
1. Introduction and Definitions

Let S denote the class of functions of the form

(1.1) f(z) = z +
∞∑

n=2

anzn,

which are analytic and univalent in the unit disk U = {z : |z| < 1}. Also
denote by T the class of functions of the form

(1.2) f(z) = z −
∞∑

n=2

anz
n (z ∈ U) (an ≥ 0),

which are analytic and univalent in U .
For functions

(1.3) fj(z) = z−
∞∑

n=2

an,j zn, (an,j ≥ 0), (j = 1, 2)
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in the class T , the modified Hadamard product f1 ∗ f2(z) of f1(z) and f2(z)
is defined by

(1.4) (f1 ∗f2)(z) = z−
∞∑

n=2

an,1 an,2 zn.

A function f(z) ∈ S is said to be β-uniformly starlike functions of order
α denoted by β − S(α) iff

(1.5) Re{zf ′(z)
f(z) − α} ≥ β|zf ′(z)

f(z) − 1|,
for some α(−1 ≤ α < 1), β ≥ 0 and all (z ∈ U).
and is said to be β-uniformly convex of order α denoted by β − K(α) iff

(1.6) Re{1 + zf ′′(z)
f ′(z) − α} ≥ β|zf ′′(z)

f ′(z) |,
for some α(−1 ≤ α < 1), β ≥ 0 and all (z ∈ U).
The class 0−S(α) = S(α), and 0−K(α) = K(α), where S(α) and K(α) are
respectively the well-known classes of starlike and convex functions of order
α (0 ≤ α < 1).
The classes S(α) and K(α) were first studied by Reborston [10], Schild [1],
Silverman [7], and others. While the classes β − S(α) and β − K(α) were
introduced and studied by Goodman [2], Rønneing [5], and Minda and Ma
[4]. let
(1.7) S∗(α) = S(α)

⋂
T , K∗(α) = K(α)

⋂
T , β − S∗(α) = [β − S(α)]

⋂
T ,

and β − K∗(α) = [β − K(α)]
⋂

T .

For αi ∈ C (i = 1, 2, 3..., l) and βj ∈ C−{0,−1,−2, ..} (j = 1, 2, 3, ...,m),
the generalized hypergeometric function is defined by

(1.8) lFm(α1, ..., αl; β1, ..., βm) =
∞∑

n=0

(α1)n...(αl)n

(β1)n...(βm)n

.
zn

n!
,

(l ≤ m + 1; m ∈ N0 = {0, 1, 2...}) ,

where (a)n is the Pochhammer symbol defined by

(1.9) (a)n =
Γ(a + n)

Γ(a)
=

{
1; n=0
a(a + 1)(a + 2)...(a + n + 1), n ∈ N = 1, 2, ...
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Corresponding to the function h(α1, ..., αl; β1, ..., βm; z) = zlFm(α1, ..., αl; β1, ..., βm)
the Dziok-Srivastava operator [9], HL

m(α1, ..., αl; β1, ..., βm) is defined by

(1.10) HL
m(α1, ..., αl; β1, ..., βm)f(z) = h(α1, ..., αl; β1, ..., βm; z)∗f(z)

= z+
∞∑

n=2

(α1)n−1...(αl)n−1

(β1)n−1...(βm)n−1

an
zn

(n − 1)!
.

It is well known [9] that
(1.11) α1H

L
m(α1 + 1, ..., αl; β1, ..., βm)f(z) = z[HL

m(α1, ..., αl; β1, ..., βm)f(z)]′

+(α1−1)HL
m(α1, ..., αl; β1, ..., βm)f(z) .

To make the notation simple, we write,

HL
m[α1]f(z) = HL

m(α1, ..., αl; β1, ..., βm)f(z) .

We note that special cases of the Dziok-Srivastava operator HL
m[α1] include

the Hohlov linear operator [15], the Carlson-Shafer operator[3], the Ruschweyh
derivative operator[13], the Srivastava-Owa fractional operators [14], and
many others.

Now using HL
m[α1] we define the following subclass of analytic function.

