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Abstract: Conventional dynamic vibration absorbers are physical control devices designed to be
coupled to flexible mechanical structures to be protected against undesirable forced vibrations. In this
article, an approach to extend the capabilities of forced vibration suppression of the dynamic vibration
absorbers into desired motion trajectory tracking control algorithms for a four-rotor unmanned aerial
vehicle (UAV) is introduced. Nevertheless, additional physical control devices for mechanical
vibration absorption are unnecessary in the proposed motion profile reference tracking control
design perspective. A new dynamic control design approach for efficient tracking of desired motion
profiles as well as for simultaneous active harmonic vibration absorption for a quadrotor helicopter
is then proposed. In contrast to other control design methods, the presented motion tracking control
scheme is based on the synthesis of multiple virtual (nonphysical) dynamic vibration absorbers. The
mathematical structure of these physical mechanical devices, known as dynamic vibration absorbers,
is properly exploited and extended for control synthesis for underactuated multiple-input multiple-
output four-rotor nonlinear aerial dynamic systems. In this fashion, additional capabilities of active
suppression of vibrating forces and torques can be achieved in specified motion directions on four-
rotor helicopters. Moreover, since the dynamic vibration absorbers are designed to be virtual, these
can be directly tuned for diverse operating conditions. In the present study, it is thus demonstrated
that the mathematical structure of physical mechanical vibration absorbers can be extended for the
design of active vibration control schemes for desired motion trajectory tracking tasks on four-rotor
aerial vehicles subjected to adverse harmonic disturbances. The effectiveness of the presented novel
design perspective of virtual dynamic vibration absorption schemes is proved by analytical and
numerical results. Several operating case studies to stress the advantages to extend the undesirable
vibration attenuation capabilities of the dynamic vibration absorbers into trajectory tracking control
algorithms for nonlinear four-rotor helicopter systems are presented.

Keywords: vibration control; dynamic vibration absorbers; aerial vehicles; quadrotor; motion
tracking control

1. Introduction

Undesirable mechanical vibrations can be manifested in many engineering systems.
Harmful vibrations could provoke several relevant troubles in mechanical structures such
as rapid wear of machine parts, material fatigue, excessive noise, loss of efficiency, poor
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finishes of manufactured products, malfunction of instrumentation, discomfort to people,
loosening of fasteners, and damage to property [1]. Forced harmonic vibrations can be
induced by external oscillating disturbance forces or torques affecting the mechanical sys-
tem dynamics. An alternative solution for unwanted vibration attenuation is the design
of physical mechanical devices known as dynamic vibration absorbers. These vibration
control devices are physically constituted by mechanical elements of inertia, stiffness, and
damping [2]. Tuned mass damper, vibration neutralizer, anti-vibrator, dynamic damper,
and shock absorber are some names commonly used in the literature to describe a dynamic
vibration absorber as well [2–4]. These control devices are suitably tuned and coupled to
mechanical structures (primary or main systems) to be protected against harmful forced har-
monic vibrations. Since mechanical systems are prone to be excited at a specific frequency
or subjected to multiple frequency excitations [5], diverse configurations for dynamic vibra-
tion absorbers have been proposed [2]. For the former case, passive vibration absorbers are
tuned to efficiently suppress specific frequency harmonic excitations into an attenuation
frequency band, without using some external energy source. Nevertheless, the dynamic
performance of passive vibration absorbers could be deteriorated for certain operation
conditions where uncertain variable excitation frequencies are present. In consequence,
active dynamic vibration absorbers have been proposed to improve the capability of vibra-
tion suppression on vibrating mechanical systems under the action of variable frequency
excitation forces (see [6,7] and references therein).

Unmanned aerial vehicles (UAV) possess mechanical structures that can be also sub-
jected to external vibrating disturbance forces and torques due to their interaction with the
operation environment. Vibrations could produce damage and faults on the aerial vehicle
and reduce the specified flight performance. Malfunction of control instrumentation could
be caused by vibrating disturbances as well. Increasing the technological development of
unmanned aerial vehicles is thus focused on suppressing these harmful disturbing dynam-
ics. The quadrotor UAV is a rotorcraft with four rotors vertically oriented. A quadrotor
exhibits an underactuated and multivariable, complex nonlinear dynamic system model.
The features of a quadrotor such as a symmetrical cross frame, flight endurance, payload,
and its flight capabilities of hovering, take-off, and landing have attracted researchers’
attention, since controlling this multiple-input multiple-output (MIMO) nonlinear dynamic
system is a challenge [8]. In this sense, the design of control laws to follow motion profiles
and simultaneously attenuate forced harmonic vibrations on this nonlinear multivariable
aerial vehicle—using the control inputs generated by its four rotors only—constitutes
an equally open challenging research subject. Additional actuators and sensors can be
also integrated in the aerial mechanical system to implement efficient active vibration
controllers, which constitute another control design approach. Nevertheless, additional
instrumentation increases the active vibration control implementation costs.

