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ABSTRACT. In this paper we present some results on absolute almost generalized N6rlund
summability of orthogonal series. The most important corollaries of the main results also
are deduced.

1. Introduction

It is a known fact that the absolute summability is a generalization of the con-
cept of the absolute convergence just as the summability is an extension of the
concept of the convergence. More about theory of summability the reader can find
in Hardy [5]. Lorentz [16], for the first time in 1948, defined almost convergence of a
bounded sequence. It is shown that every convergent sequence is almost convergent
[17]. The idea of almost convergence led to the definition of almost generalized
Norlund summability method. This notion was introduced by Qureshi [24] which
includes almost Norlund, Riesz, harmonic and Cesaro summability as particular
cases.

The absolute Norlund summability, the absolute generalized Norlund summabil-
ity, the absolute Riesz summability, absolute generalized Cesaro summability, abso-
lute Euler summability of an orthogonal series has been studied by many authors.
For example, one can see the work of Tandori [27], Leindler [12]-[15], Okuyama
and Tsuchikura [20], Okuyama [18]-[22], Szalay [26], Billard [2], Grepaqevskaya [4],
Spevakov and Kudrajatsev [25]. In 2002 Okuyama [23] using generalized Norlund
means has proved two theorems which give sufficient conditions in terms of the
coefficients of an orthogonal series under which it is absolute generalized Norlund
summable almost everywhere.

After several articles in which we have dealt with absolute summability of an or-
thogonal series we proved some general results which include all of the theorems that
had been proved previously by Okuyama [23], Okuyama and Tsuchikura [20], and
gave some new consequences, as well [6]-[11]. This notion motivated us to consider
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not simply absolute almost generalized Norlund summability of an orthogonal se-
ries but its absolute almost generalized Norlund summability of order k, 1 < k < 2.
Closing the introduction we suggest the reader that a systematic work regarding to
the results of this type can find in the book of Alexits [1], and Okuyama [21].

2. Notations, notions and known results

Let Y7 jan be a given infinite series with its partial sums {s,}. Then, let p
denotes the sequence {p,}. For two given sequences p and g,

P, = pot+pi+-+pn, (Pi=p1=0),
Qn = @+a+ - +a (Q-1=q-1=0),

the convolution (p * q),, is defined by

n
p * q ZPUQn v anfv%w
v=0

It is obvious that
P,:=(px1), va and @, = (1*xq), qu

When (p*q),, # 0 for all n, the generalized Norlund transform of the sequence {s,, }
is the sequence {t27} obtained by putting

AR o an oS-

The infinite series Y~ a, is absolutely (N, p, ¢)—summable if the series

o0
Z A

n=1

converges, and we write in brief

0o
> an €|N,p,ql.
n=0

Note that | N, p, ¢|—summability is introduced by Tanaka [28].
Let {¢n(x)} be an orthonormal system defined in the interval (a,b). We assume
that f(z) belongs to L?(a,b) and

(2.1) flx) ~ Z anpn(T)



On Absolute Almost Generalized Nérlund Summability of Orthogonal Series 281

where a,, = f; f(@)pn(z)dz, (n=10,1,2,...).
Notations

R, = (p * q)na R% = anfv(h
v=j
and
R, =0, R?L =R,
are needed below.

Regarding to | N, p, ¢|— summability of the orthogonal series (2.1) the following
two theorems are proved.

Theorem 2.1([23]). If the series

[ee] n Rj Ri, 2 %
S (- =) o)

n=1 \ j=1

converges, then the orthogonal series

oo

Z Cn@n(z)

n=0
is [N, p, q| summable almost everywhere.

Theorem 2.2([23]). Let {Q(n)} be a positive sequence such that {Q(n)/n} is a
non-increasing sequence and the series y ., m converges. Let {p,} and {q,} be

non-negative. If the series S oo | |c,|?Q(n)wM) (n) converges, then the orthogonal
series Y oo o cnpn(z) € |N,p,q| almost everywhere, where w™)(n) is defined by

. ., RI R}
w(f) =71y, n? (pzii - Rn_i) :

Lorentz [16] has given the following definition:
A bounded sequence {s,} is said to be almost convergent to a limit s, if

n+m

Z Sy = s uniformly with respect to m.
v=m

lim
n—oo 1 4+ 1

The series >~ a, is said to be almost generalized Norlund (Qureshi [24])
summable to s, if

1 n
tﬁ’,qm = R an—vch)sv,m
" v=0

tends to s, for n — oo, uniformly with respect to m, where

1 v+m

Sv,m = m Z Sk-

k=m
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We say that an infinite series Zzozo an is absolute almost generalized Norlund
summable of order k, k > 1, if the series

o0
E ' k—14p,q P:q k
n |tn,m - tnfl,m|
n=1
converges uniformly with respect to m, and we write briefly

oo
> an € N, p,gimlx.
n=0

Remark 2.3. We note that:

1. The absolute almost generalized Norlund summability of order k£ reduces to
the absolute almost Nérlund summability of order k (| N, p; m|; —summability ),
if g, = 1 for all n.