Definition 1. For −1 ≤ α < 1, β ≥ 0, αi ∈ C (i = 1, 2, 3..., l) and
βj ∈ C − {0,−1,−2, ..} (j = 1, 2, 3, ...,m), we let Sl

m(αl, βm, β, α) be the
subclass of S consisting of functions f(z) of the form (1.1) and satisfying the
following condition

(1.12) Re

{
α1

HL
m[α1 + 1]f(z)
HL

m[α1]f(z)
+ 1 − α1 − α

}
> β

∣∣∣∣α1
HL

m[α1 + 1]f(z)
HL

m[α1]f(z)
− α1

∣∣∣∣ , z ∈ U

also let T l
m(αl, βm, β, α)= Sl

m(αl, βm, β, α)
⋂

T .

It may be noted that the class T l
m(αl, βm, β, α) extends the classes of star-

like, convex, β-uniformly starlike and β-uniformly convex for suitable choice
of l,m, αi, βj , β and α. For example
i) For l = 1, m = 0, α1 = 1 the class T l

m(αl, βm, β, α) reduces to the class of
β-uniformly starlike functions.
(ii) For l = 1, m = 0, α1 = 2 we obtain the class of β-uniformly convex func-
tion.
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(iii) For l = 3, m = 2, α1 = 2 − γ + η, α2 = 2, α3 = 1, β1 = 2 − γ, β2 =
2 − µ + η, β = 1 we obtain the class studied in [6].
Several other classes studied by various research workers can be obtained
from the class T l

m(αl, βm, β, α).

Following Raina and Nahar [12], the fractional derivative
operator Dλ,µ,η

0,z of a function f(z) is defined as follows.

Definition 2. For m − 1 ≤ λ < m; m ∈ N and µ, η ∈ R

(1.13) Dλ,µ,η
0,z f(z) = dm

dzm{ zλ−µ

Γ(m−λ)

∫ z

0
(z − t)m−λ−1

2F1(µ − λ, m − η; m − λ; 1 − t
z)f(t)dt},

where the function f(z) is analytic in a simply connected region of the z-
plane containing the region , with the order

f(z) = o(|z|r) , z −→ 0

where r > max{0, µ− η}− 1 and the multiplicity of (z − t)m−λ−1 is removed
by requiring log(z − t) to be real when (z − t) > 0 and is well defined in the
unit disk.
The operator defined by (1.13) includes the well known Riemann-Liouville
fractional derivative operator 0D

λ
z f(z) [11]. Indeed we have

(1.14) Dλ,λ,η
0,z f(z) = 0D

λ
z f(z),

The fractional operator Jλ,µ,η
0.z is defined in terms of Dλ,µ,η

0,z as follows.

(1.15) Jλ,µ,η
0,z f(z) =

Γ(2−µ)Γ(2−λ+η)
Γ(2−µ+η) zµ Dλ,µ,η

0,z f(z),

(λ ≥ 0 ; µ < 2 ; η > max{λ, µ} − 2)

Lemma 1. [12]. if λ ≥ 0; n > max{0, µ − η} − 1, then

(1.16) Dλ,µ,η
0,z zn = Γ(n+1)Γ(n−µ+η+1)

Γ(n−µ+1)Γ(n−λ+η+1) zn−µ.
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Applying Lemma 1 for the function f(z) defined by (1.1) we have from (1.15)

(1.17) Jλ,µ,η
0,z f(z) = z+

∞∑
n=2

(2)n−1(2 + η − µ)n−1

(2 − µ)n−1(2 + η − λ)n−1

an zn, (n ≥ 2)

2. Coefficient Estimates.
Theorem 1. A function f(z) defined by (1.2) is in the class T l

m(αl, βm, β, α),
−1 ≤ α < 1, β ≥ 0, αi ∈ C (i = 1, 2, 3..., l) and βj ∈ C − {0,−1,−2, ..}
(j = 1, 2, 3, ...,m), if and only if

(2.1)
∞∑

n=2

{n(1 + β) − (α + β)} φ(n)

(n − 1)!
an ≤ (1 − α) ,

where

(2.2) φ(n) =
(α1)n−1...(αl)n−1

(β1)n−1...(βm)n−1

.

and the result is sharp.
Proof. Let f(z) ∈ T l

m(αl, βm, β, α) and z be real then by virtue of (1.10)
and (1.11) we have

1 −
∞∑

n=2
n φ(n)

(n−1)!
an zn−1

1 −
∞∑

n=2

φ(n)
(n−1)! an zn−1

− α ≥ β

∣∣∣∣∣∣∣∣

∞∑
n=2

(n − 1) φ(n)
(n−1)!

an zn−1

1 −
∞∑

n=2

φ(n)
(n−1)! an zn−1

∣∣∣∣∣∣∣∣
.

Letting z → 1 along the real axis, we obtain the desire inequality (2.1).

Conversely, assuming that (2.1) holds, then we show that

β

∣∣∣∣α1
HL

m[α1 + 1]f(z)
HL

m[α1]f(z)
− α1

∣∣∣∣ − Re

{
α1

HL
m[α1 + 1]f(z)
HL

m[α1]f(z)
− α1

}
≤ 1 − α

We have

β

∣∣∣∣α1
HL

m[α1 + 1]f(z)
HL

m[α1]f(z)
− α1

∣∣∣∣ − Re

{
α1

HL
m[α1 + 1]f(z)
HL

m[α1]f(z)
− α1

}

≤ (1+β)
∣∣∣∣α1

HL
m[α1 + 1]f(z)
HL

m[α1]f(z)
− α1

∣∣∣∣
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≤
(1 + β)

∞∑
n=2

(n − 1) φ(n)
(n−1)!

an

1 −
∞∑

n=2

φ(n)
(n−1)!

an

.

This expression is bounded above by (1 − α) if

∞∑
n=2

{n(1 + β) − (α + β)} φ(n)

(n − 1)!
an ≤ (1 − α) ,

The equality in (2.1) is attained for the function

(2.3) f(z) = z− (1 − α)(n − 1)!

{n(1 + β) − (α + β)}φ(n)
zn .

and hence the proof is complete.
Corollary 1. Let the function f(z) defined by (1.2) be in the class T l

m(αl, βm, β, α),
−1 ≤ α < 1, β ≥ 0, αi ∈ C (i = 1, 2, 3..., l) and βj ∈ C − {0,−1,−2, ..}
(j = 1, 2, 3, ...,m).Then

an ≤ (1 − α)(n − 1)!

{n(1 + β) − (α + β)}φ(n)
, n ≥ 2

3. Characterization Properties.

Theorem 2. Let ai > 0 (i = 1, 2, 3..., p) and bj > 0 (j = 1, 2, 3, ..., q)

such that
q∏

j=1

bj ≥
p∏

i=1

ai. Also let the function f(z) defined by (1.2) satisfy

(3.1)
∞∑

n=2

{n(1 + β) − (α + β)}
1 − α

φ(n)

(n − 1)!
an ≤

q∏
j=1

bj

p∏
i=1

ai

,

for −1 ≤ α < 1, β ≥ 0. then

Hp
q [a1]f(z) ∈ T l

m(αl, βm, β, α) ,

where φ(n) is given by (2.2).
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Proof. We have from (1.10)

(3.2) Hp
q [a1]f(z) = Hp

q (a1, ..., ap; b1, ..., bq)f(z) = z−
∞∑

n=2

δ(n) an zn ,

where

(3.3) δ(n) =
(a1)n−1...(ap)n−1

(b1)n−1...(bq)n−1(n − 1)!
(n ≥ 2).

Under the conditions stated in the theorem, we observe that the function
δ(n) is non-increasing, that is, it satisfies the inequality δ(n + 1) ≤ δ(n) for
all n ≥ 2, and thus we have

(3.4) 0 < δ(n) ≤ δ(2) =

p∏
i=1

ai

q∏
j=1

bj

‘

Therefore, (3.1) and (3.4) yield

(3.5)
∞∑

n=2

{n(1 + β) − (α + β)}
(1 − α)

φ(n)

(n − 1)!
anδ(n)

≤ δ(2)
∞∑

n=2

{n(1 + β) − (α + β)}
(1 − α)

φ(n)

(n − 1)!

