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ON ALGEBRAIC EXPRESSIONS OF SIGMA FUNCTIONS
FOR (n,s) CURVES*
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Abstract. An expression of the multivariate sigma function associated with an (n,s)-curve is
given in terms of algebraic integrals. As a corollary the first term of the series expansion around
the origin of the sigma function is directly proved to be Schur function determined from the gap
sequence at infinity.
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1. Introduction. One of the prominent features of Weierstrass’ elliptic sigma
functions is their algebraic nature directly related to the defining equation of the
elliptic curve. Klein [19, 20] extended the elliptic sigma functions to the case of
hyperelliptic curves from this point of view. Since they are defined, it had been one of
the central problems to determine the coefficients of the series expansion of the sigma
functions. This problem was studied mainly by making linear differential equations
satisfied by sigma functions [28, 29, 4, 5, 6, 7], by making non-linear equations [3] for
genus two and by using algebraic expressions [19, 20, 13]. To determine a solution
of linear differential equations it is necessary to specify an initial condition which
requires separate consideration. Therefore the expansion was mainly studied for the
sigma functions with non-singular even half periods as characteristics.

Recently Klein’s sigma function is further generalized to the case of more gen-
eral plane algebraic curves called (n,s)-curves by Buchstaber, Enolski and Leykin
[9, 10, 11, 12, 8]. They made an important observation that the first term, with
respect to certain degree introduced in the theory of soliton equations, of the series
expansion of the sigma function, which corresponds to the most singular character-
istic, is described by Schur function. Although such connection is expected from the
theory of the KP-hierarchy [27, 15], a concrete description of the degeneration of the
quasi-periodic solutions to singular curves has not been done before. In order to es-
tablish the connection to Schur functions Buchstaber et al. [10] have developed the
rational theory of abelian integrals and characterized Schur functions by Riemann’s
vanishing theorem. Moreover Buchstaber and Leykin [8] have proposed a system of
linear differential equations satisfied by sigma functions, which is independent of char-
acteristics. Combining those results is expected to be effective for the further study
of sigma functions with singular characteristics. Unfortunately a basic formula ( the
formula (4) in [11]), on which some of results of [8, 10] including the assertion related
to Schur functions mentioned above depend, is not correct.

The purpose of this paper is to generalize Klein’s algebraic formulas for the hy-
perelliptic sigma functions to the case of (n, s)-curves and is to establish the relation
with Schur functions directly, that is, without using the results of [10, 11]. The sigma
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function, in this paper, signifies the sigma function with Riemann’s constant as its
characteristic [9].

The heart of the algebraic formula for the extended sigma function is in the
formula for the elliptic sigma function given by Klein [19]. Therefore let us briefly
explain it. Let o(u) and p(u) be Weierstrass’ sigma and elliptic functions associated
with the periods 2wq, 2ws. Consider two variables uq, us and set p; = (x;,y;) =
(p(us), 9’ (u;)). They are points on the elliptic curve y? = 42° — gox — g3. By making
use of the addition theorem for g(u) the bilinear form

W= p(UQ — ul)duldUQ

can be written in an algebraic form as

2y1y2 + dx1z2 (21 + 22) — g2(T1 + 22) — 293
dy1y2(z1 — 22)?

(./J = dIldIQ.

With this @ the elliptic sigma function is expressed as

@ — @ 1 [Pz (P2 _
olug —uy) = exp | = @), (1)
VY1y2 2 13 p1

where p; = (z;, —y;). What is remarkable for this formula is that the sigma function is
expressed by the algebraic functions z;, y; and the integral of the algebraic differential
form @. This formula very clearly manifests the algebraic structure of the sigma
function. For example, prescribing degree 2i to g;, one can deduce that the coeflicients
of the series expansion of o(u) at the origin become homogeneous polynomials of go
and g3 directly from this formula without using differential equations.

For higher genus curves one needs to introduce g variables in the sigma func-
tion. Already in the case of genus one it is possible to introduce arbitrary number of
variables. In fact the generalized addition formula due to Frobenius and Stickelberger
makes it possible to express the “n-point function” in terms of the “2-point function”:

)

o ( N o > Hfj:l U(Ui - Uj) det (p(i_l) (uj))lgiijQN
i, 0w —uj)o(v; —vi) Ty (9(v5) — o(us))

where in the determinant we set uny4; = —v;j, 1 < j < N. This formula suggests how
one should increase the number of variables in the sigma function in general.
Consider the algebraic curve X defined by

yroat = > Agaty! =0,

ni+sj<ns

with n and s being relatively coprime integers satisfying 2 < n < s. We call it a
(n,s) curve. If it is non-singular its genus is ¢ = 1/2(n — 1)(s — 1). The sigma
function for X is defined as the holomorphic function on C¢ which satisfies certain
quasi-periodicity and normalization conditions (see (43), (44)). It can be considered
as a holomorphic section of some line bundle on the Jacobian J(X) of X or as a
multi-valued holomorphic function on J(X) whose multivalued property is specified
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by the quasi-periodicity. In turn it can also be considered as a symmetric multi-
valued holomorphic function on X9 through Abel-Jacobi map. More generally we
construct a symmetric multi-valued holomorphic function on X% with the required
quasi-periodicity properties for any N > 1.

The building block of the formula is the prime function which is a certain mod-
ification of the prime form [17]. It takes a similar form to the right hand side of

(1):
~ (pa) — apy) "
E(pl,p2> f (pl)fy Pz ( /(1) /;Dl ) ,

for certain algebraic bilinear form @, where {p(®,...,p("~1} is the inverse image of
p=p© by the map z: X — P!, z: (z,y) — . It is skew symmetric and has the
same transformation rule as that of the sigma function when one of the argument goes
round cycles of X. Therefore this function can be considered as something like the
sigma function restricted to the Abel-Jacobi image of X x X although the restriction
of the sigma function itself vanishes identically. Then the function on X% (N > 3)
is constructed in a form suggested by Frobenius-Stickelberger’s formula using the ”2-
point function” E(py,p2). In this way the problem of constructing the sigma function
reduces to finding certain meromorphic function on X. This problem is solved for
(n, s)-curves.

To write explicitly the formula we need to describe a basis of meromorphic func-
tions on X which are singular only at co. Prescribe degrees n and s to x and y, order
the functions 2°y?, i > 0,0 < j < n—1 from lower degrees and name them as f; = 1,
f2, f3,... Then the formula for the sigma function takes the form (Theorem 2):

N Di
o Z/q du | =Cn My Fh,
=1 @

where du is the vector of a basis of holomorphic one forms (12), Cy is the explicit
constant (62) and

D
FN: N )

ILie; @(a) = 2(g))" " Thizs Ticicycn— (y(qg)) - y(q;(f)>)
Dy =det (fi(Pj) 1< j<nn

where we set
PNAm-D-14s = a5,  1<k<N, 1<j<n—1

In the case of hyperelliptic curves of genus g, that is, the case of (n, s) = (2,2g+1),
Fy = Dy, q,(C ) = = (x,—y) for g = (z,y) and the formula coincides with that given by
Klein [20].

It follows from this formula that, prescribing degree ns — ni — sj to A;;, Taylor
coefficients of the sigma function become homogeneous polynomials of A;; and the
first term, with respect to certain degrees, of the expansion of the sigma function is
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Schur function corresponding to the partition determined from the gap sequence at
oo (Theorem 3). The results have important applications in the study of differential
structure of abelian functions [14, 24, 25].

The plan of the present paper is as follows. In section 2 necessary facts on
Riemann surfaces and related objects on them such as flat line bundles, prime form and
normalized bilinear form are reviewed. The meromorphic functions and differentials
on (n, s)-curves are studied in section 3. The Important object here is the algebraic
bilinear form &. The existence of it is proved in section 3.3 and the relation with the
symplectic basis of the first cohomology group of an (n, s)-curve is given in section
3.4. In section 4 the properties of Schur functions are reviewed. The sigma function of
an (n, s)-curve is defined and studied in section 5. After giving the definition and an
analytic expression of the sigma function in section 5.1, an algebraic expression of the
prime form is given in section 5.2. In section 5.3 the prime function is introduced and
its properties are established using those of the prime form. The algebraic expressions
of the sigma function are given in section 5.4. Theorems 1 and 2 are main results of
this paper. In section 5.5 the series expansion of the sigma function is studied and the
proportionality constants in the proofs of main theorems are determined. Examples
of (2,3) curve and more generally (2,2g + 1) curves are given in section 5.6 and 5.7.
In section 6 some comments are given.

2. Preliminaries.

2.1. Riemann’s theta function. Let 7 be a g X g symmetric matrix whose
imaginary part is positive definite and a,b € RY. Riemann’s theta function with
characteristics *(a,b) is defined by

0 { Z ] (2) = gz:g exp (mi'(n + a)r(n + a) + 2mi(n + a)(z + b)) .

The theta function with zero characteristic is simply denoted by 6(z). We list here
some of the fundamental properties of Riemann’s theta functions.

(i)
9[ Z ] (z+my +7my) =

exp (2m’(taml —tbmy) — wi'maTms — 2m’tmgz) 0 [ } (2), mi,m2€Z. (2)

a
b

(i)

(iii)

0 { Z ] (z) = exp (mi'ara + 2mita(z + b)) 0(z + Ta + b). (4)

2.2. Flat line bundle. We briefly review some fundamental facts about Rie-
mann surfaces and the description of flat line bundles on them. We refer to [17, 18]
for more details.
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Let X be a compact Riemann surface of genus g, X the universal cover of X and
m: X — X be the projection. We fix a marking of X. It means that we fix a base
point pg on X, a base point py on X which lies over po and a canonical basis {ay, 5;}
of m (X, po), . Then the covering transformation group can be canonically identified
with 71 (X, pg). For k = 0,1, a holomorphic k-form on X can be identified with that
on X which is 71 (X, po)-invariant.

Let dv;, 1 < j < g be the basis of holomorphic one forms normalized as faj dv; =
d;j and 7 the period matrix, 7 = (fﬁj dv;). Set dv = *(dvy,...,dv,). The Jacobian
variety J(X) is defined by J(X) = C9/77Z9 + 7.

Let S*X = X*/S} be the k-th symmetric product of X. An element of it can be

considered as a positive divisor on X of degree k. We denote by I}, the Abel-Jacobi
map with the base point py:

ko g
Ik:SkX—M](X), Ik(p1+"'+pk):Z/ dv.

i=1 Y Po

Then J(X) can be identified with Pic’(X) of linear equivalence classes of divisors of
degree zero by Abel-Jacobi map: for A = Zle pi,B = E?:l G,

I:Pic®(X) — J(X),
B—A — I(B—A)=I;B)— I(A).

We sometimes use I, for the map X* — J(X).

A flat line bundle on X is described by a representation x : m1(X,pg) — C*,
where C* is the multiplicative group of non-zero complex numbers. Namely a mero-
morphic section of the line bundle defined by x is described by a meromorphic function
F on X which satisfies

F(yp) = x(7)F (D).

Since C* is abelian, the image x () of v € m1 (X, po) depends only on the image of v
in the homology group H;(X,Z), which we call the abelian image of ~.
Two representations x; and x» defines a holomorphically equivalent line bundle

if and only if
x1()x2(7) 7" = exp (/ w)
.

for some holomorphic one form w and any v € m1 (X, po).

The Jacobian variety can also be identified with the set of holomorphic equivalence
classes of flat line bundles on X. The flat line bundle corresponding to the degree
zero divisor A — B with A, B positive divisors as before, is described by

B
x(a;) =1, x(B:) = exp (—Qm'/A dvi> , (5)

where

B g
/ dv =
A -:

qi
/ dv,
i pi

7

1
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with a path from p; to ¢; being specified. Another choice of paths gives an equivalent
line bundle. We denote the equivalence class of this bundle by L, where a = ff dv €
J(X).

For a € CY there exists a unique set of vectors o/, o’ € RY such that

a=T1d +a".
The vector *(o/, ') is called the characteristic of a. We sometimes identify o with its
characteristic. Let *(o/, @) be the characteristic of ff dv € C9, where the integration
paths are specified. Then the function on X
H(fﬁpo dv+7a' +a" +e)
([ g; dv +e)

is a meromorphic section of L, corresponding to x, where e € CY is taken such that
numerators and denominators are not identically zero as a function of p.

There exists a unique unitary representation for each equivalence class of line
bundles. The unitary representation for £, is given by

X' (@) = exp(2mict}), X'(B;) = exp(—2miaj). (6)
A Meromorphic sections of £, corresponding to x’ is given by
(al(J5 dv +¢)
o[ dv+e)
where e satisfies the same conditions as before.

2.3. Prime form. Let §y be Riemann divisor for the choice {a;, 5;} and Lo the
corresponding holomorphic line bundle of degree g—1. For a € J(X) set Lo, = L4,®Lyg.

There exists a non-singular odd half period « [23, 17]. By Riemann’s theorem
there is a unique divisor p; + --- 4+ py—1 such that

a=p1+-+pg-1— o,

in J(X). Considering the function 6[c]( [’ dv) we see that the divisor of the holomor-
phic one form

g
89[a
0)dv; (
> 5, Odvilp)
i=1

is 2 Zl 1 Pi- Since o is non-singular, there is a unique, up to constant, holomorphic
section of L, which vanishes on p; + --- + pg—1. Thus there exists a holomorphic
section h, of L, such that

J 89[a
Z 821 0)dv;(p).

i=1

We use the same symbol h, for the pull back of h, to X. Then the prime form
[17, 23, 1] is defined as

[o](J2? dv)

hahaty 7 "

E(p1,p2) =
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By construction it vanishes to the first order at 7(p;) = m(p2) and at no other divisors.
Let m; : X x X — X be the projection to the j-th component and Io_; : X x X —
J(X) the map defined by Io_1(p1,p2) = Li(p2) — Li(p1). Then E(p1,p2) can be
considered as a holomorphic section of the line bundle 7} L o w5 Ly '© Iy 0 on
X x X, where © is the line bundle on J(X) defined by the theta divisor © = {(z) =
0}. Notice that the prime form does not depend on the choice of a.

We list some fundamental properties of the prime form.

(i) E(p2,p1) = —E(p1,P2)-

(11) E(ﬁl,ﬁg) =0« 7T(]51) = 7T(]52).
(

t

iii) For p € X take a local coordinate t around p. Then the expansion in #(jy) at
(p1) is of the form

E(pr, 52)V/dt(pr)dt(p2) = t(p2) — t(p1) + O ((t(p2) — t(51))?) -

(iv) Consider the function

. E(p,p2)
F(p) = E(Tﬁi)’

for p1, P2 € X. If the abelian image of v € 71 (X, po) is S maie 4+ Y0 maiBi,

F(vp) = exp <2m'tm2 / " dv) F(p),

¢
where m; = t(m; 1, ..., My g).

2.4. Normalized fundamental form. Let Kx be the canonical bundle of X.
A section of 7f Kx ® m3 Kx is called a bilinear form on X x X and a bilinear form
w(p1, p2) is called symmetric if w(pa, p1) = w(p1,p2). Since

HY (X x X,mKx @3 Kx) ~ 7 H(X,Kx) ® m3 H° (X, Kx),

any holomorphic symmetric bilinear form can be written as

> cijdvi(py)dvi(p2),  cij = cji, (8)

where ¢;;’s are constants.
We denote by A the diagonal set of X x X:

A={(p,p)|pe X}

DEFINITION 1. A meromorphic symmetric bilinear form w(p1,p2) on X x X is
called a normalized fundamental form if the following conditions are satisfied.

(i) w(p1,p2) is holomorphic except A where it has a double pole. For p € X take a
local coordinate t around p. Then the expansion in t(p1) at t(p2) is of the form

w(p1,p2) = < ! 5 + Tegular) dt(p1)dt(p2). (9)

(t(p1) — t(p2))
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(i) / w = 0, where the integration is with respect to any one of the variables.
a;

Normalized fundamental form exists and unique. It can be expressed explicitly
using the prime form as [17]

w(p1,p2) = dp, ds, log E(p1, p2), (10)

where p; = 7(p;). Integrating this formula we get

PROPOSITION 1. [17, 18] For a,b,é,d € X,

b\ E(b,d)E(a,?)
P </ / w) T E@dEG.

3. (n,s) curve.

3.1. Definition. For relatively coprime integers n and s satisfying s > n > 2
consider the polynomial [11]

flay) =y —a* = > Aga'yl. (11)

in+js<ns

Let X be the plane algebraic curve defined by f(x,y) = 0. We assume that X?f
is non-singular. Denote X the corresponding compact Riemann surface which can be
considered as X?f completed by one point co. The point co becomes a ramification
point with the ramification index n. The genus of X becomes g = 1/2(n —1)(s — 1).
Hereafter we take oo as a base point and fix a marking of X, (0o, o0, {a, 8i}).

A basis of holomorphic one form on X is given by

xaiflynflfbi dx
)
fy

where {(a;,b;)} is the set of non-negative integers satisfying

dui:—

sb—1

n

1<b<n-1,1<a<] 1,
and ordered as —naj + sb1 < --- < —nagy + sby [10]. This order is specified in such a
way that the order of zeros at oo is increasing.

dx xdx
f—, dug,1 = -
y

3.2. Meromorphic functions on X. The space of meromorphic functions on
X which are holomorphic on X\{oo} coincides with the space of polynomials of z
and y. We describe a basis of this space. Let w; < --- < w, be the gap sequence at
0o. It means that there is no meromorphic function on X which has poles only at oo
of order w;. Then

LEMMA 1. [10] (3) w1 =1 and wy = 2g — 1.

EXAMPLE. dug = —
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(i) Let 0 = wi < --- < wj be integers such that {w;,w;|i =1,..g} = {0,1,...,29—1}.
Then (29 — 1 —w7,...,29 = 1 —wy) = (wy, ..., w1).

Notice that {w}} are non-gaps between 0 and 2g — 2.
A local parameter ¢ around co can be taken in such a way that

x:tin, y:tls(1+0(t)). (13)

In particular x and y have poles at co of order n and s respectively. For a meromorphic
function h on X we denote by ord., i the order of poles at co. Then

ordes z'y? = ni + sj.

Let L(koo) be the vector space of meromorhic functions on X which are holomor-
phic on X\{oo} and have poles at oo of order at most k. Set L(xo00) = U3 L(koo),
which is the space of meromorphic functions on X holomorphic outside co. A basis
of L(x00) is given by

gy!,  i>0, 0<j<n-1 (14)
There are exactly g-gaps in the set {ord.z'y}:
Zso\{ni+sji>0,0<j<n—-1}={w < - <wy}.
Let f; be the monomial basis (14) such that
0 =ordeo f1 < ordeo fo < ordec f3 < «-- .
In particular f; =1, fo = x. By Riemann-Roch theorem
dimL((N4+g—1)oo)=N  for N >g.

Explicitly, using the local coordinate t, we have

1+ 1<i<g
=t (15)
= 1+l(1+0()) g+1<i

Notice that orde fy = 29 — 2.

EXAMPLE. (n,s) = (2,29 + 1):
(w1, ..ywy) = (1,3,..,29 = 1), (v, ..., wy) = (0,2,4,...,2g — 2),
(f1, fo, ) = (L, o, 29, y, 291 2y, 2972 2%y, ).
(n,s) = (3,4), g =3:
(’LU ’LUQ,’LUg) (17255) (wf,ws,wg) = (05374)5
(fi, fos o) = (L2, y, 2%, 2y, y?, 2, 2%y, 2y, ).
)=(3,5),9=4
(

wl7w27w37w4) ( 727477)7 (wruw;7w§7w1) = (0737576)7

(n,s
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f15f27 ) (1 x yvx zy,x ,2/2,1?2y7$47$yza$39a--~)-
(3,7), g =6
wi,wg) = (1,2,4,5,8,11),  (w}, ..., ws) = (0,3,6,7,9,10),

(n,s

(4,5), g =6t
wy,..wg) = (1,2,3,6,7,11), (w},...,w) = (0,4,5,8,9,10),

(n,s

(
) =
(
(f1, fo, ) = (Lz, 22y, 23, 2y, 2%, 2%y, 92, ...).
) =
(
(

fluf?a"') = (L"E?yax y XY, Y ,:103,:102y,xy2,...).

In terms of f; the holomorphic one form du; is simply described as

du; = — Jor1-i dz,
fy

By Lemma 1 (ii) we have, around oo,

1< <g.

du; = (£ 71+ O(t™)) dt. (16)

3.3. Algebraic fundamental form. A meromorphic symmetric bilinear form
which satisfies the condition (i) of Definition 1 can explicitly be constructed in terms
of algebraic functions. Such algebraic form plays a central role in the construction of
the sigma function.

Let p; = (z4,9:), ¢ = 1,2 and [11]

Sy v )= (e20m) 5
L1,

Q(p1, =
(p1,22) (01— 22) 1y (01)
where
[Z apw"]y = Z anw™.
nez n>0
Consider

i1, J1 2,2

~ iyt iz
B(p1,p2) = dp, Qp1.p2) + Y Cirjrsings fl(pi) f2(pz)
Yy Yy

where (i1,71) runs over (a; — 1,n—1—=15;), 1 <i<gandis >0,0<jo <n-—1,
Ciijisiaj. 'S are constants. Assign degrees as

dmldmg, (17)

deg \i;; =ns —ni —sj, degx =degdr =n, degy=s.

PROPOSITION 2. (1) If ¢ij is taken such that ©(p1,p2) = ©&(p2,p1) then @
defined by (17) satisfies the conditions (i) of Definition 1.

(i1) There exists a set of iy jyyinj, Such that O(p1,p2) = O(P2,D1), NON-ZETO Ciy jy iz
is a homogeneous polynomial of {\xi} of degree 2sn — n(iy + iz + 2) — s(j1 + j2 + 2)
and Ciyjisings — 0 ’Lf 2ns — n(zl + 10+ 2) — S(jl —|—]2 + 2) < 0.

Notice that, if we take ¢;,j,.4,5, as in (ii) in the proposition, then @ becomes
homogeneous of degree 0. For the proof of the proposition we need several lemmas.
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Let B be the set of branch points for the map z : X — P!, (x,y) — x. For
p € X set z Y (z(p)) = {p©,...,p" "V} with p = p(¥, where the same p(® is listed
according to its multiplicity.

LEMMA 2. The one form Q(p1,p2) is holomorphic except AU{(p),p)|p € B,i #
0}UX x {oo} U{oo} x X.

Proof. Tt is sufficient to prove that  does not have a pole at p; = péi),i # 0, for
p2 ¢ B. Let p() ($27y§ ) and
flay) =Y fi@y, fu=1 (18)

Then, for i # 0,

n—1 n—
> ML oo = SO Y S
k=

—

k=0 0 j>k+1
— Y

Z —y2

_ f(Iz,y2)‘— f(/l?27y§Z )
yél) — Y2
=0, (19)

(1)) J

where we use yo # yéi), i # 0 which follows from the assumption ps ¢ B. Thus 2 is
holomorphic at p; = pél), 1 # 0 as desired. O

LEMMA 3. Let p ¢ B, t a local coordinate around p and t; = t(p;). Then the
expansion of Q in to at t1 is of the form

Q(p1,p2) = ( + 0 ((t2 — t1)°)> dty. (20)

to — 11

Proof. Since p ¢ B one can take x as a local coordinate around p. Therefore it is
sufficient to prove

i
L

D) e = Byl 1)
0

E
Il

Let us write f(x,y) as in (18). Then the left hand side of (21) is equal to

Zyl Z fJ 1)y Z]f] T1)y) —fy(Il,yl)

k=0 j=k+1

LEMMA 4. The meromorphic bilinear form dp,(p1,p2) is holomorphic except
AU{(p®,p)lp € B,i# 0} UX x {oo}.
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Proof. Due to Lemma 2 it is sufficient to prove that d,,Q(p1,p2) is holomorphic

at (OO,p2)7 D2 3& Q.
Let ¢ be the local coordinate around oo such that @ = 1/t", y = (1/t°)(1 4+ O(¢))

and t; = t(p;). Then at (0o, p2), p2 # 00, the expansion of 2 in ¢; takes the form

Q= —% (14 0(t1)).-

1

Thus d,, €2 is holomorphic at (oo, p2), p2 # co. O

LEMMA 5. There exist second kind differentials dr;, 1 < i < g which are holo-
morphic outside {oo} and satisfy the equation

w(pr,p2) — dp, Upr,p2) = Y dui(p1)dFi(p2). (22)

i=1
Proof. Let us set

wi(p1,p2) = w(p1,p2) — dp, QAp1, p2).

By Lemma 2, 3, 4 and (9), the singularities of wy are contained in By U X x {00},
where By = {(b(),b)|b € B\{c0},0 < i < n —1}. Since By is a finite set and
By N (X x {o0}) = ¢, wy is holomorphic except X x {oo}. Thus one can write, for
b2 7é 00,

g
wi(pr,p2) = Y dui(p1)dFi(ps),
i=1

for some one forms dr;. Let us describe dr; more neatly in terms of w(p1, p2). To this
end let us take ¢, ...,q; € X\B such that Z?:l g; is a general divisor and g;’s are
in some small neighborhood of co. Take the local coordinate ¢t around oo such that
x=1/t", y=(1/t°)(1 + O(t)) and write

dui (p) = hi (t)dt7
wi(p1,p2) = K1 (t(p1), p2)dt(p1)-
Then we have a set of linear equations

g

> hilt(a;))dri(p2) = Ki(t(4)), p2).

=1

Since >7_, g; is a general divisor, det(h;(t(¢;))) # 0. Thus d7; can be expressed as

di(p2) = Y _ cijKa(t(g;), p2)

for some constants, with respect to pa, c;;.

Notice that Ki(t(g;),p2) is a second kind differential whose only singularity is
0o. In fact the coefficient of w(g;, p2) of dt(p1) is a second kind differential due to the
property (i) of w and dp,€2(gj, p2) is obviously of second kind. As already proved the
only singularity of K1 (t(g;),p2) is p2 = oo.
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Let us set
dr;(p Z cii K1 (t(q5), p),

which is a second kind differential singular only at oo, and set

wa(p1,p2) = wi(p1,p2) — Zdui(pl)dﬁ(m)-
i=1

Then wy =0 on X x (X\{oo}). Thus we =0 on X x X. Consequently

)
w(p1,p2) — dp, Ap1,p2) = Y _ dui(p1)dFi(p2),
=1

which proves the lemma. O

Proof of Proposition 2. (ii) Let us write

Z]l,]2<n 1 a1131712J2‘T1 yilxlfy%z
(z1 = 22)2 fy (p1) fy (P2)
It can be easily verified that a;, ;.05 € Z[{Am}] and @i, j,;i,5, is homogeneous of

degree 2(n — 1)s — n(iy +i2) — s(j1 + Jj2)-
On the other hand

dpzﬂ(plap2) = dxidzs.

> i SR EFYY D(Ch 2y — 26 1 1a T Ciygyitn—2,00) 7Y Y1 05 Y
PR () fy (p2) (£1 = 22)? fy(p1) fy (P2)

Thus &(p1, p2) = &(p2, p1) is equivalent to

Ciy—2,j13inge — 2Cii—1,j1560—1,52 T Cir,jrsia—2,2 = Ciz—2,ja3irj1 T 2Cia—1,j23i1— 1,51 — Cia,jaiin—2,1
= Qig,gosingn — Qiygusiaga- (23)
This is a system of linear equations for ¢;, j,.i,;, Whose coefficient matrix has integers

as components.

LEMMA 6. Any meromorphic differential on X which is singular only at oo is a
linear combination of (z'y?/f,)dz, i >0,0<j<n-—1.

Proof. Let n be a meromorphic differential which has a pole at oo of order k
and is holomorphic on X\{oco}. Consider the meromorphic function nf,/dz. It has
a pole only at co of order k — (29 — 2) since the zero divisor of dz/f, is (29 — 2)c0
Any meromorphic function holomorphic except oo is a polynomial of  and y. Thus

n € Clz,yldz/ f,. O

By Lemma 5 and 6, the system of linear equations (23) has a solution, that is, it
consists of compatible equations. Moreover it has a solution such that each c;, j, 4,5,
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is a linear combination of a; j iy j; satisfying i1 +i2 +2 =i} + i3, j1 +j2 = j; + 3. In
particular one can set ¢, j,;i,5, = 0 if 2ns —n(i1 +i2+2) — s(j1 + j2 +2) < 0 and has

degciljlﬂéh =2ns — n(zl + iQ + 2) — S(jl —|—]2 + 2),

if ¢;, 414405, 1S nON-Zero. O

(i) It is sufficient to prove the property (i) for w. By Lemma 5 dp,Q(p1,p2) is holo-
morphic except {(p,p)|p € X} UX x {oo} and so is ©. Since &(p1,p2) = &(p2,p1), @
does not have a pole at po = oo and therefore is holomorphic except {(p,p)|p € X}
where it has a double pole.

Let us prove that the expansion of @ at the diagonal has the required form. Set

k!
dr; = — Z Ca;—1,n—1—b;;kl ——dz. (24)
fy
Then
g
O —w=""dui(pr)(dri(p) — d7s(p2)). (25)
i=1

Both hand sides of (25) are meromorphic on X x X. The singularities of the left hand
side are contained in {(p,p)|p € X} and those of the right hand side are contained in
X x {oo}. Thus the possible singularity of & —w is {oo} x {oo}. Therefore & — w and
dr; — dr; are holomorphic on X x X and X respectively. Then the required expansion
of W at (p,p), p € X follows from (9). O

Take one set of ¢;, j,:i,5, satisfying (ii) of the proposition and define dr; by (24).
Notice that dr; is a second kind differential. In fact dr; = d7; modulo holomorphic
one form as is just proved and dr; is a second kind differential by Lemma 5. We have

g
W(p1,p2) = dp, 2(p1,p2) + Z dui(p1)dri(p2).
i=1

Define period matrices w1, ws,n1,m2 by

() () (). (1)

Notice that w is invertible due to Riemann’s inequality. We set 7 = wy Ywg. Tt is
symmetric and satisfies Im 7 > 0.

3.4. Relation between w and &. We give the relation between w and & using
the period matrices.

LEMMA 7. Let wy and wa be meromorphic symmetric bilinear form satisfying the
condition (i) of Definition 1. Then

g
wi—wy =Y cijdui(p1)du;(pa), (26)

5,J=1

for some constants c;; such that c;; = cjj;.



SIGMA FUNCTIONS FOR (n,s) CURVES 189

Proof. The left hand side of (26) is holomorphic symmetric bilinear form. Thus
it can be written as desired by (8). O

Set

du = *(dua, ..., duy).

LEMMA 8. We have

w(p1,p2) = B(p1,p2) + ‘du(pr)mw; ' du(ps).
In particular mwl_l 15 symmetric.

Proof. By Lemma 7
g
w—0= Z tdu(py) C du(pz), (27)
ij=1

where C' = (¢;5) is a constant symmetric g x g matrix. Since fak w(p1,p2) = 0 we
have

g g
D dui(pr)(m)ax =Y cizdus(pr)(wi) -
i=1 =1
Thus
)
(m)ik = Y _ cij(wi)jn,
=1

and
C =muwy .

O

3.5. Symplectic basis of cohomology. For the sake of simplicity we call,
hereafter, a meromorphic differential on X second kind if it is locally exact. In this
terminology a first kind differential is of second kind, the space of differentials of
the second kind becomes a vector space and the first cohomology group H'(X,C) is
described as the space of second kind differentials modulo exact forms.

The intersection form on H!(X, C) is given by

non’ = Res (/pn) ' (p),

where 7, 1’ are second kind differentials, summation is over all singular points of 7
and ' and Res means taking a residue at a point.
Riemann’s bilinear relation can be written as

9
i=1 o Bi i Bi
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ProrosiTIiON 3. We have
dujodu; =0,, du;odr;=20d;;, dr;odr;=0, (28)

which means that {du;,dr;} is a symplectic basis of H*(X,C).

Proof. 1t is sufficient to prove (28), since the linear independence follows from it.
The relation du; o du; = 0 is obvious. Let us prove du; o dr; = §;;. We calculate
@(p1,p2) o duj(p2) in two ways. By Proposition 2 (i)

p2
Blp1,p) o dus(pe) = Res ([ D)dus(p2)

= —du;(p1). (29)

On the other hand

W(p1,p2) o duj(p2) =

/N

dp, (p1,p2) + Z duz‘(pl)dﬂ(pz)> o du;(p2)

=1

I
'M‘Q

dui(p1)(dr; o duy). (30)

=1

Comparing (29) and (30) we have
d?‘i o duj = —61']‘,

since {du;} are linearly independent.
Next let us prove dr; o dr; = 0. Similarly to (30) we have

&(p1,p2) o drj(p2) Z du;(p1)(dr; o drj). (31)

=1

Since duy o dr; = Jy; as already proved, we have, using Lemma 8,

W(p1,p2) o drj(p2) = w(p1,p2) o drj(p2) Zduz p1)(mwi i (32)

Let us calculate w(p1,p2) o drj(p2). By Riemann’s bilinear relation

g
2miw(p1, p2) o drj(p2) :Z (/ / drj — / er/ >
k=1 Bk Bk

~93 ) / v, (33)

k=1

M

since fak w =0.

LEMMA 9. We have

/ﬁ w =203 (2wn) dui (1), (34)

=1
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where the integral of the left hand side is with respect to pz and (2w1)y; ! denotes the
(k,i)-component of (2wy)~ L.

Proof. Similarly to (29) we have
w(p1,p2) o dui(p2) = —dui(p1),
and similarly to (33)
g
2miw(p1, p2) o du;(p2) Z (2w1) m/ w.
1 Bk
The assertion of the lemma follows from these. O

Substitute (34) into (33) and get

w(p1,p2) o drj(p) =Y (mwyi ") jidui(pr). (35)

=1

Then we have, by (32),
W(p1,p2) o dr;(p2) Zduz p1) ((mwi i — (mwy Hij)
which becomes zero since n;w; * is symmetric by Lemma 8. Tt follows from (31) that

dr;odr; =0.0

Due to the relation (28) Riemann’s bilinear equations take the form

~'mwr + fwim =0, (36)

—"nows + fwanp = 0, (37)
T

—'mws + i = —?Ig, (38)

where I, denotes the unit matrix of degree g. If we introduce the matrix

we(3 2)
m 72

those relations can be written compactly as
¢ 0 1 _ T 0 I
M ( -1 0 M= 2\ -1, 0 )
4. Schur function. Let p,(T") be the polynomial of T}, T5,... defined by

exp(D>_Tpk™) =Y pu(T)K",
n=1 n=0

where k is a variable making a generating function [15].
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2 3

T T
EXAMPLE. po =1, p1 =11, p2=T2+71, p3=T3+T1T2+Fl.

A sequence of non-negative integers A = (A1, ..., A;) is called a partition if A\ >
<o > N Wesset |A| = A+ -+ XN Denote by X = (], ..., A,), I/ = A1, the conjugate
of A [21]:

o=l =i}
For a partition A = (A1, ..., \;) define the polynomial S\(T) of Ty, T5, T5,... by
SMT) = det(px, —i+;(T))1<i i<t (39)
which we call Schur function. Notice that, for any » > 0, we have
Sonony (T) = SA(T), (40)
where (A, 07) = (A1, ..., A\, 0,...,0).
4
3 1

1 1
Sion(T)=TTs — T3 — gT13T3 + ET{", Seaan(T) =Ts — TAT5 + %Tf’.

EXAMPLE. S(1)(T) =Ti, Se,1)(T) = —T5 +

We prescribe the degree —i to T;:
degT; = —i.
The following properties are well known (see for example [15]).

LEMMA 10. (i) Sx(T) is a homogeneous polynomial of degree —|\|.
(ii) Sx(=T) = (=1 S\ (T).

For a partition A = (Aq, ..., \;) we define a symmetric polynomial of 1, ta, ... #
by

det(t) M 1y
[Lecicjati—t)"

sx(t

which we also call Schur function.
Two Schur functions are related by
l i
S\(T) = sa(t) if T, = Z=200, (42)
If one takes I’ > |A] for A = (A1,...; \r), then the symmetric function s, gir—1(¢)
can be expressed uniquely as a polynomial of power sum symmetric functions 7T; =

[
j%ltj, 1 <¢ <U'. This polynomial coincides with Sy (7).
We define a partition associated with an (n, s)-curve by

A(n, ) = (wg,...,w1) — (g —1,...,1,0).

Then
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PROPOSITION 4. [10] (i) Sx(n,s)(T) does not depend on the variables other than
Twy, ooy Tw,, that is, it is a polynomial of the variables Ty, , ..., Ty,.

(i) AM(n,s) = A(n, s).

(i) |A(n, s)| = i(rﬁ —1)(s* = 1).

() Sxn,o)(=T) = (=)F " DED83(, (T).
Notice that properties (iii) and (iv) follow from (ii) and Lemma 10.

5. Sigma function.

5.1. Definition. Riemann’s constant of an (n, s)-curve with the base point co
becomes a half period, since the divisor of the holomorphic one form du, is (2g —2)c0.
Let

! 1
|: 66/1 :| ) 6/5 6” € {07 5}5
be the characteristic of Riemann’s constant 6 = dy — (g — 1)oo € J(X) with respect
to our choice (o0, {av, 3;}). We define the degree of u; to be —w;:

degu; = —w;.

DEFINITION 2. The fundamental sigma function or simply the sigma function
o(u) is the holomorphic function on C9 of the variables u = *(u1, ..., uy) which satisfies
the following conditions.

(i) o(u+2wimy + 2woms) /o (u) = (—1) Mme+2(0"mi=6"ms)

X exp (t(2n1m1 + 2noma)(u + wimy + wgmg)) ) (43)

(i) The expansion at the origin takes the form
o (1) = Sxn,e) (D)7, =us + Y Falu), (44)
d

where fq(u) is a homogeneous polynomial of degree d and the range of the summation

is d < —|A\(n, s)|.

It is possible to give an analytic expression of a function satisfying the condition
(i) in terms of Riemann’s theta function.

PROPOSITION 5. [9] Let T = wy *wy. Then a holomorphic function satisfying (43)
is a constant multiple of the function

exp (%tumwl_lu) 0 { % ] (2w1)~1u, 7). (45)

The proposition can easily be proved using (36), (37), (38) and the uniqueness of
Riemann’s theta function 6(z) [22].

The existence of the sigma function is not obvious because of the condition (ii).
In the succeeding subsections we shall construct the sigma function explicitly using
the algebraic integrals.
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5.2. Algebraic expression of prime form. In this section an algebraic ex-
pression of the prime form is given using the map = : X — P!, (z,9) — 2.

Let B C X be the set of branch points of the map z, B’ = B\{cc}, B=n"(B) C
X, B = 7 1(B') B=x(B) CP' and B’ = 2(B’). Let p € X and 4 be a path from
% to pin X\B'. Then 5 = (x o 7)(¥) is a path from oo to (o 7)(p)- Let 7@ be the
lift of 4 to X\ B’ connecting p? to oo and 7 the lift of 4(?) to X beginning at co.
Denote $ the end point of 4. Then p lies over p().

In this way for each path 4 = (0 from co to p in X\B’ we have a uniquely
determined path from o to 59 in X\B'. Let 7; = 71( ) i=1,2be paths from o to

p; and ﬁl( ) be the corresponding path from o to pg ). The path from ﬁgi) to ﬁ(i) i

defined by Wéz) o (¥ (l)) L. Hereafter, for p € X, we denote 7(p) by p if there is no fear
of confusion.

PROPOSITION 6. [17] We have
oo (@(p2) —z(;
Honpr = WP< / v )

REMARK. In Fay’s book [17] (p17, formula (v)), the prime form is expressed by
the right hand side of Proposition 6 multiplied by the term exp( f b2 m;dv;). This
difference stems from the fact that F(pi,p2) is described on the umversal covering
X in this paper while it is described in the fundamental polygon cut out along the
homology basis {«;, 8;} in [17].

For the sake to be complete and self-contained we give a proof of this proposition.

LEMMA 11. We have
(i)

(:v(w) :x(pg))(x(z) - i(pl)) = exp ("i /w ~p2 w) ' (46)

(%)
i=0 Py

Proof. By Proposition 1

g, B EG, Y
exp(Z/ /() ) 1:[ ( p2_) (2231))

Let us consider the right hand side of this equation as a function of @ and denote it by
F(w). By the property (iv) of the prime form, if the abelian image of v € 71 (X, 00)
is >0 maa; + >0 maf; then

n—1 ﬁgj)
F(yw) = F(w) exp | 2mi Z by /(‘) dv | . (47)
7=0 151]

LEMMA 12.
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Proof. 1t is sufficient to prove

Let us fix p; and consider the left hand side of (48) as a function of ps. We denote
it by G(p2). Then G(p2) is a holomorphic function on Y = X — B. At each p() € Y
one can take z-coordinate as a local coordinate around it. By differentiating G(p2)
with respect to the local coordinate x we get

n=1l _a;—1(,,()\n—1—b;
5 % (yY)
dG(p2) = . dz, (49)

where pgj) = (z,y)).

LEMMA 13. Let ¢ € X and ¢9 = (z,y™). Suppose that q ¢ B. Then

n-l (3))b
ZL)(_)zo, 0<b<n-—2.
=0 fy(xay 7))
Proof. Let
n—1 )
fl,y) =] -y
3=0

Since ¢ is not a branch point, y(? # y) i # j. For 0 < b < n — 2 we have

z

Res ———— dz =0,
= 12 (z —y)
where 7z is a variable on P*. Thus, by the residue theorem on P*,
n—1 b n—1 (])
Res 1— Z y
2=y (@) H" ( _ z) ;p y(J)

By Lemma 13 and (49) we have
dG(p2) =0

on Y. Since G(p2) is continuous at each point of B, it is a constant on X. By the
definition of the integration path G(p;) = 0. Therefore G(pz) is identically zero as
desired. O

Let us continue the proof of Lemma 11. By Lemma 12 and (47) F(@) is 71 (X, 00)-
invariant and can be considered as a meromorphic function on X. By comparing zeros
and poles,
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for some constant C. Since F(Z) =1

which proves the lemma. O

Proof of Proposition 6. In Lemma 11 take the limit Z — p;, W — p2 and use

z(w) —x(q) _
ilﬁq W = —dx(q),

p2 RS E 5 m
oo [ [ 0) = HLRECD) (50)
2 E(w, pr)E(Z, p2)
Then we easily get the desired result. O

5.3. Prime function. Let /du, be the holomorphic section of the line bundle
on X defined by the divisor (g — 1)oo satisfying

(Vg = du,, (51)
Vidug = 1971 (1+ 0(1)) v, (52)

where ¢ is the local parameter (13) around oc.

DEFINITION 3. We define the prime function E(py,p2) on X x X by

E(f,2) = ~E(Br, 52)y/ dug(pr)y/dug (p2) exp (% /P tdu - oy /sz du>. (53)

1

Since
§=07+6" =8 —-(9g—1)oo=(g—1)oo -6 in J(X),

E(p1, p2) can be considered as a holomorphic section of the line bundle 7} L5 @ 75 L5 ®
I5 10 on X x X.
By Proposition 6 and Lemma 8 we have

s o ((p) — @ (p o .
Bl ) = = 3 s p( / / ) (54)

We need to put one of the variables in E’(ﬁl,ﬁg) to be co in order to describe the
sigma function. Since E(p1,p2) becomes zero at p; = <o, it is defined in the following
manner. Take the local coordinate ¢ (13) and the local frame v/dt as above and define

E(0,p2) = E(p1,p2) vV dt(p1)|t(p)=0s (55)

E(%, §) = E(0,p)y/dug(p) exp (% /ptdu el /~p du) . (56)

oo
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Notice that E(co,p) and E(c,ps) can be considered as holomorphic sections of
Lyt ® I7© and L5 ® I70O respectively. By (52) and the property (iii) of E(p1,p2) we
have

—E(pr,p2) = E(%0, p2)t(p1)? " + O (t(p1)?) -

The properties of the prime form imply those of E (p1,P2) and E (c0,p). The next
proposition follows from the properties (i) and (ii) of the prime form.

PROPOSITION 7. (i) E(pa,p1) = —E(p1, pa).
(ii) As a section of a line bundle on X x X, the zero divisor of E(py,ps) is

A+ (g—1){oo} x X + X x {o0}).

(i) As a section of a line bundle on X the zero divisor of E (o, p) is goo.
Later we shall study the series expansion of those functions (see Lemma 16).

PROPOSITION 8. Let the abelian image of v € m1 (X, 00) be Y mq 05+ maif;.
Then

(i) E(p1,v52)/ B, pa) = (—1) mamat2(8'mi="6"ma)

D2
X exp <t(2n1m1 + 2n2m2)(/ du +wimi + w2m2)> .
D1
(ii) The equation (i) substituted by p1 = o holds for E(50,pa).
Proof. (i) Consider

Fi(p1,p2) = E(p1, P2)\/ dug(p1)dug(p2).

It is a section of the bundle 7 L; ® 75 L5 ® I5_,©. For a non-singular odd half period
a=r71a +a” set

P = F1/9[a]([p2 dv),

p1

which is a section of the line bundle 77 Ls_o @ 75 L5_q. Let

Fy(Pr,vP2) = X(V)F2(p1,P2), v € mi(X, 00),
where x : 11 (X, 00) — C* is a representation of 71 (00, X). Since

dug _ 1

2 00]a -1 a:—1,n—1—b.
hZ 9 2o (0) (2wn )7 e —Lyn 1ot

is (X, 0o)-invariant, so is F. Thus x(v)? = 1 and x is a unitary representation.
Therefore, if the abelian image of vy is > my ;a; + Y ma 3, we have

x(7) = exp (2mi(*(6" — /Ymy — (8" — " )m2)) ,
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by (6) and consequently

Fi(p1, vp2) 216 my 5" m2) t t /p2
— 7 — (1 m Mm2)exp | —mi'maoTme — 2mi'm dv |, (87
F1(p1, p2) =y ’ o “Jp 0

by (2).
Next let

o 1 D2 L P2
F5(p1,p2) = exp 5/ du mwy / du | . (58)
D1 P1

By calculations we have

F3(p1,vD2)
F5(p1,p2)

p1

D2
= exp <t(2771m1 + 27727712)(/ du 4+ wimy + wams) + m'tmlm2>

D2
X exp (witmﬂmg + 2m’tm2/ dv) ) (59)
D

Here we use (36), (38) and the relation
dv = (2w1) du.

Multiplying (57) and (59) we get the desired result.
(ii) The statement is obvious from (55), (56) and (i). O

5.4. Algebraic expression of sigma function. We now state our main theo-
rems of this paper.

THEOREM 1. For N > g

N 5.

P _ I, E(, i ot(F: (01w
o3 [y = BE BRI duipp ey (@

i=1"7 >

It is possible to derive a more general formula which contains Theorem 1 as a
limit.

Let N > g, pi, i, i = 1,...,N be points on X and f;, ¢ = 1,...,nIN the basis of
L((nN + g — 1)o0o) defined before. Consider the function

Dy

Fny = - N
T, (o) — 20" 2 T Theaeyen s (v(6) — (a)

A - Aey) AE) o AT o AEE) - AETTY)
byl . . . . .

Fan®@1) o fan@n) Fan @) o fan@™ ) o fun@P) - fan@ETY)
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Notice that, for each j, Fiy is symmetric in q§1), ...,q§n_1) and does not depend

on the way of labeling the points 71 (z(g;))\{g;}-

THEOREM 2. Suppose that N > g. Then

i=1 Y
where
N =
M 1L j=1 E(pi, 4j)
N — )
N N

[ies (BGo5i) EGir)) T (2(00) — 2(a5))

Lonv—1) [ €(8) N IN(N-1)- IN(N-1)(n—1)(n—2)+ 4 Nn(n—1)— LgNn(n—3)
Cn=(-1)2 =) €n ,(62)

€n = exp(2mi/n), e(r) = H1§i<j§n—1(6:zi —e).

Proof of Theorem 1. Let G be the right hand side of (60) divided by the left
hand side. Obviously G is a symmetric function of py,...,pn. Using Proposition 8
and Proposition 7 one can easily verify the following properties.

(1) G(VﬁlvﬁQv 7Z~)N) = G(ﬁlvﬁQv 7Z~)N) for any vy € 7T1(X7 OO)
(ii) The right hand side of (60) is holomorphic as a function of p;.

Let us consider G as a function of pi,...,pg. By (i) it can be considered as a
meromorphic function on the g-th symmetric product S9X = X9/S, and therefore
on the Jacobian J(X). As a meromorphic function on J(X) G has poles only on
Y = {o(u) = 0} of order at most one by (ii). Thus it is a constant which means that
it is independent of p;, 1 < ¢ < g. Since G is symmetric, it does not depend on all

of the variables. The constant is calculated in the proof of Theorem 3 (i) in the next
section. O

In order to prove Theorem 2 we have to study the properties of the function Fy.
LEMMA 14. (i) Fn is skew symmetric with respect to {p;} and {q;} respectively.
(i1) In each of the variables {p;,q;} Fn is a meromorphic function .

(ii) As a function of p1 Fn has poles only at oo of order at most nN + g — 1 and
zeros at p; (j > 2), ql(j) (1<k<N/1<i<n-1).
(iv) As a function of g1 Fn has poles only at oo of order at most nN + g — 1 and
zeros at q; (j 22),p§;) (I1<k<N,1<i<n-1).

Proof. (i) The skew symmetry in {p;} is obvious and that in {¢;} can be easily
verified.
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(ii) It is obvious that Fi is a meromorphic function with respect to p;. Let us prove
that Fy is a meromorphic function of ¢;. To this end we first prove that Fi is a

symmetric polynomial of y(qgl)),...7y(q§n71)). Notice that Dy is a skew symmetric
polynomial of y(¢; ( )),...,y(qgn_l)), since fk(qg )) = z(q1)® y(qp) for some a,b and
ting ¢\, ..., ¢" ™" is th ting col Th
permuting ¢y 7, ..., ¢ is the same as permuting columns. Thus
D/ TT (v(af”) - v(af™) . (63)
1<j

is a symmetric polynomial of y(qgl)),...,y(qgn_l)). Obviously its coefficients are poly-

nomials of x(q1).
Now it is sufficient to prove that any symmetric polynomial of y(q(l)),...,y(q("_l))
is a polynomial of 2(¢) and y(q). Let us write

@) =3 Aa@)y™ = [ - v,
1=0 1=0

where Ag = 1, A;(x) is a polynomial of  and y; = y(¢?). Then
e’i(yov -~-7yn71) = (_1)ZAZ($(q))7

where ¢e;(t1, ..., t,) is the i-th elementary symmetric polynomial,

n n

H(t+ti) = eilty, s tn)t" "

=1

-
Il
=)

Using
€i(Yo, s Yn—1) = Yo€i—1(Y1s -+, Yn—1) + € (Y1, s Yn—1);

one can easily prove that every e;(y1,...,yn—1) is a polynomial of yo = y(q) and z(q).
Thus any symmetric polynomial of y1, ..., yn—1 is a polynomial of z(q) and y(q).

(iii) This is obvious.

(iv) As proved in (ii) (63) is a polynomial of z(q1), y(q1) and therefore its only
singularity is co. Let us examine the zeros of Dy.

Notice that Dy has zeros at q1 =4qj, ] ;é 1 of order at least n — 1. In fact ¢ = g;
implies that {qi1 , 7q1 } {q yees G 1)}. Therefore Dy has zeros of order at
least n — 1 at ¢1 = g;.

In a similar manner Dy has zeros at ¢ = qj(-i), i # 0, of order at least n — 2,

. . . 1 n—1 1 n—1 .
beca;se, in this case, the number of elements in {q§ ), - qg )} N {qj( ), - qJ(- )} is
n—

Consequently the only singularity of Fiy is at most ¢1 = oo Moreover Fiy has
zeros at q1 = qj, j # 1. The fact that Fy is zero at ¢; = pJ , 1 # 0 can be easily
verified.

The order of poles at co, which we denote by ord., F, is estimated as

ordes Fy < 01 — Oz — Os,
Or=(MnN+g—1)+---+(nN+g—(n-2)),
O3 = (n—2)n(N —1),

03_S(n;1>7
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where O is the maximal possible order of poles of Dy, Oz is the order of poles of

Hj-vzz(:ﬂ(ql) —x(gj))" "2 and Os is that of Hi<j(y(q§i)) - y(qy))). By calculation we
get

01—02—O3=TLN+Q—1.

Proof of Theorem 2. The proof is similar to that of Theorem 1. Let
G(p1, .-, pN|q1s ---s qn) be the right hand side divided by the left hand side of (61).

The function G is m (X, co)-invariant in each of the variables {p;, ¢;} by Proposi-
tion 8. Consider G as a function of py, ...,py. By Lemma 14 G can be considered as a
meromorphic function on J(X) which has poles only on ¥ of order at most one. Thus
it does not depend on ps, ..., pg. Since G is symmetric in {p;} it does not depend on
any p;. Similarly G does not depend on {g;}. Thus G is a constant. The constant is
calculated in the next section. O

5.5. The series expansion of sigma function. In this section we study the
series expansion of the sigma function using the expression obtained in the previous
section.

Let us use the multi-index notations like

o [e5] « J—
u® = ujt - -ugd, a=(ag,...,a).

We set

g
laf = Z w; g,
i=1

so that degu® = —|a|.

THEOREM 3. (i) The expansion of o(u) at the origin takes the form

U(U) = S)\(n,s) (T)lTwi:ui + Zaauau

where aq € Q[{Xi;}] and the sum is taken for a such that |a| > |A(n, s)]|.

(i1) In (i) aq is homogeneous of degree —|\(n,s)| + |a|. In particular o(u) is homo-
geneous of degree —|\(n, s)| with respect to the variables {u;, Aji }.

(iii) o(—u) = (—=1)A9)lg(y).
In the remaining of this section ¢ denotes the local parameter around oo specified

by (13). Set

degt = —1.

LEMMA 15. (i) If we write y = £ 30 cit?, co = 1, then ¢; belongs to Q[{A}]
and is homogeneous of degree i.

(ii) If we write dz/f, = —t2972(1 + > 52, cit')dt, then c; belongs to Q[{\w}] and is
homogeneous of degree i.



202 A. NAKAYASHIKI
(i) Let t; = t(p;) and

1

o0
m + Z aijtﬁté dtldtg.

4,5=0

@(pl,pz) =

Then a;; = aj;, a;; belongs to Q[{Aw}] and is homogeneous of degree i + j + 2.

Proof. (i) Substitute the expressions of z, y in ¢ to the defining equation f(z,y) =
0 with f being given by (11). Then

1

n

1 = )

y=2 (16 X gy
ni+sj<ns r=0

If we write

oo

L+ Y0 At (Y ety = ibiti, bo =1, (64)
=0

ni+sj<ns r=0

then each b; is a polynomial of ¢y, ..., ¢;—1 and {A\g;} with the coefficients in Q, since
ns —ni —sj > 0.
In the expansion

Oo_il/ni S 1/n - Y
(;bzt) _1+;( i )(;blt), (65)

the coefficient of t" is a polynomial of by,...,b, with the coefficient in Q and con-
sequently is a polynomial of ¢1,...,¢.—1, {Ag} with the coefficient in Q. Thus the
equation

i Cﬂfi = (i biti)l/n (66)
=0 =0

implies that ¢, € Q|ey, ..., ¢r—1, { A& }] for 7 > 1. This proves ¢, € Q[{ \x1}]-

Next let us prove degc; = [ by the induction on [. The case I = 0 is obvious.
Suppose that [ > 1 and dege¢; =i for ¢ <[ — 1. Then the equation (64) to determine
b;, i <l can be written as

-1 l
T+ ) A" (Y ety = bit' mod. (#7). (67)
r=0 =0

ni+sj<ns

Since the left hand side of (67) is of degree 0 by the induction hypothesis, degb; = 4
for any ¢ <. Similarly the equation (66) determining ¢; from by, ..., b; can be written
as

l l
et = (3 bit) /" mod. (#+1) (68)
i=0 i=0

The right hand side of this equation is of degree 0. Thus degc¢; = 1. O
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(ii) This easily follows from (i).
(iii) By the property (9) for @,
N dt1dts
O— 12
(t1 —t2)?

is holomorphic near {co} x {oo}. Thus it is possible to expand it as

Z aijtﬁté dtl dtg. (69)

N dt1dts
w(p1,p2) - (
i,j=0

t1 — t2)? -

Let us prove that a;; is a homogeneous polynomial in {Ag;} of degree 2 4+ i+ j.
Since &(p1, p2)(t1 — t2)? is holomorphic near {oo} x {co} one can write

o0
Blpr,p2) (£} — 5)? = () biytit])dtdts.
i,j=0

We first prove b;; € Q[{ A}
Using
fodz + fydy =0, (z1 —32)? = (titz) 2" (t] — 15)?,
we see that

dx(p1)dz(pz)
fy(pl)fy(p2)

for some homogeneous polynomial P in x1,y1, T2, Y2, { \p1} with the coefficient in Q
of degree 2s(n — 1). By (i), (ii) one has b;; € Q[{\x:}] and degb;; = —2n+2+i + j.
Therefore one can write

B(p1,p2) (1] — 15)% = (tat2)*" P

~ dtldt? n n\2 = i 4]
w — m (tl — t2) = Z Cijt1t2 dtldtg,
3,7=0

where ¢;; € Q[{ A\ }] and degec;; = —2n+ 2 + i+ j. By (69) we have

oo oo
n n\2 Y gt 4]
(t7 —t3) E aijtity = E Cijtyts,
4,j=0 4,j=0
which is equivalent to
Qij — 2Qjqn,j—n + Qit2n,j—2n = Cit2n,j- (70)

Here we set a;; =0if ¢ <0 or 7 <O0.

Define (i,7) < (k,l) ifand only if i+j < k+lori+j =k+1 and j < l. It defines
a total order on the set {(¢,7)|4,5 > 0}. The equation (70) expresses a;; as a linear
combination of ay; with (k,1) < (¢,7), k+1=1i+7 and {¢,s} with r +s =4+ j + 2n.
Since ago = Crt2n,0, a0y a;; is a linear combination of {c¢,s} with r + s =2n +14 + j.
Thus a;; is in Q[{A\g;}] and is homogeneous of degree 2+ i + j. O
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LEMMA 16. (i) The expansion of E(p1,pa) near (0, 30) is of the form
E(p1,p2) = (t1 — t2)(tat2)? (1 + Z cijtit),
i+j>1
where ¢;; is a homogeneous element in Q[{Ax:}] of degree i + j.

(i) The expansion of E(ob,ﬁ) near co is of the form

B(s0,p) = t9(1+ Y cot!),

j=1
where cq; is the same as that in (i).

Proof. (i) Using the definition, property (iii) of the prime form and (52) we have
the expansion of the form

BE(p1,p2) = (1 — t2)(tat2) " (1 4+ D cititd).
i+j>1

In order prove that ¢;; has the required properties we use (54). The right hand side
of (54) is calculated in the following way.
Let &, = exp(2mi/n). Since z(p)) = z(p) = 1/t", we take t) = £t as a local
parameter of p(*) by rearranging i of p(* if necessary. Then
i n i 5?
(o) =1/t ) = () =yl e,
k

Using these local parameters we get
n=lo et epy
exp (z [ w)
i=1 7Py P

> a8 - @) e - ta“)) :

and

oD Spll — et - I (1+ o)

where ¢} is that in Lemma 15, (ii). The assertions for ¢;; follow from these expressions
and Lemma 15. O

Proof of Theorem 3. (i), (ii): Let t; = t(p;). By Lemma 16 we have

I, Boo,pi)V ([T, ta) o~ ke k
E, - 1—[ (t‘—t‘) (1+ Z Ckl---thl "'tN )a
Hi<j (i, pj) i<g\e 0 Eidthy>1
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where ¢k, . ky € Q{Aii}] and degéy, .. .ky = D ki- By (15) we have

= (1, gz (14 0(0), s 2= (14 O(0))s 5 (14 O(0), s 2o (14 O(1),

where all O(t) parts are series in ¢ with the coefficients in Q[{\;;}] and are homoge-
neous of degree 0 with respect to {¢, Ag;}. Using Lemma 1 we get

(N+g—-1,.,N4+g—1)+(0,—w3, ..., —w}

g’

—-2g, ... —(N +g—1))
= (A(n, 9)1,...,A(n,8)4,0,..,0) + (N —1,N — 2,...,1,0).

Let us denote the partition (A(n,s),0¥~9) by A&¥)(n,s). Then

N _
(L, t)™ !

Hi<j (ti - tj)

det(fi(tj))1<ij<n = SAN) (n,s) (t1, . tn) + ZavluthI;I o 'tI;VN: (71)

where ¢k, gy € Q{Aur}], degCr, . kx = —|A(n, 8)|+ > k; and the summation is taken
for k;’s satisfying > k; > |A\(n, s)|.
By (16) we have

D fwi e .
du; = i'thrwi, i € A , d i = 7.
/OO u " +J§:1CJ cij € Q{Au}] €gCij =7
Let
N Lk
Ntk
Tk = Tk(tlv 7tN) = %

Then T1,...,Tn are algebraically independent and become a generator of the ring of
symmetric polynomials of 1, ..., ¢y with the coefficients in Q,

Q[t1,....tN]"Y = Q[T1, ..., T].
Moreover if we prescribe degrees for ¢; and T; by
degt;, = —1, degT; = —1,

a symmetric homogeneous polynomial of 1, ..., t 5 of degree k can be uniquely written
as a homogeneous polynomial of T1, ..., T of degree k.

We have
N Dre oo
u; = Z/ du; = Ty, + Z(J’ + wi)eig Tjtw,
k=1Y° j=1
- T’LUI + Z &klkNlel o 'TJIS[N5 (72)
> gki>w;
where ¢, . ky € Q{Au}], deg, €, .. .ky = —w; + > jk; and the second expression is

unique.



206 A. NAKAYASHIKI

Let us take N > 29 — 1 = wy. Then Ty,,...,T, are algebraically independent.
We denote the right hand side of (60) by F(p1,...,pn). By Theorem 1 the series
expansion of F'in ¢y,...,tx can be rewritten as a series in uq, ..., uq.

Let

F(plv' 7pN) _S}\(N)(n s) tla"'v +ZF k (73)

be the homogeneous decomposition of the series in ¢; and

F(p1,...,pN) ZF d (74)
d>0

the homogeneous decomposition of the series in u;, where in (73) the sum in k is taken
for k > |A(n,s)|. Let do be the smallest integer such that F_g # 0. Write

- -~ l l
F_d(u) = E Cd;ll...lgull . -ugg.
Zliwi:d
Then
Fgy(u) = 2 Th...Th 4 ¢ o TELTEN o (75)
—do - do;ly.. lg w1 Wy ki...kn—1 N »
S liwi=do > jkji>do

for some constants, with respect to Ti’s, ¢}, By comparing (73) with (75) we

have dy = |A(n, s)| and

kN

I~ l l
§ Cdo;ls .. lgTwll T ngg = SAW) (n,s) (tla sy tN)'
> liwi=do

Since

SA(N) (n,s) (tlv 0y tN) = S}\(H,S) (T)v
by (40) and (42) and Ty, ,...,T%, are algebraically independent, we have
Foagu)= Y Cagyaytht vy = Sy (D)7, —u,.
Z liwi:do

For d > dy one can write

Fla(ty,entn) =Y bag, iy T TR,

with b1, 1y € Q{A}] and degby., .1y = —do+d. Comparing this with the expres-
sion of ﬁ,d(u) and using the algebraic independence of T1, ..., Ty, we see inductively
that F_g4 is a polynomial in {u;} with the coefficients in Q[{A}] which is homoge-
neous of degree —dy with respect to {u;, Ag; . Consequently the equation (60) holds
and (i),(ii) of Theorem 3 is proved.

(iii) Since Riemann’s constant 74’ + ¢” is a half period, o(u) is even or odd by Propo-
sition 5 and (4). Thus the relation in (iii) follows from Proposition 4 (iv). O

Calculation of Cn in Theorem 2. We set t1; = t; = t(p;) and to; = t(G;). We
take the limit ¢; — co, ¢ = 1,..., N. Since we know that F) is holomorphic in §; by
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the already proved part of Theorem 2, we can calculate the limit by taking the limits
toa; — 0, tag — 0,... toay — 0 in this order. Therefore we assume |to1| < -+ < |tan]
and expand everything first into Laurent series in ¢2; and take the top term of the
expansion. Next we expand this top term in ