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On a Variety of Algebraic Minimal Surfaces
in Euclidean 4-Space
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(Communicated by N. Sasakura)

Abstract. In this paper, we show that the moduli space of the Weierstrass data for algebraic minimal
surfaces in Euclidean 4-space with fixed topological type, orders of branched points and ends, and total
curvature, has the structure of a real analytic variety. We provide the lower bounds of its dimension. We
also show that the moduli space of the Weierstrass data for stable algebraic minimal surfaces in Euclidean
4-space has the structure of a complex analytic variety.

1. Introduction.

Let M be a Riemann surface and f: M —>R" a branched conformal minimal
immersion whose induced degenerate Riemannian metric ds?® is complete in the sense
that any locally rectifiable divergent path has infinite length. Then, by modifying the
Chern-Osserman theorem [ChOs, Theorem 1], we can prove that the total curvature
is finite if and only if the Gauss map &, is algebraic, i.e. M is biholomorphic to a
compact Riemann surface M, punctured at a finite set of points and @, extends to a
holomorphic map from M, to Q,_,(C). We call a branched immersed minimal surface
with finite total curvature an algebraic minimal surface.

. X. Mo constructed the moduli space of pairs of certain meromorphic functions on
a compact Riemann surface which give algebraic minimal surfaces in R?® by the
Weierstrass formula. He proved that the moduli space has the structure of a real analytic
variety and that it contains a subset having the structure of a complex analytic variety.
We can see this work in the book written by Yang [Ya2, Chapter 3]. His idea of the
proof is to clarify the conditions satisfied by the divisors of meromorphic functions.

In this paper, by following this idea, we will construct the moduli space of the
triples of certain meromorphic functions on a compact Riemann surface which give
algebraic minimal surfaces in R*, and give a lower bound of the dimension of the
moduli space.
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We fix a compact Riemann surface M, of genus g, a holomorphic (if g=0, then
a meromorphic) 1-form 2 on M, integers k, r (k=>0,7>1), and an integer vector
B, =(J; I)eZ*x " (J;=1, [;=2).
We denote by AM=AM(M, B,,) the set of algebraic minimal surfaces
=" f34 3 fY: M—(R% ds?) in R* satisfying the following conditions:
The Riemann surface M is biholomorphic to M, — {puncture points};
It is branched at & points with order J; (j=1, - - -, k) and
punctured at r points with order I; (i=1, - - -, r);
f1+./—1f? is not holomorphic.
We denote by FD=FD(M,, Q, B, ., o, B) the set of the triples (F, ¢, ¢,) of meromorphic
functions on M, satisfying the following conditions:

F$O ’ deg((Pl)ao =a, deg(‘PZ)oo =ﬂ ’

k r
(D) ~(@1)e—(@a )+ @)= 3 Jb— ¥ Lipi,
Jj= i=

(P) % sn” EaFQ}=O

for any ye H(M,—{py, -, p,}) (a=1, - - -, 4); where {b;; p;} are distinct points. We
denote by (¢)=(¢)— (@), the divisor of a meromorphic function on M, where (), is
the zero divisor and (¢),, is the polar divisor. In particular, deg(c),, =0 for ce C* and
we define (0)=0 and deg(0),=oc for later use. Similarly, (£2) is the divisor of a
meromorphic 1-form on M, We define

E=1+9,0;, E,=/—1(1—-0¢,0,),

E;=¢,—¢,2, E4=—\/_1((P1+(P2)-

We call the condition (D) divisor condition and the condition (P) period condition.
By using the result of Osserman [Os], we will show the following lemma (§3):

LEMMA 1.1, There is a bijective correspondence between AM(M,, B, ,)/~ and
]_[M FD(M,, 2, B, o, B), where for G and He AM(M,, B, ,), G~ H means G and H are
congruent by a parallel transformation in R*.

The above lemma provides a correspondence between the space AM/ ~ of algebraic
minimal surfaces in R* and the moduli space FD of triples of meromorphic functions
on a compact Riemann surface.