≤ 1

Hence by Theorem 1, we conclude that

Hp
q [a1]f(z) ∈ T l

m(αl, βm, β, α) .

Remark 1. The equality in (3.1) is attained for the function f(z) defined
by

(3, 6) f(z) = z−
(1 − α)(

m∏
j=1

βj)(
q∏

j=1

bj)

(2 + β − α)(
l∏

i=1

αi)(
p∏

i=1

ai)

z2
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Corollary 2. Let λ, µ, η ∈ � such that

(3.7) λ ≥ 0, µ < 2, max(λ, µ)−2 < η ≤ λ(µ − 3)

µ

also, let the function f(z) defined by (1.2) satisfy

(3.8)
∞∑

n=2

{n(1 + β) − (α + β)}
1 − α

an ≤ (2 − µ)(2 + η − λ)

2(2 + η − µ)
,

for −1 ≤ α < 1, β ≥ 0. then

Jλ,µ,η
0,z f(z) ∈ β − S∗(α)

Proof. The corollary follows from Theorem 2 by setting p = 3, q = 2, a1 =
1, a2 = 2, a3 = 2+η−µ, b1 = 2−µ, b2 = 2+η−λ and l = 1, m = 0, α1 = 1.

Remark 2. In Corollary 2, if the function f(z) is given by (1.1) and β = 0,
we obtain the corresponding result due to Raina and Nahar [12, P. 4, Theo-
rem 1].

Corollary 3. Under the conditions stated in (3.7), let the function f(z)
defined by (1.2) satisfy

(3.9)
∞∑

n=2

n {n(1 + β) − (α + β)}
1 − α

an ≤ (2 − µ)(2 + η − λ)

2(2 + η − µ)
,

for −1 ≤ α < 1, β ≥ 0. then

Jλ,µ,η
0,z f(z) ∈ β − k∗(α)

Proof. The corollary follows from Theorem 2 by setting p = 3, q = 2, a1 =
1, a2 = 2, a3 = 2+η−µ, b1 = 2−µ, b2 = 2+η−λ and l = 1, m = 0, α1 = 2.

Remark 3. In Corollary 3, if the function f(z) is given and (1.1), and
β = 0, we obtain the corresponding result due to Raina and Nahar [12, p. 5,
Theorem 2 ].
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4. Results Involving Modified Hadamard Product.

Theorem 3. Let αi > 0 (i = 1, 2, 3..., l) and βj > 0 (j = 1, 2, 3, ...,m)

such that
m∏

j=1

βj ≥
l∏

i=1

αi. Also for functions fj(z) (j = 1, 2) defined by (1.3),

let f1(z) ∈ T l
m(αl, βm, β, α) and f2(z) ∈ T l

m(αl, βm, β, γ).

then f1 ∗ f2(z) ∈ T l
m(αl, βm, β, δ) where

(4.1) δ = 1−
(1 + β)(1 − α)(1 − γ)(

m∏
j=1

βj)

(2 + β − α)(2 + β − γ)(
l∏

i=1

αi) − (1 − α)(1 − γ)(
m∏

j=1

βj)

.

and the result is sharp.
Proof. To prove the theorem it is sufficient to assert that

(4.2)
∞∑

n=2

{n(1 + β) − (δ + β)}
1 − δ

φ(n)

(n − 1)!
an,1 an,2 ≤ 1 ,

where φ(n) is defined in (2.2) and δ is defined in (4.1). Now by virtue of
Cauchy-Schwarz inequality and Theorem 1, it follows that

(4.3)
∞∑

n=2

{n(1 + β) − (α + β)}1/2 {n(1 + β) − (γ + β)}1/2√
(1 − α)(1 − γ)

φ(n)
(n − 1)!

