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ON A SYMPLECTIC GENERALIZATION
OF PETRIE’S CONJECTURE

SUSAN TOLMAN

ABSTRACT. Motivated by the Petrie conjecture, we consider the following
questions: Let a circle act in a Hamiltonian fashion on a compact symplec-
tic manifold (M,w) which satisfies H?/(M;R) = H2/(CP",R) for all i. Is
HI(M;Z) = H7(CP™;Z) for all j7 TIs the total Chern class of M determined
by the cohomology ring H*(M;Z)? We answer these questions in the six-
dimensional case by showing that H7(M;Z) is equal to H? (CP3;Z) for all j,
by proving that only four cohomology rings can arise, and by computing the
total Chern class in each case. We also prove that there are no exotic actions.
More precisely, if H*(M;Z) is isomorphic to H*(CP3;Z) or H*(G2(R5);Z),
then the representations at the fixed components are compatible with one of
the standard actions; in the remaining two cases, the representation is strictly
determined by the cohomology ring. Finally, our results suggest a natural
question: Do the remaining two cohomology rings actually arise? This ques-
tion is closely related to some interesting problems in symplectic topology,
such as embeddings of ellipsoids.

1. INTRODUCTION

In the early 1970s, Ted Petrie wanted to address two related fundamental ques-
tions: Given a compact Lie group G and a manifold M, does M admit a G-actionT]
If so, how many different actions can we find?

One of his important insights was that these questions are much more tractable
when M is a homotopy projective space, that is, a simply connected manifold
so that H*(M;Z) = H*(CP™;Z) as rings, or equivalently a manifold which is
homotopy equivalent to CP™.

For example, the first key step in answering these questions is understanding the
relationship between the tangent bundle near the fixed components and the global
invariants of M. Petrie proved that if the circle acts on a homotopy projective
space with isolated fixed points, then the Pontrjagin classes are determined by the
representations at the fixed points [Pell.

Motivated by this and other evidence, he stated what is now known as the Petrie
conjecture: If a homotopy projective space M admits a circle action, then the
Pontrjagin classes of M are standard, that is, agree with the Pontrjagin classes
of CP™ itself. Although this conjecture has not been resolved in general, it has
motivated a good deal of research. In particular, it has been proven if M is at most
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eight-dimensional [Dej, Jal, if M admits an invariant almost complex structure
whose first Chern class is at least 3 dim(M) + 1 times the generator of H?(M;Z)
[Hal], and in many other special cases [Des| [Mal, [Mul, [Pe2l [TsWal, [Wanl [Yo].

We are interested in addressing the analogous questions for symplectic manifolds:
Given a compact Lie group G and a symplectic manifold (M,w), does M admit a
Hamiltonian G-action? If so, how many different actions can we find?

In the symplectic case, several additional tools are available. For example, there
is an almost complex structure J: T(M) — T(M) which is compatible with
w, i.e., w(J-, ) is a Reimannian metric. Moreover, the set of such structures is
contractible, and so there is a well-defined total Chern class ¢(M) € H*(M;Z).
Additionally, the components of the moment map ®: M — g* are Morse-Bott
functions with extremely nice properties; see §2

Therefore, instead of insisting that our symplectic manifold (M,w) be a homo-
topy projective space, we merely assume that H? (M;R) = H?*(CP";R) for all
1. We prove that if the circle acts on such a manifold in a Hamiltonian fashion
with isolated fixed points, then both the cohomology ring and the total Chern class
are determined by the representations at the fixed points; see Corollary and
Remark BI7l This leads to the following questions.

Question 1. Consider a Hamiltonian circle action on a symplectic manifold (M, w)
which satisfies H?(M;R) = H?(CP";R) for all i. Is H/(M;Z) = H’(CP";Z) for
all j7 Is the total Chern class ¢(M) completely determined by the cohomology ring
H*(M;7)?

Our first main theorem answers this question affirmatively in the 6-dimensional
case. In fact, we are able to show that only a few possible rings arise.

Theorem 1. Let the circle act on a 6-dimensional compact symplectic manifold
(M,w) with moment map ®: M — R. If H*(M,R) = R, then one of the following
four statements is true:

(A) H*(M;Z) = Z[z]/(x*) and c(M )—1+4x+6x2+4x3.
(B) H*(M;Z) = Z]x,y]/ (2 — 2y,9?) and ¢(M) = 1 + 3x + 8y + 4xy.
(C) H*(M;Z) = Zlz,y]/(x* — 5y, y2)2 and c(M) = 14 2z + 12y + 4xy.

(D) H*(M;Z) = Zlz,y]/(x® — 22y,y*) and c(M) =1+ x + 24y + 4zy.

In each case, x has degree 2 and y has degree 4.

Remark 1.1. Since H*(M;R) = R and M is a 6-dimensional symplectic manifold,
Poincaré duality implies that by = by = by = bg = 1, where b; = dim(H*(M;R))
denotes the ith Betti number. If the fixed set is discrete, then this immediately
implies that H’(M;Z) = H’(CP?;Z) for all j, that is, that by = by = b5 = 0 and
the cohomology is torsion free; see §2 However, when the fixed set is not discrete,
this fact is somewhat surprising; it follows from the analysis in §d

Remark 1.2. By Corollary below, the manifold M described above is simply
connected. If we assume that statement (A) is true, then wy(M) = 0; therefore,
Wall’s theorem implies that M and CP? are diffeomorphic [Wal]. Similarly, any
two manifolds which satisfy statement (C) must be diffeomorphic.

Petrie was able to construct exotic circle actions on projective spaces, that is,
actions so that the induced representations at the fixed points do not agree with
those of any circle subgroup S* € SU(n + 1). Our second main theorem is that, in
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contrast, in the 6-dimensional symplectic case, there are no exotic actions. More
precisely, the representations at the fixed components are either strictly determined
by the cohomology ring or are compatible with one of the standard actions described
below.

Example 1.3. Given n > 1, let CP" denote the projective space of lines in C*+1.
Since this 2n-dimensional manifold naturally arises as a coadjoint orbit of SU(n+1),
it inherits a symplectic form w and a Hamiltonian SU(n + 1) action. Hence, every
circle subgroup S' € SU(n + 1) induces a Hamiltonian circle action on CP".

Example 1.4. Given n > 1, let Go (R?"+1) denote the Grassmannian of oriented
2-planes in R?"*1. Since this (4n — 2)-dimensional manifold naturally arises as a
coadjoint orbit of SO(2n + 1), it inherits a symplectic form w and a Hamiltonian
SO(2n + 1) action. Hence, every circle subgroup S' C SO(2n + 1) induces a
Hamiltonian circle action on Gy (R2H1),

Given any subgroup H C S*, let M¥ denote the set of points fixed by H.
Each component N ¢ M# is a symplectic manifold which inherits a symplectic
circle action with moment map ®|y. If H # {e}, we call each component N of
MH which is not fixed by S' an isotropy submanifold. Each two-dimensional
isotropy submanifold is a sphere which contains exactly two isolated fixed points; we
call these isotropy spheres. We can now state our second main theorem, which
is an immediate consequence of Propositions 1] 6.1, and [ZI], and the remarks
subsequent to each.

Theorem 2. Let the circle act faithfullgﬂ on a 6-dimensional compact symplectic
manifold (M,w) with moment map ®: M — R. If H*(M,R) = R, then one of
the following four statements is true
(A) There is a subgroup S* C SU(4) and an orientation-preserving diffeomor-
. 1 Ch ~ ¥
phism f: MS — (CP?)” so that T(M)| s = f (T(CPS)‘(CP:})Sl) .
(B) There is a subgroup S* C SO(5) and an orientation-preserving diffeomor-
phism f: M5 — G (R%)S" so that T(M)|ys = f* (T(éz(Rs))‘é2(R5)Sl).
(C) The fized set consists of four points; the weights at these points are
{1,2,3},{1,-1,4}, {1, -1, -4}, and {-1,-2,—3}.
(D) The fized set consists of four points; the weights at these points are
{1,2,3},{1,-1,5},{1,—-1, -5}, and {-1,—2,-3}.
Moreover, M contains a pair of isotropy spheres which intersect in two points in

cases (C) and (D), but not in cases (A) or (B).

Remark 1.5. In case (A), M is cobordant to CP? (with some multiple of the stan-
dard symplectic form) as a stable-complex Hamiltonian G-space. In fact, we may
assume that f is a symplectomorphism; see Remarks 317 and B3l Similar com-
ments apply in each case.

2 A group G acts faithfully on M if for every non-trivial g € G there exists m € M so that
g-m#m.

3 Throughout this paper, the symbol 2¢ implies that the two sides are equivariantly isomorphic
complex vector bundles.
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We can convert any non-trivial circle action into an effective circle action by
quotienting out the subgroup which acts trivially. Therefore, Theorem [ follows
immediately from Theorem Rlabove and Corollaries B.16]and B.I9% see Example[3.221

In each of the cases described above, each component of the fixed set is simply
connected. By [Lil], this implies that Theorem 2l has the following corollary.

Corollary 1.6. Let the circle act faithfully on a 6-dimensional compact symplectic
manifold (M,w) with moment map ®: M — R. If H*(M,R) = R, then M is
simply connected.

Finally, we can describe the equivariant cohomology of M; by definition,
this is HE, (M) = H*(M xg1 S*). For example, if p is a point, then H}, (p;Z) =
H*(CP>;Z) = Z]t]. The projection map 7: M xg1 S — CP* induces a pull-
back map
(1.7) n*: H*(CP*;Z) — H§: (M;Z);

thus, HS, (M;Z) is a H*(CP*;Z) module. Moreover, the inclusion ¢: MS — M
induces a restriction map *: HE, (M;Z) — Hgl(MSI;Z); define
Hg (M;Z)| 50 = (Hg (M; Z2)).
Finally, let ¢S’ (M) € Hi, (M;Z) denote the total equivariant Chern class of M.
The theorem below follows immediately from Theorem [ and Corollaries B.I3|

and 314t see Example 3.5l Note that, since H*(M* " Z) has no torsion, the image
HY,(M;Z)| s naturally determines the equivariant cohomology ring itself; see §21

Theorem 3. Let the circle act faithfully on a 6-dimensional compact symplectic
manifold (M,w) with moment map ®: M — R. If H*(M,R) = R, then one of
the following four statements is true:

(A) There is a subgroup S* C SU(4) and diffeomorphism, f: MS — (CIP’3)S
so that

H (M;Z)] 60 = [*(HE (CPP Z))|
cSl(M)‘ fr (cs1 ((CIP’B)’(

((C]P;;)Sl) and

MSt T CIF’3)31)'

(B) There is a subgroup S* C SO(5) and diffeomorphism f: MS' —s Go(R?)S'
so that

Hy (M3 Z)| o = * (Ha (Go(RO);2) | 5, a1 ) amd
S D] yysr = 1 (5 (G ®) |, gy ) -

(C) The fized set consists of four points: po,p1,p2 and ps. As an H*(CP>®;Z) =
Z[t] module, H%, (M;Z) is generated by 1,aq, a2, and oz, where

1lp, =t, ailp, = 5t, ailp, = 6t, as|,, =4t
aolp, = 612, aslp, = 6t>, and ailp, =0V j <i; moreover,
¢S (M)|py = 146 + 11¢% + 6£3, ¢S (M), = 1+ 4t — £2 — 4¢3,
S M)y, =1 -4t — 2+ 463 and ¢ (M), = 1 — 6t + 11> — 6£°.
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(D) The fized set consists of four points: pg,p1,p2 and ps. As an H*(CP>;Z) =
Z[t] module, H%, (M;Z) is generated by 1,aq1, az, and oz, where
Q1lp, =1, 1lp, = 6t, ailp, = 12t, asl,, = 5t2,
Qalps = 6t%, asl,, = 6t°, and ailp, =0V j <i; moreover,
¢S (M), =146t + 1142 + 613, 5 (M)],, =1+ 5t — 2 — 5t3,
S (M)|p, =1 -5t — 2+ 5%, and 5 (M), =1 — 6t + 11¢> — 61%.

Note that, in the case that the action is semifree and there is no four-dimensional
fixed component, these three theorems are due to Li [Li2].

Open questions. In these theorems, the first two cases correspond to Exam-
ples[[3land [[L4] but the last two cases do not correspond to any known examplesE
This raises the following natural question:

Question 2. Do there exist examples exhibiting properties (C) or (D) of Theorem
27 More precisely, let [ =4 or 5. Does there exist a Hamiltonian circle action on a
compact symplectic (alternatively, Kéhler) manifold so that the fixed set consists
of four points with weights {1,2,3}, {1,-1,1}, {1,-1,-I}, and {-1,—-2,-3}7

We do not know the answer to this question. These manifolds cannot be ruled
out by any of the techniques used in this paper; see also Remarks and 2171
Moreover, this question seems to be related to interesting problems in symplectic
topology. To see this, we need to introduce some more notation. Given an (n+ 1)-
tuple of natural numbers k = (ko, ..., k), consider the weighted projective space
of type k,
CP"(k) = S (20, ..., 2,) ~ (Mozg, .o APz,

let @n(k) denote the same manifold with the opposite orientation. Let oy €
H?(CP"(k)) denote the first Chern class of the tautological circle bundle $?"** —s
CP"(k). Finally, given real numbers a and b, define the ellipsoid

E(a,b) = {(.’L’l,l'g) e C? ’ %x% + %x% < 1}.

