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Abstract. We consider a waveguide modeled by the Laplacian in a straight
planar strip. The Dirichlet boundary condition is taken on the upper
boundary, while on the lower boundary we impose periodically alternating
Dirichlet and Neumann condition assuming the period of alternation to
be small. We study the case when the homogenization gives the Neumann
condition instead of the alternating ones. We establish the uniform resol-
vent convergence and the estimates for the rate of convergence. It is shown
that the rate of the convergence can be improved by employing a special
boundary corrector. Other results are the uniform resolvent convergence
for the operator on the cell of periodicity obtained by the Floquet—Bloch
decomposition, the two terms asymptotics for the band functions, and
the complete asymptotic expansion for the bottom of the spectrum with
an exponentially small error term.

1. Introduction

During last decades, models of quantum wave guides attracted much attention
by both physicists and mathematicians. It was motivated by many interest-
ing mathematical phenomena of these models and also by the progress in the
semiconductor physics, where they have important applications. Much efforts
were exerted to study the influence of various perturbations on the spectral
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properties of the wave guides. One of such perturbations is a finite number of
openings coupling two lateral wave guides (see, for instance [7-9,12,15,18,19])
and such openings are usually called “windows”. If the coupled wave guides
are symmetric, one can replace them by a single waveguide with the opening(s)
modeled by the change in boundary condition (see [9,12,15]). The main phe-
nomenon studied in [7-9,12,15,18,19]) is the appearance of new eigenvalues
below the essential spectrum, which is stable with respect to windows.

A close model was suggested in [3], where the number of openings was infi-
nite. The waveguide was modeled by a straight planar strip, where the Dirichlet
Laplacian was considered. On the upper boundary, the Dirichlet condition was
imposed. On the lower boundary, the Neumann condition was settled on a peri-
odic set, while on the remaining part of the boundary the Dirichlet condition
is involved. In other words, on the lower boundary one had the alternating
boundary conditions. The main assumption was the smallness of the sizes of
Dirichlet and Neumann parts on the lower boundary. They were described by
two parameters: the first one, &, was supposed to be small, while the other,
n =n(e), could be either bounded or small.

The main difference between the models studied in [3] and in [7-9,12,
15,18,19] is the influence of the perturbation on the spectral properties: while
in the latter papers the essential spectrum remained unchanged and discrete
eigenvalues appeared below its bottom, in [3] the spectrum was purely essen-
tial and had band structure. Moreover, it depended on the perturbation and,
for example, the bottom of the spectrum moved as € — +0. Assuming that

elnn(e) - -0 ase — +0, (1.1)

it was shown in [3] that the homogenized operator is the Laplacian with the
previous boundary condition on the upper boundary, while the alternation on
the lower boundary should be replaced by the Dirichlet one. More precisely, it
was shown that the uniform resolvent convergence for the perturbed operator
holds true and the rate of convergence was estimated. Other main results were
the two terms asymptotics for first band functions of the perturbed operator
and the complete two-parametric asymptotic expansion for the bottom of the
spectrum.

In the present paper, we consider a different case: we assume that the
homogenized operator has the Neumann condition on the lower boundary,
which is guaranteed by the condition

elnn(e) - —co0  as e — +0. (1.2)

We observe that this condition is not new, and it was known before that it
implied the homogenized Neumann boundary condition for the similar prob-
lems in bounded domains, see ([13,14,16,17,20,24]).

We obtain the uniform resolvent convergence for the perturbed operator
and we estimate the rate of convergence. We also obtain similar convergence for
the operator appearing on the cell of periodicity after Floquet decomposition
and provide two-term asymptotics for the first band function. The last main
result is the complete asymptotic expansion for the bottom of the spectrum.
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Similar results were obtained [3] under the assumption (1.1), and now
we want to underline the main differences. We first observe that in [3] the
estimate of the rate of convergence for the perturbed resolvent was obtained
for the difference of the resolvents of the perturbed and homogenized operator
and this difference was considered as an operator from Lo into VV21 In our
case, to have a similar good estimate, we have to consider the difference not
with the resolvent of the homogenized operator, but with that of an additional
operator depending on boundary condition on an additional parameter

1

- . 1.
elnn(s)HJrO as e — +0 (1.3)

p=p(e) =

Moreover, we also have to use a special boundary corrector, see Theorem 2.1.
Omitting the corrector and estimating the difference of the same resolvents as
an operator in Ly, we can still preserve the mentioned good estimate. Omit-
ting the corrector or replacing the additional operator mentioned above by the
homogenized one, one worsens the rate of convergence. At the same time, this
rate can be improved partially by considering the difference of the resolvents
as an operator in Ly and such situation was known to happen in the case of the
operators with the fast oscillating coefficients (see [1,2,6,30,31,34-36,38,39])
and the references therein for further results). From this point of view, the
results of the present paper are closer to the cited paper in contrast to the
results of [3] and [29, Ch. I, Sect. 4.1].

One more difference to [3] is the asymptotics for the band functions and
the bottom of the essential spectrum. The second term in the asymptotics for
the band functions is not a constant, but a holomorphic in p function. In fact,
it is a series in p and this is why the mentioned two-term asymptotics can
be regarded as the asymptotics with more terms, see (2.8). Even more inter-
esting situation occurs in the asymptotics for the bottom of the spectrum.
Here the asymptotics contains just one first term, but the error estimate is
exponential. The leading term depends on € and pu holomorphically and can
be represented as the series in e with the holomorphic in p coefficients. For
the bounded domains, the complete asymptotic expansions for the eigenvalues
in the case of the homogenized Neumann problem were constructed in [4,25].
These asymptotics were power in e [25] with the holomorphic in p coefficients
[4]. At the same time, the error terms were powers in ¢ and the convergence
of these asymptotic series was not proved. In our case, the first term in the
asymptotics for the bottom of the essential spectrum is the sum of the asymp-
totic series analogous to those in [4,25]. In other words, we succeeded to prove
that in our case, this series converges is holomorphic in € and p and gives
the exponentially small error term that for singularly perturbed problems in
homogenization is regarded as a strong result.

Eventually, we point out that the technique we use is different: in addition
to the boundary layer method [37] used also in [3], here we also have to employ
the method of matching of the asymptotic expansions [27] and such combina-
tion was borrowed from [4,23-25]. We use this combination to construct the
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aforementioned corrector to obtain the uniform resolvent convergence. Simi-
lar correctors were also constructed in [13,20,24], but to obtain either weak
or strong resolvent convergence. We also employ the same corrector in the
combination of the technique developed in [21] for the analysis of the uniform
resolvent convergence for thin domains.

In conclusion, we describe briefly the structure of the paper. In the next
section, we formulate precisely the problem and give the main results. The
third section is devoted to the study of the uniform resolvent convergence.
In the fourth section, we make the similar study for the operator appearing
after the Floquet decomposition, and we also establish two-term asymptotics
for the first band functions. In the last, fifth section, we construct the complete
asymptotic expansion for the bottom of the spectrum.

2. Formulation of the Problem and the Main Results

Let = (71, 22) be Cartesian coordinates in R?, and Q := {x : 0 < 25 < 7}
be a straight strip of width 7. By €, we denote a small positive parameter, and
n =n(e) is a function satisfying the estimate

m
0<ne) < 5

We indicate by I'y and I'_ the upper and lower boundary of €2, and we parti-
tion I'_ into two subsets (cf. Fig. 1),

Ve ={z |1 —emj| <em,x2=0,j€Z}, T.:=T_\7..

The main object of our study is the Laplacian in L2(€2) subject to the
Dirichlet boundary condition on I'y U 7. and to the Neumann one on I'.. We
introduce this operator as the non-negative self-adjoint one in Ly (2) associated
with the sesquilinear form

belu,v] == (Vu, V), on Vi/QI(Q,I‘Jr Ue),

where W} (Q, S) indicates the subset of the functions in W (Q) having zero
trace on the curve S. We denote the described operator as H.. The aim of this
paper is to study the asymptotic behavior of the resolvent and the spectrum
of H. as ¢ — +0.

Ve ET EW I'.

FiGURE 1. Waveguide with frequently alternating boundary
conditions
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Let H) be the non-negative self-adjoint operator in Lo (92) associated
with the sesquilinear form

h(“) [u,v] := (Vu, Vo), ) + 1w, v),00) on W;(Q,I‘Jr),

where p > 0 is a constant. Reproducing the arguments of [5, Sect. 3], one can
show that the domain of H(*) consists of the functions in WZ(f2) satisfying
the boundary condition

(;9;2 pu=0 on I'_, u=0 on Iy, (2.1)

and
HWy = —Au. (2.2)
By || lro@)—ra2(@) and || - |1, ()—wi (@) We denote the norm of an operator

acting from Lo(Q) into L2(Q) and into W3 (Q), respectively.
Our first main result describes the uniform resolvent convergence for H..