√
an,1an,2 ≤ 1 ,

Hence (4.2) is true if

{n(1 + β) − (δ + β)}
1 − δ

φ(n)

(n − 1)!
an,1 an,2

≤ {n(1 + β) − (α + β)}1/2 {n(1 + β) − (γ + β)}1/2√
(1 − α)(1 − γ)

φ(n)

(n − 1)!

√
an,1an,2

≤ 1

or, equivalently

(4.4)
√

an,1an,2 ≤ {n(1 + β) − (α + β)}1/2 {n(1 + β) − (γ + β)}1/2√
(1 − α)(1 − γ)

× 1 − δ

{n(1 + β) − (δ + β)}
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By virtue of (4.3), (4.2) is true if√
(1 − α)(1 − γ) (n − 1)!

{n(1 + β) − (α + β)}1/2 {n(1 + β) − (γ + β)}1/2 φ(n)

≤ {n(1 + β) − (α + β)}1/2 {n(1 + β) − (γ + β)}1/2√
(1 − α)(1 − γ)

× 1 − δ

{n(1 + β) − (δ + β)}
which yields

(4.5) δ ≤ 1− (n−1)(β+1)(1−α)(1−γ)(n−1)!
{n(1+β)−(α+β)}{n(1+β)−(γ+β)}φ(n)−(1−α)(1−γ)(n−1)!.

Under the stated conditions in the theorem, we observe that the function
φ(n) is a decreasing for n (n ≥ 2), and thus (4.5) is satisfied if δ is given by
(4.1). Finally the result is sharp for

f1(z) = z −
(1 − α)(

m∏
j=1

βj)

(2 + β − α)(
l∏

i=1

αi)

z2

f2(z) = z −
(1 − γ)(

m∏
j=1

βj)

(2 + β − γ)(
l∏

i=1

αi)

z2

Theorem 4. Under the conditions stated in Theorem 3, let the functions
fj(z) (j = 1, 2) defined by (1.3), be in the class T l

m(αl, βm, β, α). Then
f1 ∗ f2(z) ∈ T l

m(αl, βm, β, δ) where

(4.6) δ = 1−
(1 + β)(1 − α)2(

m∏
j=1

βj)

(2 + β − α)2(
l∏

i=1

αi) − (1 − α)2(
m∏

j=1

βj)

.

Proof. The result follows by setting α = γ in Theorem 3 .
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Theorem 5. Under the conditions stated in Theorem 3, let the functions
fj(z) (j = 1, 2) defined by (1.3), be in the class T l

m(αl, βm, β, α). Then

(4.7) h(z) = z −
∞∑

n=2

(a2
n,1 + a2

n,2) z2

is in the class T l
m(αl, βm, β, δ) where

(4.8) δ = 1−
2(1 + β)(1 − α)2(

m∏
j=1

βj)

(2 + β − α)2(
l∏

i=1

αi) − 2(1 − α)2(
m∏

j=1

βj)

.

Proof. In view of Theorem 1, it is sufficient to prove that

(4.9)
∞∑

n=2

{n(1 + β) − (δ + β)}
1 − δ

φ(n)

(n − 1)!
( a2

n,1+a2
n,2) ≤ 1 ,

where φ(n) is defined in (2.2) and δ is defined in (4.8).
as fj(z) ∈ T l

m(αl, βm, β, α)(j = 1, 2), Theorem 1 yields

∞∑
n=2

[{n(1 + β) − (α + β)}φ(n)

(1 − α)(n − 1)!

]2

a2
n,j

≤
∞∑

n=2

[{n(1 + β) − (α + β)}φ(n)

(1 − α)(n − 1)!
an,j

]2

≤ 1 ,

hence

(4.10)
∞∑

n=2

1

2

[{n(1 + β) − (α + β)}φ(n)

(1 − α)(n − 1)!

]2

(a2
n,1+a2

n,2) ≤ 1

(4.9) is true if

{n(1 + β) − (δ + β)}
1 − δ

φ(n)

(n − 1)!
( a2

n,1+a2
n,2)

≤ 1

2

[{n(1 + β) − (α + β)}φ(n)

(1 − α)(n − 1)!

