(x).

Repeating the above arguments, we obtain a sequence {u(i)
l

} which is decreasing
in i, for i=1, 2, . . . . Therefore, similar to the proof of Theorem 1.2(i ), we obtain a
solution u

l
(x)= lim

i�2
u(i)
l

(x), and v
l
!u

l
!w1 .

(ii) (Dependence on l) Let l*<l1<l2 , u:
l
1

and u:
l
2

be the corresponding solutions
of (1.1) for l=l1 and l2 which we obtain in (i). We observe that for any k"1, u(k)

l
2is a supersolution of P

k
(l1 ), and

u(k)
l
2

"v
l
2

+
1

k
"v

l
1

+
1

k
in V9 .

Therefore u(k)
l
2

"u(k)
l
1

, since u(k)
l
1

is the minimal solution of P
k
(l1 ) which satisfies

u(k)
l
1

"v
l
1

+ (1/k). Therefore we must have u
l
1

!u
l
2

.
(iii) (Bounds of solutions) This should come directly from the fact that

v
l
!u

l
!w1

and the bounds of the solutions in Theorems 1.1 and 1.2. %
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