Now suppose that a manifold (M,w) satisfying the conditions of Question 2
does exist. By Corollary B3] (see Example BI5) and Lemma [2Z7] — after possibly
rescaling w — there exists a moment map ®: M — R so that

¢(po) = _65 (b(pl) = _la (I)(pQ) = la and (I)(p?)) = 67

where p; is the unique fixed point of index 2i for all ¢ such that 0 < 27 < 6. By
[Ga], this implies that for all k € (—1,1), the reduced space M, = ®~1(k)/S! is
diffeomorphic to the connected sum
X = CP?(1,2,3)#CP"(1,1,1).

Moreover, let w, € Q2(M,) denote the reduced symplectic form; the cohomol-
ogy class [w,] € H?(M,) is the unique class so that ["JNHCPI(z,g) = (64 K)oz,
and [wﬁ]’@1(17l) = —(l + K)oy1,). Here, the inclusions of CP'(2,3) and CP'(1,1)
into X = M, are induced by the natural inclusions CP!(2,3) c CP?(1,2,3) and

4 Since this paper was originally submitted, McDuff has used symplectic techniques to construct
manifolds corresponding to the last two cases [Mc2]. In fact, as she points out, both manifolds
(which are Kéahler) were already known.
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@1(1, ) C @2(1, 1,1). In particular, an affirmative answer to Question 2 implies
an affirmative answer to the question below.
Question 3. Given any A < 2, is there a symplectic (K&hler) form
wy € Q2(CP2(1,2,3)#CP"(1,1,1)) such that
[w/\]|C]P’1(2,3) = (6 + 1)y (2,3) and [w,\]|@1(17l) = —Aagpn?

As in the manifold case, we can construct such a symplectic form if we can find
the symplectic embeddings described below.

Question 4. Given any A < 2, is there a symplectic embedding
E(\ ) — B(SH, 557

Unfortunately, although symplectic embeddings have been extensively studied,

this particular question does not seem to follow easily from known results [SJE In
volume(E(2,21))

volumc(E(%,GTH))

particular, it cannot be ruled out by volume constraints; is equal

to%if[zélandto%ifl:{’).

We conclude this section with a brief overview of this paper. In 42, we intro-
duce some background material and establish our notation. In 3, we prove a few
useful results which hold in arbitrary dimensions. As a consequence, we prove that
Theorem 1 and Theorem 3 follow immediately from Theorem 2. In 4 we return
to the six-dimensional case, proving Theorem 2 in the case that the fixed set is
not discrete. We spend the remainder of the paper proving this theorem in the
case that the fixed set is discrete. To do so, we first define a labeled multigraph
associated to M in §8] and then prove Theorem 2 in the cases that the associated

multigraph is simple and not simple in §6l and 7 respectively.
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2. BACKGROUND

In this section, we introduce some background material and establish our nota-
tion.

Let M be a compact manifold. A symplectic form on M is a closed, non-
degenerate two-form w € Q?(M). A circle action on M is symplectic if it preserves
w. A symplectic circle action is Hamiltonian if there exists a moment map, that
is, a map ®: M — R such that

—d® = 1¢,,w,

where £y is the vector field on M induced by the circle action. Since v¢,,w is closed,
every symplectic action is Hamiltonian if H'(M;R) = 0.

Let the circle act on a compact symplectic manifold (M,w) with moment map
®: M — R. Since the set of compatible almost complex structures J: T(M) —

5 Again, McDuff has published new results on this question since this paper was originally
submitted [Mcl]; she uses these in [Mc2].
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T(M) is contractible, there is a well-defined multiset of integers, called weights,
associated to each fixed point p. Indeed, for any fixed component F', the tangent
bundle T'(M)|r naturally splits into subbundles — one corresponding to each weight.

The moment map ®: M — R is a Morse-Bott function whose critical set is
the fixed point set. Moreover, the negative normal bundle at F' is the sum of the
subbundles of T(M)|r with negative weights. In particular, the index of a fixed
component F' is 2Ar, where Ap is the number of negative weights in T7,M for
any p € F' (counted with multiplicity). More interestingly, let eg1 (N5 ) € Hg’l\F (F)
denote the equivariant Euler class of the negative normal bundle at F. If p € M*° s
an isolated point, then egi (N,") = A t*», where A € Z~ {0} is the product of the
negative (integer) weights at p. More generally, for any fixed component F', we can
naturally identify H, (F) = H*(F'xCP*>) with H*(F)[t]. Under this identification,
esi(Ny) is a polynomial in ¢; the highest degree term is Ant**. Therefore, as
Atiyah and Bott pointed out, eg1 (N ) is not a zero divisor in Hg’l\F (F; Q) for any
fixed component F'.

Kirwan uses this idea to prove three remarkable theorems: “perfection”, “in-
jectivity”, and “formality” [Ki]. Let R = Z if the fixed set is torsion free, that
is, H*(MS";Z) has no torsion; otherwise, let R = Q. (See [ToWel] for com-
ments on the integral case.) Let F be any fixed component, and let M* =
&~ (—o0, P(F) £ €), where € > 0 is sufficiently small. Since eg1 (N ) € H, (F; R)
is not a zero divisor, the natural restriction H%, (M*,M~;R) — H% (F;R) is
an injection. Therefore, the long exact sequence in equivariant cohomology for the
pair (M+, M ™) breaks into short exact sequences

(2.1) 0 — HL, (M*,M~;R) — HL, (M*;R) — HL (M~;R) — 0.
It H él (M~;R) is a free group, this implies immediately that
HL,(M*;R) = HL, (M, M~;R) ® H, (M™; R).

By induction, H: gl (M;R) is a free group and the moment map is an equivariantly
perfect Morse-Bott function; in fact,

HL(M;R)= € HL?(F;R),
FcMS?
where the sum is over all fixed components. Similarly, by induction and (2I),
the restriction map *: HE, (M; R) — H, (MS"; R) is an injection. Hence, every
equivariant cohomology class is determined by its restriction to the fixed point set.
Finally, restriction induces a natural map of exact sequences

0 — HI,(MT,M~;R) — HL,(MT;R) — HL,(M~;R) — 0

| ! !

. — HI((M* M~;R) — HI(M*;R) — H/(M—;R) — ....

Moreover, the restriction map from H¥, (M*,M~;R) to H*(M™*,M~; R) is sur-
jective because H§, (F; R) = H*(F'; R)[t]. Hence, by an easy diagram chase, if the
restriction map from HY,(M™;R) to H*(M~; R) is surjective, then so is the re-
striction map from HY, (M™; R) to H*(M™; R); moreover, the long exact sequence
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in cohomology for the pair (M, M ™) breaks into short exact sequences
0— HI(M*, M~;R) — H'(M*;R) — HY(M;R) — 0.

By induction, @ is a perfect Morse-Bott function and the restriction map H, (M; R)
— H*(M; R) is a surjection. By Leray-Hirsch, this implies that the kernel of this
map is the ideal generated by 7*(t), where t € H?(CP>; R) is the generator. (See
(C7).) Hence, if we want to compute the (ordinary) cohomology of M, it is enough
to determine the equivariant cohomology of M as an H*(CP*; R) module. Nearly
identical arguments prove the following closely related proposition.

Proposition 2.2. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R. If the fized set is torsion-free, let R = Z; otherwise let
R=Q.

Given a fized component F and a class u € H'(F; R), there erists a class a €
H?{”‘F (M; R) so that

(1) alp =ues1(Ng), and
(2) alpr =0 for all other fized components F' with ®(F') < O(F).
Moreover, let {u;} be a basis for H*(MS"; R), where each u; € H'%(F;; R) for

some fized component F;. If a; € H;jfz)\Fj (M;R) and u; satisfy (1) and (2) above

for each j, then {a;} is a basis for H (M; R) as an H*(CP>°; R) module.

Corollary 2.3. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R. If the fized set is torsion-free, let R = Z; otherwise
let R = Q. Consider 3 € Hi (M;R) and ¢ € R so that B|lpr = 0 for all fized
components F' such that ®(F') < c.

(1) Ifc= ®(F) for some fired component F, then f3|r is a multiple of eg1 (N ).

(2) More generally, let {u;} be a basis for H* (MSI;R), where each u; €
H'i(F}; R) for some fized component F;. Assume that o; 6H§7+2Apj (M;R)
and u; satisfy (1) and (2) above for each j. Then

B= Z Tjag,

B(F))>c

where x; € H*(CP™; R) for all j. Here, the sum is over all j such that
(I)(FJ) Z C.

Proof. By the proposition above, we can write 8 = Zj x;0;, where here the sum
is over all j. If x; = 0 for all j such that ®(F};) < ¢, then the second claim holds.
Moreover, if ®(F) = ¢ for some fixed component F', then properties (1) and (2)
together imply that 3|r is a multiple of eg1 (N ).

Otherwise, there exists j so that ®(F;) < ¢ and z; # 0 but z; = 0 for k such
that ®(F) < ®(F}). By properties (1) and (2), this implies that |z, # 0. Since
®(F;) < ¢, this contradicts the assumption. ' O

The projection m: M xg1 §° — CP* induces a natural push-forward map
et HE (M;Z) — H*(CP*°;Z). Since this map is given by “integration over the
fiber,” we will usually denote it by the symbol [ - We will need the following
theorem, due to Atiyah-Bott and Berline-Vergne [AB| [BV].
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Theorem 2.4. Let the circle act on a compact manifold M. Fixz o € HE, (M;Q).

As elements of Q(t),
Lo S ke
M Fesi(NF)’

where the sum is over all fivred components, and esi(Np) denotes the equivariant
Euler class of the normal bundle to F'.

FcMSs?t

Remark 2.5. If p € M5 is an isolated fixed point, and the (integer) weights at p
are &1, ...,&, (repeated with multiplicity), then ciS1 (M)|, = 0i(&1, ..., &))", where
o; is the ith elementary symmetric polynomial and ¢ is the generator of Hgl (p;2).

For example, ¢ (M) = Y. &t and egi (N,) = ¢5 (M)], = ([]&;) t". Hence,
1
/ Cf |p o Ui(§17-~-7§n)ti_n-
P

est(N,) — T1¢
If X is a fixed surface of genus gy instead, then — since every vector bundle over
a surface splits — the normal bundle to ¥ is the direct sum of line bundles with
equivariant Chern classes &1t + aqu, ..., &1t + ap—_1u, where &, ...,&,_1 are the
non-zero weights at ¥ (repeated with multiplicity), w is the positive generator of

H?(%;7Z), and the a;’s are integers. Since eg: (Ng) = (HJ §jt) (1 +$2; a—J) and
s =1,

I
<.

/ 1ls :/ 1 | :fz(l_%ij_j> :_ng_jfn.
sesi(Ns)  Js (Hj gjt) (1 Uy, ‘g_j) I, ¢t I1;&
Similarly, since ¢§ (M)|y = ¢1(Z) + uyja;+ty;&,
[ons O 1E6) (1)
z es1(Nx) I1; &t
B fz (Cl(z) - uZi;ﬁj aéfL +t2j fﬂ)
I1; &t
21-9%) = Yoy 1,
Hj & .
Finally, since (¢5' (M))? — 2¢5" (M) = 2 > &7 + 2ut > &9y,

/ (5" (M) —2¢8" (M) Js (t2 26 +2ut Y &a;-) (1 - 52 5—)
> es1(Nx) B [T, &t
B Js (ut D& —uty aé—ff + 2 >, EJQ)
B Hj gjt

a,-f?
Zj a;&; _Zi;éj éj j2n
Hj fj

Finally, we will need the following very simple lemmas.
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Lemma 2.6. Let the circle act on a compact symplectic manifold (M,w). Let p
and p’ be fized points which lie in the same component N of M%*, for some k > 1.
Then the S'-weights at p and at p’ are equal modulo k.

Proof. Since Zj, fixes N, the weights of the representation of Zj on the tangent
space Ty M are the same for all ¢ € N. Moreover, if ¢ € N is fixed by the circle
action, then the weights for the Zj-action on T, M are exactly the reduction modulo
k of the weights for the circle action. O

Lemma 2.7. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R. There exists an equivariant extension w € Hgl(M;R)
of [w] € H*(M;R) so that w|p = [w|r/] — ®(F")t for all fived components F'.

Proof. Take w = [w — ®t] in the Borel model for equivariant cohomology. O

Example 2.8. Let the torus (S')? C SU(4) act on CP3 by
(A1, A2, A3) - [wo, 1, T2, 23] = [0, Ar21, Ao, Asws].

Let e1,es and e3 denote the standard basis for the weight lattice (Z3)*. The fixed
points are [1,0,0,0], [0,1,0,0], [0,0,1,0], and [0, 0,0, 1]; the weights at these points
are {61,62763}7 {—61762 — €1,€3 — 61}7 {—62761 — €2,€63 — 62}, and {—63,61 — €3,
es — es}, respectively.

Example 2.9. Let the torus ($1)2 ¢ SO(5) act on G2(R®) induced by the S1-
action on R® = R x C? given by

(A1, A2) - (t, 1, x2) = (t, M1, Aawa).