2. The absolute almost generalized Norlund summability of order k reduces to
the absolute almost Riesz summability of order k (|V, ¢; m|x—summability),
if p,, =1 for all n.

3. In the special case when p,, = (”Zf;l), a > 0, the absolute almost Nérlund

summability of order k reduces to the absolute almost generalized Cesaro
summability of order k.

4. If p, = 1/(n+1) the absolute almost Norlund summability of order k reduces
to the absolute almost harmonic summability of order k.

Throughout this paper K denotes a positive constant that it may depends only
on k, not necessarily the same at each occurrence.

The following lemma due to B. Levi (see, for example [1]) is often used in the
theory of functions. It will help us to prove main results.

Lemma 2.4. If h,(t) € L(U) are non-negative functions and

(2.2) ;/Uhn(t)dt < 00,

then the series

S ha(t)

n=1

converges (absolutely) almost everywhere on U to a function h(t) € L(U).
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3. Main results

Setting

n U+1’ n—1 — Y
v

we prove the following theorem.

Theorem 3.1. If for 1 < k < 2 the series

ol

~ -~ 2
[e%} n J j J
2 : § : R] Rn 1 —j R"ZL _ Rn—l |am+‘\2
_ R, Rn,.1 /
n=1 Jj=1

converges uniformly with respect to m, then the orthogonal series

Z anwn(x)

n=0

is |N, p, q; m|—summable almost everywhere.

Proof. Let s,(x) = Z;}:o a;pi(z) be vth partial sums of the series (2.1), and
1 < k < 2. A straightforward calculation shows that

1 v+m
sv,’rn(x) = v+ 1 Z Sk(.’l?)
k=m
v k+m
k 0 j=0

J
= sm-1(z) + jz:(:) (1 - v+1> Ut j P+ ().
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For the almost generalized Nérlund transform 5%, (x) we have that

1 n
tflﬂn(aj) = R7n UZ:Opn—qusv,m(x)

1 & Y j
= E Uzzopnquv Sm—1(x) + ; (1 - v+1> am+j<Pm+j($)

1 ¢ -
= spo1(z) + R an—v(h Z Ut P+ ()
™ »=0 7=0

1 = Prolo = .
- E Aoyt i(x
R, o v+1 j:o] m+]<pm+]( )

1 n n
= Sm—l(z) + Rf Z A5 Pm+j (.’E) an—UQU
™ =

=0
]. - . - pTL*’Uq’U
R, Z]am+j<ﬁm+j($) o+ 1
Jj=0 v=j
1, 1 &5
= Sm-1(x)+ R ZRnamﬂ'sﬁmﬂ (z) - & Z]Rnam+j90m+j(x)
! =0
1 « P
= a1 (@) + 7= > (Rl = GRL) Gy ().

<.
Il
=)

Hence, putting
At () =t () — 9 (2),

n,m n—1m
we obtain
1 — S A
DS (0) = 7= (R = iR amsjoms ()
1 n—1 ] .
i 2 (B R ) s ()
n—1 =0
LN~ (pi D
= Ri Z (Rn - ]Rn> Am+5Pm+j (Z‘)
1 < : :
R . Z (Ril—l ]Rn—l) Am+jPm+j ()
n ; J i DI
= By ooy (B B Ut Pt (2)-
j=1 Rn Rnfl Rn Rnfl ’ !
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Using the Holder’s inequality, orthogonality, and the above equality we have that

[ 1668, @1 0

(@) =17 (2 )2d$>

j ] Ri R ?
Rn Rn—l . R Rn 1 2
Rf'n a Rnfl - Rn Rnfl |am+j|

AN
—~
o
|
Q
S~—
—
|
[§]
A/~
e
o
T~
3T
“s-m

N

Thus, the series

ol

. ~ 2
o0 n RJ R_] RJ R]
3.1 <K nk1 o Tl n—1 a2
(3.1) <K Z o it A Gl el | W

converges, since the last one converges uniformly with respect to m. Since the
functions |Ath-9 (z)| are non-negative, then by the Lemma 2.4 the series

Z o (@)

converges almost everywhere. For k = 1 we use the Schwartz’s inequality, until for
k = 2 we use just the orthogonality. This completes the proof of the theorem. O

For shortening we denote

" Rn Rn—l Rn Rn—l

In the special case, when p, = 1 for all v, we obtain the equality

ﬁj an 1 n n—1
! = anl _an
Rn R, QnQn—l ’U —|— 1 v —|— 1
- <Q—q)nq” A
QuQn-1 | " " vt " o+l n+l
dn Qn . g (28

QnQn—l n+1 - v+1
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and in a similar way one can find that

R R,  q.Qj1

Rn Rnfl _Qnanl .

