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ON A SUBCLASS OF CERTAIN STARLIKE
FUNCTIONS WITH NEGATIVE COEFFICIENTS

MUHAMMET KAMALI AND HALIT ORHAN

ABSTRACT. A certain subclass To(n,p, A, a)of starlike functions
in the unit disk is introduced. The object of the present paper
is to derive several interesting properties of functions belonging
to the class Ta(n,p, A, ). Coeflicient inequalities, distortion the-
orems and closure theorems of functions belonging to the class
Ta(n,p, A, a) are determined. Also we obtain radii of convexity for
the class Ta(n,p, A, @). Furthermore, integral operators and modi-
fied Hadamard products of several functions belonging to the class
Ta(n,p, A, a) are studied here.

1. Introduction

o0
Let A be class of functions f(z) of the form f(z) = 2z + 3. az2*

k=2
which are analytic in the open unit disk U = {z : |2| < 1}. For f(z)
belong to A, Salagean [5] has introduced the following operator called
the Salagean operator:

D°f(z) = f(z),D*f(2) = Df(2) = 2f'(=),
D"f(z) = D(D"1f(2)) (ne N={1,2,3,...}).

Note that D" f(z) = z + Z k™arz*,n € Ng = {0} UN.
Let T'(n,p) denote the class of functions f(z) of the form:
FE) = = 3 g
(1.1) pad

(@k4p > O;p e N:={1,2,3,...};n € N),
which are analytic in the open unit disk U = {z € C: |2| < 1}.
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A function f(z) € T(n,p) is said to be in the class T'(n,p, A, &) if it
satisfies the inequality:

2f'(2) + A2 f"(2)
2 re{ T et | 7
forsomea (0<a<l)and A (0<A<1),andforall z €U [2].

We can write the following equalities for the functions f(z) belong to
the class T'(n, p)

D°f(2) = f(2),

D'f(2) = Df(2) = 2f'(2) = 2lp2" ™" = 3 (b + paxspz*77]

k=n
=pzP = Y (k+ p)arspz" ',
k=n
D*f(2) = D(Df(2)) =p*2* = > _ (k + p)arp" TP,
k=n
DUf(z) = DD f(2)) = p%2f — Y _ (k + p)“apsp2™*P.
k=n

A function f(z) € T(n,p) is said to be in the class To(n,p, A, o) if it
satisfies the inequality:
g R A NADUEY £ A(DM ()Y
' (1 = A)D2f(2) + ADHLf(2)

for some a(0 < a < 1) and (0 < A<1),and forall z€ U [2].
We note that

}>a (Q € Ny)

To(n,p, A\, @) = T(n,p, A, @),
Tp{n,1,0, ) = T,(n),
To(n,1,1,a) = Cy(n),
To(1,1,0,0) = T*(a),
T5(1,1,1,a) = C(a),
To(n,1,\, ) = P(n, A\, «),
and
Ti(n,1, A\ a) = C(n, \, a).
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The classes T, (n) and Cy(n) were studied earlier by Srivastava et al. [8],
the classes T*(a) = Ty (1) and C(a) = C,(1) were studied by Silverman
[7], the class P(n, A, @) was studied by Altintag [1], the class T'(n, p, A, )
were studied by Altintag et al. [2], and the class C(n, A, &) were studied
by Kamali and Akbulut [4].

2. A theorem on coefficient bounds

We begin by proving some sharp coefficient inequalities contained in
the following theorem.

THEOREM 1. A function f(z) € T(n,p)is in the class To(n,p, A, @)
if and only if

e}
(2.1) > (k+p)*H(k+p—0)(Ak+Ap—A+Dagrp < p(p—a)(1+Ap—A)
k=n
0<a<L;0<A<Lp<pt(p—a)(1+dp—A)(p# 1);
p € N;n e N;Q e Np).
The result is sharp.