Let e; and ey denote the standard basis for the weight lattice (Z2)*. The fixed
points are the planes {(y1,...,y5) € R® | y1 = y4 = y5 = 0} and {(y1,...,¥5) €
R® | y1 = y2 = y3 = 0}, with either orientation; the weights at these points
are {e1,e; + es,e; — ea}, {—e1,—e1 + ea,—e1 — ea}, {ea, 2 + e1,e2 — €1}, and
{—e2,—ea +e1,—e2 —e1}.

Remark 2.10. The cases (C) and (D) described in Theorem [ are consistent with
Wu’s theorem, so we cannot use this theorem to rule out such manifolds. Wu’s
theorem states that the total Steifel-Whitney class w(M) of a connected manifold
M is equal to Sq(v(M)), where Sq: H*(M;Zs) — H*(M;Zs) is the Steenrod
square operator and v(M) € H*(M;Zs) is the unique class so that v(M) U x =
Sq(z) for all x € H*(M;Z3). (See §18.8 in [Hul.) For example, if H*(M;Zs) =
Zs[z]/(z*), as in case (C), then Sq*(x?) = 0 and so Wu’s theorem implies that
w(M) = 0. Since w(M) is the image of ¢(M) under the coefficient homomorphism
H*(M;Z) — H*(M;Zsy), this is satisfied in both cases. Similarly, if H*(M;Zz) =
Loz, y]/ (22, y?), as in case (D), then either Sq*(y) = 0 and w(M) = 1, or Sq*(y) =
xy and w(M) =1+ x. The latter statement is satisfied in both cases.

Remark 2.11. Similarly, cases (C) and (D) are consistent with the fixed point for-
mula for the Hirzebruch genus. Let M be a compact almost complex manifold; let
Xy denote the Hirzebruch genus corresponding to the power series

x (1 _|_ ye_x(l"l‘y))
1 — e—=(14y)
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On the one hand, if M is 6-dimensional, then a direct calculation shows that
1 1
WD) = 510+ y =22 =) [ aOha(n + 5y +v) [ aln.
24 M 2 M
On the other hand, if a circle acts on M, then by [HBJ], x, (M) = 3 o (—y) 7 xy (F),
where the sum is over all fixed components. In particular, in cases (C) and (D),
Xy(M) =1-y+y* =y
Since [, c1(M)ca(M) =24 and [, cs(M) = 4 in both cases, these formulas agree.

3. ARBITRARY DIMENSIONS

We begin by exploring some of the consequences of our central assumptions in
arbitrary dimensions. More precisely, let a circle act in a Hamiltonian fashion on
a compact symplectic manifold (M,w); assume that H*(M;Z) = H*(CP";Z) for
all 4. Our main result is that the fixed point data determines the (equivariant)
cohomology ring and Chern classes; see Proposition B.91 We also show, in Propo-
sition 3.4l that the index of the fixed components determines the order of their
moment images.

Roughly speaking, our first result states that critical components near the min-
imum must have low index.

Lemma 3.1. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R. Given any fized component F,

1.
Ar < Z (5 dim(F') + 1) ,
D(F)<(F)
where the sum is over all fizred components F' such that ®(F') < ®(F).
Proof. Pick a fixed component F. Let N = 3 g pna(p) (3 dim(F’) +1). By
Lemma 27, there exists an equivariant extension w € HZ,(M;R) of w so that
w|pr = [w|p/] — ®(F')t for all fixed components F’. Define 8 € HzY (M;R) by
B= ] (w+e@E ) dm@E+
(F)<D(F)
where now the product is over all fixed components F’ such that ®(F') < ®(F).
Given any fixed component F”,
1 dim(F’ 1 qim(F’
(w+ Q(F)) [ pr)* P = [ )2 PO <,

Hence, the restriction 8|/ vanishes for all fixed components F’ such that ®(F') <
®(F). In contrast, as a polynomial in ¢,

L dim(F’)+1
Ble= TI  (wtaE)ple)> "
B(F')<(F)
=TI Gl + ey —e@y =00
B(F')<(F)
= H (D(F)t — ®(F)t)z WE)HL 4 Jower order terms.
B(F')<D(F)
Hence S|p # 0. Since S| is a multiple of eg: (N ) by Corollary 23] this implies
that N > A\p. Il
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Remark 3.2. In fact, by eliminating some of the redundant factors of 3, one can
show that there exist fixed components Fi, ..., Fy such that ®(F;) < ®(F) for all
i, Ar <3, (3 dim(Fy) 4+ 1), and ®(F;) # ®(F, )forallz;éj.

When H?(M;R) = H?(CP";R) for all i, there are not many fixed components,
and so this determines the order of the fixed components under the moment map.

Lemma 3.3. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R; assume that H**(M;R) = H*(CP";R) for alli. There
exists a unique fized component F such that 2 Ap < 2i < 2\p + dim(F) for all i
such that 0 < 27 < 2n.

Proof. Since every fixed component F is symplectic, H?!(F;R) # 0 for every integer
i such that 0 < 2¢ < dim(F). The first claim thus follows immediately from the
assumption and the fact that moment maps are perfect Morse-Bott functions. [J

Proposition 3.4. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R; assume that H*'(M;R) = H*(CP™;R) for all i. Then
for all fixed components F' and F’,

O(F') < ®(F) ezactly if Apr < Ap.

Proof. Consider any fixed component F'. Define
1
(3.5) N= Y (5 dim(F") + 1) ,
O(F')<P(F)

where the sum is over all fixed components F’ such that ®(F') < ®(F). Since
H*(M;R) = H?(CP™;R) for all i, Lemma B3] implies that there exists a unique
fixed component F’ such that 2\ < 2i < 2M\p + dim(F’) for all ¢ such that
0 < 2i < 2n. Therefore, since the fixed components are all even-dimensional,

(3.6) M;N (% dim(F") + 1) <N,

where here the sum is over all fixed components F’ such that Ap» < N. On the
other hand, by Lemma 3], for any fixed component F’ with ®(F’) < ®(F),

L. " L. " —
D(F")<P(F) D(F")<P(F)

with equality impossible unless ®(F”") = ®(F). In particular, Aps < N for all fixed
components F’ such that ®(F') < ®(F), and so equations ([B.H) and (B.6) imply
that Apr < N exactly if ®(F’) < ®(F). Since A\p < N, we can conclude that
Ar = N; this proves the claim. O

For our main proposition, we will also need the fact that the moment map is also
a perfect Morse-Bott function over any field whenever H?(M;R) = H?*(CP™;R)
for all 7.

Lemma 3.7. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R; assume that H* (M;R) = H?(CP";R) for all i. Then

H/(M;z)= @ H/I7r(F;z) Vj,
FcMSt

where the sum is over all fized components.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ON A SYMPLECTIC GENERALIZATION OF PETRIE’S CONJECTURE 3975

Proof. Consider a fixed component F and integer j so that H? =2 # (F;Z) # 0. Let
M* = &= (—oc0, ®(F)=+e) for € > 0 sufficiently small. Since each fixed component is
even-dimensional, Lemma [3.3implies that H/ =2 ¢’ (F/; Z) = HI=2*r' TY(F'; Z) = 0
for all fixed components F’ # F. Therefore, HY(M~;Z) = H'*Y(M~;Z) = 0, and
so H'(M™*;Z) = H'=?)¢ (F;Z). By a similar argument, H7 (M*;Z) = HI(M;Z).
U

Given any fixed component F', let I'p € Z denote the sum of the weights at F'.

Lemma 3.8. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R. Then c¢;(M) # 0.

Proof. Given a point p in a fixed component F, cfl (M)|, = T'pt. Each weight at
the minimal fixed component F is positive, while each weight at the maximal fixed
component F’ is negative. Hence, I'r # I'p/; this implies that cfl (M) is not a
multiple of ¢. O

Finally, we state our main proposition.

Proposition 3.9. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R; assume that H?(M;Z) = H?(CP™;Z) for all j.

For each integer i such that 0 < 2i < 2n, there exists a unique fized component
F; so that H*=2*ri (F;;Z) = Z; let u; be a generator of H* =2 ri (F;;7), and let

c1(M)=2Fi| g = myu;. Then the cohomology class
- 1 1 dim(F')+1
AF- gt i_>‘F,i Cf (M) - FF/ t :
;= e (Cl (M) — FFi t) H <—FF — FF,
>‘F’<)‘Fi ‘

is well-defined and lies in Hg.ﬁ (M;Z). (Here, the product is over all fized compo-
nents F' such that Apr < Ap,.) Moreover, the classes ao,...,a, form a basis for
HY (M;Z) as an H*(CP*>; Z) = Z[t] module.

Proof. By Lemma B3] for each integer ¢ such that 0 < 2i < 2n there exists a
unique fixed component F; such that 2Ap, < 2i < 2Ag, + dim(F;). By Lemma B7]
H2=2Xr (F;: 7) ~ Z; let u; be a generator. Then uo, . . . , u, is a basis for H*(M5").
By Proposition 2] for each such i there exists a class o; € Hz4 (M;Z) so that

(1) ailr, = u;es1(Ng, ), and

(2) | =0 for all other fixed components F’ with ®(F’) < &(F;).
Moreover, ag, ..., a, is a basis for H¢, (M;Z) as an H*(CP*; Z) module.

Since each fixed component has even dimension, Lemma [3.3] implies that for each

fixed component F',
1
E <§ dim(F’) + 1) = Ap,

Apr <AFp
where here the sum is over all fixed components F’ such that A\p» < Ap. Hence, for
each ¢ such that 0 < 2¢ < dim(M) we may define

i—AR, 1 dim(F’ ;
ﬁi:(clsl(M)—FFit> [1 () —Tp o) ™ ¢ B2 (M 2).
)‘F’<)‘Fi

Moreover, for every fixed component F’,

! i ! 1 dim(F’
(5" (M) = Tprt) 2 EDHY oy = (o (M) )2 BT = 0,
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Therefore, the restriction S;|ps vanishes for every fixed component F’ such that
Arr < Ap,. Combining Corollary and Proposition [3.4] this implies that

Bi = E Tjay,
AR 2AF;

where x; € H*(CP>; Z) = Z[t] for all j. Here, the sum is over j such that Ar, > Ap,.
Since f; € Hgﬁ (M;Z), Lemma and degree considerations imply that

(3.10) B; = Z 0,
F;=F,
j<i

where now the sum is over j such that F; = F; and j <.
Additionally, recall that ¢y (M)~ *Fi|p = m;u;. As a polynomial in ¢,

i L dim(F")+1
Bilr, = (M) s [T ((D)]p+ (Tr —Tpr)? 0
Apr <A
(3.11) e
= m;u; H (Tp, —Tpr)2 dim(F)+14Ar; 4 Jower order terms.

>‘F’ <)‘Fi

On the other hand, for any j such that F; = Fj,

(3.12) ajlr, = ujesi(Np) = ujA;it)‘Fi + lower order terms.
Comparing equations B.10), (311, and (B12), we see that
m; 1 ’
Bi — AJ H (FFI _ FF’) 5 dim(F )+1ai~
F; AF’<)‘F1'

Finally, by Lemma B8 ¢;(M) # 0. Since H?(M;R) = R, this implies that
c1(M) is a non-zero multiple of w. Therefore, c¢;(M)* # 0. Since 3; maps to c;(M)?
under the natural restriction map from the equivariant cohomology of M to the
ordinary cohomology, this clearly implies that 3; # 0. O

We can use this proposition (and Remark 24]) to obtain a particularly nice
description of the equivariant cohomology and total Chern class in the following
special cases.

Corollary 3.13. Let the circle act on compact symplectic manifolds (M,w) and
(]\7,@) with moment maps ®: M — R and >: M — R, respectively; assume that
Hj(]\//f; Z) = Hj((CIP’"/;\Z) for all §. If f+ MS" —s M5 s a diﬁgo\morphism and

= f*(Hgl(M;Z)|A751) and

T(M)| 0 = f(T(M)|5s), then Hj (M;Z)|

C(M)|M51 = f*(C(M)|]T/}Sl)
Proof. Lemma [B7] implies that

Ms?t

P HIPF(Fiz) = HI(M;Z) = H (CP";Z) V j.
FcMs?
Since, T(M)|, 1 = f*(T(M)|741), this implies that

@ HIPr(Fiz) = H/(CP"2Z) V.
FcMmst
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As in Lemma 37 this implies that
HI(M;7) = H(CP™;Z) Vj.
The claim now follows immediately from Proposition 3.9 O

Corollary 3.14. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — t*; assume that there is a unique fixed point of index 2i for
all i such that 0 < i < n. As an H*(CP*;Z) = Z[t] module, HS, (M;Z) is freely
generated by 1,aq, ..., ay, where
i-1 gt
o E D -1,

be j=0 Ppi - ij

(In particular, o; € HZ, (M;Z) for alli.)

Example 3.15. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — t*. Assume that the fixed set consists of four points
Do, P1, P2 and D3 with Welghts {15 27 3}7 {17 _1a l}7 {17 _1a _l}7 and {_17 _25 _3}7 re-
spectively. As an H*(CP*;Z) = Z[t] module, H},(M;Z) is freely generated by
1, ay, g, as, where

6 + lt | 12
T a -
61 P T 61

aolp, = 612, azlp, = 63, and ailp, = 0V j <i; moreover,

SUM)|py =1+ 6t + 112+ 613, 5 (M)|p, = 141t — 2 — 1t

S M)y, =1—1t — >+ 13, and ¢ (M), =1 — 6t + 11¢> — 6.