Multiple applications for this four-rotor aerial vehicle, such as agricultural spraying
and crop monitoring [9], surveillance [10], monitoring and inspection [11,12], package
delivering [13], mapping [14], rescuing operations [15], etc. [16,17], rely on the quadrotor’s
controlled translational and rotational precision motions at prescribed velocities. The
improvement of crop productivity, reliable data acquisition for digital analysis, reduction
of rescue time, guaranteed detection of a target of interest, optimization of flight time
regarding the payload, and efficient power lines inspection, usually in uncontrollable hostile
environments, are some examples of the issues researchers are interested in solving for the
aforementioned applications. Moreover, some advanced qualities, such as aggressive and
agile manoeuvres [18], obstacle avoidance for improvement of autonomous navigation [19],
and coordinated swarm flight [20], are open research challenge topics for quadrotor vehicles.
Thus, the design of efficient and robust automatic control algorithms is a fundamental issue,
which has been studied by multiple research and engineering groups all around the world.

The development of new and more efficient control strategies for controlling the
quadrotor system dynamics is constantly reported in the literature, where it is required to
take into consideration issues of robustness to parameter uncertainty, external disturbances,
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and sensor noise [21]. In this sense, several important studies on linear and nonlinear
control design strategies have been proposed; improved versions of the conventional
proportional-integral-derivative control and the linear quadratic regulator have been re-
ported in [22,23], respectively. Artificial intelligence algorithms such as artificial neural
networks, bio-inspired optimization, and fuzzy logic have been also successfully included
in motion control design [24–27]. Additionally, several disturbances observers have been
properly reported in [28–31] for compositing interesting control schemes. Moreover, non-
linear controllers based on sliding modes [32–34] and backstepping [35–37] approaches
have been suitably introduced to deal with disturbances and uncertainties in quadrotor
vehicles and, in some studies, further extended for fault tolerant controllers. In addition,
important contributions based on theories such as robust H∞ control [38], model predictive
control [39], generalized proportional-integral control [40], energy-based control [41,42],
optimal control [21,43], Lyapunov-based control [44], adaptive control [45,46], etc., have
vastly improved the performance of quadrotors in regulation and tracking tasks. Neverthe-
less, to the best knowledge of the authors, there is no previous report taking advantage of
the capabilities of virtual vibration absorbers for suppressing undesirable harmonic forces
and torques in quadrotor motion trajectory tracking control design.

In this paper, different from other important control contributions on unmanned aerial
vehicles reported in the literature, the inclusion of active vibration suppression capabilities
based on nonphysical (virtual) dynamic vibration absorbers in desired motion tracking
controllers on quadrotors is thus considered. Moreover, in contrast to real-time disturbance
estimation techniques [47], oscillating disturbances can be automatically reconstructed
online by the proper synthesis of virtual dynamic vibration absorbers on harmonically
excited aerial vehicles, as described in this paper.

In this context, quadrotor position and attitude can be affected by undesired vibrating
motion induced by external disturbance forces and torques. The incorporation of dynamic
vibration absorbers as mechanical vibration attenuation mechanisms into motion control
schemes for diverse unmanned aerial vehicles subjected to forced harmonic vibrations
stands as a feasible alternative approach as proved in the present study. An analysis of vir-
tual dynamic vibration absorbers [48] as an alternative efficient control design approach for
suitable compensation of undesirable oscillating forces and torques in a controlled quadro-
tor vehicle is presented. In this fashion, compared with other control design techniques,
robustness capabilities against forced harmonic vibrations are added to controllers designed
to regulate the aerial vehicle operation towards planned motion reference trajectories.

Thus, a new approach to extend the structural property of the dynamic vibration
absorbers for desired motion profile tracking control and simultaneous forced harmonic
vibration suppression for MIMO underactuated nonlinear quadrotor systems disturbed by
forced harmonic vibrations is proposed in the present study. In contrast to other valuable
control design methods, virtual dynamic vibration absorbers are suitably tuned and embed-
ded into motion control algorithms developed to perform regulation and trajectory tracking
tasks on nonlinear quadrotor helicopters subjected to exogenous harmonic excitations. In
addition, different from conventional physical dynamic vibration absorbers, virtual vibra-
tion absorption mechanisms can be directly tuned for diverse operating conditions. Then,
vibration attenuation bands of virtual dynamic vibration absorbers can be conveniently
adapted online or offline. Disturbance forces and torques are actively compensated in
real-time by the non-physical dynamic vibration absorbers. Only information about trajec-
tory tracking errors for the active suppression of specified frequency forces and torques
through multiple virtual dynamic vibration absorbers is required. Furthermore, several
operating case studies are included to numerically validate the satisfactory performance
of the proposed control scheme for stabilization at a specific operating position as well as
for desired motion reference trajectory tracking. It is thus demonstrated that the mathe-
matical structure of physical mechanical vibration absorbers can be advantageously used
for the design of active vibration control schemes for MIMO underactuated nonlinear
four-rotor aerial vehicles without requiring additional conventional mechanical devices for
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mechanical vibration control, which constitutes the main difference with respect to existing
control contributions for quadrotors. The new presented active vibration control design
perspective can be extended to other configurations of MIMO nonlinear unmanned aerial
dynamic systems.