We fix a, B {0, 1,2, - - -} U {o0} and let / be the number of 0 or oo in {«, 8}. When
a, B are finite, i.e. (F, ¢,, ¢,)e FD(M,, Q, B, ., a, ) are functions not identically zero,
our results are

THEOREM 1.2. If FD(M,, Q, B, ,, o, B) is nonempty, then it has the structure of a
real analytic variety of real dimension at least 2[(k +2x+2B+5)—{(7T—Dg+r}].
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Tueorem 1.3. If FD(M,, Q, B, ,, «, f§) is nonempty, then it contains a subset which
has the structure of a complex analytic variety of complex dimension at least
(k+2a+2B+7)—{(11 —1)g+3r}.

When o or =0, i.e. ¢; or ¢, =0, our minimal surfaces are considered as branched
holomorphic curves in C2 which is identified with R* in a certain manner (§4). In this
case, we can construct the moduli space in a similar fashion as above. Let m be the
number of oo e {a, }. Then, 1 <m<I/<2. For aeZ U {0}, we define a’ by a'=0 if
a=co and by a’ =a otherwise. Using the results of Micallef ([(Mil, Corollary 5.21 and
[Mi2, Theorem]), we can prove

THEOREM 1.4. If o or =0, then the element of FD(M,, 2, B, ,, «, B) corresponds
to a branched complete stable minimal surface in R* of finite total curvature. If FD is
nonempty, then it has the structure of a complex analytic variety of complex dimension
at least {k+2a'+28 +2(3—m)} —{2—m)r+9—1-2m)g}.

The author would like to express his gratitude to Professor Y. Ohnita for his
encouragement and for his advice on Theorem 1.4. He also would like to thank Doctor
M. Kokubu for his useful suggestion in the proof of Lemma 1.1.

2. A modified Chern-Osserman theorem.

In the theory of immersed algebraic minimal surfaces, the Chern-Osserman theorem
[ChOs, Theorem 1] plays an important role. In this section, we shall modify it to apply
to the theory of branched immersed algebraic minimal surfaces.

First, we shall define a singular Hermitian metric on a Riemann surface (cf. [Yal],
p. 141). Let M be a Riemann surface and U a coordinate neighborhood of M. We
define a (1, 0)-form # of meromoprhic type on U as a form n=z'rhdz for each pe U,
where z is a holomorphic coordinate with z(p) =0, & is a complex-valued smooth function
with #(p)#0, and J, is an integer. We call the integer J, the order of 5 at p and denote
it by ord,n. If J,>0 for each pe U, we call n a (1, 0)-form of holomorphic type. We
write (7) =) pev(ord,mp and callita divisor of . We say that ds? is a singular Hermitian
metric on M if it is given locally as ds? =7 - 7}, where n #0 is a (1, 0)-form of meromorphic
type. We call ds? degenerate at p if ord,n >0, regular at p if ord,n =0, and divergent
at p if ord,n <0. We note that ds? is a Hermitian metric on M if ds? is regular for any
peM. We call pe M a singular point of ds? if ds? is degenerate or divergent at p. We
define the singular divisor S of a singular Hermitian metric ds* as the divisor of #, i.e.,
S=) ,er(0rd,mp.

Next, we generalize the Gauss-Bonnet theorem. Let M be a Riemann surface,
ds?=n -] a singular Hermitian metric on M with finitely many singular points, d4 the
area element of ds?, and K the Gaussian curvature of ds?. We denote by U an open
subset of M such that its closure U is compact and that the boundary of U consists of
finitely many smooth Jordan curves f; (i=1, - - -, m) whose orientation is chosen as U
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lies on the left-hand side. We define &, ; to be the geodesic curvature of §,. We assume
that there is no singular point on each f;. Then we state a generalized local Gauss-Bonnet
theorem as follows:

LEMMA 2.1. Under the above situation, we have

f KdA=2n(y(U)+deg(So)— 3 | ks,
. .

i=1Jg,
where y(U) is the Euler number of U.

PrOOF. Let {q,, - -, q.} be all the singular points of ds? contained in U. Since
ds? is a singular Hermitian metric, we can write §=z’h,(z)dz on a neighborhood of g,
(@a=1, - -, e), where z i1s a holomorphic coordinate around g, with z(g,)=0, A(z) is a
complex valued smooth function with #(0) #0, and J, is the order of 5 at g,. We denote
by D(q, R) the set {|z]<R}. We choose a sufficiently small R>0 such that
D(q;, R)» D(g;, R)= for i#j. Let p,, g=08D(q,, R) where its orientation is chosen as
D(q,, R) lies on the left-hand side. We denote by k,,_x the geodesic curvature along
lg,.r» and Ug=U\ [ JS_, D(q,, R). Then, by the local Gauss-Bonnet theorem, we have

€

f KdA=2ny(Up)— Y. | k,ds+ Y Ky g rS .