O41|;Dl =1, O‘1|P2 = t, a2|172 = th,

C

In the above cases, the fixed set is torsion-free and so formality holds. Thus, the
ordinary cohomology H*(M;Z) and total Chern class ¢(M) are also very easy to
describe.

Corollary 3.16. Let the circle act on compact symplectic manifolds (M,w) and
(]\/4\,@) with moment maps ®: M — R and >: M — R, respectively; assume that
HJ(]/W\ Z) = HI ((CIP’” Z) for all j. If f: MS" — M5 is a dzﬁeomorphzsm and
T(M |M51 = f*( |M51) then f induces an isomorphism f*: H*(M,Z)
H*(M;Z) so that ¢(M) = fu(c(]\/{?))

Remark 3.17. More generally, let the circle act on compact symplectlc manifolds
(M,w) and (M w) with moment maps ®: M —> R and &: M — R, respec-
tively, let f: M s! — M M5" be an orientation-preserving diffeomorphism such that
|1v151 = *( M)|J\751)'

Slnce moment maps are (equivariantly) perfect Morse-Bott functions, M and M
have the same (equivariant) Betti numbers. Moreover, Theorem 24 immediately
implies that M and M have the same (equivariant) Chern numbers. Alternately, by
[GGK], M and M are cobordant as oriented equivariant stable-complex manifolds,
and so have the same (equivariant) Chern numbers. Additionally, if Ho(M;R) =
Hy(M;R), then since c1(M) # 0 by Lemma B8 ¢ (M) and t are a basis for
HZ,(M;R) as a vector space. By assumption,

£ (M) gger) = ¢ (M)] o1
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Hence, after possibly multiplying & by a constant and adding a constant to ff,

F(@ = ]| o) = [w = ] o1

Therefore, by [GGK], M and M are also cobordant as Hamiltonian S'-spaces. This
(or Theorem [24) implies that M and M have the same Duistermaat-Heckman
measure. More generally, any product of equivariant Chern classes and powers of
the class [w — ®t] have the same integral over M and M.

However, in general, cobordant manifolds do not have isomorphic (equivariant)
cohomology rings. For example, let M be the blow-up of CP? at [0, 1,0], where S*
acts on CP? by

A [woamlaxQ] = [xO7A$1,A2$2]7
and let S! act on M = CP! x CP by

A~ ([vo, 11, [20, 21]) = ([yo, A, [20, A%21)).

For the appropriate choice of symplectic forms, M and M are cobordant as stable-
complex Hamiltonian S'-spaces, but as rings H*(M;Z) % H*(M;Z).

Remark 3.18. Alternately, let the circle act on compact symplectic manifolds (M, w)
and (]\//.7, @) with moment maps ®: M — R and >: M — R, respectively; assume
that H7(M;Z) = H7(CP";Z) for all j. Also assume that there is a bijection from
the fixed components Fy,..., Fy of M to the fixed components ﬁl, .. .,ﬁk of M
and that there exists an isomorphism f*: H;l(l?’i;Z) — HY, (F;;7Z) such that
Fr(eS'(M)|5) = 5 (M)
weights at F' and F are the same, and so they have the same weights, and hence
the same index. Therefore, the conclusions of Corollaries and still hold.

r, for all 7. Then all the symmetric polynomials in the

Corollary 3.19. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — t*; assume that there is a unique fived point p; of index
2i for all i such that 0 < 2i < 2n. As a group, H*(M;7Z) is freely generated by
1,a1,...,a,, where

A, Ly —Tpy)’ ;
ai — fz - i(ilpl ;Do) (&1)17
(Apl) szo(rm - ij)

Ag, : 1 i 1 FPA-, - ij ~
M) = o= (Z 5" (D), iz L) ) 3

MOTEOVET,

Hj:i+1(rm - k=0 tiAPk
i—1 i 1
1 e (M) ~
_ - (F - F ) 7 Pk 0.
Ap, ti ],1;[0 P P ,;) cro, iy @Tpe = Tp;)

(In particular, &; € H**(M;Z) for alli.)
Proof. As an H*(CP>;Z) = Z[t] module, H,(M;Z) is freely generated by the

classes 1, aq, ..., a,, where

i—1 gt
o c; (M) —Ty,t
Q; = Api H —F — F

j=0 Di

€ HZ(M;Z) Vi

pj
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The image of a; under the restriction map from equivariant cohomology to ordinary
cohomology is
~ C1 (M )’L

o =N —
Z " H;;B(FPL - ij)
By formality, H*(M;Z) is freely generated (as a group) by ao, ..., .

Applying Proposition [3.9] to the reversed circle action with moment map —®, we
may define

€ H*(M;Z).

n 1
Brn—i = A; —Cf (M) — Ty,
e Im =T

let Bn,i € H?2(M;Z) be the image of 3,_; under the restriction map from
equivariant cohomology to ordinary cohomology. Note that

A, k=1,
0 otherwise.

€ HIV*(M;Z);
pj

(iBn—i)lp, = {
Therefore, Theorem 2.4 implies that

(320) / O‘iﬂnfi = 13
M

and so

(3.21) / &ifni = 1.
M

Since ¢;(M) is a multiple of @;, this implies that

M) = (/M Ci(M)gn_i) ;= (/M cz‘s1 (M)Bn—i) .
AS T i ff”“j”j if 0 <k <4,
Py Py
ifi <k <mn,

the first equality follows immediately from Theorem [2.41
Finally, since [,, apfn—r =1 for all k € {0,...,n} by 320,

Hj;ék(l;\’;i_l—\pj) :/ H (Cfl(M) —ij) = /M c1(M)".

Since

/Bn—i‘pk =

Mk
Hence,
(D, =T, (T, =Ty,
Hj;ék( Pk ;D;) _ H]#l( D1 ;D;) Vk,le{07,,,,n}_
Ap, Ap,
The second equality follows immediately. O

Note that the equations for ¢;(M) above simplify in some cases. Not only is
co(M) =1 and ¢,(M) = (n + 1)a,, but also

Ap,
1 1 1
Cg (M)|100 (Fl)z — Fpl) — Cg (M)|P1 (sz — FPO) + CQS (M)|I)2 (Fpl — FPO) ~

CQ(M) = — 9.
(Fm - FPO)A;D2t2
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Example 3.22. Let the circle act on a symplectic manifold (M,w) with moment
map ®: M — t*. Assume that the fixed set consists of four points pg,p1, P2
and ps with weights {1,2,3},{1,—1,1},{1, -1, -1}, and {—1, —2, —3}, respectively.
Then A, = -1, A, =1, [, =6, [, = =T}, =1, co(M)],, = 11¢?, and
ca(M)|p, = c2(M)|p, = —t2. Therefore, Corollary B.19] (and the equations above)
immediately imply that

H*(M;Z) = Z[:ﬂ,y]/(x2 - fél_*lgjﬁy,f), and

24
c(M)=1+(6—-Dz+ ﬁy—kllxy,
where x has degree 2 and y has degree 4.

The final lemma gives the relationship between the moment image and the sum
of the weights at fixed components.

Lemma 3.23. Let the circle act on a compact symplectic manifold (M,w) with
moment map ®: M — R. If H*(M;R) =R, then for all fized components F and
F,
Ip>Tp  exactly if ®(F) < ®(F).

Proof. By Lemma 277, there exists an equivariant extension w € HZ, (M;R) of [w]
so that w|, = —®(p)t for all fixed points p. Since H?(M;R) = R and [w] # 0,
cfl(M ) = aw + bt for some real numbers a and b. Therefore, given any fixed
component F, Tyt = ¢ (M)]p, = (aw 4+ bt)|, = (—a®(F) + b)t for all p € F. On
the other hand, if F' is the minimal fixed component and F’ is the maximal fixed
component, then ®(F) < &(F’) and T'p > 0 > T'ps. Therefore, a > 0. O

4. THE CASE THAT THE FIXED SET IS NOT DISCRETE

We now return to the 6-dimensional case. In this section, we prove Theorem
in the case that the fixed set is not discrete. In fact, in this case only the first two
possibilities can arise.

Proposition 4.1. Let the circle act faithfully on a 6-dimensional compact symplec-
tic manifold (M,w) with moment map ®: M — R. Assume that H*(M,R) = R
and the fized set is not discrete. Then one of the following two statements is true:

(A) There is a subgroup S* C SU(4) and an orientation-preserving diffeomor-
1
phism f: MST — ((CIP’3)S so that T(M)|,s1 = f* (T((CPS)‘(CW)Sl) )
(B) There is a subgroup S* C SO(5) and an orientation-preserving diffeomor-

phism, f: MS’ —>é2(R5)SI so that T(M)] 1 = f* (T(éQ(Rs)) ‘éz(Rf’)sl)'

Remark 4.2. The manifolds described above do not contain an isolated fixed point

with three distinct weights. A fortiori, they do not contain a pair of isotropy spheres
which intersect in two points.

Remark 4.3. In fact, after possibly multiplying the standard symplectic form & on
CP? (or Go (R5)) by a constant, we may assume that f is a symplectomorphism on
each fixed component. To see this, first note that the argument in Remark 317 im-
plies that f*([&]|7s1) = [w]|,,s1 . If each fixed component is at most 2-dimensional,

this immediately implies that there exists a symplectomorphism f: M L M
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which is homotopic to f. Otherwise, the claim follows from [Del]; see Case IV
below.

We will need the following lemma to analyze the isotropy submanifolds which
might arise.

Lemma 4.4. Let the circle act on a 4-dimensional compact symplectic manifold
(Z,0) with moment map ¥: Z — R.

(1) If 75" consists of a minimal surface ¥ and one point, then e(Ny,), the Euler
class of the normal bundle to X, is the positive generator of H?(3;Z).

(2) If Z5" consists of a minimal surface © and two points, then e(Ns) = 0.

(3) If 75" consists of a minimal surfaces ¥ and a maximal surface ', then
there exists a € Z so that e(Ny) = au and e(Nx/) = —au’. Here, u and v/
are the positive generators of H*(X;Z) and H*(X';7Z), respectively.

Proof. By dividing out by a finite subgroup, we may assume that the action is
faithful. Let eg1(Nx) =t +e(Ng) = t + au, where H*(CP>;Z) = Z[t]. Recall that
every isotropy sphere contains exactly two isolated fixed points.

In case (1), since ¥ is a Morse-Bott function the fixed point must have index 4.
Since there is only one isolated fixed point, there are no isotropy spheres. Hence,
both weights at the isolated fixed point are —1. Since the degree of 1 is 0 < 4,
J,1 = 0. Hence Theorem 2.4 and Remark imply that —a + 1 = 0, that is,
a=1.

In case (2), since ¥ is a Morse-Bott function, one fixed point must have index
2 and one must have index 4. There are no isotropy spheres except possibly one
joining these two points. Therefore, the weights at these points are {—1,1} and
{—1,—1} for some natural number [. Since [, 1 = 0, Theorem [2.4] implies that
—a—%—i—%:O, that is, a = 0.

In case (3), let eg1(Ng/) = —t+e(Nxr) = —t+bu'. Since [, 1 =0, Theorem 2.4
implies that —a — b = 0. O

We will spend the remainder of this section proving Proposition {1l Let the
circle act on a symplectic manifold (M, w) with moment map ®: M — R; assume
that the conditions of the proposition are satisfied. By Remark [, H?(M;R) = R
for all 7 such that 0 < 27 <6.

Let N C M?* be any 4-dimensional isotropy submanifold. Since ®|y is a Morse-
Bott function and the critical sets of ®|y are the fixed sets, N S must contain at
least two fixed components, and at least one component must have index 0 or 2.

Finally, notice that the action obtained by reversing the circle action and replac-
ing ® by —® also satisfies the assumptions of Proposition Il Moreover, if this
new action satisfies the conclusions of the proposition, then the original action does
as well. Therefore, we can replace ® by —® at any time. Given this symmetry, we
only need to consider four cases.

Case 1. The fixed set is discrete except for one minimal fixed surface.

Since ® is a perfect Morse-Bott function, Poincaré duality implies that the fixed
set consists of a minimal fixed sphere ¥y and two fixed points po and p3 of index
4 and 6, respectively. Since every vector bundle over a surface splits, the normal
bundle to g is the direct sum of two line bundles with equivariant Euler classes
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mt + au and nt + bu, where m and n are natural numbers, a and b are integers,
and u is the positive generator of H?(Xo;Z).

Assume first that there is a 4-dimensional isotropy submanifold N C M?%m which
contains both py and p3. Since the intersection of any two distinct 4-dimensional
isotropy submanifolds is 2-dimensional, each component of the intersection must
be either a fixed surface or an isotropy sphere. Hence, every 4-dimensional isotropy
submanifold must contain both fixed points. So there exists a natural number [
which is a multiple of both m and n so that the weights at ps and p3 are {—m, —n, [}
and {—m, —n, —1}, respectively. Applying Lemma [.4] to the isotropy submanifold
N C M?%m, we see that a = 0. Moreover, Lemma implies that 2n = 0 mod m.
Since m # 1 and n and m are relatively prime, this implies that m = 2 and n = 1.
Since the degree of 1 is 0 < 6 and the degree of cfl(M) is 2 <6, [,,1=0and

fyct "(M) = 0. Therefore, Theorem 24 and Remark 5] imply that

b 1 1 l— l
—§+2—l—2—l:0 and (1—b)+2—13+—2'_—l3:0.
These equations simplify to b = 0 and b = 2, which is impossible.