Proof. Suppose that f(z) € Ta(n,p, A, a). Then we find from (1.3)
that

00

(L4+dp = ApPHe? — 37 (M + Ao+ 1= N (k + p) 2T agip2* TP
R k=n
€ ) >
(1+Ap—A)pzP — 5= (M + A p+1—N)(k+p)lagypzhtr
k=n

0<a<L;0<A<Lp<pp—a)(1+ X p—AN)(p# 1);
peEN;neN;Q e Ny zel).
If we choose z to be real and let z —» 17, we get

o0

T+ xp— NP = 3 Ok +2p+1 =N (k+p) " ags,
k=
= za
L+ = A)p? = 30 (M +Ap+ 1= A)(k +p)agp
k=n

0<a<L0<A<Lp<pp—a)1+p—N(p#1);
p € N;n € N;Q € Ng)
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or, equivalently,

oo

DOk +2p+ 1= Nk +p) M agy,

k=n

o
— > (Ak+2p+1—N(k+p) ek,
k=n

< (L+2p— NPT — a1+ Ap — A)p”
0<a<L0<A<Lp<ptlp—a)(l+Ap—A)(p#1);
p € N;n € N;Q € Ny).
Thus, we obtain

> (k+p—a)(k+p) M+ Ap+ 1= Nagp

k=n
< (p-ap(l+rw-2)
0<a<L0<A<Lp<ptp—a)(l+Ap—MN(p# 1)
p € N;n € N;Q € Np).
Conversely, suppose that the inequality (2.1) holds true and let
2€0U ={z:2€C|z| =1}.
Then we find from the definition (1.1) that

(1 = N2(DPf(2)) + Az(D* f(2))
(1 — N D2 f(z) + ADH1 f(2) - p-a)1+r—N)

o0

(T4 2p = NpPH2P — 3 Ok+Ap+1 =) (k+p)*Hlagp2F TP

k=n

o0

(L+2p = N)pP2p — 3 (M + Ap +1 = M)k + p)ar+pz*t?

k=n

~ P (p— )1+ Ap—A)

|=(1+2p = Np® {p" (p — @) (1 + Xp = X) - p} 27|

o0
+’ S k+Ap+1 =Nk +p) " {k+p—p?(®— )1+ X — A)}arsp2™t?
k=n

IA

2 Ak +2p+1 = A)(k + p)Paspzktr

(L+2p = 2P {p" (P~ )1 + Ap = X) — p}
+ 3 Okt Ap+ 1= Nk +p) {k+p =270 — )1+ Ap — N}arsp [2f*

k=n

{1+ Ap— A)pzP| —

T+ —Np? = 3 Ak +Ap+1 =Nk +p)%akip 2"

k=n
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(1+2p— ApHp(p — a)(1 + Ap=A) - p}
+p-pp-a)(1+X2p— N} E (A + Ap+ 1= M)k + p)akyp

oo
(A+2p=2)p?— 3 (Ak+Ap+1-A)(k+p)Pakip
k=n

<

S k(Ak+Ap+1-XN)(k+p)aryp

k=n

(1Ap=X)p = 3 (Ak+2p+1-N)(k+p)%aip

{pQ(p—a)(1+>\p~f\)—p}{(1+/\p—>\)p9—k§ (Me+2p+1-2) (k+p)Pakyp}
S =n

o
(14+2p=N)p— 3= (Ak+dp+1-2) (k+p)Qag4p
k=n
oo
p”(p—a)(1+>\p—>\)—k2 (P—)(Me+Xp+1-N)(k+p)Pakip
+ =

(1+)\P—)\)p9—k§ (AE-AAPH1= ) (k+P) 2k 1 p

=p?(p-a)(1+Xp-N)-p+p—«

=p?(p-a)1+dp—-A) —a
0<a<Lo<A<Lp<pp—a)(1+rp—N)(p#1);
p € N;n € N;Q € Ng),

provided that the inequality (2.1) is satisfied. Hence, by the maximum
modulus theorem, we have

f(z) € TQ("»P,A,Q)~

Finally, we note that the assertion (2.1) of Theorem 1 is sharp, the
extremal function being

Q
_ P _ prlp—a)(1+ip—A) k4p
z) =z G+pk+p—a) 0kt p+t1-N)
(k> n;p,n e N,Q € Ny).

(2.2)

COROLLARY 1.  Let the function f(z) defined by (1.1) be in the
class Tqo(n, p, A\, ). Then

pp—a)(L+Xp—A)
Getp < (k+p)k+p—a) Mk +Ap+1-— )\)(k zn).