Theorem 2.1. Suppose (1.2). Then

(e = )7 = (9 =Yyt < Copllnepl, (23
[(He —1) 7t — (H© — i)71||L2(Q)~W2 1) S Cu'’?, (2.4)
(e =) = (H® = ) g0y ace) < O (25)

where the constants C are independent of € and p, and p = p(e) was defined
n (1.3). There exists a corrector W = W (x,e, 1) defined explicitly by (3.17)
such that

[(He =7 = (U W) A ) y@)—wp@) < Cenllnenl,  (26)
where the constant C is independent of ¢ and p.

The spectrum of the operator H(?) is purely essential and coincides with
[.+00). By [RS1, Ch. VIII, Sect. 7, Ths. VII1.23, VIIL.24] and Theorem 2.1
we have

Theorem 2.2. The spectrum of H. converges to that of H(®). Namely, if \ ¢
[i,+oo), then A & o(H.) for € small enough. If X\ € [%,Jroo), then there
exists A\ € o0(H.) so that \c — X\ as € — +0. The convergence of the spectral
projectors associated with H. and H®)

|‘P(a,b)(Hs) - P(a,b)(H(O))” - Ov € — 07
is valid for a < b.

The operator H. is periodic since the sets . and I'. are periodic, and we
employ the Floquet decomposition to study its spectrum. We denote

QEZZ{ |J)1|<2 O<l‘2<ﬂ'}
S =00 Nv., [o:=00.NT., I'y:=00.NTy.
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By H.(7) we indicate the self-adjoint non-negative operator in Ly(£.) associ-
ated with the sesquilinear form

b ()[u, v] ((ia T)u<ia T)v) +(€)u 8v>
1> T b) = a.  — ’ a. Oxo’ Oy
Oxy € Oxy ¢ L () Oxz” 022 ) 1,0,

on Wgw(ﬁg,ﬂ U4.), where 7 € [—1,1). Here I/i/gl,pET(QE,f+ U4.) is the set
of the functions in VV21 (QE,IO‘Jr U ¥e) satisfying periodic boundary conditions
on the lateral boundaries of {2.. The operator H. (1) has a compact resolvent,
since it is bounded as that from Lo(€2.) into W3 (£2.), and the space W4 (€.) is
compactly embedded into Lo (€2.). Hence, the spectrum of H.(7) consists of its
discrete part only. We denote the eigenvalues of He(7) by A, (7, €) and arrange
them in the ascending order with the multiplicities taking into consideration

)\1(7—’5) g )\2(7-75) g < An(Tﬂg) <

By [3, Lemma 4.1] we know that
o(He) = oe(He) = | J{Mn(r8) i 7 € [-1,1)},

where o(-) and o4(-) indicate the spectrum and the essential spectrum of an
operator.

By £. we denote the subspace of Ls(€).) consisting of the functions inde-
pendent of z1, and we shall make use the decomposition

Ly(Q.) = £. @ £,

where £2 is the orthogonal complement to £. in La(2.). Let Q,, be the self-
adjoint non-negative operator in £, associated with the sesquilinear form

du dv o
alu o] = (d dx)( O o WO, ()

e., Q, is the operator 7% in Ly(0,7) with the domain consisting of the
2

functions in W2 (0, 7r) satisfying the boundary conditions
u(m) =0, «(0)— pu(0)=0.

Our next results are on the uniform resolvent convergence for 7‘0(5(7) and
two-term asymptotics for the first band functions.

Theorem 2.3. Let |7| < 1—3¢, where 0 < 3 < 1 is a fized constant and suppose
. Then for sufficiently small € the estimate

-1
|| ) -9,'®0

holds true, where the constant C' is independent of €, u, and ».

SO V2 u4e)  (27)

Lo(Qe)—La(02)
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Theorem 2.4. Let the hypothesis of Theorem 2.3 holds true. Then given any N,
for e < 2:'2N=1 the eigenvalues A, (rye), n=1,..., N, satisfy the relations

2

MG MR gy

R (7,6, )| < CeM2nte 2y,

where Ap(p), n=1,..., N, are the first N eigenvalues of Q,,, and the constant
C' is the same as in (2.7). The eigenvalues Ay, () solve the equation

VA cos VAT + psin VAT = 0, (2.9)
are holomorphic with respect to p, and
1\’ H 2
m(n-3)
Let
+oo 1

= ; /A% — B2j + /A2 - B)

It will be shown in Lemma 5.2 that the function 6(3) is holomorphic in § and
its Taylor series is

(2.11)

+oo . .
0(6) = — Z (2) = 12;;5,523 i l)ﬂj*, (2.12)

where ( is the Riemann zeta-function.
Our last main result provides the asymptotic expansion for the bottom
of the essential spectrum of H..

Theorem 2.5. For e small enough, the first eigenvalue A\ (7,¢€) attains its min-
imum at T =0,

inf )/\1(7, g) = A\1(0,¢). (2.13)

TE[-1,1
The asymptotics
A (0,8) = Ae, p) + O(ue Y22
holds true, where A(e, ) is the real solution to the equation
VA cos VAT + psin VAT — 2 puA3/20(?A) cos VAT = 0 (2.15)
satisfying the restriction

A, ) = Ay () +0(1), e—0. (2.16)

1

+ /212 (2.14)

The function A(e, 1) is jointly holomorphic with respect to € and p and can be
represented as the series

+o00 +oo
Ae,p) = Ay (p) + p? Z XM Ko (p) + p? Z ¥ Koi(n),  (2.17)

j=1 =2
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where the functions K;(p) are holomorphic with respect to u, and, in particu-
lar,

q¢) A (p)

Ki(p) = — L A () +p
Ky(p) =0,
. 30) Af(p)
Ks(u) = = 64 mAL (1) + p+ T’
Kolp) = €(3)* AT () (2m* AT (1) + Trpha (p) + 2 P Ay (p) + Tp? + Trp®)
T e (wA1(p) + p+ mp2)3
Kr(i) = — 5¢(7) Af(p)

512 A1 () + p + wp?’
3¢(3)¢(5
ot = K00
o M) (22 A2 (1) + 9mpaha () + 27 p? A () + 9p? + 9pi°m)
(mA1(p) + p+ mp?)? '

(2.18)

The asymptotic expansion for the associated eigenfunction of 7'015(0) reads as
follows,

. . -
||¢(7€) - \IIEHWQ(QE) = O(Me > + 5771/2)7 (219)
where the function U, is defined in (5.27).

Remark 2.6. All other coefficients of (2.17) can be determined recursively by
substituting this series and (2.12) into (2.15), expanding then (2.15) in powers
of €, and solving the obtained equations with respect to K.

3. Uniform Resolvent Convergence for H.

In this section, we prove Theorem 2.1. Given a function f € Ly(€2), we denote
e = (He —i)7Vf, ul = (HW —1)71f.

The main idea of the proof is to construct a special corrector W = W (z, e, u)
with certain properties and to estimate the norms of v, := u. — (1 + W)u(*)
and uWW. In fact, the function W reflects the geometry of the alternation
of the boundary conditions for H., and this is why it is much simpler to esti-
mate independently v, and u(® W than trying to get directly the estimate for
ue — ul® and u. — u®. Next lemma is the first main ingredient in the proof
of Theorem 2.1 and it shows how W is employed.

Lemma 3.1. Let W = W (z,e,u) be an em-periodic in x1 function belonging
to C(Q) NC®(Q\{z : 22 =0, zy = Len + emn, n € Z}) satisfying boundary
conditions

ow
W=-1 on 7., T = M om I, (3.1)
L2
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and having differentiable asymptotics
0
Wi(x,e,u) = 01(57/1)7”31.:/2 sin % +O(ps), r+— +0. (3.2)

Here (ry,04) are polar coordinates centered at (£en,0) such that the values
0+ = 0 correspond to the points of v.. Assume also that AW € C(Q). Then
(1 +W)ul) belongs to W3, T U~.), and
IVvelIZ ) + illvellZ, ) = (Fs 0 W) o) + (AW, v.) (0
721(71(”)”/, 'UE)LQ(Q) — 2(WVu(“), V”UE)LZ(Q)
—p(u", W)y r)- (3.3)