Therefore, there is no 4-dimensional isotropy submanifold which contains both
po and ps. If m # 1, then this implies that MZ%m contains a 4-dimensional isotropy
submanifold N which contains ¥ and exactly one fixed point. By Lemma 4] this
implies that a = 1. A nearly identical argument implies that if n # 1, then b = 1.
Moreover, if there exist any isotropy spheres, then each one must contain ps and
ps. Hence, there exists a natural number [ so that the weights at ps and ps are
{—m,—m,1} and {—n, —n, -1}, respectively. Since [,,1 =0 and [, S (M) =0,
Theorem 2.4] and Remark imply that
(4.5) —<L+ b )+i—i:0, and

m2n  mn? Im2  In2

2 a b 1 2 1 2
(46) (%‘W‘ﬁ)Jr(W_%)*(ﬁJrE)_O‘

Assume first that [ > m and [ > n. If l = 1, then m = n = 1 as well. Otherwise,
applying Lemma to the isotropy sphere N C M?% implies that m = n mod I,
and hence again m = n. Equations [@3)) and () now simplify to a + b = 0 and
a + b =4, respectively. This is impossible.

Assume next that m > [ and m > n. As we saw in the third paragraph of this
proof, the fact that m # 1 implies that a = 1. Moreover, applying Lemma 2.6l to
the isotropy submanifold N C M%» implies that n = [ mod m, and hence n = .
Equations (&) and (€6) now simplify to bn+m = 0 and b = 3, respectively. Since
n and m are both positive, this is impossible.

Finally, assume that n > m and n > [. As we saw in the third paragraph of
this proof, the fact that n # 1 implies that b = 1. Moreover, applying Lemma
to the isotropy submanifold N C M?%~ implies that m + [ = 0 mod n, and hence
n = m+1. Equation (@3] now simplifies toa = 1. Insum, a =b=1and n = m+1.
Comparing with Example 28 statement (A) is true for the action

A [wo, 21, T2, 23] = [0, 21, N T2, A" 23]
Case J. The fixed set is discrete except for one non-extremal fixed surface.

Since ® is a perfect Morse-Bott function, the fixed set consists of a point py of
index 0, a surface ¥; of index 2, and a point p3 of index 6. Since ¥; has index
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2, the normal bundle to ¥ is the direct sum of two line bundles with equivariant
Euler classes mt + au and —nt + bu, where m and n are natural numbers, a and b
are integers, and u is the positive generator of H?(X1;Z). After possibly replacing
® by —®, we may assume that m > n.

Assume first that m = n = 1. Let {l1,ls,13} be the weights at py, where
Iy > 1o > l3. Since m = n = 1, if there exist any isotropy submanifolds, then each
one has minimum pg and maximum p3. Hence, the weights at p3 are {—l1, —l2, —I3}.

Let a = cfl(M) — Tyt € HZ, (M;Z). Since af,, = 0, Proposition implies
that a|s, is a multiple of —t+bu, which is the equivariant Euler class of the negative
normal bundle at ;. On the other hand,

cfl(M)\gl =c1(Z1)+ (t+au)+ (=t +bu) =c1(X1) + (a+b)u, and
aly, =aa(Z1)+(a+bu—Tpt=c1(Z1)+ (a+b—Tpb)u+ Ty, (—t + bu).
Therefore, ¢1(X1) = —(a+b—T'p,b)u. Applying the same argument to the moment
map —® we see that ¢;(21) = —(a+b+Tp,a)u. Since I'y, = —T',, # 0, this implies

that a = b.
Since [, ¢ (M) = 0, Theorem 24 and Remark 25 imply that

FPO FP
-T 2 = 0.
APO Poa’ * Aps ’

Since Ap, = —Ap, and I'y, = —I',, # 0, this simplifies to a = Ai . Hence, either
a=1,11 =2 andly =Il3=1,ora=2and l; =1, =13 = 1.O In either case,
¢1(31) =2 and so X is a sphere.

Suppose first that a = b =1, and [; = 2, and I, = I3 = n = m = 1. Comparing
with Example 28 statement (A) is true for the circle action

A+ [0, 21, 2, T3] = [0, A1, A2, N23).

Suppose instead that a =b =2 and Iy = l> = I3 = n =m = 1. Comparing with
Example 2.9 statement (B) is true for the circle action on G5(R?) induced by the
action on R® = R x C? given by

A (t,l‘l,.l?Q) = (t,l‘l,)\l‘g).

So instead, assume that m # 1. Then there is a 4-dimensional isotropy subman-
ifold N ¢ M?%m with minimum ¥; and maximum ps. Since ®|y is a perfect Morse-
Bott function, Poincaré duality implies that X is sphere. Moreover, Lemma [£.4]
implies that ¢ = 1. Similarly, if n # 1, then there is a 4-dimensional isotropy
submanifold N ¢ M?%" with maximum ¥; and minimum po. If there exist other
isotropy submanifolds, then each one has minimum py and maximum p3. Hence,
there exists a natural number [ so that the weights at pg and ps are {n,n,l} and
{—m, —m, —l}, respectively.

Since [,,1=0and [,, ¢ (M) = 0, Theorem 24 and Remark 23 imply that

1 1 b 1
(47) ﬁ + (% - W) - m = 0, and
2n +1 (1 b 2> 2m+l_0
n2l 2 '

m2 ' n
Suppose first that m > [. Then applying Lemma to the 4-dimensional
isotropy submanifold N C M%m implies that n = [ mod m, and so n = [. Then

(4.8)

mn m?2l
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equations (7)) and ([F)) simplify to nb = m and 3n = b. Hence, 3n?> = m; but this
contradicts n > m.

So assume instead that [ > m. Then applying Lemma to the isotropy sphere
Z C M”% implies that m +n = 0 mod I, and so [ = m + n. Then equation (&7))
simplifies to b = 1. In sum, a = b = 1 and the weights at py and p3 are {n,n,m+n}
and {—m, —m, —(m+n)}. Comparing with Example 2.8 statement (A) is true for
the circle action on CP? given by

A [0, 21, 2, 3] = [20, A" @1, N2, A 23]
Case K. The fixed set contains more than one fixed surface.

Since ® is a perfect Morse-Bott function, the fixed set consists of two surfaces
Yo and X5 of the same genus with indices 0 and 4, respectively. Let u and u’ be
the positive generators of H?(Xg;7Z) and H?(X;Z), respectively. Our first claim
is that ¥y and Y5 are spheres. Suppose on the contrary that g and X, have
positive genus. Then there exist classes v; and ve € HI(EO;Z) so that vive = u.
By Proposition 2.2 there exist classes a; and as € Hél(M;Z) so that o;|s, = vi;
let 5 = ajas. On the one hand, S|y, = u, and so Proposition implies that
cfl(M) € HZ,(M;Z) is a linear combination of ¢ and 8. On the other hand,
because «;|, = 0 for dimensional reasons, 3|, = 0 for all fixed points p. Since
I's, > 0 > I's,, this contradicts the facts that s’ (M)], =Tpt for all p in a fixed
component F'. Hence, ¥y and Y5 are spheres.

The normal bundle over ¥ splits as the sum of two line bundles with equivariant
Euler classes mt + au and nt + bu, where m and n are natural numbers, and a
and b are integers. Since every isotropy submanifold must have minimum ¥, and
maximum X, the negative weights at s are —m and —n. Hence, the normal
bundle over Y5 splits as the sum of two line bundles with equivariant Euler classes
—mt + cu’ and —nt + du’, where ¢ and d are integers.

Since the degree of (¢§')% — 25 is 4 < 6, Syl =0, [, ' = 0, and
fM((Cfl)2 — 26*291) = 0. Therefore, Theorem 2.4] and Remark imply that

a b c d

4. _ _
(49) (mzn * mn2> * <m2n * mn2> 0

2 a b 2 c d
4.1 - - — = s - )= d
(4.10) (mn 3 n2) + (mn - n2) 0, an

a b na mb c d nc md

411 a_ b _na_mby [(c 4 nc md)
(4-11) <n+m m? n2) (n+m m? n2)

We may assume that m > n. If m # 1, then applying Lemma 2.6 to the isotropy
submanifold N € M%m implies that 2n = 0 mod m. Since m and n are relatively
prime, this implies that m =2 and n = 1. Hence m <2 and n = 1.

Assume first that m = n = 1. Then equations ([@9) and @I0) simplify to
a+b=c+danda+b+c+d=4 Insum,m=n=1anda+b=c+d=2.
Comparing with Example 2.8 statement (A) is true for the circle action on CP3
given by

A [zo, 21, 22, 23] = [T0, 21, AT2, AT3].

So assume instead that m = 2 and n = 1. Applying Lemma [£4] to the isotropy
submanifold N C M?%2 we see that a = —c. Therefore, equations ([{3), (£I0), and
(EII) simplify toa+b=d, b+d =2, and a + d = b, respectively. In sum, m = 2,
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n=1a=c=0and b=d=1. Comparing with Example 0] statement (B) is
true for the circle action on G2(R®) induced by the action on R® = R x C? given
by

A (b, @1, 22) = (8, Az, Aza).

Case L. The fixed set contains a four-dimensional component.

Let F be a four-dimensional component of the fixed set. Since F' is symplectic,
H?(F;R) # 0. Since ® is a perfect Morse-Bott function, this implies that MS
consists of F' and one isolated fixed point. By Delzant [Del| — after possibly rescaling
w and reversing the circle action — (M, w) is equivariantly symplectomorphic to CP?
with its standard symplectic form and the circle action given by

A [xo, 1, 2, 3] = [T0, X1, T2, Ax3].

A fortiori, statement (A) is true.
This completes the proof of Proposition A1l

5. THE CASE THAT THE FIXED SET IS DISCRETE: DEFINING THE MULTIGRAPH

In the remainder of the paper, we prove Theorem 2lin the case that the fixed set
is discrete. In particular, in this section, we assume that the fixed set is discrete
and define an associated multigraph which is labeled: a real number and an even
integer are associated to each vertex, and a natural number [, (the length of e) is
associated to each edge e.

Let the circle act faithfully on a 6-dimensional compact symplectic manifold
(M, w) with moment map ®: M — R; assume that the fixed set M5S' is discrete.
We define an associated labeled multigraph as follows: The vertex set is the fixed
set M3 1; each fixed point p is labeled by its moment image ®(p) and its index 2A,,.
Given distinct p and ¢q € Msl, let E,, denote the set of edges joining p and ¢. If
®(p) < ®(q), then there is a (unique) edge e € E,, of length k # 1 exactly if the
following are all true:

(1) p and q lie in the same component N C M%*.
(2) k is one of the weights at p; —k is one of the weights at q.
(3) The index of ®|y at ¢ is equal to 2 plus the index of ®|y at p.

(In particular, ®(p) < ®(g).) We say the edge e € E,, has minimum p and
maximum gq.

A multigraph contains multiple edges if there are several edges with the same
minimum and maximum. The multigraph is simple if there are no multiple edges.

Example 5.1. Fix natural numbers m, n, and k, and consider the circle action on
CP? given by

A w0, 1, T2, 23] = [20, N @y, N g, N R ]

There is a unique fixed point p; of index 2i for all ¢ such that 0 < 2¢ < 6. If
1 ¢ {m,n, k}, the associated multigraph is the complete graph on {pg,p1,p2,p3};
moreover, log1 =m, lio =n, lag =k, lgg =m—+n, li13 =n+k,and lg3 =m—+n+Ek,
where [;; is the length of the edge from p; to p;. (In contrast if, for example, m = 1,
then there is no edge joining po to pi.)
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This multigraph has a number of nice properties. First, the labeled multigraph
determines the weights at every fixed point. Second, the weights at the minimum
and maximum of any edge are equal modulo its length. Third, if two edges have
the same minimum and maximum, then their lengths are relatively prime. To
prove the first property, we need the following proposition to analyze the isotropy
submanifolds which might arise; see [Kar].

Proposition 5.2 (Karshon). Let the circle act faithfully on a 4-dimensional com-
pact connected symplectic manifold (N, o) with moment map V: N — R; assume
that the fized set NS' is discrete. The multiplicity of the weight +1 at the mini-
mum is the number of fived points of index 2 with negative weight —1. Similarly,
the multiplicity of the weight —1 at the maximum is the number of fived points of
index 2 with positive weight +1.

We are now ready to prove the properties described above.

Lemma 5.3. Let the circle act faithfully on a 6-dimensional compact symplectic
manifold (M,w) with moment map ®: M — R. Assume that the fized set M5
is discrete and consider the associated labeled multigraph. Given any fized point p,
there are at most A, edges with maximum p and at most 3— X, edges with minimum
p. Moreover, the multiset of weights at p is the multiset of A, negative integers and
3 — A, positive integers obtained by adding 1 and —1 with appropriate multiplicity
to
{sign(®(q) — ®(p)) lo | g € M5 and e € E,,}.