Ugr i=1Jg, a=1 Bag, R

We express k,, gds explicitly. Let ds?=0'® 60! +62® 62 be the singular Hermitian
metric, where {8, 8%} is a oriented orthonormal frame. We define ¢; to be the dual of
0’ (i=1, 2). We denote by w! the Levi-Civita connection form satisfying df’= —w! A 6,
wi= —w/ (i,j=1,2). Let y be the curve in M such that dy/ds=¢&'e, + &2e, where s is
the arc-length parameter, and v be the vector field normal to dy/ds expressed by
v=—¢2%e, +&¢'e,. We denote by k, the geodesic curvature along y. Then we have

kds=[d' +& w;)e, +(dE*+E w])e ]|, - v.

Introducing polar coordinates (r, ) to a neighborhood around q,, we can express the
singular Hermitian metric ds? in the form ds? =r27«| h, |*(dr ® dr + r 2dt ® dt). We assume
0'=r'+|h,|dr and 02 =r'=*1|}h,|dt. Then we have

r 7« 9 r st g

Sl T R a

€,

In terms of polar coordinates, we can express the curve u in the form Mg, r=(R, 1),
te[0, 2=]. Hence, du,, g/ds=e,. Since
1 Jdlog|h,!
r dt

dol= drnd?, d02=—((Ja+1)+rjioa§Ml)th91,
r

we obtain
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1 dloglh dloglh
izt Ologlhl dr—((.],,+1)+r———0g| “‘)dt.
¥ ot or
Thus,

h
k, .. pds= ((Ja +1)+R fligi—i'_)dr .
r

Hence,

m e 2 1 h
j KdA=2ry(Ug— ¥ J k,ds+ 3 ((Ja+1)+R%)dt
Ugr i=1Jg, r

a=1Jo

m e 2n o1 h
—2n(y(U)+deg(S|)— Y. | k.ds+ Y R f Ologlhyl
j a=1

0 Or

=1 Jg

Since dlog| A, |/0r is bounded on D(q,, R), we have

2n
lime Ologlhal 4.

R—0 o or

Thus, as R tends to 0, we obtain

f KdA=21(3(U)+deg(S|o)— 3. f Ky ids 0
v i=1Jg,

Immediately, we also obtain

CoOROLLARY 2.2. If M is a compact Riemann surface with a singular Hermitian
metric ds?, then we have

J KdA =2n(y(M)+deg(S)) .

The following lemma is an analogue of the theorem of Huber [Hu, Theorem 13]
in the case where a singular Hermitian metric with finitely many degenerate point and
no divergent point is equipped on a Riemann surface.

LEMMA 2.3, Let M be an infinitely connected Riemann surface, ds* = + fj a singular
Hermitian metric on M with finitely many degenerate points and no divergent point. If
ds? is complete, then

J K dA=+ oo,
M

where K~ =max{0, —K}.

PrOOF. We prove that if |,, K~ < + o0, then ds? is not complete.
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We denote by {U,} an exhaustion of M, i.e., a sequence of open subsets of M such
that U;c U; for i<j, that the closure U; of each U, is compact, that the boundary of
U, consists of finitely many smooth Jordan curves f;; (j=1, -, m;), and that

| U;=M. We choose the orientation of each §;; as U, lies on the left-hand side. Let
M \U,-=]_[}"‘ Q,;, where 0Q;=p§;. We assume that all the singular points {b,}
(a=1, - -, e) of ds? on M are contained in the U;. By Lemma 2.1, we have

f KdA=2n((U)+deg(S)— 3 | kyuds.
U

i=1 Jpy

Hence,

Q2.1 —j KdA +2n(x(U,) +deg(S)) = i ky s .
. .

i J=1 gy,

As itends to oo, the left-hand side of (2.1) tends to — oo. Therefore, for sufficiently large I,

Y k,.pds < —2J K~dA.
M

i=1 Jgyy

Hence, there exists J, £>0 such that

f k, yds = —2{'[ K-dA +3} .
Brs Qry

We can choose a Jordan curve & in £,; homotopic to f;, and satisfying j(ﬂ”. oK *dA <e,
where K* =max{0, K}, (8, 6) is a domain surrounded by f;; and 4. The following
two lemmas are proved in [Hu, p. 62, Lemma 6] and [Hu, p. 23, Lemma 2]:

LEMMA 2.4. Under the above situation, there exists a number C>0 which satisfies
the following property:

For any integer i, there exists a rectifiable curve o;: [0, 1) > M
such that a,(0)€d, kim,_,, a()edU, |, ds<C.

t—1
LeEMMA 2.5. We denote by Q a doubly connected region in S*. Let I', y denote the
two boundaries of Q, and Q, the simply connected open set containing y and surrounded
by T'. Assume that there exist a sequence of rectifiable curves {6,}, 6,:[0,1)=Q, a
compact subset K = Q. and a number C >0 such that they satisfy the following conditions:

For each ¢,, Im{s,} N K# &;
For any compact subset Lc Q,, | J, Im{q,} is not contained in L;
§q,ds<C for all n.

Then there exists a locally rectifiable divergent path o in Q such that [,ds<+o0 and
that lim,_, o(t)el.

t=+1

By Lemma 2.4, we obtain a sequence of curves in £,,, a compact set é and a
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number C>0 satisfying the assumption of Lemma 2.5. Hence, there is a locally
rectifiable divergent path o: [0, 1) > M such that | ds< +cc. Therefore, ds?* is not
complete. _ CI

Now, we can modify the Chern-Osserman theorem as follows:

PROPOSITION 2.6. Let f: M — R" be a branched conformal minimal immersion such
that the singular Riemannian metric ds* induced by f is complete. Then, the total curvature
is finite if and only if the Gauss map @ is algebraic.

Proor. First, we observe that we can extend ¢, over all branch points. Indeed,
a branch point 4 is locally a common zero point of holomorphic functions p— (0 f°/0z)( p)
(@=1, - - -, n). Hence there exists the minimum of orders of their functions at a branch
point b, which we denote by k. We define

1 or? of? 1 af"
dif(b){—zT ; )~ g; ) afz (b)].

Then &, becomes holomorphic at 5. We also observe that ds® is a singular Hermitian
metric on M with no divergent point in this case. Indeed, we have locally

afe

Z

2

dz-dz.

ds?=2Y

a=1

Since f“%/6z(a=1, - - -, n)is holomorphic, we have 8f°/0z=z"h(z){a=1, - - -, n), where
u, is a nonnegative integer and 4, is a holomorphic function not equal to 0 at 0. Thus,
ds?=|z|*h(z)dz - dz, where u=min{u, | a=1, - - -, n} is a nonnegative integer and # is
a local real-valued positive smooth function. When we set n=z“\/l—1@dz, we see that
ds®=n-# is a singular Hermitian metric with no divergent point.

We assume that the total curvature is finite. Then M is finitely connected by Lemma
2.3. Then, in the same way as the proof of the Chern-Osserman theorem ([ChOs],
Theorem 1), we can prove that M is biholomorphic to a compact Riemann surface M,
punctured at finite points and that &, is extended to be holomorphic at all puncture
points. Thus @, is algebraic.

Conversely, we assume that @, is algebraic. Let M, be the compact Riemann
surface on which &, is extended to a holomorphic map, {b,, - * -, b;} the branch points,
{pi, * ", p,} the puncture points. Then ds? is a singular Hermitian metric on M,
degenerate at b;(j=1, - - -, k) and divergent at p; (i=1, - - -, r). By Corollary 2.2, we have

f KdA =2n(y(M,)+deg(S)) .

Since both x(M,) and deg(S) are finite, the total curvature is finite. O
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3. Representation formula.

We shall prove Lemma 1.1. Let CD=CD(M, By ,, a, B) be the set of all the
quadruplets ({*, (%, (3, (%) of meromorphic 1-forms on M, satisfying the following
conditions:

4
' -/=10220; 3 @=0;
c3+ /__154) (_C3+ /—1C4)
deg( deg =8
(- =182 (—/—10% /o

k r
)= '=Zl Jjbj" ‘§1 Lp;;

[}

for each ye H,(M,—{p,, - - -, p,}) and each a (a=1, - - -, 4), where for {*#0, let ({)=
Ype s, N, (ord, {“)p. Then, by the relations

are
0z

=,

[+ ]