(2.3)

The equality in (2.3) is attained for the function f(z) given by (2.2).
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3. Distortion theorems

THEOREM 2. Let the function f(z) defined by (1.1) be in the class
Ta(n,p, A, ). Then we have

pHp—a)(1+Ap— ) 2P

BD VO <+ s p—a)op+ T 1%

and
Q
prp—a)1+Ap—A) +
3.2 > |z|P — prn
I e T ey vy gy gy vl

for z € U. Then equalities in (3.1) and (3.2) are attained for the function
f(2) given by

B . pQ(p—a)(1+/\P—/\) n
R GRS TSI VRS RS YL

Proof. Note that

o0

(n+p)%n+p-a)Op+In+1 —)\)Zak+p

k=n

<D (k4 k+p— )Mo+ Ap+ 1= Naggp

k=n
<ptp—a)(L+xp - ),
this last inequality following from Theorem 1. Thus

FENS T+ 3 lansl 277

k=n

o0
2P + 12" ap

<
k=n
< |Z|p+ pQ(p_a)(1+/\p_>‘) lzlp-i-n
= n+p)n+p—a)Adp+In+1—2A) '
Similarly,
1F(2) > [2f = (2" akgy
k=n
> Ile o pﬂ(p - a)(l + Ap - A) |z|p+n

(n+p)n+p—a)Adp+In+1-—2)
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THEOREM 3. If f(z) € Ta(n,p, A, @), then

PP p—a)(14+2p—N)

2P {1 - ntp) I ntp—a)ptm+l-N 12"}
< % |f'(2)]
< Izlp—l {1 + pﬂ_l(p - O{)(l + )‘p - )‘) Izln}

(n+p)Pl(n+p—a)Ap+An+1-21)

Proof. We have

[F'@)] <Pl + ) (k+ Plagsy 2P

(3.4) k=n o
< plePT 4 2PN (K p)dig-
k=n
In view of Theorem 1, we have
> (k+p)k+p— o)A+ Ap— A+ 1)agy
k=n

<pip—a)(1+Ap—])

and then

(n+p=a)(An+ip—A+1)(n+p)P 1Y (k+p)arsy

o k=n
< Y (k+p)k+p— )M+ Ap— A+ Dagyyp
k=n
<pp—a)(1+Xp—A)
or
o0
Z (k + p)aktp
k=n

Pp—a)(1+2p =)
T (n+p)Pn+p—a)dp+In+1-2X)

(3.5)

A substitution of (3.5) in to (3.4) yields the right-hand inequality.
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On the other hand,

o0
1F'(2)| = plalP™ = > (k + p)aksp |27
k=n
x0
e A e P Z (k + p)ag+p
k=n
> plafP = 2" (k+ pakp
k=n
Q, _
> p‘z|p—1 o |z|n+p—1 Qpl (p a)(l + )‘p /\)
n+p)ln+p—a)dp+In+1-X)
or
IF' -t P p—a)(1+2p— ) n
> [2[P7 {1~ o] — — 2"}
p (n+p) m+p—a)Ap+AIn—=—A+1)

COROLLARY 2.  Let the function f(z) defined by (1.1) be in the
class To(n, p, A, a). Then the unit disk U is mapped onto a domain that
contains the disk

Q
(3.6)  fwl<1 (n+p) (n+p—a) </\p+>\n+1—)‘>'

The result is sharp with the extremal function given by (3.3).

4. Closure theorems

Let the functions f;(z) be defined, for j =1,2,...,m by

o0
(4.1) fi(2) =22 = akip; 2P (akap, 2 0)

k=n

for z e U [3].
We shall prove the following results for the closure of functions in the
class Ta(n,p, A, a).

THEOREM 4. Let the functions f;(z) defined by (4.1) be in the class
Ta(n,p, A\, «) for every j = 1,2,...,m. Then the functions h(z) defined

by
h(z) = ¢ifi(2) (¢; 2 0)
=1



On a subclass of certain starlike functions

is also in the same class Tq(n,p, A, &), where

m
Z Cj = 1.
i=1

Proof. According to the definition of h(z), we can write

m o0
h(z) = Z ;2P — Z ak+p,jzk+p]
j=1 k=n

= e =D (O cianrp)
j=1

k=n j=1
o m

= 2P - Z (Z Cjak+p’j)2k+p.