The remainder of this paper is structured as follows: In the second part, the nonlinear
dynamic model of the harmonically excited four-rotor aerial vehicle is summarized. In the
third section, a virtual dynamic vibration absorption approach for the synthesis of motion
tracking controllers for the underactuated MIMO nonlinear quadrotor system is presented.
Here, proportional-derivative (PD)-like controllers are implemented plus dynamic com-
pensation terms provided by the virtual vibration absorption stage in which trajectory
tracking error signals are only necessary for the reconstruction and active rejection of
external harmonic excitations. This PD-like control structure plus virtual dynamic vibration
absorbers can be implemented to satisfactorily perform the motion planning specified for a
quadrotor subjected to vibrating disturbances. Nevertheless, virtual vibration absorbers can
be extended and embedded into other preferred nonlinear control techniques for efficient
and robust tracking of desired motion reference profiles on unmanned aerial vehicles. Next,
in the simulation results section, several operating scenarios are developed, where the
quadrotor performs both regulation and trajectory tracking under the effects of exogenous
harmonic disturbance forces and torques. The efficient and robust tracking of references
trajectories planned online and offline is confirmed. Lastly, some highlights and comments
are presented in the Conclusions section.

2. Nonlinear Four-Rotor Aerial Vehicle Dynamics

The quadrotor is the most common aerial platform, consisting of four rotors mounted
on a cross frame. This underactuated nonlinear system possesses six degrees of freedom
and four control inputs only. A quadrotor is usually designed to have a rigid body with a
symmetrical mechanical structure, yielding a diagonal and positive definite inertia tensor,
where two right-handed coordinated systems are used to describe its pose. Firstly, a global
coordinate system I attached to the earth is established with axes X, Y, and Z. Subsequently,
the second selected coordinate system is fixed to the quadrotor body, which is identified
as B, with axes X’, Y’, and Z’, as shown in Figure 1. The control inputs are achieved by
differential control of the thrust generated for each rotor (related to the angular speed): the
total thrust or vertical force u and the actuation torques τφ, τθ , and τψ. Translations and
rotations on the quadrotor are then provoked by a variation of the angular velocity of each
rotor: rotors 1 and 3 spin counter-clockwise, and rotors 2 and 4 in the opposite direction.
The pitching moment τθ is originated by a difference in velocity of rotors 1 and 3. On the
other hand, the rolling moment τφ is generated by interaction of the produced forces by
rotors 2 and 4. Finally, the yawing moment τψ occurs when angular velocities of lateral
rotors are increased or decreased.The main control force u stands for the sum of all the
vertical forces produced by the rotors.

The produced forces by the rotors and the control inputs are related as follows [49]:

u =
4

∑
i=1

Fi

τψ =
4

∑
i=1

τMi

τθ =(F3 − F1)l

τφ =(F2 − F4)l (1)

where l stands for the longitude from the quadrotor centre of mass to the rotation axes
of the rotors, and the induced torque by each electric motor Mi is represented by τMi .
Additionally, Fi and τMi depend on the rotors’ blades geometry by means of the thrust and
drag coefficients. As observed in Equation (1), by regulating the rotor angular velocities, it
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is possible to achieve motion in different directions in the space. Thus, by a suitable combi-
nation of the control inputs, a quadrotor is able to perform the desired motion reference
trajectory tracking as well as stable regulation around a specified position. Reported studies
on dynamic modelling and control of the quadrotor [38,49–52] have been validated through
exhaustive numerical simulations and experimental tests, where the Newton–Euler and
Euler–Lagrange formalisms are used to describe translational and rotational quadrotor
dynamics. It is a common practise to define a vector of generalized coordinates q in order
to represent the quadrotor pose:

q = [x y z φ θ ψ]T ∈ R6 (2)

where the altitude of the system is described by the set of Euler angles φ, θ, and ψ, and the
position by the x, y, and z coordinates, both regarding the inertial reference frame I ,
as depicted in Figure 1.

Figure 1. A flying quadrotor subjected to four main control inputs.

In the present study, the following nonlinear dynamic model of the quadrotor is
considered [8,51,53,54]:

mẍ = −u sin θ + fx(t)

mÿ = u cos θ sin φ + fy(t)

mz̈ = u cos θ cos φ−mg + fz(t)

Jxφ̈ =
(

Jy − Jz
)
θ̇ψ̇− JrΩn θ̇ + τφ + τφd(t)

Jy θ̈ = (Jz − Jx)φ̇ψ̇ + JrΩnφ̇ + τθ + τθd(t)

Jzψ̈ =
(

Jx − Jy
)
φ̇θ̇ + τψ + τψd(t) (3)

where m is the total quadrotor mass, Jx, Jy and Jz are the diagonal elements of the tensor
of inertia expressed in the body frame, and g is the acceleration constant of gravity. fi(t),
i = x, y, z, and τjd(t), j = φ, θ, ψ, represent exogenous harmonic torques and forces affecting
translational and rotational dynamics. In the next section, nonphysical dynamic vibration
absorbers are designed and embedded into desired motion tracking control signals to
suppress the unwanted vibrating disturbances fi(t) and τjd(t).