Proof. We write the integral identities for u. and u(*),
(Vue, Vo), ) +i(ue, @), = (f, ) a0 (3.4)
for all ¢ € W(Q,T'4 U~.), and
(Vul, Vo) () + u(u", 0)yr ) + i, 9)ry0) = (£, D)o@ (3:5)
for all ¢ € WL(Q,T',). Employing the smoothness of W, (3.1), (3.2), and
proceeding as in the proof of Lemma 3.2 in (3], we check that (14 W)¢ €
W;(Q, ', U7y.), if ¢ belongs to the domain of H. or H*). Hence, (1+W)uH) €
W5 (2, T4 U~e). Thus,
(1+ W), € WHQ, T4 Unre). (3.6)
We take ¢ = (14 W)v, in (3.5),
(Vu™, V(1 +W)ve) 1, 0) + ™, (1+W)ve)p,r)
+i(u™, (1 + W)ve) Ly = (f, (1 +W)ve) o),
(Va™ (1 + W)Vve) L, ) + (™, (14 W)ve) Lo (o)
= (£, (1+ W)ve) Ly() — (VU 0e VW) ) — p(u®, (14 W)ve) Ly,
(VL +W)u, Vo) @) +i((1+ W)u™ v @)
= (f, (1 + W)ve)1,00) — (Va0 VW) 1, (0
+ (WY, Vo) 1y 0) — p(@®, (14 W)o) Lyr)-
We deduct (3.4) with ¢ = v, from the last identity,
IV0ell ) + illvelF ) = —(Fs Woe) Ly() + (Vul?, 0.V W) Ly (o)
— (uWMVW, Vo) ) + w1+ W)v) .- (3.7)
We integrate by parts taking into consideration (3.1), (3.5), and (3.6),
(Vu™, 0. VW) 1, 0) — WV, Vo)1, )
= (Vu(“),UEVW)L2(Q) + /u(“) Z—Zﬁa dzq + (div u MW, Ve) Lo (Q)
r.
= 2(VU(M),UEVW)L2(Q) — u(u(“),vs)Lz(ps) + (u(“)AW’, Ve) Ly ()5
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and
(Vu'™ 0. VW) 1,0y = (Vu'™, VW0, 1, ) — (Vul™ , WV0) 1,0
= (f, Wve) Lo — i@, Woe) py 0
— p(utM, Woe) iy — (Vu, WVve) L, 0)-

We substitute the obtained identities into (3.7) and this completes the proof.
O

As it follows from (3.3), to prove the smallness of v. in W3 ()-norm, it
is sufficient to construct a function W satisfying the hypothesis of Lemma 3.1
so that the quantities W and AW are small in certain sense. This is why we
introduce W as a formal asymptotic solution to the equation

AW =0 inQ, (3.8)

satisfying (3.1), (3.2) and other assumptions of Lemma 3.1. To construct such
solution, we shall employ the asymptotic constructions from [4,25], based
on the method of matching of asymptotic expansions [27] and the bound-
ary layer method [37]. We also mention that similar approach was used in [24,
Lemma 1] for constructing a different corrector.

First we construct W formally, and after that we shall prove rigorously
all the required properties of the constructed corrector. Denote & = (£1,&3) =

zeL, <) = (O, ), ) = (& — mimt, ) = &n~. Outside a small
neighborhood of 7. we construct W as a boundary layer

W (2,2, 1) = epX (€).
We pass to £ in (3.8) and let = 0 in the boundary conditions. It yields a

boundary value problem for X,

0X

A X =0, >0, —
e

“+oo
=1, gemi= {6 =01\ J {0}

j=—c0

(3.9)

where the function X should be m-periodic in & and decay exponentially as
&o — +o00. It was shown in [23] that the required solution to (3.9) is

X (&) :=Relnsin(& 4+ i&) +1In2 — &.
It was also shown that
XeC*({{:& 20, # (7,0), j € Z}),
and this function satisfies the differentiable asymptotics
X(§)=In[¢ — (m,0)[+n2 — & + O(|¢ = (w,0)), £ — (75,0), jE€Z.
(3.10)

In view of the last identity we rewrite the asymptotics for X as £ — (77,0) in
terms of ¢(9),
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enX (€) = ep(In|€ = (75,0)| + In2 — &) + Oleplé — (w4, 0)[*)
=—1+4+eu <ln <]+ In 2) - e,zmgz(j) + O(epn?|s D). (3.11)
In accordance with the method of matching of asymptotic expansions it follows

from the obtained identities that in a small neighborhood of each interval of
7. we should construct W as an internal layer,

Wz, e, p) = =1+ euW 7 (c0)), (3.12)
where
WD) = |cD] +In2 +0(1), @) — +oo. (3.13)
We substitute (3.12) into (3.8), (3.1), which leads us to the boundary value
problem for Wi(g),
AW =0, >0,

‘ , S _
W =0, W ey, G=0 Wert, (3.14)
05y
Yi={c: Jal <1, =0}, TI':=0q\y".

It was shown in [23] that the problem (3.13), (3.14) is solvable and
Wi(i)(g(j)) =Y(), Y():=Reln(z+V22—-1), z=q¢ +icw, (3.15)

where the branch of the root is fixed by the requirement /1 = 1. It was also
shown that

Y(s)=Inls| +In24+0O(s|7?), ¢— . (3.16)
As it follows from the last asymptotics, the term fs,ugéj ) in (3.11) is not
matched with any term in the boundary layer. At the same time, it was found
in [4,24,25] that such terms should be either matched or cancelled out to obtain
a reasonable estimate for the error terms. This is also the case in our problem.
In contrast to [4,24,25], to solve this issue we shall not construct additional
terms in W, but employ a different trick. Namely, we add the function eués to
the boundary layer and add also —uxs as the external expansion. It changes
neither equations nor boundary conditions for W but allows us to cancel out
the mentioned term in (3.11). The final form of W is as follows,

W (a,e,1) = —pws + ep(X(€) + &) _ﬁo (1= (59m"))
+ io X1 (Ic(j)lna> (71 +s,uY(<(j))>, (3.17)

j=—o00

where o € (0,1) is a constant, which will be chosen later, and x; = x1(t) is
an infinitely differentiable cut-off function taking values in [0, 1], being one as
t < 1, and vanishing as ¢ > 3/2. It can be easily seen that the sum and the
product in the definition of (3.17) are always finite.
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Let us check that the function W satisfies the hypothesis of Lemma 3.1.
By direct calculations we check that the function W is em-periodic with respect
to 1, belongs to C(Q) N C>®(Q\{z : z2 = 0, 21 = +en +emn, n € Z}), and
satisfies (3.2). The boundary condition on 7. in (3.1) is obviously satisfied.
Taking into consideration the boundary conditions (3.9), (3.13), we check

ow ox T e
87@ z€l. M+E“<a€2’,§gpo+1> jl_[ <1_X1(‘§J |Tl ))

+ep Z xa (5P )881(;)

Jj=—00 2

= —H,
c@ert

i.e., the boundary condition on I'; in (3.1) is satisfied, too.
Let us calculate AW. To do it, we employ Egs. (3.9), (3.13),

—+oo
AW(@) =2 > Voxi (K9°) - VWil (., )

j—foo
+ Z W, (w6, 1) Auxa (Ic(”\n“), (3.18)
]——OO

W@ e ) = =1+ e (YD) = X() - &).

It follows from the definition of &, <), y1, X, Y, and the last formula that
AW € C*°(Q). Thus, we can apply Lemma 3.1. To estimate the right hand
side of (3.3), we need two auxiliary lemmas.

Given any ¢ € (0,7/2), denote

“+o0
U Qg, Qg ={z:|r— (7,0)] <ed} NQ.
Jj=—0o0

Lemma 3.2. For any u € W3 (Q) and any § € (0,7/4) the inequality
el sy < €8 (10872 1) ullw o (3.19)

holds true, where the constant C' is independent of § and u.

Proof. We begin with the formulas

—+oo
lullZ e = D IlullZ, qs):

j=—00
gy = [lu@Pds =< [ jueoPde (320
Q9

|€—(735,0)[<5, £2>0

e / Ixa(€ — (7, 0))u(e€) 2 de,

|€—(735,0)[<3, £2>0
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where x2 = x2(£) is an infinitely differentiable function being one as |£]| < §
and vanishing as || > 7/3. We also suppose that the functions x2, x5 are
bounded uniformly in £ and §. Hence,

Xo- = (. 0))u € W3 (I} 011)), 11} i={¢: |6 —mil < 5, 0< &2 < 1},
By [28, Lemma 3.2], we obtain
2 [ heuPdg<oe(ml+ 1) [ (Ve + ) de
|6~ (75,0)|<8, £2>0 m
< 02813 +1) (IVeul Loy + el o)
< CF (1] + D)lullfya (arfor —emjl<en/2,0<an<n))

where the constants C' are independent of j, , 4, u, and u. We substitute these
inequalities into (3.20) and arrive at (3.19). O

Lemma 3.3. For any u € W(Q) and any § € (0,7/2) the inequality
[ull Lovey < C8 P lullwziy, A2 = A{a: o1 —emj| < &6, @y = 0},

holds true, where the constant C' is independent of €, §, and u.