k=n j=1

Further, since fj(z)are in T(n,p, A, «) for every j = 1,2,...

get
o0
Y (k+p)*(k+p— )Mk +Ap = A+ Dagp,
k=n
<p'p—a)(1+Ap—N)
for every 7 = 1,2,...,m. Hence we can see that
o0 m
ST (k+p)HE+p— )Mk +Ap = A+ 1D cjarip,)
k=n 7=1
=) (k+p)*(k+p—a)Ak+Ap—A+1)
k=n

X (Clak+p’1 + C2QL4p 2 + ...+ Cmak+p’m)

= > (k+p)%(k+p—a)(Me+Ap— A+ Dartpa
k=n

61

o0
+ 2y (k+p)Hk+p— )M+ Ap = A+ Dagypa + -

k=n

+ ¢tm Z (k +p)*(k 4+ p — a)(Ak + Ap — X+ Vakipm

k=n
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< a[ptp— )1+ dp— V)] + ealp(p — )1 + dp— )] +
+ em[p™(p — @)1+ Ap — V)]
=(a+e+...+en)p?p—)(1+2p—N)]

ch (p—a)(l+Ap—2A)

=p(p—a)(1+xp— )
which implies that h(z) in Ta(n,p, A, «). Thus we have the theorem.

COROLLARY 3.  Let the function f(z) defined by (1.1) and the
function g(z) defined by

o0
9(2) = 2 = 3 brap?*?(Bhap 2 p € Nn € N)
k=n

be in the same class Tq(n,p, A, ). Then the function h(z) defined by
h(z) = (1 =7)f(2) + 7v9(2)

o0
k+
- Z Chip? "
k=n

(ck4p 20;0<y<L;peN;neN)
is also in the class To(n, p, A, &).

Proof. Suppose that each of the functions f(z) and g(z) is in the
class Tq(n, p, A, &). Then making use of (2.1), we see that

o0

> (k4 )k +p— )\ +Ap — A+ Degp
k=n

Z(k+p (k4+p—a) N+ Ap — A+ Dagip

+ 72 (k+p)%(k+p—a)Ak+Ap— A+ Dbpsp
k=n

<A =pHp—a)(1+Ap =) +7(p - @)p (L +xp—X)
= —a)(L+xp—A)
0<a<L,0<A<Lp<pp—a)(L+dp = NP #1);
p e N,neN;QeNy),
which of the completes the proof of Corollary 3. O
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As a consequence of Corollary 3, there exists the extreme points of
the class Tq(n,p, A, a).

THEOREM 5. Let fr,_1(2) = 2P and
Q
o prp—a)1+p - Mo (>
fi(2) = 2 Gkt p—_a)M+dp—_A+1) » (k2n)

for 0 < a < 1,0 < XA <1 andn € N. Then f(z) is in the class
To(n,p, A\, a) if and only if it can be expressed in the form

o0

f@) =Y mful2)

k=n-—1

o
where n, > 0,(k>n—1) and > m =1

k=n-1
Proof. Suppose that
@)= mfu(2).
k=n—1
Then
F@) = > mefr(z) = nn1faal +Z77kfk(z)
k=n—1 k=n
o0 0
_ » p pilp—a)(l+Ap—A) ktp
1% +k§"’“[z G P+ k- )0k +op—2F 1)
- - p—a)(1+Ap—X) k+p
kgln’“ Z" (k +p)® p+k‘——a)()\k+)\p A+1)
i Q(p—a)(1+Ap ) -
= (k+p)*p+k—a)Mk+ \p— >\+1) ’
Thus
an[ pHp~a)(1+p—N) }
k+p)ﬂ(p+k—a)()\k+>\p A+ 1)

y [(k+p)9(k +p—a)()\k+)\p—)\+1)]
pp—a)(1+Ap—A)

oo o0
= an = Z Me—Tp-1=1—1p_1 <1,
k=n

k=n—1
so by Theorem 1, f(z) € Ta(n,p, A, @).
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Conversely, suppose f(z) € Ta(n,p, A, ). Since

. Pp— )1+ p—A)
ktp S (k+p)%k+p—a)Mk+Ap—A+1)

(k=n,n+1,..