]2

(a2
n,1 + a2

n,2) ,
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that is, if

(4.11) δ ≤ 1− 2(n − 1)(1 + β)(1 − α)2(n − 1)!

[n(1 + β) − (α + β)]2 φ(n) − 2(1 − α)2(n − 1)!
.

Under the stated conditions in the theorem, we observe that the function
φ(n) is a decreasing for n (n ≥ 2), and thus (4.11) is satisfied if δ is given by
(4.8).

5. Extreme points of the class T l
m(αl, βm, β, α) .

Theorem 6. Let f1(z) = z and

(5.1) fn(z) = z − (1 − α)(n − 1)!

{n(1 + β) − (α + β)}φ(n)
zn, (n ≥ 2).

Then f(z) ∈ T l
m(αl, βm, β, α) if and only if it can be expressed in the form

(5.2) f(z) = λ1f1(z)+
∞∑

n=2

λnfn(z),

where λn ≥ 0 and
∞∑

n=1

λn = 1, and φ(n) is given in (2.2).

Proof. Let (5.2) holds, then by (5.1) we have

f(z) = z −
∞∑

n=2

(1 − α)(n − 1)!

{n(1 + β) − (α + β)}φ(n)
λnzn.

Now
∞∑

n=2

{n(1 + β) − (α + β)} φ(n)
(n − 1)!

an

=
∞∑

n=2

{n(1 + β) − (α + β)} φ(n)
(n − 1)!

× (1 − α)(n − 1)!
{n(1 + β) − (α + β)}φ(n)

λn

= (1 − α)
∞∑

n=2

λn

≤ (1 − α)
∞∑

n=1

λn

≤ 1 − α.
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Hence by Theorem 1, f(z) ∈ T l
m(αl, βm, β, α).

Conversely, suppose f(z) ∈ T l
m(αl, βm, β, α). Since

an ≤ (1 − α)(n − 1)!

{n(1 + β) − (α + β)}φ(n)
, (n ≥ 2)

setting λn = {n(1+β)−(α+β)}φ(n)
(1−α)(n−1)! an and λ1 = 1−

∞∑
n=2

λn, we get (5.2). This

completes the proof of the theorem.

6. Closure properties

Theorem 7. Let the functions fj(z) defined by (1.3) be in the class T l
m(αl, βm, β, α).

Then the function h(z) defined by

h(z) = z −
∞∑

n=2

dnzn

belongs to T l
m(αl, βm, β, α), where

dn =
1

m

m∑
j=1

an,j , (an,j ≥ 0).

Proof. Since fj(z) ∈ T l
m(αl, βm, β, α), it follows from Theorem 1 that

(6.1)
∞∑

n=2

{n(1 + β) − (α + β)} φ(n)

(n − 1)!
an,j ≤ (1− α) ,

where φ(n) is given by (2.2). Therefore

∞∑
n=2

{n(1 + β) − (α + β)} φ(n)
(n − 1)!

dn

=
∞∑

n=2

{n(1 + β) − (α + β)} φ(n)
(n − 1)!


 1

m

m∑
j=1

anj




≤ 1 − α,

by (6.1), which shows that T l
m(αl, βm, β, α).
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7. Integral transforms

Recently, Jung, Kim and Srivastava [8] introduced the following one-
parameter family of integral operators

(7.1) Iσf(z) =
2σ

zΓ(σ)

∫ z

0

(
log

z

t

)σ−1

f(t) dt , (σ > 0).

Theorem 8. Let the function f(z) defined by (1.2) be the class T l
m(αl, βm, β, α).

Then the integral transforms (7.1) belongs to T l
m(αl, βm, β, α).

Proof. Using (1.2) and (7.1) we get

Iσf(z) = z −
∞∑

n=2

(
2

1 + n

)σ

anzn.

Therefore,

∞∑
n=2

{n(1 + β) − (α + β)} φ(n)
(n − 1)!

(
2

1 + n

)σ

an

≤
∞∑

n=2

{n(1 + β) − (α + β)} φ(n)
(n − 1)!

an

≤ 1 − α.

which implies that T l
m(αl, βm, β, α).
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