3. An Active Vibration Control Design Approach for Quadrotors

To depict the central ideas of the proposed control scheme to track planned motion
profiles with additional vibration suppression capability for four-rotor helicopters, consider
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the main or primary vibrating system Σ1 to be protected against harmonic vibrations
induced by excitation forces f using an active dynamic vibration absorber Σ2 as follows

Σ1 : mÿ + cẏ + ky = ka(ya − y) + f (t)
Σ2 : maÿa + caẏa + ka(ya − y) = ua

(4)

In this representation, y is the position output variable of the main vibrating system,
and ya is the position signal of the dynamic vibration absorber. ua represents an exogenous
control force which can be implemented to extend the capabilities of the vibration absorber
for closed-loop reference trajectory tracking and simultaneous active vibration suppression
on the primary system. Positive parameters of mass, stiffness, and viscous damping of the
main mechanical system subjected to undesirable vibrations are respectively denoted by m,
k, and c > 0. Physical parameters of mass, stiffness, and damping of the dynamic vibration
absorption device Σ2 are denoted by ma, ka, and ca. Harmonic disturbance forces f (t) are
described as

f (t) = F0 sin(Ωt) (5)

where the amplitude and frequency parameters are denoted by F0 and Ω. The tuning
frequency of the dynamic vibration absorber is then set as

ωa =

√
ka

ma
= Ω (6)

A high forced vibration attenuation level closed to the excitation frequency Ω can then
be achieved using a weakly damped absorber, that is, by selecting the viscous damping
parameter as ca ≈ 0.

Then, consider the disturbed vibrating mechanical system Σ1 in the state-space
representation

Σ1 :

ẏ1 = y2

ẏ2 = − k
m

y1 −
c
m

y2 +
1
m

u +
1
m

f

y = y1

(7)

Here, the control input u should be designed so that undesirable harmonic distur-
bances f affecting the output signal y are actively suppressed. In the present study, virtual
(nonphysical) dynamic vibration absorbers Σ2 are proposed to be properly embedded into
the dynamic controller as follows:

Σ2 :

η̇1 = η2

η̇2 = − ka

ma
(η1 − y1)

u = ka(η1 − y1)

(8)

In this fashion, harmonic vibration absorption capabilities can be added to dynamic
controllers. The design parameters of the virtual dynamic vibration absorber should be
selected to satisfy Ω2 = ka/ma. The closed-loop system dynamics is then governed by

ẏ1 =y2

ẏ2 =y3

ẏ3 =y4

ẏ4 =− kka

mma
y1 −

cka

mma
y2 −

(
k + ka

m
+

ka

ma

)
y3 −

c
m

y4 (9)
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with y1 = y, y2 = ẏ, y3 = ÿ, and y4 = y(3). Notice that the asymptotic stability of the
closed-loop system is guaranteed by selecting the design parameters as ma, ka > 0, which
is proven as follows. The time derivative of the Lyapunov function candidate

V(y1, y2, y3, y4) =
1
2

ky2
1 +

1
2

my2
2 +

1
2

ka

(
k
ka

y1 +
c
ka

y2 +
m
ka

y3

)2

+
1
2

ma

(
k + ka

ka
y2 +

c
ka

y3 +
m
ka

y4

)2
(10)

along the trajectories of the system dynamics (9) yields

V̇(y1, y2, y3, y4) = −cy2
2 ≤ 0 (11)

Therefore, from the LaSalle’s invariance theorem,

lim
t→∞

yi = 0, i = 1, . . . , 4 (12)

Then, dynamic controllers based on virtual vibration absorbers (8) for active vibration
suppression and desired motion profile tracking on four-rotor helicopters are proposed
as follows:

u =
1

cos φ cos θ
(mz̈? + vz + mg)

τφ = Jxφ̈? + vφ −
(

Jy − Jz
)
θ̇ψ̇ + Jr θ̇Ωn

τθ = Jy θ̈? + vθ − (Jz − Jx)φ̇ψ̇− Jrφ̇Ωn

τψ = Jzψ̈? + vψ −
(

Jx − Jy
)
φ̇θ̇ (13)

with

Σi :

η̇1,i = η2,i

η̇2,i = − ka,i

ma,i
(η1,i − ei)

vi = −β0,iei − β1,i ėi + ka,i(η1,i − ei)

(14)

where ei = i− i?, i = x, y, z, ψ, θ, φ, stands for tracking errors; x?, y?, z?, and ψ? are reference
profiles planned offline; and θ? and φ? are trajectories computed online by

tan θ? = − mẍ? + vx

mz̈? + vz + mg
cos φ (15)

tan φ? =
mÿ? + vy

mz̈? + vz + mg
(16)