Proof. Tt is enough to show that for all k£ > 1, the multiplicity of the weight k at p
is the number of edges e € E with minimum p and length & (the analogous claim
then holds for all k£ < —1).

Let N be the component of M?%* which contains p. If dim(N) = 0 or dim(N) = 2,
then the claim above is obvious. On the other hand, if dim(N) = 4, then the claim
follows immediately from Proposition [£.2] where we consider the faithful S!/Z-
action on N. (]

Lemma 5.4. Let the circle act faithfully on a 6-dimensional compact symplectic
manifold (M,w) with moment map ®: M — R. Assume that the fized set M5
is discrete and consider the associated labeled multigraph. Given any edge e € E,q,
the weights at p and q are equal modulo l.

Proof. Since p and ¢ are contained in the same component of MZ%e, the claim
follows immediately from Lemma d

Lemma 5.5. Let the circle act faithfully on a 6-dimensional compact symplectic
manifold (M,w) with moment map ®: M — R. Assume that the fized set M5 s
discrete and consider the associated labeled multigraph. Given any distinct edges e
and €' in E,,, the lengths l. and o are relatively prime.

Proof. Assume not; let k # 1 be the greatest common divisor of [, and l.,. We may
also assume that ®(p) < ®(q) and that I, > l.. Let N ¢ M%e and N’ ¢ M%c be
the components which contain p and q. The component Z C M%* which contains
p also contains N and N’, and hence q. By construction, the weights at p and ¢
are {lc,le,a} and {—l., —l., b}, respectively, for some integers a and b. Since the
action is faithful, a is not a multiple of k; therefore, l. # a mod [.. On the other
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hand, by Lemma [2.6] the weights at p are equal to the weights at ¢ modulo [,. Since
le = —l. mod [, this implies that 2[., = 0 mod [.. Since I, > [./, this implies that
lo is a multiple of I/, that is, [, = k. But then the index of ®|y+ at p is 0, while
the index of ®|ys at ¢ is 4. This is impossible by assumption (3) in the definition
of the multigraph. O

Remark 5.6. We will sometimes add edges of length 1 to G in order to reduce the
number of cases that we need to consider. (For example, this allows us to drop
the condition 1 & {m,n,k} in Example 5I1) Lemmas [5.4] and clearly still hold
for this “extended” multigraph. Moreover, as long as we add these edges so that
there are still at most A, edges with maximum p and 3 — A, edges with minimum
p, Lemma [5.3] still holds.

6. THE CASE THAT THE FIXED SET IS DISCRETE AND THE ASSOCIATED
MULTIGRAPH IS SIMPLE

In this section, we prove Theorem Plin the case that the fixed set is discrete and
the associated multigraph is simple, that is, contains no multiple edges. In fact, in
this case only the first two possibilities can arise.

Proposition 6.1. Let the circle act faithfully on a 6-dimensional compact symplec-
tic manifold (M,w) with moment map ®: M — R. Assume that H?>(M;R) = R,
the fixed set is discrete, and the associated multigraph is simple. Then one of the
following two statements is true:

(A) There is a subgroup S* C SU(4) and bijection f: MS — ((C]P’S)Sl so that
T(M)|yysr 2 f* (T(CP)] cpayen ) -
(B) There is a subgroup S* C SO(5) and bijection f: M5 —s Go(R%)S" so

that T(M)| 1 = f* (T(C~?2(R5))|ér.,(R5”)S1 ’

Remark 6.2. Since the associated multigraph is simple, the manifolds described
above do not contain a pair of isotropy spheres which intersect in two points.

Our proof relies heavily on the following technical lemma.

Lemma 6.3. Fiz a natural number l;; > 1 for each pair {i,j} C {0,1,2,3}. As-
sume that the multisets {sign(k — i) Ly, | k # i} and {sign(k — j) Lk | k # j} are
equal modulo l;; for each such pair. Then one of the following three statements is
true:

(a) lo2 <lo1+liz, liz <lia+1las, lozg <lor+lhs, and los <loo+ los.
(b) lo1 =las, lo2 <liz+los, L1z <lia+1los, and loz < lo1 + l12.
(C) 102 = 113 and 103 S 112.

Proof of Proposition 6.1l By Remark [T, H?(M;R) = R for all i such that 0 <
2i < 6. Hence, since ® is a perfect Morse function, there is exactly one fixed point
p; of index 2¢ for all ¢ such that 0 < 2i < 6. By Proposition B4 ®(p;) < @(p;)
exactly if ¢ < j.

By assumption, the associated labeled multigraph G is simple. Add edges of
length 1 so that G is a complete graph. Then for each vertex p; there are exactly
i edges with maximum p; and 3 — i edges with minimum p;. (See Remark [5:6)
By Lemma [53] the multiset of weights at p; is {sign(k — ) lix | k # i}, where l;
denotes the length of the edge {7, k}. By Lemma [54] the weights at p; and p; are
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equal modulo [;; for each pair {i,j} C {0,1,2,3}. Therefore, Lemma implies
that one of the three statements (a), (b), or (c) is true. Finally, since ¢ (M) has
degree 2 < 6, [, 5" (M) = 0. Hence, Theorem 24| (together with Remark )

implies that
lo1 + lo2 +1 lo1 — 112 — 1 log — oo — 1 log + l13 + lo:
(6.4) otlootlos lon—ho—hs ls—loo—lho lsthstls
lo1lo2lo3 loilialis loali2las lozlizlas

First assume that statement (a) is true. Rewrite equation (6.4 as

lor +lig —lo2  lig+laz—liz  lor + 113 —log  loz + 123 —lo3 —0

lo1li2lo2 li2l2slis lo1l1slos lo2la2slos
Since all the lengths are positive, this implies that the inequalities in statement (a)
are equalities, that iS, log = 101 + 112, 113 = 112 + l237 and 103 = l()l + 112 + 123.
Comparing with Example 2.8 the weights at the fixed points agree with those
associated to the circle action on CP? given by

- [-’170737173727373] _ [‘TO’)\lmxl’)\lerlmm% /\l01+l12+123$3].

Hence statement (A) is true.
Now assume that statement (b) is true. Since lp; = l23, we can rewrite equation
6.4) as
hio+log —lo2 | liza+1los—lis lor +li2 — o
l12l03lo2 l12losl13 lo1l12l03
Together with the inequalities in statement (b), this implies that loy = lag, log =
lor + l12, and lgo = l13 = lp1 + 2l12. Comparing with Example 2.9 the weights at
the fixed points agree with those associated to the circle action on GQ(RS) induced
by the action on R? = R x C? given by

A (t, T, 332) = (t, /\lml‘l, )\l01+l12$2).

Hence statement (B) is true.
Finally, assume that statement (c) is true. Since lps = l;3, we can rewrite

equation (G4 as

5 0.

2 2 lig —loz | lia—log

loolos  looliz  lothizlos  laslinlos
This contradicts the fact that lpz < lqs. O

We will spend the remainder of this section proving Lemma Fix a natural
number [;; for each pair {4, j} C {0,1,2,3}; assume that they satisfy the assump-
tions of the lemma. We will think of /;; as labeling the edge e;; on the complete
graph G on {po,p1,p2,p3}. We say that e;; is longer than e,,, if either {;; > .,
or if l;; = L,y and e;; appears before e, on this list: eq1, 23, €12, €02, €13, €03

Fix an edge e;;, and let {m,n} = {1,2,3,4}\ {7, j}. We say that e;; is regular if
sign(m—1) Uy, = sign(m—j) lj,, mod l;; and sign(n—i) l;,, = sign(n—j) l;, mod ;.
In contrast, we say that e;; is goofyl!l if sign(m — i) l;,, = sign(n — j) l;, mod [;;
and sign(n — @) l;, = sign(m — j) ljm, mod l;;. Since [;; = —I;; mod l;;, every edge
must be regular, goofy, or both.

6 We break the ties in this way to simplify the argument. For example, the arguments are very
similar in the case that lp; = [12 and the case that lg1 > lg2.

7 These terms are borrowed from surfing, where they describe which foot is in front. We chose
them to emphasize that there are exactly two possibilities, that one of them is more common, and
that both are equally valid.
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We will need the following fact.

Lemma 6.5. If lo3 = li3, then los < loa + las.  Similarly, if los = las, then
loz <lo1 + 113.

Proof. Assume that o3 = l13. If eg3 is regular, then lgs 4 lo3 = 0 mod ly3, whereas
if €03 is gOOfy, then 102 + 103 = ZQQ + l13 = 0 mod 103, and so 102 =0 mod 103. Either
way, since these are all natural numbers this implies that lg3 < lg2 + l23. The other
claim is proved similarly. ([

Finally, notice that the labeled graph G’ obtained from G by exchanging pg
with p3 and p; with ps also satisfies the assumption of Lemma Moreover, if
G’ satisfies the conclusions of the lemma, then G does as well. Therefore, we can
replace G by G’ at any time. Given this symmetry, we only need to consider eight
possible cases.

Case Ia. ep; is the longest edge and it is regular.

Since eg1 is the longest edge, lg; is greater than or equal to l12, o2, l13, and lps.
Since ey is regular, lgps = l13 mod ly; and lpe = l12 mod lp;. Since these are all
natural numbers this implies that

loz =113 and lo2 = l12.
By Lemma [65] the displayed equations imply that (a) is true.
Case Ib. eg1 is the longest and is goofy.
By an argument similar to the first paragraph above,
log = li3 and loz = l12.
Hence, (c) is true.
Case Ila. ey is the longest and is regular.
By an argument similar to the first paragraph of case Ia,
lo1 = lo2 and li3 = la3.

Since lyp; = lgs, the edge eg3 is both goofy and regular. Thus ly; + I13 = 0 mod g3,
and hence
log < lo1 + I13.

Together, the displayed equations imply that (a) is true.
Case IIb. eq2 is the longest and is goofy (and not regular).

If lgo = 13, then since e;4 is the longest edge, (c) is true; so assume that lpo # l13.

Since eqs is the longest edge, l15 is strictly greater than lg; and lo3 and greater
than or equal to lgpe and l13. Since eqs is goofy, lg1 + 23 = 0 mod l15 and lps + 113 =
0 mod l15. Since these are all natural numbers and lgs # 13, this implies that

lig = lo1 + 23 and lig = loo + l13.

Assume first that eg; is longer than ess, ego, and e;3. Because eqs is not regular,
lo1 # lo2, so this implies that lgo < lg1, log < lg1, and l13 < lg;. Since also
log < l12 = lp2 + l13, we conclude that lgps < lg1 + l13- If egr is regular, then
lo3 = l13 mod lp1, and so g3 = l13. Since e1s is the longest edge, by Lemma [6.5] this
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implies that (a) is true. On the other hand, if eg; is goofy, then lgs = I35 mod loy,
which contradicts lgo # l13.

Up to symmetry, the only remaining possibility is that ege is longer than egq,
e23, and ey3. This implies that lp; < lg2, log < lg2, and 113 < lpe. Since also
log < l12 = lp1 + la3, we conclude that lgps < lgo + lo3. If ego is regular, then
lo3 = lo3 mod lp2, and so g3 = la3. Since e1s is the longest edge, by Lemma [6.5] this
implies that (a) is true. On the other hand, if egs is goofy, then lp; = la5 mod log,
and so lg; = le3. Since ejs is the longest edge, this implies that (b) is true.

Case Illa. eqs is the longest and is regular.

Since ego is the longest edge, lpo is strictly greater than lgy, loz, and l12, and
greater than or equal to ly3. Therefore, since egs is regular,

log = lo1 + 112 and loz = la3.
By Lemma [G.5] this implies that
los <lo1 + l13.
Finally, since lg3 = l23, e13 is regular and goofy. Thus, 15 +la3 = 0 mod ly3, and so
lis < lia2 + los.
Together, the displayed equations imply that (a) is true.
Case I11b. egg2 is the longest and is goofy.

Since egpq is the longest edge, lgo is strictly greater than lgy, lo3, and [, and
greater than or equal to ly3. Therefore, since egs is goofy,

lor = la3 and  lo2 = lo3 + l12.
Since lg; = la3, the edge e;3 is goofy, that is, lp3 + l12 = 0 mod [13. Hence,
lis < loz + l12-

Assume first that egz is regular. Then lgs + l12 + lo1 = lo2 + l23 = mod g3,
that is, lp; + 12 = 0 mod lps. Hence, lg3 < lg1 + l12. Together with the displayed
equations above, this implies that (b) is true.

So assume instead that egs is goofy. Then 2ly; = lg1 + I3 = 0 mod ly3. If
los < lo1 then (b) is true; otherwise, log = 2lp1 = lo1 + l23. If ea3 is regular, then
l03 + l12 = ZQQ = 103 mod 123, while if €23 is gOOfy, then 2[23 = l03 = l12 mod l23. In
either case, l15 = 0 mod ls3 and so la3 < ly9; hence lg3 < lp1 + l12. As before, this
implies that (b) is true.

Case IVa. egs is the longest and is regular.
Since los is strictly greater than every other [;; and eg3 is regular,
log = lo1 + l13 = lo2 + l23.