U A )= dz; f“(C‘,CZ,C3,C4)(Z)=ER{J C“dZ}

(@a=1, - -, 4), we can define a bijective correspondence between AM(M,, B, )/~ and
]_[a' s CD(M,, B, ,, a, ). Indeed, it is clear that an element of AM/~ corresponds to an
element of some CD, and an element of CD corresponds to a minimal surface branched
at k points with orders J; and punctured at r points with orders I,. Let (f*, f2, f>, %)
be a minimal surface corresponding to an element of CD. For a puncture point p of
order I, we take a local holomorphic coordinate z such that z(p)=0. Then the singular
Hermitian metric ds? induced by f becomes as follows:

_ )

lZI

ds? dz-dz,

|z

- where #(z) is a positive smooth function. Let o(¢)=x(¢) +./— 1 y(t) be a smooth locally
rectifiable curve tending to p as ¢ tends to oo. Then, we have

2 dx/dr)? +(dy/dt)?
‘ oty - (/0> + /)
(x(2)* + 1))
Hence, ||de/dt| tends to oo as ¢ tends to oo. Thus ¢ has infinite length, and we see that

the induced metric is complete. Therefore, (f1, f2, 13, f*) gives an element of 4M.
Hence, AM/~ is in one-to-one correspondence with [ [ CD through the relation above.

do

dt
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On the other hand, there is the relations defined by

1_ —1 2
FCY, 02, 0%, 0% == L <,

oul 040 ‘*)—C3+V 1
1/ §2

1 2 #3 4=—C3+V_C4.

¢2(CaCsCaC) Cl_\/—:—ICZ ’

1
Ca(F’ P qDZ):EEaFQ (a=1’ ,4)

(3.1)

Using (3.1), we can define a bijective correspondnece between CD(M,, B, ,. «, B) and
FD(M,, Q, By, o, B) (cf. [Os, Section 4] or [HoOs, §3, Remark 4]). Then, for each
(&1, ¢33, (Y e CD and its corresponding (F, ¢,, ¢,)€ FD, we have

(3.2) ()= =(@1)0—(@2) +{F)+(£) .
We finished proving Lemma 1.1.

4. Proof of the theorems.

We shall prove Theorem 1.2, Theorem 1.3, and Theorem 1.4. We fix M, Q, k, r,
B..,, o, and B as above. We denote by Div4(M,) the space of effective divisors of degree
d on M, We observe that & =2(M,, B, «, B)=Divi(M,) x Divi(M,) x Divi(M,) x
Divi(M,) x DivE(M,) x DivE(M ), where J=Y" i=1J;and I'= Y 7_., I, has the structure
of a compact complex manifold of dimension J+ 7+ 2a'+ 28" (cf. [GrHa, p. 236]). Let
L=L(M,, B, o f) be the open subset of M,x ---xM, (k+r+20'+28" times)
consisting of the elements (b;; p;; 55 15 X,; ¥,) such that {b; p;} are distinct points and
that {s;} N {t;} ={x.} n {y,}=. We will see that {s; ¢;}({x,; .}, respectively) cor-
responds to the support of the divisor of ¢, (¢,, respectively). Let DAD'(M,, Q, B, ,, «, B)
be the set of D’s defined by

(D,,0,0) if a'="=0
5_J DuD0), if a’'#0 and §'=0
(D,,0,D,), if o'=0 and B #0

(D, Dy, Dj), otherwise ,

where D, D,, and D, are divisors on M, satisfying the following conditions:

X , . g
D=} Jib;— Y IiPi"'ﬁZl I;+ Zlys—“(g)a

j=1 i=1
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=1 =1 e=1 e=1

for (by; pi; 555 ts X5 y)e L. When ({1, - -+, {*)e CD and (F, @, @,) € FD are the elements
corresponding to each other such that (¢,)= D, and that (¢,)= D3, we have

4.1) (F)=D,,
by (3.1) and (3.2). We will prove the following lemma:

LemMma 4.1.  The set DAD' has the structure of a complex analytic subvariety of
Z with the complex dimension k+r+2a'+28'.

PROOF. Let €¥=%(M,, B, ,, a, B) be the subset of & consisting of the elements
k r a a’ B g’
Z ‘Ijbj’ Z Ii i» Z S5 Z té’ Z Xy Z Ye
i=1 i=1 =1 =1 e=1 e=1
such that (b;; p;; Ss; 15 X3 y,)€ L. Then € is an analytic subvariety of & and
dimeE=k+r+2a"+28".