Thus we have

i dn Qn - Qv
DI = — _
" QnQn 1[62] 1+J n+1 ;’U+1

and from theorem 3.1 the following corollary holds true.

Corollary 3.2. If for 1 < k < 2 the series

2

k
- @ - @
Z(Qn@n 1> Z[Qj1+] ﬂ+1_v§::j7j+1

Jj=1

converges uniformly with respect to m, then the orthogonal series

Z AnPn (.23)
n=0

is |N, ¢; m|,—summable almost everywhere.
Another interesting consequence of the theorem 3.1 is:

Corollary 3.3. If for 1 < k < 2 the series

n=1

converges uniformly with respect to m, then the orthogonal series

Z ann(x)
n=0

is |N, p; m|x—summable almost everywhere, where

n—j

P,—(n+1-v)p,

|am+j ‘2

k

= (n0-1) 2
n Pn

Z(pp_l anj W lamsl*

P, 1.
H(j;n) ::1—7;0 1'J +]Z

n—j = (n—v)(n+1—-v)pupn

v

—J

ol
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Proof. If q, = 1 for all v, we have

R, R, 1 —~ P = P
n— _ Pn, n—uv _Pn n v
Rn Rn—l PnPn—l ' UZ:J v+ 1 v+ 1
1 n—j D n—1—j D
= 55— | P — P, -
PnPn_1< 11)=0n+1—v UZZO n—v)
1 r n—j » n—1—j D
- Pn — Pn — Pn :
P,P,_1 ( p)vz:(:)n—l—l—v Uz:(:) n—v]
1 n—j D n—1-—j D n—j P
= _ Pn 7’0 - Y — Mn 7’[}
P,P,_1 <Uz_:0n+1—v UE:;) n—v) p Uz_:on—kl—v]
_ 1
1 pn_jP” " Py
= — (P, —
PPy | jr1  (Feorten) ; (n—v)(n+1-v)
n—1—j
—p ! Do + Pn—j
" = nt 1—-v 741
b [pe(Pampe) ZP (n+1-v)pn |
PiPui| j+1 2 oonri-o”
_ 1 _pn (P nz ~ n—i—l—v)p |
PPy | j —(n—v)n+1-v)""
_ PnPn—j -Pn—l — Pn 7% Pn*(n‘k]-fv)pn ]
PPy | pn “(n=v)(n+1-v)papn—; |’
and in a similar way one can find that
RJ Ril 1 _ PnPn—j (Pn _ Pn—j)
Rn Rnfl PnPnfl Pn Pn—j '
So,
i PnPn—j n 1—j n+1 )
DI = 1-— +J v
PP, 4 Pn— Z (n+1—v)pnpn- ]p

for all g, = 1. Now obviously the proof follows immediately from Theorem 3.1. O

Now we shall prove a very general theorem on |N, p, ¢; m|,— summability almost
everywhere of an orthogonal series. It involves a sequence that satisfies certain
conditions. During the proof of this theorem is used a similar method with one of
Okuyama [18], and Ul’yanov [29].
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Indeed, if we put

oo

(3.2) BH () = 7171 > nik

JF T

~. ~ 2
R, R, (R, R,
Rn Rn,1 J Rn Rnfl

then the following theorem holds true.

Theorem 3.4. Let1 < k <2 and {Q(n)} be a positive sequence such that {Q(n)/n}
is a non-increasing sequence and the series Y ., nﬂ(n) converges. Let {p,} and

{gn} be non-negative. If the series y ., |mgn |2Q7 7L (n)B®) (n) converges uni-
formly with respect to m, then the orthogonal series > oo o anpn(z) € |N,p, ¢;mlk
almost everywhere, where B¥) (n) is defined by (3.2).

Proof. Applying Holder’s inequality to the inequality (3.1) we get that

—~ " n,m
k
iklim R, (fzﬁ Rfl>r A
<K ne T il % - - |am+j|
n=1 j=1 Rn Rn,1 Rn Rn 1
D PP
- k
= (nQ(n) %
Q3-1 " | R RﬂL L R R, 2 , 5
F7 _ a .
x<mn (n); R, R, -J R, Ry |Gt
2-k
oo 1 2
<K X
<;<n9<n>>>
3 3 RJ RJ R, R
Qg n-1 . % flp_1 )
X{Y;n k j:l J <Rn Rn 1 |a n+J
; ~ ~ k
.- R, R R R ?
<K i |2 Qx—1 R s N B L T
{ ]; |a +j| ngjn Ry, Ry I <Rn R,
2 . . —~. o~ 2 k
= N 'S B[R m, (R o\
<K m 2 22/ 7| tn _ n i Iy, v,
< {z| (B S [ (B R

_K{Zlam a1y >B<k><j>}

which is finite uniformly with respect to m by assumption. For the proof now one
can do the same reasoning as in the proof of theorem 3.1. We omit details. O
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