Since lgs = lg2 + lag = lag3 mod lyo, the edge ego is regular. Therefore, lp; + 112 =
0 mod lgo. A similar argument shows l12 + l23 = 0 mod l13. Therefore,

loo <lo1 + l12 and liz <lyg + los.

Together, the displayed equations above imply that (a) is true.
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Case IVD. eqg is the longest and is goofy (and not regular).
Since los is strictly greater than every other [;; and egs is goofy,
log = lor +l23 = lo2 + l13.

Assume first that ep; is longer than ess, ep2, and ey3. If eg; is regular, then
lo1 + l23 = lpg = l13 mod lp1, which implies that l;3 = l23. This contradicts the
claim that egps is not regular. Therefore, eg; is goofy and so lpo = l13 mod Iy
and lg3 = ly2 mod lgy;. Since ls3,lp2, and [13 are all less than or equal to lp; and
llg < log = l01 + l23, this 1mphes that 102 = 113 and llg = l23. Now if €02 is regular,
then 2102 = 103 = —l23 mod log, while if €02 is gOOfy, then 2102 = 103 = 123 mod 102;
either way, l23 = 0 mod ZOQ and so ZOQ S 123. Since l()g S l()1 and 2102 = l()1 +123, this
implies that lg; = ly2, which contradicts the assumption that eys is not regular.

Up to symmetry, the only remaining possibility is that ege is longer than egq,
€23, and €13. If €02 is regular, then 113 + loz = 103 = 123 mod 102, which implies
that I3 = la3. This contradicts the assumption that egs is not regular. Therefore
eog2 is goofy and so lgpy = lag mod lgo; hence, lgy = laz. If eg; is regular, then
2101 = log = l13 mod l01, that iS, 113 = 0 mod l01. Since 113 < log = 2[01 and
lop1 = la3, this implies that ly3 = l3. This contradicts the assumption that egs
is not regular. Therefore eg; is goofy and so 2lgy = lps = l12 mod Iy, that is,
l12 = 0 mod lyy. Therefore, lo3 = lgy < l12. Together with the displayed equations
above, this implies that (b) is true.

This completes the proof of Lemma

7. THE CASE THAT THE FIXED SET IS DISCRETE BUT THE ASSOCIATED
MULTIGRAPH IS NOT SIMPLE

In this section, we prove Theorem [2]in the case that the fixed set is discrete but
the associated multigraph is not simple, that is, it contains multiple edges. In fact,
in this case only the last two possibilities can arise.

Proposition 7.1. Let the circle act faithfully on a 6-dimensional compact symplec-
tic manifold (M,w) with moment map ®: M — R. Assume that H*(M,R) = R,
the fixed set is discrete, and the associated multigraph is not simple. Then one of
the following two statements is true:

(C) The fized set consists of four points; the weights at these points are
{1,2,3},{1,-1,4},{1,-1, -4}, and {-1,-2,-3}.

(D) The fized set consists of four points; the weights at these points are
{1,2,3},{1,-1,5},{1,—-1, -5}, and {-1,—2,—3}.

Remark 7.2. Every isotropy sphere N C M?%* must contain exactly one fixed point
with weight —k and one with weight k. Therefore, the manifolds described above
must contain a pair of isotropy spheres N C M%2 and N’ C M?* which intersect
in two points.

Given a labeled multigraph G with vertices {pg, p1, p2, p3 }, we adopt the following
notational conventions: For any pair {¢, j} C {0,1,2,3}, E;; is the set of edges from
pi to p;j. Moreover, the edges e;; and e}, (if they exist) lie in £;; and have lengths

l;; and l;j, respectively. Our proof relies heavily on the following technical lemma.
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Lemma 7.3. Let G be a labeled multigraph with vertices {po,p1,p2,p3}. Assume
that the following hold:

(1) The graph is not simple and l, # 1 for every edge e.

(2) The set U;.; Eij contains at most i edges and the set \J;-,; Eij contains
at most 3 — i edges for each vertex p;; let the weights at p; be the multiset
of i megative integers and 3 — i positive integers obtained by adding 1 and
—1 with appropriate multiplicity to

{sign(j —i)lc |0 < j <3 ande € E;;}.

(3) Given any edge e;;, the weights at p; and p; agree modulo l;;.
(4) Given any distinct pair of edges e;; and e}; in E;;, the lengths l;; and I},
are relatively prime.

Then, after possibly exchanging po with ps and p1 with p2, one of the following three
statements s true:

(x) E is either {eos, €3} or {eos, €43, €12}, los = 3, and )5 = 2.

(y) E = {612, 6/12, €01, €23, 603} and l/12 = l01 = l23 = 103 = 2.

(z) E = {eos,e02,€na, €23}, los =4, loz = 3, and lpy = lo3 = 2.
Proof of Proposition [[ 1l By the first paragraph of the proof of Proposition [G.1]
there is exactly one fixed point p; of index 2i for all ¢ such that 0 < 2¢ < 6 and
O (p;) < ®(p;) exactly if ¢ < j.

We will now check that the associated labeled multigraph G satisfies the as-
sumptions of Lemma [73]l Since G is not simple, it satisfies assumption (1). By
Lemma [5.3] assumption (2) holds and the weights at p; consist of the multiset of
1 negative integers and 3 — ¢ positive integers obtained by adding 1 and —1 with
appropriate multiplicity to {sign(j —i)l. | 0 < j < 3 and e € E;;}. Finally, assump-
tions (3) and (4) hold by Lemmas 5.4 and B3], respectively. Therefore, Lemma [7.3]
implies that one of the statements (x), (y), or (z) is true.

First assume that statement (x) is true. For some natural number l15 > 1,
the weights at pg,p1,p2, and p3 are {1,2,3}, {1,—1,l12}, {1,—1,—l12}, and
{—1,—2, -3}, respectively. By Proposition (see also Example BI3), as an
H*(CP>; Z) = Z[t] module, H},(M;Z) is generated by 1, a1, az, a3, where

atlp, =t, aq] :—6+112ta| 12
(7.4) Hee =5 S =g, T T g,

a2|p2 =12 t2, Olg‘ps = 6t2, Ol3|p3 = Gts, and ai|pj =0V j < 1.

t

Since oy is an integral class, this implies that 6 — 1o divides 12. In particular,
l12 # 1 and so there is an isotropy sphere N C M?%12 which contains p; and ps.
Let v € Hél (M;Z) be the push-forward in equivariant cohomology of the natural
generator 1 € H3,(N). Since pg and ps are not in N, 7[,, = ¥|p, = 0. On the
other hand, for ¢ =1 or 2, 7|,, is the product of the weights of the normal bundle
to N at p;, that is, vy|,, = 7|y, = —t2. Comparing with equation (T4)), this implies
that v = ﬁag —aqt. Since v is an integral linear combination of t2, a1t, and oo,
this implies that 6 — l1o divides 2. Hence, I35 = 4,5,7 or 8. Finally, Lemma
implies that 6 =I'y,; > I'p, = l12. Hence, l12 =4 or 5, as required.

Now assume that statement (y) is true. Then the weights at the fixed points
are {1,2,2},{2, 2,012}, {2, -2, =112} and {—1,—2,—2} for some natural number
l12. Since [, 8" (M) = 0, Theorem [Z4] (together with Remark [ZF) implies that
5 _1_ 1

57 . .
72— 31— 11t 1 =0, which is not true.
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Finally, assume that statement (z) holds. Then the weights at the fixed points
are either
e {2,3,4},{1,1,—-1},{2,-2,-3}, and {—1,—-2,—4}; or
o {—2,-3,—4},{—1,-1,1},{-2,2,3}, and {1,2,4}.
Since fM 1 = 0, Theorem 2.4l implies that i -1+ % - % = 0, which is not true. 0O

We will spend the remainder of this section proving Lemma [[3l Let G be any
labeled multigraph satisfying the assumptions of the lemma.

Consider any distinct pair of edges e;; and e;j in E;;, where i < j. By assumption
(@), the lengths l;; and lgj are relatively prime. By definition, the weights at p; and
pj are {l;j,l;;,x} and {—l;;, —l};,y}, respectively, for some integers = and y. By
assumption (B]), these sets agree modulo /;; and also agree modulo léj. Therefore,
we can apply the following facts.

Lemma 7.5. Let | > I' > 1 be relatively prime natural numbers; let x and y be
integers. Assume that the multisets {l,1',x} and {—1,=1U',y} are equal modulol and
also equal modulo I'. Then the following hold:
(i) If ! # 1, then 2I' 2 0 mod I, * # y mod I, x +1' = 0 mod I, and
y =1 mod I.
(ii) Ifl > x> 0, then eitherl'! =2=1—x and x and y are odd, ' =1=1—z,
orl'!=1and x =1. A similar claim holds if | > —y > 0.
(i) Ifl >y > 0, then either ' =2 =y andl is odd, ' =1 =1y, orl' =1 and
l=2=y. A similar claim holds if | > —x > 0.

Proof. If 21 = 0 mod I, then since [ and !’ are relatively prime and [ > I’ I’ = 1
and [ < 2. Otherwise, since 21 = 0 mod [, the assumption that {l,!’,z} and
{=1,=U',y} are equal modulo [ implies immediately that 2{’ # 0 mod I, x # y mod [,
x4+l =0mod I, and y = I’ mod [. In particular, (i) holds. Similarly, if I’ > 2, then
2l 20 mod " and so l =y mod I’ and | +z = 0 mod ['.

To prove (ii), assume that [ > 2 > 0. If I’ =1 and ! < 2, then! > z > 0
implies immediately that either I’ =1 — x or x = [. Otherwise,  +1' = 0 mod [ by
the previous paragraph, and [ > I’ since [ and I’ are relatively prime. Therefore,
I!'=1—=x. Ifl’ > 2, then 2] # 0 mod !’ and [ +z = 0 mod [, that is, 2l = 0 mod I’.
Since these equations give a contradiction, I’ < 2, as required. Finally, if I’ = 2,
then [ is odd since [ and I’ are relatively prime. Since z = [ — 2, x is odd as well.
Moreover, since 2/ = 0 mod 2, x + y = 0 mod 2, and so y is also odd.

To prove (iii), assume that { >y > 0. If I’ =1 and [ < 2, then [ > y > 0 implies
immediately that either y = 1 or | = 2 = y. Otherwise, by the first paragraph,
y=1modl,andsoy =1". If I’ > 2, then | = y mod !’, that is, l = 0 mod !’. Since
this is impossible, I’ < 2, as required. Finally, if I’ = 2, then [ is odd since [ and I’
are relatively prime. (|

Finally, notice that the labeled multigraph G’ obtained by exchanging py with
p3 and p; with ps also satisfies the assumptions of Lemma Therefore, we can
replace G by G’ at any time. Given this symmetry, we only need to consider four
cases.

Case 1. Egz # 0 and Eg3 contains at least two edges.

Let lo3 > l{)3 # 1 be the lengths of two edges ep3 and ej; from pg to ps, and let
lp2 be the length of an edge eps from py to po. Let m be the positive weight at po.
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Note that since lj5 # 1, (ii) above implies that the third weight at py cannot be
either lp3 or l(3. Hence, there cannot be any other edge of length ly3 or lj; with
minimum pg. A similar argument proves that there cannot be any other edge of
length lgs or lj; with maximum p3. In particular, if m is log or {{3, then since
m > 1, there is an edge from ps to p3 with length loz or I{)5; this is impossible.

Suppose first that lps > lpz and lp2 > m. Then compatibility along the edge ey
implies that m is either lo3 or I{;. As we have seen above, this is impossible.

So suppose next that m > lpzs and m > lpz. Since m # 1, there is an edge
ea3 € Fag of length m. Compatibility along ess implies that los is either lp3 or Ij.
Again, this is impossible.

Finally, suppose that lg3 > lo2 and lps > m. Since I3 # 1, by (ii) above lj5 = 2
and lpg = l{)3 + lo2. But then compatibility along egy implies that m = {3 mod lps.
Because ljg + lo2 = lo3 > m and lpa > [j)3 (since lp2 # 1 and [j3 = 2), this implies
that m = I{;. Once again, this is impossible.

Case J. Eg2 # 0 and Eg3z contains exactly one edge.

By assumptions ([IJ) and (@]), this implies that — up to symmetry — there must be
exactly two edges egs and ej, from py to p2; we may assume that lgs > lga. Let o3
denote the length of the edge eg3 from pgy to ps. Since ), # 1, by (iii) above the
positive weight at ps is not 1. Hence, the graph also contains an edge es3 of length
lo3 from py to p3. By assumption (@), after possibly adding an edge of length 1, the
graph consists of these edges and an edge ei3 of length I3 from p; to ps.

Assume first that loo > lp3 and loz > los. Since I{, # 1, by (ii) and (iii) above
this implies that ls3 is both even and odd, which is impossible.

Now, assume that that la3 > lg3 and lo3 > lpe. Then compatibility along ess
implies that loz is either equal to lpa or I{,. Since l{, # 1, this contradicts (ii)
above, just as in the previous case.

Now, assume that l13 > lgp3 and [y3 > l>3. Since the negative weight at p; is —1,
compatibility along e;3 implies that lop3 = 1 or I35 = 1. This is impossible.