Clearly, we can define a bijective correspondence between ¥ and DAD’. We have thus
proved Lemma 4.1. O

Let DAD(M,, Q, B, ,, x, B) be the subset of DAD’ such that each element consists
of principal divisors on M.

LEMMA 4.2. The set DAD is a complex analytic subvariety of DAD'. If DAD is
nonempty, then

dime DADzk+r+2a'+28' —(3—1)g .

Proor. Let J(M,) be the Jacobian variety of M, and u: Div(M,) - J(M,) the
Jacobi map. We define ii: DAD — J(M,)® by

(u(D1)50: O)s lf a,=ﬂ’=0
(D)= @(D,), u(Dy), 0}, if a'7#0and g'=0
A= (D), 0, w(Dy)), if a'=0and ' #0

(D)), w(D,), u(D3)), otherwise .

We note that degD,=degD,=degD;=0. Indeed, by (4.1), degD,;=0. degD,=
degD, =0 is clear. By Abel’s theorem (see [GrHa], p. 225), De Div®(M,) is a principal
divisor if and only if w(D)=0. Thus, DAD=i"'(0, 0, 0). Since i is holomorphic with
respect to the complex structure induced as above, DAD is a complex analytic subvariety
of DAD’. By the definition of /, we also have
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dimg DAD >dime DAD’ ~—dime (J(M,))* ™
=k+r+20'+28 —~3—1)g . O

We assume o' #0 and f'#0. Other cases are similar. Let AD(M,, @, B, ,, 2, B
be the set of triples (F,@,, ¢,) of meromorphic functions on M, such that
(F), (@) (¢,)) e DAD, deg(@,),, =2, and deg(@,),, = B. We define #: AD — DAD by the
projection 7(F, @1, ©2)=((F), (¢1), (¢,)) and we set V'=DAD—{all singular points}.

LemMMA 4.3. The set AD has the structure of a complex analytic variety, and then
n:n" '(V)— V becomes a holomorphic principal (C *)3=m bundle. If AD is nonempty, then

dimcAD>k+r+2a'+28' —3—1lg+(3—m).

PrOOF. Assume (F, ¢,, ¢,)e AD. Then ((F), (@1}, (@2)=((wy " F), (w2 @1), (w3
®,)) for any (wy, w,, w;)e(C*)>. Hence (C*)? acts on AD. Moreover, we can easily see
that (C*)3 acts on n~ (V).

To simplify the proof, we prove the claim for only one of the factors corresponding
to the functions not vanishing identically. We locally induce a complex structure from
DAD and prove that this complex structure is globally defined on 4D.

First, we assume that g>1. Let 3 be the Riemann theta function, and
D=Y"_ b=Y"%_ p; a divisor of M, with u(D)=0. The following lemma is proved in
[Mu, Chapter 2, §3].

LEMMA 4.4. There exists a constant A in C? depending only on the choice of the

normalized basis for the space of holomorphic 1-forms on M, and satisfying the following
conditions:

For a point v=(vy, -, v,_1) in (M~ with {by, -+, ba Py, = pa} O {v1s
Ug”l}=®, the mapping hu: VXMg—)Cu{w}ECP]_ deﬁned by
d . g—1 ' . '
D)= Uiz M4 = 25y ule) +ulz) —ulb,)
Hi=19(A_ ?=1“(Uj)+u(z)—u(pi))

is a meromorphic function on M, such that (h(D))=D.

We define 4,(0)=1. We fix such a v for each divisor B in V" and denote it by vg.
Then h,_(D)(z) is locally a holomorphic function with respect to D. Assume that Uy is
a sufficiently small neighborhood of B in V. Then (h,,(D))=D for D in Up.

We define

_ S
ty,: 0 H(Ug) > Ugx C*, fH((f),ﬁ i
‘ oo N0)
Then this is a bijective map between ™ 1(Uy) and Uy x C*. Hence we can give 1~ '(Up)
a complex structure c(vg). If H is another divisor and Upn Uy # &, then Up N Uy has

two complex structures c(vg) and c(vy). But
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TUBOTE;(D’ W)=(D, (gUH,UH(D)) ’ W) ’ gUB,UH=th/hUB

for each De Uy n Uy and we C*, and gy, 4,, is holomorphic with respect to D. Hence
the two complex structures are compatible. In the same fashion as above, this complex
structure is independent of the choice of {v,}. Therefore, we can induce the complex
structure ¢ to n~(¥), where n: (17 '(V), c)—> V and ty,: (n~Y(Up), ) > Ugx C* are
holomorphic and the following becomes a commutative diagram.