Proof. 1t is clear that

“+oo
lull L,y = Z Hu||L2(ngj), VSJ ={z:|z1 —emj| <ed, xzoa =0}. (3.21)

j=—o0

It follows from the definition of 2 (see the proof of Lemma 3.2) that

1 ) 2
sy = [ o (2 =) w0 d. (3:22)
'ng
Since
Xy a
T . T .
X2 (?1 - WJ) u(ry,0) = / 8701 (X2 (?1 - W]) U(xl,o)) dzy,
emj— -

by the Cauchy—Schwartz inequality we get

o (2 )0
x ou

=2 (T =) g, 0) e (T =) o),

‘Xz (% -y, 0) u(xy,0)

ou
< -
<C 5/'ax1(x170)
Ye,j

. em
Ve 1= {x Day —emjl < > T9 = 0},

’ 2

2
dzy +571/|u(x170)\2dx1 ,
Ye,j



1604 D. Borisov et al. Ann. Henri Poincaré

where the constants C' are independent of j, €, , and u. The last estimate and
(3.22) imply

2
e (o I L |

where the constant C' is independent of j, £, d, and u. We substitute the
obtained inequality into (3.21) and employ the standard embedding of W3 (£2)

into W4 (I'_) that completes the proof. O
Lemma 3.4. The estimates

IAW| < Ce™tu(l+n*?), zeQ, (3.23)

W| < Cen(|lné| +1), =€\, gna <<t (2

W] < Ca e, ;na <5<, (3.25)

are valid, where the constants C are independent of €, u, n, §, and x.

Proof. Since W is em-periodic with respect to x1, it is sufficient to prove the
estimates only for |z1]| < em/2, 0 < x2 < 7. It follows directly from the defini-
tion of X, Y, and (3.13), (3.16) that for any § € (0,7/2)

XEI<O(msl+1), lal<3, &>0, l¢>6
YOI<C(mon™+1) <O (I +e 07", Jol <on ",

where the constants C' are independent of ¢, u, 1, §, and x. These estimates
and (3.17) imply (3.24), (3.25).
It follows from the definition of x; that AW is non-zero only as

3
< W< on

For the corresponding values of = due to (3.13), (3.15) the differentiable asymp-
totics

Wih(.2,1m) = O (eu(lsV] 72+ [¢3)).
3
<l < o0,

—« 3 —a
n' <|§|<§n1 :

holds true. Hence, for the same values of & and ¢(1)
Wmat - O (EIU/(UQ(X + 772_20))7
VWit = O (u(n W17+ [€) = O (ulr = +5%1)).

Substituting the identities obtained into (3.18) and taking into consideration
the relations

VX1 (|§(j)|na> =0 Y, Ay <|§(j)|77a) = O(e72p272),
we arrive at (3.23). 0
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Let us estimate the right hand side of (3.3). We have
(fs Woe) Lyl < I1f Lo W vellzy @),
IWvell, ) = IWoellZ, a0 + 1WellZ, qs)-
Let 6 € (21, Z). Applying Lemma 3.2 and using (3.24), (3.25), we have

(3.26)

||715WHL2(Q\96) < O (b + Dlvell7, \08):
HUEW||2L2(95) < C8(|Ind] + 1)”“5”%/[/21(9)-

Here and till the end of this section we indicate by C' various non-essential con-
stants independent of €, u1, 1, 8, x, v., u™, and f. The inequalities (3.27) yield

(W) Laey| < C (n 6] + 0] a2 +6) ue g o) I 2acey (3:28)
It follows from the definition of u(*) that
14 w2y < Cllfllza@)- (3.29)

Taking into consideration this inequality, we proceed in the same way as in
(3.26), (3.27), (3.28),

||U(“)WHL2(Q) < C(ep|Ind| + 6| Ino*/? + 5)||U(“)||W21(Q)
ep| 3| + 0| 8|2 + 6)|| £l £y ) (3.30)
ep| o) + 6| 8|"% + 6)[|u™ [z @)
£u|ln5|+5|1n6|1/2+5)||f||L2(Q), (3.31)
\(u(“), Woe)r, @) + (Vu, WY Ly

< [ W |y v o) + WV Ly @) Vel o)

< Clep| 6] + 6/ 8|2 + 6)|| £l Lo e llw ) (3.32)

Employing (3.23) instead of (3.24), (3.25), and applying then Lemma 3.2
with § = n%, we get

[u AW | Ly() = [ AW | Ly (0y,0)
< On°e —3/2 1/2( +n4a—2)”u(u)||w2l(m
< Cnfe ~3/2 1/2(1+174°‘72)||f\|L2(Q)~ (3.33)

Using (3.24), (3.25), (3.28), Lemma 3.3 with § = 0 € (n®,7/2), the embedding
of W2(Q) in W}(I'_), and proceeding as in (3.26), (3.27), (3.28), we obtain

(

-)
| @ Woe) | < T Wy lloell oo ) < Cllu Wy loe w0
[ PWIr, = W + a3

(3.27)

(
< O
W VU | Ly 00) < C(
< O

Ly(T\9) La(vd)
< O (o + 1)][u™3, 1) +C(s||u<~>||§v22(m (3.34)

c (5+ 2| o) + 1)) IF11Z, (@)

‘(u(”), Wo.)Lyr,| < C (51/2 +ep(|Ind| + 1)) I £l o)

N
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Let @ € (1/2,1). The last obtained estimate, (3.28), (3.32), (3.33), and (3.3)
yield
[oell3ys 0y < COI 81" + ep|In 6|+ ep® 3] + 6" 2)[| £l Lo lve w0
and it is assumed here that
Nt <d<m/2, Nt <b<m/2 6=20(c)— +0, d =0(c) — +0 ase — +0.
Thus, taking 6 = eu, 6 = £2u2, we get

[vellwz @) < Ceplnep|(|fllr. ),

and it proves (2.6).
We take 0 = ep in (3.30) and employ (2.6),

[(He = 1)1 f = (™ = )7 fllpy0) = llue — ul™)| 1y
lue = (1 + W)u™ |1, ) + [ W1, @)
CeplInep||| fll L, @)

NN

which proves (2.3).
Lemma 3.5. The estimate
IV @Y W)l zo () < Cu?|| £l ooy (3.35)
holds true.
Proof. We integrate by parts employing (3.1), (3.2), (2.1), (2.2),
IV (@ W)IIZ, 0

_ (8u<u)mu<u>w>

8:172

_ (A(U(M)W% u(“)W>

Lo(T2) L2 ()

ow
= —M”U(”)W”%Q(r,) +/|U(H)|27ax dxq +H(U(“)7U(”)W)L2(FE)
2
’YE

_ () (1) _ (1) 4 ()
(WA, Wulr) ) 2<WVu U VW)L2(Q)

_ (uw) AW, “(M)W)L o
>

We take the real part of this identity,
IV W)1Z, @)

ow
:Iul(u(.“)’u(ll)W)Lﬂr‘E) +/\u(u)|2a day
T
Ye

—pullu W3, ) = Re(WAu™ Wul)p, )

—92Re (WVU(“), u(“)VW> W AW, () W) . (3.36)

L) ( L2(9)
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Let us calculate the fifth term in the right hand side of the last equation. We
integrate by parts employing (2.1),

2 Re (WVu(“), u(“)VW)
L2(2)

= 1/VVI/'2~V|U<M>|%195

1
= —f/W2—|u |*day — §/W2A|u(”)|2dx
Q

= —pllu WL, oy = Re(Wul?), WAu) 1, o)
—||WV“(“)H%2(Q)-
We substitute the last identity into (3.36),
ow
||V(U(H)W)||2LQ(Q) = N(U(“)’U(”)W)Lg(rs) + / |U(“)|28762 dzy

Ye

WV 2, ) — (u(“)AW, u(")W) BPRRNCE

Taking § = ep in (3.31), we get
IWVul| L, ) < Ceplnepl| £y (3.38)
It follows from (3.30) with ¢ = e and (3.33) that
[ AW, a0 0| < e 22 el 1y, € (1/2,D)
(3.39)
Employing (3.17), (3.15), by direct calculations we check that

+oo
/I (”)|2—d:z:1 3 /| 28Wd:c1

]7700

= e/ Z /|u(“)|2 arcsin 677€7T] dzy,

]——oo

and
—c
/ \u(”)| arcsm mJ day
en
emj 9 )
—c
— / |u(“)|267 (arcsin % + g) dxy
emj—eN !
emj+ten

P .
+ / |u(“)|28—m1 (arcsinmlengm - ;T) day,

emy
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= 7|u™ (emj, 0)|? + / (arcsin noen o r sgn(xry — 57rj)>

en 2
76,]'
(“)x —— )2 day,
where
emy 5
1
(1) ; 2 _ - . _ P (1)|2
u®) (emj, ) = - / = (01— en(G = D)) da.
en(j—1)

Thus, in view of the embedding of W(Q2) into W4 (I'_) and (3.29)

/| ()2 7dm1 1z Z / ’ (21 —em(j —1)|[u™?| day
]_700571-(3 1)

+epm Z /‘8 1|u dz; < CU||f||L2(Q)
]7—00

We substitute the obtained estimate, (3.34) with & = 242, (3.38), (3.39) into
(3.37) and arrive at (3.35). O

The proven lemma and (2.6), (3.30) with ¢ = ex imply
I(He —1)7" — (K" — 1)~ ||L2(Q Wi Q) S < Cyptl? (3.40)
The resolvent (H*) —1i)~! is obviously analytic in y and thus

J(H® =)=t — (RO — 1)~ ||L2 @-wi@) < Cp.
This inequality, (3.40), and (2.3) yield (2.4), (2.5).