Finally, assume that loz > lgo, lg3 > l23, and lpz > l13. Then compatibility along
€03 implies that either l03 = 123 + l62 = l13 + l02 or 103 = 123 + 102 = 113 + 162 Since
i # 1, fact (i) above implies that loz # lag mod lp2. Hence,

los = lag + 1o = l13 + loo.

But (i) above also implies that lo3 + {j, = 0 mod lg2, and lag = I{, mod lp2. Hence,
3lhs = 0 mod lpa. Since lpo and [, are relatively prime and loo > {5 # 1, this
implies that
l02 =3 and 162 =2.
Since lg3 = I, mod la3, compatibility along eas implies that lopo = I3 mod la3; hence
4 = 0 mod la3. Moreover, la3 = I{; mod lpa, that is, la3 = 2 mod 3. Combined,
these imply that
123 = 2.

Together, the displayed equations imply that (z) is true.
CGSB K E02 # 0 and E03 = @

Since Epe # (), assumption (2)) implies that F15 cannot contain two edges. By
assumption (1), this implies that either Fys or Ey3 must contain two edges. Hence,
by assumption (2), after possibly adding edges of length 1, the multigraph contains

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ON A SYMPLECTIC GENERALIZATION OF PETRIE’S CONJECTURE 3995

exactly six edges: ega, €, €13, €13, €01 and eas. We may assume that I3 > If5 and
that o2 > [{),. By assumption (1), we cannot have [{, = l{3 = L.

Assume first that lo; > lg2 and lp; > l33. Then compatibility along eg; implies
that loo = l13 and ), = l{3; hence Iy, = l13 # 1. Since I{, # 1, (i) above implies
that 2l{y # 0 mod lpe and I{, = lo3 mod lpe. Since li3 # 1, (i) above implies that
l13+123 = 0 mod 13, that is, I{, + 1235 = 0 mod lp2. Together, these three equations
give a contradiction.

Hence, by symmetry we may assume that lgo > lg1, lp2 > loz, and lgg > li3.
If Ij, # 1, (ii) and (iii) above imply that log is both odd and even. Since this is
impossible, I(, = 1. Therefore, (ii) above implies that loz = lp1 + 1. Now, since
lo2 > l13 > l}5 and ;3 and {4 are relatively prime, compatibility along eg; implies
that l}5 = lj, = 1, which is impossible.

Case L. Egz2 = E153 =0.

First suppose that there are three edges from pg to ps of length log > {5 > I{j3 >
1. Then by (ii) above (3 < 2, which is impossible. So there are at most two edges
from pg to ps.

Therefore, by assumption (), after possibly adding edges of length 1, G contains
exactly six edges: eqps, (3, €12, €], €01, and ea3. We may assume that log > {5 and
that l15 > l15. By symmetry, we may also assume that lp; > los. By assumption
(1), we cannot have (5 =I5 = 1.

First, assume that lg; > lps and lp; > l12. Then compatibility along eg; implies
that log = l12 and [z = l}5; hence I3 = 1, # 1. Since [z # 1, (i) above implies
that 2lp; # 0 mod los and {{3 + lo1 = 0 mod lps. Since l}5 # 1, (i) above implies
that 115 = lo1 mod ly2, that is, {3 = lo; mod lp3. Together, these three equations
give a contradiction.

Next, assume that 15 > lo; > lpz. Since l1g > lp; > laz, by (iii) above either
1o =lo1 = log = 2 and l15 is odd, or I{5 = 1. In the first case, compatibility along
ep1 implies that log = 2 and {3 = 1; therefore, statement (y) holds. In the second
case, compatibility along eg; implies that I3 = 1, which is impossible.

Next, assume that lo3 > lo1 > l12. Then, since lp3 > lo1, by (ii) above, 2 >
lbs = log — lo1. Since lp; # 1, this implies that lp; > I{3. So compatibility along eg;
implies that l;0 = I, = l{}3. Since l;2 and I}, are relatively prime this implies that
9 = lhs = 1, which is impossible.

Finally, assume that 12 > lo; and lp3 > lo1. Since log > lp1, by (ii) above
either I{j; = lop3 — lp1 = 2 and ly; is odd, or I{;3 = lp3 — lop1 = 1. In the first case,
since l12 > lp1 and lpy is odd, by (iii) above, Ij, = lp1 = 1. Since lp1 > la3 and
loz = lo1 + 2, this implies that lo3 = 1 and lp3 = 3 as well; therefore, statement (x)
holds. In the second case, since l15 > lgy and I}, # 1, by (iii) above, {5 = lg1 = 2,
and so log = lo1 + 1 = 3. But then los and {3 are both odd, while ), is even. This
violates compatibility along eg;.

This completes the proof of Lemma [T.3

REFERENCES
[AB] M. Atiyah and R. Bott, The moment map and equivariant cohomology. Topology 23
(1984) 1-28. MR721448|(85¢:58041)
[BV] N. Berline and M. Vergne, Classes caractéristiques équivariantes, formule de localisation

en cohomologie équivariante, C. R. Acad. Sci. Paris 295 (1982) 539-541. MR685019
(83m:58002)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=721448
http://www.ams.org/mathscinet-getitem?mr=721448
http://www.ams.org/mathscinet-getitem?mr=685019
http://www.ams.org/mathscinet-getitem?mr=685019

3996 SUSAN TOLMAN

[Dej] 1. J. Dejter, Smooth St manifolds in the homotopy type of CP3, Michigan Math. J. 23
(1976), 83-95. MR0402789/(53:6603)

[Del] T. Delzant, Hamiltoniens périodiques et images convexes de l’application moment, Bull.
Soc. Math. France 116 (1998) 315-339. MR984900//(90b:58069)

[Des| A. Dessai, Homotopy complex projective spaces with Pin(2)-action, Topology and its
Applications, Volume 122, Number 3 (2002), 487-499. MR 1911696 |(2003{:58048)

[GGK] V. Ginzburg, V. Guillemin, and Y. Karshon, Moment maps, cobordisms, and Hamilton-
ian group actions, Mathematical Surveys and Monographs, Vol. 98, American Mathe-
matical Society, 2002. MR1929136//(2003m:53149)

[Go] L. Godinho, Blowing up Symplectic Orbifolds, Annals of Global Analysis and Geometry
20: 117-162, 2001. MR1857175 /(2002k:53162)

[Ha] A. Hattori, Spin®-Structures and S*-Actions, Invent. Math. 48 (1978), 7-31. MR508087
(80e:57051)

[HBJ] F. Hirzebruch, T. Berger, and R. Jung, Manifolds and modular forms, Aspects of Math-
ematics, E20, Braunschweig, (1992). MR1189136| (94d:57001)

[Hu] D. Husemdller, Fibre bundles, Springer, 1994. MR1249482|/(94k:55001)

[Ja] D. M. James, Smooth S'-actions on homotopy CP*’s, Michigan Math. J. 32 (1985),
259-266. MR803831|/(87c:57031)

[Kar] Y. Karshon, Periodic Hamiltonian flows on four dimensional manifolds, Memoirs Amer.
Math. Soc. 141 (1999). MR1612833(2000c:53113)

[Ki] F. Kirwan, Cohomology of Quotients in Symplectic and Algebraic Geometry, Princeton

University Press, 1984. MR766741 |(86i:58050)
[Li1] H. Li, m1 of Hamiltonian S' manifolds, Proc. Amer. Math. Soc. 131 (2003), 3579-3582.
MR1991771}/(2004b:53145)

[Li2] H. Li, Semi-free Hamiltonian circle actions on 6 dimensional symplectic manifolds.
Trans. Amer. Math. Soc. 355 (2003) 4543-4568. MR1990761//(2004e:53127)
[Ma)] M. Masuda, On smooth S'-actions on cohomology projective spaces. The case where the

fized point set consists of four connected components, J. Fac. Sci. Univ. Tokyo 28 (1981),
127-167. MR617869 (82i:57031)

[Mc1] D. McDuff, Symplectic embeddings of 4-dimensional ellipsoids, arXiv:0807.0900.

[Mc2]  D. McDuff, Some 6-dimensional Hamiltonian S* manifolds, arXiv:0808.3549.

[Mu] O. R. Muslin, Unitary actions of S on complex projective spaces, Russian Math. Surveys
33:6 (1978) 249-250. MR526030/(81a:57037)
[Pel] T. Petrie, Smooth S -actions on cohomology complex projective spaces and related topics,

Bull. Math. Soc. 78 (1972), 105-153. MR0296970/(45:6029)

[Pe2] T. Petrie, Torus actions on homotopy complex projective spaces, Invent. Math. 20 (1973),
139-146. MR0322893(48:1254)

[S] P. Schlenk, Embedding problems in symplectic geometry, De Gruyter Expositions in
Mathematics, de Gruyter Verlag, Berlin (2005).

[ToWel] S. Tolman and J. Weitsman, The cohomology rings of symplectic quotients. Comm. Anal.
Geom. 11 (2003), no. 4, 751-773. MR2015175/(2004k:53140)

[ToWe2] S. Tolman and J. Weitsman, On semifree circle actions with isolated fized points, Topol-
ogy, 39 (2000) no. 2, 299-310. MR1722020| (2000k:53074)

[TsWa] E. Tsukada and R. Washiyama, Smooth S'-actions on cohomology complex projective
spaces with three components of the fized point set, Hiroshima Math. J. 9 (1979), 41-46.
MR529325/(80j:57043)

[Wal] C. T. C. Wall, Classification problems in differential topology V: On certain 6-manifolds,
Invent. Math. 1, 355-374 (1996). MR0216510 |(35:7343)

[Wan)] K. Wang, Differentiable circle group actions on homotopy complex projective spaces,
Math. Ann. 214 (1975), 73-80. MR0372895 (51:9099)
[Yo] T. Yoshida, On smooth semi-free S'-actions on cohomology projective spaces, Publ. Res.

Inst. Math. Sci. 11 (1976), 483-496. MR0445528|(56:3868)
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN, URBANA,

ILLiNoIs 61801
E-mail address: stolman@math.uiuc.edu

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=0402789
http://www.ams.org/mathscinet-getitem?mr=0402789
http://www.ams.org/mathscinet-getitem?mr=984900
http://www.ams.org/mathscinet-getitem?mr=984900
http://www.ams.org/mathscinet-getitem?mr=1911696
http://www.ams.org/mathscinet-getitem?mr=1911696
http://www.ams.org/mathscinet-getitem?mr=1929136
http://www.ams.org/mathscinet-getitem?mr=1929136
http://www.ams.org/mathscinet-getitem?mr=1857175
http://www.ams.org/mathscinet-getitem?mr=1857175
http://www.ams.org/mathscinet-getitem?mr=508087
http://www.ams.org/mathscinet-getitem?mr=508087
http://www.ams.org/mathscinet-getitem?mr=1189136
http://www.ams.org/mathscinet-getitem?mr=1189136
http://www.ams.org/mathscinet-getitem?mr=1249482
http://www.ams.org/mathscinet-getitem?mr=1249482
http://www.ams.org/mathscinet-getitem?mr=803831
http://www.ams.org/mathscinet-getitem?mr=803831
http://www.ams.org/mathscinet-getitem?mr=1612833
http://www.ams.org/mathscinet-getitem?mr=1612833
http://www.ams.org/mathscinet-getitem?mr=766741
http://www.ams.org/mathscinet-getitem?mr=766741
http://www.ams.org/mathscinet-getitem?mr=1991771
http://www.ams.org/mathscinet-getitem?mr=1991771
http://www.ams.org/mathscinet-getitem?mr=1990761
http://www.ams.org/mathscinet-getitem?mr=1990761
http://www.ams.org/mathscinet-getitem?mr=617869
http://www.ams.org/mathscinet-getitem?mr=617869
http://www.ams.org/mathscinet-getitem?mr=526030
http://www.ams.org/mathscinet-getitem?mr=526030
http://www.ams.org/mathscinet-getitem?mr=0296970
http://www.ams.org/mathscinet-getitem?mr=0296970
http://www.ams.org/mathscinet-getitem?mr=0322893
http://www.ams.org/mathscinet-getitem?mr=0322893
http://www.ams.org/mathscinet-getitem?mr=2015175
http://www.ams.org/mathscinet-getitem?mr=2015175
http://www.ams.org/mathscinet-getitem?mr=1722020
http://www.ams.org/mathscinet-getitem?mr=1722020
http://www.ams.org/mathscinet-getitem?mr=529325
http://www.ams.org/mathscinet-getitem?mr=529325
http://www.ams.org/mathscinet-getitem?mr=0216510
http://www.ams.org/mathscinet-getitem?mr=0216510
http://www.ams.org/mathscinet-getitem?mr=0372895
http://www.ams.org/mathscinet-getitem?mr=0372895
http://www.ams.org/mathscinet-getitem?mr=0445528
http://www.ams.org/mathscinet-getitem?mr=0445528

	1. Introduction
	Open questions

	Acknowledgments
	2. Background
	3. Arbitrary dimensions
	4. The case that the fixed set is not discrete
	5. The case that the fixed set is discrete: Defining the multigraph
	6. The case that the fixed set is discrete and the associated multigraph is simple
	7. The case that the fixed set is discrete but the associated multigraph is not simple
	References