171 (Up) —2% Uy x C*
) l 1projection

Ug — U,
B B

We also have

TL_,;(D, WiWy)=w; s w,* huB=TUBl(Da Wi) W, .

Hence, we can give n: (7~ '(V), ¢)—» V a structure of a holomorphic principal C*
bundle. If B’ is a singular point of DAD, then B’ x C* is a singular locus of Uy x C*.
Thus we can give AD the structure of a complex analytic variety. Since the number
of components 4D is 3—m, we have

dimcADZzk+r+20'+2' —3~)g+(3—m).

In the case where g=0, we can prove the lemma in a similar fashion as above only
by taking []¢_, z—b)T1i_,(z—p;) instead of h,_. O

Now, we shall prove our theorems. We note that FD(M,, Q, B, ,, a, B) consists of
all the triples of meromorphic functions in AD satisfying the period condition.

ProoF oF THEOREM 1.2. We note that m=0, a’=a, f'=8 in this case. We fix
(Fo, @10; P20)€ FD and denote —(910)e — (@20)e0 +H(Fo)+(@Q)=3 J;bjo—3 I,p,o. Let
Pi={y1, """ V24 Y2g+15 " " "» V2g+r—1} e a basis for H{(M,—{pq, - ", Pro}) such that
{r1» ", v2,} is a basis for H,(M,) and that y,,,, is a simple closed curve around p,,
(i=1, -+, r—1). We denote by W, a neighborhood of (F,, ¢4, ¢5,) in AD such that
for (F, @, ¢,)e W,, I is still a basis for H,M,—{p,, -, p,}) where p; are puncture
points of (F, ¢, ¢,). We define holomorphic functions A¢: W, —C (i=1, - -+, 2g+
r—1,a=1, ---,4) as

A, @4, ¢z)=f CF, 04, 05).
Vi

Then,

FD A Wo= () (R{A5})"1(0).
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Hence, FD 1s a real analytic subvariety of AD and
dimg FD>2{k+r+20'+28' —(3—Ng+3} —4(r+2g—1)
=2[k+2a+28+5)—{(T—-Ng+r}]. O

Proor oF THEOREM 1.3. We pay attention to the elements of W, whose periods
are equal to the (Fy, @9, @20)’s. Since

FDA Wy O(A?)*I(J\ {(Fo, ©10s Q’zo))#@ s

we have that FD n W, contains a complex analytic subvariety of AD and
dim¢ FD>dimc FD n W,
>{k+r+20'+28'—3—-Ng+3} —4(r+29—1)
_ =(k+20+28+7—{(11 =g+ 3r} O
PrROOF OF THEOREM 1.4. We may assume that ¢,=0. Then, E;=1, E2=\/~—‘1,
E,=¢,, and E,= —\/—'1 ¢,. Hence, the period condition becomes as follows:
J FQ=0, j @, FQ=0 for any ye H,(M,— {puncture points}) .
y 7

Since
FDn Wo= [ (2)~1(0),

we know that FD is a complex analytic subvariety of 4D and since the number of 4{’s
not vanishing identically is at least (3 —m)(r +2g— 1), we obtain

dimc FD=k+r+20' +28 —3—-1)g+Q3—m—3—m)r+2g—1)
C={k+20'+2B +23—m)} — {2—m)r +(9—1-—2m)g} .

For the corresponding (f,, fs, f3, fu)€ AM, we see that f1—./—1f%and f3+./—1/*
are holomorphic functions on M,— {puncture points}. Hence (F, ¢, ¢,) corresponds

to a branched complete holomorphic surface in R* of finite total curvature via
identification R* and C2 by (x,, X, X3, X4) ~(x, —/— lx, x3++/—1x,). It is known
that such a surface is a stable minimal surface (cf. [La, Chapter I, §7, Corollary 28]).
Micallef showed that any branched complete stable minimal surface of finite total
curvature in R* is congruent to such a surface by an isometry of R* (see [Mil, Corollary
5.21 and [Mi2, Theorem]). Hence, we obtain Theorem 1.4. O
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