4. Uniform Resolvent Convergence for 7:25(7')

This section is devoted to the proof of Theorems 2.3, 2.4. The proof of the
first theorem is close in spirit to that of Theorem 2.3 in [3]. The difference is
that here we employ the corrector W as we did in the previous section. This
is why an essential modification of the proof of Theorem 2.3 in [3] is needed.

We begin with several auxiliary lemmas. The first one was proved in [3],
see Lemma 4.2 in this paper.

Lemma 4.1. Let |7| <1 — 5, where 0 < » < 1, and

72

v. = (ﬁsm - 52)_1 fo e L),
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Then
1Uell a0y < 4l fllzaca.)s

<2l llz200) (4.1)

e .

2
152],., < el leacony

If, in addition, f € £, then
€
1Uell 2200 < Wllf\\m(ne), IVUellzz0) < 51 Fllza0- (42)

L2 ()

It was also shown in [3] in the proof of the last lemma that for any
u € W21,per(967F+) and |T| <1—2

(- 2)

2

2
L2 (90) 52 ” ||L2(Q ) 2 H8x1’

La(9.)

(4.3)
[, e, 2 Sl
Lemma 4.2. Let F' € Ly(0, 7). Then
(' F)(0)] < 5[ F | 1y0,m)-
Proof. We can find Q;,' F explicitly
1 ™
(P en) =~ [ (Joa —tl =7+ P00+ ute - ) ) PO
0
Hence, by the Cauchy—Schwartz inequality
. L7
(@ PO < g [ Cr = DIt < 5Pl o,
0
that completes the proof. O

Proof of Theorem 2.3. Let f € La(£2:), f = F.+f+ where F. € £, f+ € £L,

F. (372 fs d.’1717

Eﬂ'

|
N \M‘;,

en|| FellZ,0.m + ||f§||ig(ﬂi) = 1f 170

i 22\ 7t ) 22\ ! . 22\ ! N
(HE(T) — 52) f= (HE(T) — 52> F. + (HE(T) — 52> I
), (4.4), we obtain

H( n-5)

€ L c
S a7 S an @5
La(Q0) %1/2||f6 ”Lz(ﬂs) %1/2||fHL2(QE) ( )
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‘We denote

7_2

-1
U. := <ﬁe(r) - €2> F., UMW :=Q'F,
Ve(z) = Us(z) = U (@) = US(O)W (&, p)xa (22),
where, we remind, the function x; was introduced in the thiord section. In view
of (3.1) and the definition of U, the function V. belongs to Wy ,.,.(Q, Ty UAe).

We write the integral identities for U. and Ug(” ),
2

o T
e (7)[Ue, @] — ?(U87¢)L2(QE) = (F, ) 1,0 (4.6)
for all ¢ € Wzl,per(QE, I'; U4.), and
™ 4 -
i + U (0)8(0) = (Fey ) 1(0m) (4.7)
de d.’EQ (0,7)

for all ¢ € WL((0,7),{n}). Given any ¢ € Wzl’per(ﬂs,fbr), for a.e. z; €
(—em/2,em/2) we have ¢(x1,-) € Wi ((0,7),{r}). We take such ¢ in (4.7)
and integrate it over zy € (—em/2,em/2),

(1)
Uz 9¢ (1) _
(de’ 8172) U, 0) iy = (Fe @) racn)-
L2(Q:)

The function U is independent of z;, and hence

li - Duw, ii ~T)s
oxr1 € Jx1 ¢ La(92)
<U(M) <,8 — T) ¢>
e dr1 € La(9)

7_2
= ?(Us(“)7 ¢)L2(Qs)'

The sum of two last equations is as follows,

(k)
(Qa_f)Ugm,(i@_f)qs) e
dr, € or, ¢ La(Q) Oz~ Oza Lo(2)

(U(”) O o) + UM, 0) 1) = (Fer 9) Lo (4.8)

We let ¢ = V. in (4.6), (4.8) and take the difference of these two equations,

0 0 T
- _ L (n) i 2 L
<< Oy 5) (e =5, <18331 5) VE>L2(QE)

0 oV, 72
(k) _ 17w
+ (8 2(U Uy, 5w2>L2(Q ) = (U, = U ,‘/g)Lz(QE)

= w(U, Vo) iy
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We represent U, — 1) as Ve + UE(“)(O)le and substitute it into the last
equation,

i—
H< Oy 5) : L2(2)

0 T 0 T
= (UMW V. . U — — 2w i— -~V
(U, )Lz(Fa) 2(0) 18171 - X1, 18561 - Lo
2
Us(u)(())<aWX1 aVE) - Tyw
La(9.)

2

ov. || 2

(9:172

"

L2 ()

61‘2 ’8.’112 22 ( )(WX17V)L2(QE)

2ir (OW
= U 0) (u(w,vs)w (W0 Ty~ o (V) )
L2(S2)

(4.9)
We integrate by parts employing (3.1),

2ir (OW 2iT oV,
(T ey~ = (5
£ 1 La2(Q2) 9 1 L ()

W Vo), — (VIWX1), VVa) 1, a.)

ow
= (W, Vo) i) + (8 Vs> (AW X1), Vo) a0
L2 Lo (T'2)

and

= (AWX1, Vo) La(a.)-
Together with (4.9) it yields

i
H( Oz 5> : La(92:)

2i oVve
— Ul (0) ((A(WM),%)LZ(QE)Jr T (wxl, ’ ) ) (4.10)
L1/ La(90)

It follows from Lemmas (4.2) and (4.4) that

2 8%2

8332

"

= IVellZ, .
LZ(QE)

U4 (0)] < 51 2| £ Locer,)-

Hence, we can estimate the right hand side of (4.10) as follows

2ir V.
UE(H)(O) ((A(WX1)7‘/€)L2(Q ) <W X1, ) >|
L2 (02:)

Ox

<5me 2| flla 00 <||A(WX1)||L2(Qa)||VaILZ(QE)

2 Wl oo

’é?V

a 1 L2(QE) >




1612 D. Borisov et al. Ann. Henri Poincaré

_ 1
< 50m%e AW X)) 1 F 1700 + §||Vs||2L2 Q.)

oVe

$25m W i + 2 | G

L2(S2e )
We substitute this inequality and (4.3) into (4.10),

av.|I? 1 _
7|5 + < IVell7, (. <507 1||f|\2L2(QE)||A(WX1)||2L2(Q )
6I1 La(Q0) 4
2 €
o aV.
+25m IWI 0 + 5 1Vel i + ]| G
L1 LQ(Q)

Vel 0 < € (6’1Hf||L2(QE>HA(WM)IILQ(QE)
512 ) IW 1 )
IVellzacon < € (= 21AW ) | aen)

32 W ) 1S st

where the constants C' are independent of ¢, p, 3, and f. Combining the last
inequality, Eq. (4.4) and Lemma 4.2, we arrive at

U = UM||Ly000) < IVellzagon) + TS O)IW ]Iy c00)
< NVellzaoy + Ce 21 f o) Wl Lo
<C (VAW st + 2722 W 00 ) 1 laen), (411)

where the constants C' are independent of €, u, s, and f.
Let us estimate ||[W||1,(q.) and |A(Wx1)|z,(.). We have

W12, 0.y = WL, @008 + W2, 00 n0s)-
We take § = 21 and in view of the definition (3.17) of W we obtain

||WHi2(sz€\m) = €2M2||XH%2(QE\Q‘5) <et? / \X(5)|2 d¢ < Ce'p®

[€1]< 5, €2>0

where the constant C' is independent of €, u, s, and f. It follows from (3.25)
that

w2 . SO e (0,0)
L2 (9. noin

where the constant C' is 1ndependent of € and 7. Hence,
IWllz0.) < Cp, (4.12)

where the constant C' is independent of € and p.
The definition (3.17) of W, Egs. (3.9), (3.14), the estimate (3.23), and
the exponential decay of X,

X()=0(e™*"), & — +oo



Vol. 11 (2010) On a Waveguide with Frequently Alternating Boundary 1613

yield that
2

)

ow
A1) 0y < 2IAWIE, o, + 2 |25 + W

||AW||2L2(QE) < 0M27]272a7 o€ (1/27 1)7
2

L2 (Q)