Hence, closed-loop dynamics of the trajectory tracking errors is governed by
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e(4)x +
β1,x

m
e(3)x +

(
β0,x + ka,x

m
+

ka,x

ma,x

)
ëx +

β1,xka,x

mma,x
ėx +

β0,xka,x

mma,x
ex =0

e(4)y +
β1,y

m
e(3)y +

(
β0,y + ka,y

m
+

ka,y

ma,y

)
ëy +

β1,yka,y

mma,y
ėy +

β0,yka,y

mma,y
ey =0

e(4)z +
β1,z

m
e(3)z +

(
β0,z + ka,z

m
+

ka,z

ma,z

)
ëz +

β1,zka,z

mma,z
ėz +

β0,zka,z

mma,z
ez =0

e(4)φ +
β1,φ

Jx
e(3)φ +

(
β0,φ + ka,φ

Jx
+

ka,φ

ma,φ

)
ëφ +

β1,φka,φ

Jxma,φ
ėφ +

β0,φka,φ

Jxma,φ
eφ =0

e(4)θ +
β1,θ

Jy
e(3)θ +

(
β0,θ + ka,θ

Jy
+

ka,θ

ma,θ

)
ëθ +

β1,θka,θ

Jyma,θ
ėθ +

β0,θka,θ

Jyma,θ
eθ =0

e(4)ψ +
β1,ψ

Jz
e(3)ψ +

(
β0,ψ + ka,ψ

Jz
+

ka,ψ

ma,ψ

)
ëψ +

β1,ψka,ψ

Jzma,ψ
ėψ +

β0,ψka,ψ

Jzma,ψ
eψ =0 (17)

Therefore, asymptotic tracking of reference trajectories specified for the operation of
the aerial vehicle can be achieved by the proper selection of the control design parameters,
β0,i, β1,i > 0, i = x, y, x, φ, θ, ψ, so that the characteristic polynomials associated with
Equation (17) are Hurwitz polynomials. Then,

lim
t→∞

ei(t) = 0 ⇒ lim
t→∞

i(t) = i?(t) (18)

Here, θ? and φ? are used to regulate the x and y position variables toward the desired
motion reference trajectories in the horizontal plane. In this fashion, the underactuation
condition is then solved. Then, control gains of angular motion should be suitably chosen
to be much faster than x and y translation motion. Notice that in order to avoid (uncon-
trollable) singular configurations of the quadrotor model (3), θ and φ angles should be
constrained to take values in the open interval (−π/2, π/2).

Figure 2 summarizes the proposed control scheme. Here, the α = [θ φ] and α? =
[θ? φ?] vectors, containing both real and references values for roll and pitch angles, are
used for purposes of simplicity in the representation. Moreover, vectors ξ = [x y z]
and ξ? = [x? y? z?] stand for the real and planned reference positions. Notice that eξ

represents an error vector containing the x, y and z position errors; then, similar conditions
hold for vξ , eα, Σξ , and Σα. Additionally, the Online TG block represents the trajectory
generator mechanism implemented by solving the set equations introduced in (15) and
(16). On the other hand, it can be seen that the proposed PD-like motion controllers require
velocity and position errors. However, virtual vibration absorbers only need measurements
of the quadrotor primary system displacements in order to attenuate the forced vibrations
acting on it.
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Figure 2. Desired motion tracking control scheme based on virtual dynamic vibration absorbers.

4. Numerical Simulation Results

Several computer simulation results are additionally presented in this section to show
the efficient performance of the proposed dynamic control scheme when the quadrotor
is tasked to reach desired position trajectories (x?, y?, z?). The external forced vibration
suppression capability of the control technique based on virtual vibration absorbers is also
confirmed. The numerical method of Runge–Kutta Fehlberg 4/5 was selected for computer
simulations, where a fixed time step of 1 ms is adopted. Two scenarios for the operation
of the aerial vehicle are described to portray the effectiveness of the introduced desired
motion trajectory tracking control approach.

4.1. Scenario 1: Hover Stabilization

In the first case, the quadrotor performs motion regulation around a fixed or stable
position (hovering). Thus, let us introduce the position reference profile in (19) that is
implemented to obtain smooth transitions between initial and final x, y, and z positions:

Γ? =


Γ0 0 ≤ t < T1

Γ0 +
(

Γ f − Γ0

)
Bz(t, T1, T2) T1 ≤ t ≤ T2

Γ f t > T2

(19)

where Γ0 and Γ f stand for desired initial and final values of motion trajectories planned
for the aerial vehicle, which is characterized by the set of parameters given in Table 1.
Meanwhile, Bz is a Bézier polynomial [55] defined as

Bz(t, T1, T2) =
n

∑
k=0

hk

(
t− T1

T2 − T1

)k
(20)

with n = 6, and h1 = 252, h2 = 1050, h3 = 1800, h4 = 1575, h5 = 700, h6 = 126.

Table 1. Quadrotor system parameters for simulation scenarios.

Parameter Units Values

m kg 0.98
g m/s2 9.81
l m 0.25
Jx kg m2 0.012450
Jy kg m2 0.012450
Jz kg m2 0.024752
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Thereafter, the first stage considers moving the quadrotor from an initial vertical
position z0 = 0 m to a desired height of z f = 10 m within a time window of 6 s, starting
after 1 s. Subsequently, the rotorcraft is displaced to desired positions in the horizontal
plane, from initial conditions x0 = 0 m and y0 = 0 m to a final position defined by x f = 5 m
and y f = 6 m in 10 and 15 s, respectively. On the other hand, the yaw angle is also
simultaneously taken from ψ0 = 0.5 rad to ψ f = 0 rad by using the Bézier curve until time
reaches the proximity of 19 s. Then, a time-varying trajectory is adopted as the planned
reference, where

ψ? = 0.5 cos(0.25t)m

ψ̇? = −0.1250 sin(0.25t)m/s

ψ̈? = −0.03125 cos(0.25t)m/s2 (21)

The closed-loop system performance with the controller (13) and (14) in the absence of
harmonic forces is shown in Figure 3. From the figures, the sufficiently smooth transference
towards the motion configuration planned for the quadrotor thanks to the use of Bézier
interpolation polynomials between specified operating states is evident [56].

(a) (b)

(c) (d)

Figure 3. Controlled motion without forced vibrations. (a) Controlled motion towards the desired
vertical position. (b) Controlled yawing motion. (c) Controlled x position. (d) Controlled y position.

As described in the control design section, the planned references for solving the
quadrotor underactuation condition are computed online and included in the control
loop scheme, where the planned positions and velocity references are properly used as a
feedforward action. In fact, the underactuation issue is solved by ensuring a faster response
for the rotational rather than the translational dynamics. Moreover, note in Figure 4 a
proper tracking of the angular references yielded by the trajectory generator (Figure 2)
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along with their respective time derivatives. Additionally, acceptable levels of energy from
the control inputs are achieved, as corroborated in Figure 5.

In several indoor and outdoor real applications, such as filming and power line
inspection, an effective stabilization of the quadrotor around a desired position while wind
is inducing forced vibrations is demanded. Therefore, and in spite of the good performance
achieved with our proposal, it is evident that we need to analyse the system behaviour
when subjected to induced wind forced vibrations, trying to emulate real quadrotor flight
conditions that deteriorate the system performance. Disturbance forces are intentionally
injected in this simulation scenario as follows: fx = sin(5t) N, fy = sin(5t) N, and
fz = sin(20t) N for t > 20 s. Moreover, disturbance torques are also included as τφd =
0.3 sin(100t) Nm for t > 5 s, τθd = 0.3 sin(80t) Nm for t > 20 s, and τψd = sin(30t)
Nm for t > 16 s. Consequently, the virtual dynamic vibration absorbers are tuned at
ωa,z = 20 rad/s, ωa,x = ωa,y = 5 rad/s with ma,j = m/2. Similarly, in Figures 6 and 7,
the acceptable regulation around x? = 5 m, y? = 6 m, and z? = 10 m in the presence of
sustained harmonic disturbances can be observed.

(a) (b)

Figure 4. Tracking of the online computed desired angles. (a) Desired roll angle tracking. (b) Desired
pitch angle tracking.

(a) (b)

Figure 5. Cont.
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(c) (d)

Figure 5. Control inputs for the unperturbed motion. (a) Main force input u. (b) Computed control
input τψ. (c) Computed control input τφ. (d) Computed control input τθ .

(a) (b)

(c) (d)

Figure 6. Controlled motion with disturbance inputs. (a) Controlled vertical position. (b) Main trust
force control input u. (c) Controlled x position. (d) Controlled x position.

On the other hand, Figure 6b confirms the satisfactory position control performance by
adjusting the magnitude of the main control force input for situations where the quadrotor is
being disturbed. Moreover, effective harmonic force suppression by means of the controlled
trajectories of pitch and roll angles can be also corroborated in Figure 7. It is also relevant
to highlight the soft and acceptable levels of the computed control inputs, so that the
control torques and force used for both regulation tasks and active rejection of undesirable
frequency harmonic vibrations are then suitable for implementation in a physical model. We
then conclude that our proposal is quite promising, in the sense that acceptable attenuation
levels of forced vibration are achieved while hover stabilization tasks are performed.
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(a) (b)

(c) (d)

Figure 7. Roll and pitch controlled motion. (a) Desired φ? angle tracking. (b) Desired θ? angle
tracking. (c) Computed control input τφ. (d) Computed control input τθ .

4.2. Scenario 2: Trajectory Tracking

In some quadrotor applications, such as surveillance and monitoring, payload deliv-
ering, mapping and inspection, etc., it is required to following either prescribed or online
computed trajectories. Usually, while doing these tasks, the quadrotor is subjected to wind
disturbances that produce undesired forced vibrations on the vehicle. Therefore, for the
second operating scenario, the quadrotor should track a planned reference in four different
cases: in the absence of disturbances and using the full control scheme; in the presence of
disturbance force and torque inputs without using the vibration absorber compensation;
in the presence of disturbance force and torque inputs but using the full control scheme;
and finally, as in the previous case but considering noisy sensor measurements.

4.2.1. Unperturbed Trajectory Tracking

For such purposes, a Lissajous curve is chosen as the planned reference for the motion
on the horizontal plane. Meanwhile, the Bézier interpolation setup remains the same as
the first scenario for controlling the z position. In the same way, the planned reference for
yawing motion is described by an interpolation curve with ψ0 = 0 rad and ψ f = 0.72 rad,
and transition times defined by T1 = 1 s and T2 = 7 s. In Table 2, the x and y trajectory
references for position, velocity, and acceleration for scenario 2 are summarized. The
equations allow us to see that the demanded motions for a proper trajectory tracking are a
control challenge, since disturbances reasonably affect the quadrotor performance.
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Table 2. Planned position, velocity, and acceleration references described by a Lissajous curve and
its derivatives.

References Units t ≤ 9.4 s t > 9.4 s

x? m 0 A cos(kT) cos(T)
ẋ? m/s 0 AdT cos(kT) sin(T)− AdTk sin(kT) cos(T)
ẍ? m/s2 0 −AdT2 cos(kT) cos(T) + 2AkdT2 sin(kT) sin(T)− Ak2dT2 cos(kT) cos(T)
y? m 0 A cos(kT) sin(T)
ẏ? m/s 0 AdT cos(kT) cos(T)− AdTk sin(kT) sin(T)
ÿ? m/s2 0 −AdT2 cos(kT) sin(T) + 2AkdT2 sin(kT) cos(T)− Ak2dT2 cos(kT) sin(T)

During the experiments, the parameter values are the following: k = 1/3, A = 10,
and dT = t/2. It is also important to mention that control gains for both experiments were
selected as follows:

β0,i = ω2
n,i

β1,i = 2ζiωn,i (22)

with ωn,z = 10 rad/s; ωn,j = 5 rad/s, j = x, y; ωn,θ = 50 rad/s; ωn,φ = 30 rad/s;
ωn,ψ = 40 rad/s; ζi = 0.1, i = x, y, θ, φ; and ζ j = 0.5, j = z, ψ.

The controlled trajectories of pitch and roll angles used to achieve the motion in x and
y directions are depicted in Figure 8, as well as the control input torques applied to the
helicopter. As expected, since disturbance are not included in this case, a proper functioning
of the introduced scheme for tracking tasks is corroborated, as shown in Figures 9 and 10.

(a) (b)

(c) (d)

Figure 8. Cont.



Mathematics 2022, 10, 235 15 of 25

(e) (f)

Figure 8. Unperturbed angular dynamics, case 2.1. (a) Tracking of the desired φ angle. (b) Computed
control input τφ. (c) Tracking of the desired θ angle. (d) Computed control input τθ . (e) Tracking of
the desired ψ angle. (f) Computed control input τψ.

(a) (b)

(c) (d)

Figure 9. Controlled underactuated dynamics, case 2.1. (a) Desired x? position tracking. (b) Virtual
controller vx. (c) Desired y? position tracking. (d) Virtual controller vy.
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(a) (b)

Figure 10. Controlled vertical dynamics, case 2.1. (a) Tracking using the vibration absorber without
disturbances. (b) Main u force control input.

4.2.2. Perturbed Trajectory Tracking without the Virtual Absorber Compensation

In the present case, we intentionally disconnect the vibration absorber compensation
in order to visualise the closed-loop dynamic response in the presence of external distur-
bances. It is important to mention that wind disturbances are manifested mainly through
crosswinds, wind shear, or gusts, which produce forced vibrations in the vehicles. Addi-
tionally, note that this study is focused on preliminary results where a class of disturbances
is considered; however, the analysis will be extended for other types of disturbances in
future works.

Disturbance forces are intentionally injected in this simulation scenario as follows:
fx = 0.5 sin(5t) N, fy = 0.5 sin(5t) N, and fz = sin(10t) N for t > 20 s. Moreover,
disturbance torques are also included: τφd = 0.3 sin(30t) Nm for t > 5 s, τθd = 0.5 sin(50t)
Nm for t > 20 s, and τψd = sin(40t) Nm for t > 16 s. Observe from Figure 11 the
presence of undesired oscillations induced by the vibrating torques and forces. Additionally,
from Figure 12, the disturbance negative effects on vertical motions is also corroborated.
Moreover, a significant deviation from the planned references is also seen in Figure 13.
Thus, vibration attenuation capabilities of the virtual vibration absorbers are evidenced
from this scenario.

(a) (b)

Figure 11. Cont.
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(c) (d)

(e) (f)

Figure 11. Perturbed angular dynamics, case 2.2. (a) Tracking of the desired φ angle. (b) Computed
control input τφ. (c) Tracking of the desired θ angle. (d) Computed control input τθ . (e) Tracking of
the desired ψ angle. (f) Computed control input τψ.

(a) (b)

Figure 12. Controlled vertical dynamics, case 2.2. (a) Tracking using the vibration absorber with
disturbances. (b) Main u force control input.
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(a) (b)

(c) (d)

Figure 13. Controlled vertical dynamics, case 2.2. (a) Desired x? position tracking. (b) Virtual
controller vx. (c) Desired y? position tracking. (d) Virtual controller vy.

4.2.3. Perturbed Trajectory Tracking with the Virtual Absorber Compensation

In this case study, the performance of the quadrotor by using the proposed virtual
vibration absorber-based motion control is examined. In Figure 14, the robustness of the
introduced approach for the compensation of rotational motion affected by disturbance
torque input is also corroborated. The benefits for using the virtual vibration absorber
are evident, since vibrations are significantly attenuated, as corroborated in Figure 15.
Moreover, note from Figure 16 that the planned motion is achieved on the horizontal plane,
where controller positions x and y track the parametric references of the Lissajous curve by
using the proposed controllers. The compensation actions in the control signals are also
seen. Thus, considering the equations in Table 2, a proper path following of the plane is
ensured, as observed in Figure 17.
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(a) (b)

(c) (d)

(e) (f)

Figure 14. Perturbed angular dynamics, case 2.3. (a) Tracking of the desired φ angle. (b) Computed
control input τφ. (c) Tracking of the desired θ angle. (d) Computed control input τθ . (e) Tracking of
the desired ψ angle. (f) Computed control input τψ.
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(a) (b)

Figure 15. Controlled vertical dynamics. (a) Tracking using the vibration absorber with disturbances.
(b) Main u force control input.

(a) (b)

(c) (d)

Figure 16. Controlled vertical dynamics, case 2.3. (a) Desired x? position tracking. (b) Virtual
controller vx. (c) Desired y? position tracking. (d) Virtual controller vy.
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Figure 17. Path following on the horizontal plane describing a geometric Lissajous curve.

Finally, in Figure 18 the 3D motion of the quadrotor vehicle is presented, which
describes a suitable 3D path following as stated by the planned reference. It is important to
highlight that in spite of being subjected to disturbance force and torques, the quadrotor
is able to accomplish the planned task by using the proposed control scheme. Thus,
we conclude from the simulation results that virtual vibration absorbers are successfully
included in the synthesis of motion control of a quadrotor vehicle, where the controller gives
satisfactory results for a wide range of operation conditions in regulation and tracking tasks.

Figure 18. Path following in the 3D space.

4.2.4. Perturbed Trajectory Tracking with the Virtual Absorber Compensation and Noisy
Sensor Measurements

The last case study in the second operating scenario is carried out while both ex-
ternal disturbances and reasonable additive noises corrupting the roll-pitch-yaw angle
measurements are considered. Here, noisy measurements of the angular variables are
simulated regarding white noise with uniform distribution U (0, 1) in the interval [0, 1] and
an unpredictable component of high frequency with a normal distribution N (µ, σ), mean
value µ = 0, and standard deviation σ = 1, which is described as follows:

γn = γ + Γ[U (0, 1) + sign(N (µ, σ))− 0.5] (23)

for γ = φ, θ, ψ and Γ = 0.25. An acceptable reference trajectory tracking under unde-
sirable vibrating disturbances and reasonable noise levels can be evidenced in Figure 19.
Notice that high-frequency oscillations are generated along with the online computed
references φ? and θ? due to the dependence on virtual controllers vx and vy as observed in
Figure 19a,c. Nevertheless, for highly noisy operational conditions for unmanned aerial
vehicles subjected to significant vibrating disturbances, the measurement sensor signals
should be pre-filtered and suitably conditioned to reduce harmful noise levels.
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(a) (b)

(c) (d)

(e) (f)

Figure 19. Noisy sensor measurements in motion control, case 2.4. (a) Tracking of the desired φ angle.
(b) Tracking of the desired x position. (c) Tracking of the desired θ angle. (d) Tracking of the desired
y position. (e) Tracking of the desired ψ angle. (f) Horizontal plane path following.

5. Conclusions

In this paper, a new active vibration control approach based on virtual dynamic
vibration absorbers for desired motion reference trajectory tracking and active suppres-
sion of undesirable harmonic vibration disturbances for a four-rotor aerial vehicle was
proposed. Nonphysical dynamic vibration absorbers were tuned at specified excitation
frequencies and then embedded into motion trajectory tracking controllers designed for
the MIMO underactuated nonlinear aerial dynamic system. In contrast to other important
contributions on efficient and robust trajectory tracking control for quadrotors, our control
design perspective considers the synthesis of virtual dynamic vibration absorbers to add
active vibration suppression capabilities to motion tracking controllers for four-rotor heli-
copters. Completely different from research works related to the design of real dynamic
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vibration absorbers for undesirable vibration attenuation on many realistic mechanical
systems, in the present study, the mathematical structure of physical vibration absorbers is
exploited for synthesis of dynamic controllers for aerial vehicles. Two operating scenarios
were presented to highlight the feasibility of the proposed dynamic control scheme to
perform regulation and trajectory tracking tasks. Numerical simulation results showed an
acceptable active vibration control performance by regulating the motion of the quadrotor
towards the established reference trajectories in the presence of forced harmonic vibrations.
Thus, a satisfactory tracking of the motion reference trajectories generated online and offline
specified for the multivariable nonlinear system was numerically confirmed. Hence, ana-
lytical and numerical results reveal that the mathematical structure of dynamic vibration
absorbers can be exploited to design planned motion tracking control schemes with forced
harmonic vibration compensation capabilities for unmanned four-rotor aerial vehicles.
Furthermore, the presented vibration absorption approach can be properly combined with
diverse robust linear and nonlinear control design methodologies for the synthesis of robust
control policies for four-rotor aerial vehicles. Future research studies will deal with the
extension of the presented results for different configurations of aerial vehicles subjected to
multiple excitation frequency forced vibrations using virtual dynamic vibration absorbers.
In this context, the incorporation of active disturbance rejection capabilities to compensate
a wide spectrum of periodic and aperiodic vibrations, as well as parametric uncertainty
and unmodelled nonlinear dynamics, will be also considered in subsequent studies.
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