we may set

_ (k4P k+p— )Mk +Ap— A+ 1)

pp—a)(1+Ap— ) Gt

and

o0

Mn-1= 1- Z Nk

k=n

Then
f(z)=2P - Z ap4p2" P
k—n

Z(/c+p piki)s)&/j%;) X+1)" e
= P ;nk[z” — fu(2)]
= P - gnkzp+§nkfk(2)
=1 —g:nk)z’”rgnkfk(@

= Np-12P + > Mk fi(2)

k=n

= n—1fn-1( +Z77kfk

e 0]

= > mful2).

k=n-—1

This completes the proof.

s
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5. Integral operators

THEOREM 6. Let the function f(z) defined by (1.1) be in the class
Ta(n,p, \,a)and let ¢ be real number such that ¢ > —p. Then the func-
tion F(z)defined by

/ L f(t)dt
0
also belongs to the class Ta(n,p, A, a).

c+
2C

(5.1) F(z) =

Proof. From the representation of F(z), it follows that

oo
F(z)=2F - Z b4 p2* TP,
k=n
where

c+p
by = [ —— 2 .
kp (c+p+ k) et

Therefore,

o
S (k4 9%k +p— @)+ Ap = A+ Dby

k=n
o0 C—l—p

= k e — M +dp—- A4+ | ——
kE:n( +p)(k+p—a) Ak +Xp— A+ )(C+p+k)ak+p

<Y (k+p)Hk+p— )M+ Ap — A+ Dagp

since f(z) € Ta(n,p, A, ). Hence, by Theorem 1, F(z) € Ta(n,p, A, ).

THEOREM 7. Let ¢ be real number such that ¢ > —p. If F(z) €

Ta(n,p, A\, @), then the function f(z) defined by (5.1) is p—valent in
|z| < Ry, where

Q-1
e (52)” (520) (5259
P p ct+pt+k pP—«

Me+xp—A+1) | F
> .
( Ap—A+1 )} (k2 mn)

(5.2)

-

The result is sharp.
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Proof. Let
o0
F(z)=2 - Zakﬂ,z’”p (ak4p > 0).
k=n

It follow from (5.1) that

_ Zl_c(ZCF(Z))/
f(z) = et (¢ > —p)
o (e

To prove the result, it suffices to show that

f'(z)

1

p| <pfor |z| < R;.

Now

o0
pert = 35 (k) (2422 a2t 4o
k=n

—-p

zP—1

o0

c+p+k
<SG () oy ot

— c+p

oo
ct+p+k
~> (k+p) <———c+p )ak-I—sz
k=n

Thus

%Q—ﬂﬁpﬁ

2 (k+p\ [(c+p+k &
. E < 1.
(5:3) ( D )( ct+p )QH¢V|_

k=n

But Theorem 1 confirms that
i (k+p)*k+p—a)Ak+IAp—A+1)
= pHp—a)(1+Ap—A)

Thus (5.3) will be satisfied if

<k+p)<c+p+k)vﬁ
p c+p
(k+p)% (k+p—a\ (Ae+Ap—A+1
< (k
Pt p—« 1+ Ap— A

(5.4) apip < 1.

>n),
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or if

ol < { (—’“”)Q_l (22)
(5.5) P ctpt+k
(k+p——a> ()\k-i—)\p A+1) } (k> )
pP—« Ap—A+1
The required result follows now from (5.5). The result is sharp for
the function

p(p— )14+ Ap—N)

(5.6) f(Z):Zp—(k+p)9(k+p—a)()\k+)\p_/\+l)
" (‘i%E) 7 (k)

THEOREM 8. Let the function f(z) defined by (1.1) be in the class
Ta(n,p, A\, a). Then f(z) is convex of order q(0 < ¢ < 1) in |z| < T,

where
r= infk{ (%g)ﬂ‘l (5:1)
- _ 1
(e55=5) (52 Feen
Proof. We must show that

: ,,;S)H—p'<p—q

(0 < g<1)for|z| <r. Wehave

2f"(z) . | 2f"(2) + 1 = p)f'(2)
7o )
pp— 1)L = 32 (k+p)(k + p— Dagspat 71
— k=n
PP = 5 (k + Plagypsh Pt
k:n

(p—Dpz" + 3 (p— 1)(k + plagspz™tP!
k=n

oo
Pl = 52 (k + pagspah et
k=n
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[e.¢]
— Z (k +p)k‘ak+pzk+p_1

_ k=n
- o0
pzP~t — 37 (k + plagp2F Pt
k=n

ad k
kz k(k +p)ak+p |Z|

< — )
P—kz (k + p)akp 2"
Thus Z}c,,ES) +1-— p’ <p—qif
o~ (k+p)(k+p—2q)
5.7 Qs |2|F < 1.

But Theorem 1 confirms that

i k+p)lk+p—a)Mk+Ip—A+1)
Pt pHp—a)(1+Xip—A)

Gk+p <L

Hence (5.7) will be true if

(k+p)(k+p—q)
p(p—q)

k+p)k+p—a)DMk+Ip—A+1)

S e ES wy

or if
o[t (k+p)?(k+p— o)Ak +Xp— X+ D)p(p - q)
T - a)l+dp-Nk+p—g)(k+p)

A< {(22) (220 (529

Me+dp—A+1\\+
k> n).
( 1+ 20— A )} (k2 n)

6. Modified Hadamard products

Let the function f(z) defined by (1.1) and the function g(z) defined
by

>
g9(z) = 2" - Zbk+pzk+p (brsp 2 0;p € N,n € N)

k=n
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be in the same class T(n,p, A, «). We define the modified Hadamard
product of the functions f(z) and g(z) by

o0
fxg(z)=2°— z ak+pbk+pzk+1’.

k=n
THEOREM 9. If each of the functions f(z) and g(z) is in the class
Ta(n,p, A\, «), then
where
(6.1)
6<p-—n
y pHp—a)’(1+ - A)
(n+p)n+p—a)(An+ip-A+1) - pHp—a) (1 +Ap—A)
(p e N,n € N).

The result is sharp for the functions f(z) and g(z) given by
f(z) = 9(2)
_ Pp — o)1+ p— N b
n+p)n+p—a)dn+ip—A+1)
(p € N,n € N).

Proof. Employing the technique used earlier by Schild and Silverman
[6], we need to find the largest ¢ such that

i(k+p)52(k+p—6)(/\k+)\p_)\+1)a .
k= P20~ 6)(1+ Ap— N kapbip < 1.
Since
= (k+p)ﬂ(k+p——a)()\k+)\p_)\+l)
¢ ak+p§ 1
k=n PHp—a)(l+dp— )
and

oo

Z (k+p)Hk+p—a)Me+Ap—A+1)
pHp—a)(1+Ap—A)

by the Cauchy-Schwarz inequality, we have

o0
(k+p)%k +p— )Mk + Ap— A+ 1)
brp < 1.
'; pHp — a)(1+ Ap— A) V@htpbiip <

bk+p < 17

k=n
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Thus it is sufficient to show that
(k+p)k4+p—8Mk+ip—A+1)
%) ak+pbk+p
pHp—8)(1+Ap—A)

(k+p)*k4+p—a) M+ Ap—A+1)
<
< P — )L+ Ap— V) V kb

that is, that

(k+p-—0o) (p—9)
o bpan < . :
WtePkte = 5 —6) (p—a)
Not that

p%p—a)(1+dp— A
Vb S G p)ﬂ(k(i P —)Ev)()\k T )\p)— v k2
Consequently, we need only to prove that
r(p— o)1+ p— ) _ktp—ap-34
(k+p)¥k+p—a)Mk+Ip—A+1) " k+p—45p—«
or, equivalently, that
§<p

(k > 'TL),

B PP — )’ (L+2p— ) K
(k+p)%k+p—a)2(Ak+Ap—2+1) —pp— a)2(1+ dp— )

L Pp—a)’(1+2p— ) K
P )k +p— a2k FAp— A+ 1) = p%p — )2 (1 + Ap — )
(k > n).

is an increasing function of & (k > n), letting k = n (6.2), we obtain
5 < ¥(n)

pp—a)(L+ip—))
(n+p)2n+p—a)2dn+rp— A+ 1) —p2p—a)2(1+Ip—A)
which completes the proof Theorem 9. O

=P n,

Finally, by taking the function f;(z) given by

filz) = 2P — p(p—a)(1+Ap— ) Jp
¢ (n+p)n+p—a)I+ip—A+1)

we can see that the result is sharp.

(.7 =1, 2)a



(1]
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