-1
< C/L2e 2e ,

ow
H28X'1 + Wiy
L1 L2(02)

where C' are positive constants independent of €, 7, and p. We substitute the
last estimates and (4.12) into (4.11),

HUE - Ué#)||L2(QE) < C%_l/Ql’égl/QHf”LQ(Qa%

where the constant C' is independent of ¢, u, and . Together with (4.5) it
completes the proof. O

Proof of Theorem 2.4. First we obtain the upper bound for the eigenvalues A,,.
To do this, we employ standard bracketing arguments (see, for instance [33,
Ch. X1, Sect. 15, Prop. 4]), and estimate the eigenvalues of 7%5(7) by those of
the same operator but with » = 7 /2, i.e., with Dirichlet boundary condition
on I'_. The lowest eigenvalues of the latter operator are

72 5 (2+T)2_T2—|—n2 (2—7)2%— 72

— +n5, +n2, n=12...
€

9

g2 g2
Hence, for n? < 4scc=2 the lowest eigenvalues among mentioned are 72e~2+4-n?2,
and thus

1 <\ 7 2 1/2_—1

1S n(T,E)—?gn, n < 2 /e (4.13)
The lower estimate was obtained by replacing the boundary conditions on I
by the Neumann one. In the same way we can estimate the eigenvalues of @,
replacing the boundary condition at x5 = 0 by the Dirichlet and Neumann
one,

0< An(r) < n? (4.14)

uniformly in p for all n € Z.
By [29, Ch. I, Sect. 1, Theorem 1.4], Theorems (2.3), and (4.13), (4.14)
we get

1 - 1
)\n(T, E) — S An(:u’)

7_2

M(7:0) = T = 80| < O 2 4 A )

< Co 12612y,

2
An(rye) — =

&2
< CTL4%71/2(,U61/2 +e),

which proves (2.8).
The eigenvalues A,, (1) are solutions to Eq. (2.9), and the associated eigen-
functions are sin /A, (z2 — 7). Hence, these eigenvalues are holomorphic with
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respect to p by the inverse function theorem. The formula (2.10) can be checked
by expanding Eq.(2.15) and A,,(u) with respect to p. O

5. Bottom of the Spectrum

In this section, we prove Theorem 2.5. The proof of (2.13) reproduces word by
word the proof of similar equation (2.5) in [3] with one minor change, namely,
one should use here identity

1
A(0,¢e) = 1 +o(1), &— 40, (5.1)

instead of similar identity in [3]. The identity (5.1) follows from (2.8), (2.10).
In order to construct the asymptotic expansion for A\;(0,¢), we employ
the approach suggested in [4,23-25] for studying similar problems in bounded
domains. ) )
The eigenvalue A1 (0,¢) and the associated eigenfunction ¢ (z, ) of H.(0)
satisfy the problem

— Az/cj(x,s) = )\1(0,5)’(/3(%,8) in Q,
o
o

and periodic boundary conditions on the lateral boundaries of €2.. We con-
struct the asymptotics for A;(0,¢) as

A1(0,e) = A(e, p),

(5.2)

Y(z,e) =0 on D'y U5, (2,6)=0 on TI..

where A = A(e, p1) is a function to be determined. It view of (2.8) with 7 =10
the function A should satisfy (2.16).

The asymptotics of the associated eigenfunction z/ajg is constructed as the
sum of three expansion, namely, the external expansion, the boundary layer,
and the internal expansion. The external expansion has a closed form,

e (z, A) = sin VA(zq — 7). (5.3)

It is clear that for any choice of A(e, ) this function solves Eq. (5.2), and
satisfies the periodic boundary conditions on the lateral boundaries of Q..
The boundary layer is constructed in terms of the variables ¢, i.e., % =
Yl(¢, 1). The main aim of introducing the boundary layer is to satisfy the
boundary condition on I'.. We construct ¢/? by the boundary layer method.
In accordance with this method, the series 1% should satisfy Eq. (5.2), the
periodic boundary condition on the lateral boundaries of 2., the boundary
condition

OEE ) bl
ver | ot
8562 81172

and it should decay exponentially as &5 — +4o0.

=0 on I., (5.4)
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It follows from (5.3) and the definition of ¢ that %" should satisfy the
boundary condition

8'(/)“
3}

10“0::{§:O<\§1|<g,§2>0}.

= —VAcosVAr on ID’O7
(5.5)

Here we passed to the limit  — +0 in the definition of I..
We substitute 1* into Eq. (5.2) and rewrite it in the variables &,

—Aql =AY, cell, M={¢:lal< g, &>0}  (56)

To construct wgl, in [4,23-25], the authors used the standard way. Namely,
they sought ¥* and A(e, ;1) as asymptotic series power in e. Then these series
were substituted into (5.5), (5.6), and equating the coefficients at like powers
of € implied the boundary value problems for the coefficients of the mentioned
series. In our case we do not employ this way. Instead of this we study the exis-
tence of the required solution to the problem (5.5), (5.6) and describe some of
its properties needed in what follows.

By U we denote the space of m-periodic even in & functions belonging to
C°°(I1\{0}) and exponentially decaying as £&; — -+oo together with all their
derivatives uniformly in &;. We observe that X € 0.

Lemma 5.1. The function X can be represented as the series
+oo

X)) =- Z %e*Q"& cos 2néy, (5.7)

n=1
which converges in Lo(I1) and in CF(IIN{¢: € > R}) for each k >0, R > 0.

Proof. Since X € ‘U, for each & > 0 and each k > 0 we can expand it in

C*[-m/2,7/2],
+oo P
X(f) = ZXn(£2) €os 2”51; ||X(a€2)||i2(_%7%) = 5 ZXEL(£2)?
n:li n=1 (58)
Xalea) =2 [ X(€)coszngy d,

INE

Integrating the second equation in (5.8) with respect to &, we obtain the
Parseval identity

+o00
71'
IXIZ oy = 5 D 1 Xn 70,400

n=1

Tt yields that the first series in (5.8) converges also in Lo (II), since

N N
2 T
HX - ZXn cos 2“51HL2(H) = 1X1Z, ) — 3 Z 1 Xnll75(0.400):
n=1 n=1
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The harmonicity of X and the exponential decay as &, — +oo yield

2

X cos 2né; A& = —n? X, (&),

\MH

[N

2
X, (&) = kpe 22k, = f/Xn cos 2n&; d&;.
™
1o

Denote IIs := TI\{¢ : |£| < §}. Employing (3.9) and the harmonicity of
X, we integrate by parts,

0=— lim [ e 2" cos 2n&1Ae X dE

6—+0
I
0X
= / (cos 2né1—— + 2nX cos 2n§1> dé&;
0&2
1o
0X 0
li T2 008 2néy o — X e 282 cos 2 d
+§iIEO / e cos 2né&; o] 8|£\e cos 2né; S
|€]<6,862>0
= —/cos 2n&y A&y + mnk, + . (5.9)
1o

Thus, k,, = —1/n, which implies (5.7). The convergence of this series in C*(IIN
{€ : & > R}) follows from the exponential decay of its terms in (5.6) as
n — +o00. g

Lemma 5.2. For small real 8 the problem

0z
%
has a solution in W3 (I1) NY. This solution and all its derivatives with respect

to & decay exponentially as &o — 400 uniformly in &1 and (. The differentiable
asymptotics

—AZ - %7 =p%X, ¢ell, 0, £el?, (5.10)

Z(¢,8) = Z(0,8) + O(lg]* Inf¢]), € —0, (5.11)

holds true uniformly in B. The function (X +Z) is bounded in Lo(I1) uniformly
in B. The identity

2(0,8) = 5*0(5%) (5.12)

is valid, where the function 6 is defined in (2.11). The function 0 is holomor-
phic and its Taylor series is (2.12).

Proof. Let 20 be the subspace of W2 (II) consisting of the functions satisfying
periodic boundary conditions on the lateral boundaries of I, the Neumann
boundary condition on fo, and being orthogonal in Lo(IT) to all functions
¢ = ¢(&2) belonging to Lo(II). The space 20 is the Hilbert one.
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By B we denote the operator in Lo (II) acting as —A¢ on 20. This operator
is symmetric and closed. It follows from the definition of 20 that each v € 20
satisfies the equation

/ v(€)dé& =0 for ae. & € (0, +00).

[N

Using this fact, one can check easily that B > 4, and therefore the bounded
inverse operator exists, and |[B~1|| < 1/4. Hence,
(B- ) =B 1B

i.e., the inverse operator (B — 3?)~! exists and is bounded uniformly in £3.

We let Z := 3%(B—[%)"1X. It is clear that the function Z € WZ(II) solves
(5.10) and satisfies the periodic boundary conditions on the lateral boundaries
of II. By the standard smoothness improving theorems and the smoothness of
X we conclude that Z € C°°(IT1\{0}).

Using Lemma 5.1, for & > 0 we can also construct Z by the separation
of variables,

+o00

_ 1 —2né2 2n
In the same way as in the proof of Lemma 5.1 one can check that this series
converges in Ly(IT) and C*(TI N {¢ : & > R}) for each k > 0, R > 0. Thus,
this function and all its derivatives with respect to { decay exponentially as
&5 — 400 uniformly in & and 3, and Z € 0.
By (5.7), (5.13) we have

e_\/m&) cos2n&;.  (5.13)

X+7Z-= —VAnE B2 (g 2n&y,

Z \/7/6’2
= T Va2 = 77
2 _ —2./4n2—p%¢ _
X+ 2 = 3 e / e 06 = Y s

- L -
Hence, the function (X + Z) is bounded in Lo(II) uniformly in 5.

Reproducing the proof of Lemma 3.2 in [22], one can show easily that

the function Z satisfies differentiable asymptotics (5.11) uniformly in 3. Let

us calculate Z(0, 8). The function
Z(€,8) = X (&) + Z(£, ) + 5~ sin & (5.14)

solves the boundary value problem

(Ac+p)Z=0, (el 2?220, ger”,
2

is bounded, satisfies periodic boundary condition on the lateral boundaries of
II, and has the asymptotics

Z(€,8) =Inl¢) + O(1), € —o.
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Using these properties and (5.10), we integrate by parts in the same way as in
(5.9),

62/X2d§ - —61330/2@5 +3%)Z d¢
1 115

| _o07 07
- Jim, / (Za|g|Za|g|> — 2 2(0.8),

[€]=6,€&2>0

= —/f/Xde.
11

We substitute (5.7), (5.13), (5.14) into the last identity,

and hence

+oo
_ o~ @t /IT e g
5 Z n\/4n2 32 / 2

1
32
4 nzzl ny/4n? — 52(2n 4+ /4n? — 3?)
that proves (5.12).

The series in the definition of # converges uniformly in 3, and by the first
Weierstrass theorem this function is holomorphic in small 8. It is easy to see

that
1 _ 2n—/4n? - p3
ny/4n? — B(2n + \/4n? — 3) B Bn+/4n? — 3

1( 2 1) 1 1 +§2j—1”ﬁ11
A e e e e 2i+141
B aAn2 — 3 n B n /1_% = 81t 5l

We substitute this identity into the definition of 6(3),

+o0 +oo 1 +o00 . . j—1
(2j —DNBI~ (27 — D25 +1)37
=22 g T :

]n2]+1 Jql
n=1 j=1 8 j=1 8 J

which yields (2.12). The proof is complete. O
We choose the boundary layer as
WP(€,A) = eV/A cos VAT (X(g) + Z(g,s\/X)). (5.15)

It is clear that this function satisfies all the aforementioned requirements for
the boundary layer.

In accordance with Lemma 5.2, the boundary layer has a logarithmic
singularity at £ = 0, and the sum of the external expansion and the bound-
ary layer does not satisfy the boundary condition on 4. in (5.2). This is the
reason of introducing the internal expansion. We construct it as depending on
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¢ :=¢M and employ the method of matching of the asymptotic expansions. It
follows from (5.3), (2.9) that

Ipe*

U ) = U0 ) + G0+ Off), =0, (5.16)
YE¥(0, ) = —sin/A(e, p)m, (5.17)

where the asymptotics is uniform in A(e, ). Using the definition of ¢ = &n~?

and (1.3), by (5.15), (5.11), (3.10) we obtain
YU N) = VA cos VAT (—; +e(lnfs]+1n2) — x2>

+3A3/20(2A) cos VAT + O(ele)? In|g]), € — 0,
uniformly in £ and A. In view of (5.5), (5.16), (5.17) we have
Vet (@, A) + 9L (€ A)

= fﬂ cos VAT — sin VAT 4 3A3/20(2A) cos VA
1

+evAcos VAr(In [¢] +In2) + O (en?|¢[*(| In [¢]| + [Inn])),

as ¢ — 0. Hence, in accordance with the method of matching of asymptotic
expansions we conclude that the internal expansion should be as follows,

V(6 A) = 9 (¢ A ) + Ui (G AL e), (5.18)

where the coefficients should satisfy the asymptotics
; A
s, Ae) = fﬁ cos VAT — sin VAw
1

+€3A‘I’/29(52A) cos VAT +0(1), ¢ — oo, (5.19)
(g, A) = evVAcos VAT(In[¢| + In2) 4+ o(1), ¢ — oo.

We substitute (5.18) into (5.2) and pass to the variables ¢. It yields the bound-
ary value problems for 1/}1?",

. . i Onpin .
A" =0, @>0, ¢"=0, cei, %ﬁ =0, ceT (5.20)
2
For i = 0 this problem has the only bounded solution which is trivial,
" =0. (5.21)

Thus, by (5.19) we obtain Eq. (2.15) for A(e, p).
In view of the properties of the function Y described in the third section
the function %" should be chosen as

(¢ A, e) = eVAcos VATY (C). (5.22)

The formal constructing of A\;(0,¢) and 1/0}5 is complete.
We proceed to the studying of Eq. (2.15). Since the function 6 is holo-
morphic by Lemma 5.2, the function

T(g, 11, A) == VAcos VAT + psin VAT — e3uA3/20(2A) cos VA
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is jointly holomorphic with respect to small €, 1, and A close to 1/4. Employing
the formula (2.12), we continue T analytically to complex values of e, p,
and A.

As e =p =0, Eq. (2.15) becomes

VA cos VAT = 0,

and it has the root A = 1/4. It is clear that

oT 1
e <o,0, 4) £0.

Hence, by the inverse function theorem there exists the unique root of
Eq. (2.15). This root is jointly holomorphic in ¢ and p and satisfies (2.16).
We represent this root as

+oo
Ae, ) = Ao(p) + ijffj(u), (5.23)

where K (@) are holomorphic in g functions. We choose the leading term in
this series as Aq(u), since as e = 0 Eq. (2.15) coincides with (2.9).

We substitute (5.23) and (2.12) into (2.15) and equate the coefficients
at €', i = 1,...,8. It implies the equations for f{i, 1 =1,...,8. Solving these
equations, we obtain K; = Ky = 0 and (2.18).

Let us prove that Kojiq1(p) = p?Kaji1(p), IN{QJ-(;L) = uPKy;(u), where
K;(u) are holomorphic in p functions. It is sufficient to prove that

K;(0) = K}(0) =0, K%;(0) = 0.
We take g =0 in (2.15) and (5.23),

VA0, ) cos /A(0,e)m = 0, (5.24)
A0S =7 (5.25)

By (2.10), (5.23) it implies K, (0) = 0. We differentiate Eq. (2.15) with respect
to p and then we let p = 0. It implies the equation

17v/A(g,0) sin /A(e, 0)m — cos /A(e, 0)m A
2 Az 0) o &0
—e3A3/2(£,0)0(c2A(e, 0)) cos /A(e, 0)m + sin /A(e, 0)m = 0.
We substitute here the identity (5.25) and arrive at the equation

m OA
*567/1/(5,0) + 1= 0,
which by (2.10) implies
OA 2 0N
5 (e0) = 2 =210, (5.26)

These identities and (5.23) yield I?;(O) =0.
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We differentiate Eq. (2.15) twice with respect to u and then we let p =0
taking into consideration the identities (5.25), (5.26), and (2.12),

4 &3 [e? T O%A
3t (4> ~ 59250 =0

9*A 1 5 (e
ailﬂ(&',o) = ﬁ (_8+€ 70 (4))

1 (27 —DNC(25 +1) 2541
=—-—=|8+3 Z 321 1 €

Hence, I?Q'J(O) =0,j>1

To calculate all other coefficients of (2.17) we substitute this series and
(2.12) into Eq. (2.15) and then equate the coefficients of like powers of €. It
implies certain equations, which can be solved with respect to K;. Since all the
coefficients in the expansion in £ of # and other terms in Eq. (2.15) are real,
the functions K; are real, too. Hence, by (2.17) the function A is real-valued
for real € and pu.

We proceed to the justification of the asymptotics. Denote

W (@) = (7 (2, Ao, ) + xa (@)Ul (€ A, ) (1= (i)

+xa (J<ln'/2) (s Ale, ). (5.27)

where, we remind, y; is the cut-off function introduced in the third section.

Lemma 5.3. The function W. € C®(Q\{z : 21 = +en, x5 = 0}) belongs to
the domain of H(0), satisfies the convergence

H\I/E —sin 2T =0 ?p), e — +0, (5.28)
Lo (1T)
and solves the equation
(F.(0) = Ales)) 0. = he, (5.29)
where for the function he € Ly(Q.) an uniform in e, p, and n estimate
-1
el oo < Clue™ " +en'/?) (5.30)

holds true.
Proof. Tt follows from the definition of U, that

U, € C®(Q\{a a1 = Len, 22 = 0}) "W, (2, T). (5.31)
The boundary condition (5.4), (5.17), and (3.14) for Y yield those for U_,
. . o, .
U.=0 on I'yU~., =0 on I.. (5.32)
8$2

Let us show that
— (De+ A, w))V. = h., z€Q., (5.33)
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where h. € Ly(€).) satisfies (5.30). Employing Egs. (5.6), (5.20), we obtain
—(Ae + M)V =he, he=—(h) + 13 +rB), (5.34)
B (@) = 24 (52) 5026 Ao, ) + X1 2)2 6 Ales ),
h (@) = Ae, M)Xl(\€|771/2) V(S e, ),
he(x) = 2Vx><1(|€|771/2)'Vx‘lf?at(ﬂf)ﬂL\i'gm“t)( )Auxa(sln'/?),
WD () o= (<, Ae, 1)) — 9 (, Ale, ) — 92 (€ Ale, )

It is clear that hgi) € Ly(Q.) that implies the same for h..
Due to (2.15) the function 1* can be rewritten as follows,

W26 Al ) = 1 (SPAY2 (e, WO A (e, ) cos V/ATE, )
—sin VAG, w) (X(6) + 2(6,eVAG 1)

(5.35)

Thus,
hV(2) = p (53/\3/2(5, )02 A (e, 1)) cos /A(e, ) — sin /A(e, mw)
< (225 + X)) (X0 + 2(6.2VAE D)),

The functions x(z2), x{(z2) are non-zero only for 1 < x5 < 2 that corre-

sponds to e~ < & < %5_1. For such values of £ we can use the series (5.7),

(5.13) for X and Z which converge in C* ({¢:e7!' <& < 27, &) < 5)).
It yields the exponential estimate for h( )
-1
S )HLz(QE) < Cpe 2 | (5.36)

where the constant C' is independent of € and p.
Taking into consideration (5.21), and replacing in (5.22) the factor

VA cos VA by p (53A3/2(5, 1)0(e2A (e, 1)) cos /Ale, p)m — sin \/A(e, ,u)7r) as

we did it in (5.34), we estimate h'>),

I 0 < Ct? [ (RS
[sl<n=1/2,62>0
< Cetp’nlin® | < Ce?n, (5.37)

where the constants C' are independent of €, u, and 7.
The asymptotics (3.10), (5.11), (3.16), Eq. (2.15), and the identities (5.3),
(5.15), (5.18), (5.21), (5.22) imply the differentiable asymptotics for W™t

\if?“t(x) = eV/Acos VAT (hl S|+ 2+ O(M_Z)) — sin \/K(xQ - )
—evV/Acos VAT (In|¢] + In2 + e2A0(*A) — & + O(€]%))
= —sin VA(zg — 7) — sin VAT + VAxs cos VAT + O (ep(|€]? + [s]72))
= O (|z* +eu(l€* +1s72))
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uniformly in €, x, and 7 as

3
en'/? < |z| < 56771/27 z € Q.. (5.38)

Thus, for such x
(W (2)] < C(e(e + wn),
VU (2)] < C((e + p)n'/?),

where the constants C are independent of x, &, i, and 7. Since the functions

Vexi(sn'7?), Auxi(Js|n'/?) are non-zero only for = satisfying (5.38), the last

inequalities for U™ and V, U™ enable us to estimate S

12N 0.y < C((e+p)n'/?),
where the constant C' is independent of €, u, and 7. We sum the last estimate
and (5.36), (5.37),
Ihellzao.) < Clue™ " +en'/?),

where the constant C' is independent of €, i, and . This estimate imply (5.30).
Due to the smoothness (5.31) of ., the boundary value conditions (5.32),
and Eq. (5.33), the function U, is a generalized solution to the boundary value
problem (5.33), (5.32). Hence, W, belongs to the domain of H.(0).
Let us prove the estimate (5.28). Completely as in the estimating h., we
check that

Ix1 (z2) 02! (1 - X1(|<|771/2)> +x1 (I<|?71/2) " = (5" ?) |0

= 0(p).
In view of (2.10) and the definition (5.3) of ¥¢* the estimate
= 0(e?p)

|

holds true. Two last estimates and the definition (5.27) of W, imply (5.28). O

To — T

We proceed to the estimating of the error terms. The core of these esti-
mates are Lemmas 12, 13 in [37]. We employ these results in the form they were
formulated in [29, Ch. T, Sect. 1.1, Lemma 1.1]. For the reader’s convenience
we provide this lemma below.

Lemma 5.4. Let A: H — H be a continuous linear compact self-adjoint oper-
ator in a Hilbert space H. Suppose that there exist a real M > 0 and a vector
u € H, such that ||ul|g =1 and

Au — Mullg < %, « = const > 0.
Then there exists an eigenvalue M; of operator A such that
| M — p| < 5
Moreover, for any d > s there exists a vector w such that

lu =l < 25ed™,  |[alla =1,
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and @ is a linear combination of the eigenvectors of the operator A correspond-
ing to the eigenvalues of A from the segment [M — d, M + dJ.

Since the operator H.(0) is non-negative and self-adjoint in Ly(Q.) and
satisfies (4.1), the inverse A := H_1(0) exists, is bounded and self-adjoint, and
satisfies the estimate

Al < 4. (5.39)

The operator A is also bounded as that from Ly(€2.) into W3 (€2.) and in view
of the compact embedding of Wi (€2.) in Lo(€.) the operator A is compact in
L2 (QE)

We rewrite Eq. (5.29) as follows,

A Ye, ). = AV, + he,  he := A" (e, ) Ah...
By (2.16), (2.10), (5.39), (5.30) the function h. satisfies the estimate
~ —1
el a0 = O(ue™ " +en'’?).
Hence, by (5.28)
~ ) —1
”heHLz(QE) ||\IJEHZ;(QE) = O(Usil/zeize + 51/2771/2)'
Taking this estimate into consideration, we apply Lemma 5.4 with
b,
U= —--—",
Vel L, 0. (5.40)
M = A_l(g”u% n = HhEHLQ(QE)H\IJSHZQI(Qa)v

H = Ly (Q.),

and conclude that there exists an eigenvalue M (e, 1) of A satisfying the esti-
mate

|M(e, 1) — A (e, )| = O(pe 2672 4 &1/21/2),
Thus, by (2.16), (2.10)

_ ) o .
|M (e, )| = [A (e, 1) — O(ue™Pe™ "+ 2/2) =3, |M ™' (e, )| <

Wl =

1

(M e, ) = A, )] = O ((ne™/2e72 "+ 21/ 2nY/2) | A(e, w)] M (2, 1))

= O(u5_1/2e_2871 + /212, (5.41)

The number M (e, 1) is an eigenvalue of H.(0). Due to (2.8), (2.10) there
exists exactly one eigenvalue of this operator satisfying (5.41), and this eigen-
value is A\1(0,¢). Thus,

M1(0,€) = Ale, )| = Oue™2e7" 4 1/o'/2) (5.42)

that proves (2.14).
The asymptotics (2.8), (2.10), (2.16), (2.14) imply that for € small enough
the segment [A(e, ) — 1, A(e, u) + 1] contains exactly one eigenvalue of H.,

which is A1(0,¢). Bearing in mind this fact and (5.30), we apply Lemma 5.4
with d = 1 and other quantities given by (5.40) and conclude that the
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normalized in Ly(.) eigenfunction ¢(x,e) associated with A;(0,e) satisfies
the estimate

where the constant C' is independent of €, pi, and 7. Hence, for the eigenfunction
P(x,e) := || Ve| Ly (0.)@(x, €) associated with A;(0,¢) we have

. . .
V(- e) = Vel Ly = O (,ue’% +5n1/2)‘ (5.43)

Denote ®.(z) := W.(z) — 9(z,e). Equations (5.29) and the eigenvalue
equation for ¢(z,e) imply the equation for @,

i o 2/|h C (ne2" 4 en'?)
\IIE ¢('7€) < || 5||L2(Qs) <

L2(Qa) ||\IIE||L2(QE) ||\IJ6HL2(Qe)

1Vellra(0.)

° ° °

Ho(0)De = A1 (0,8)D. 4+ (A1 (0,€) — Ae, ) V..
Hence, we can write the integral identity
IVO7, 00y = MO )17 0,y + (A1 (0,8) = Ale, 1) (Pe, B2) 1, 0 )-
Thus, by (5.43), (5.42), (5.28), (2.14), (2.16), (2.10)

IV@7, (0. < M(0,)[[ 017, () + (Mi(0,6) = Ale, 1) (Fe, @2) 1y )
<@l + 121(0,2) = Ale, WY o0 Rl 2202
<C <u26—45*1 +5277)-

The last estimate and (5.43) prove the asymptotics (2.19). Theorem 2.5 is
proved.
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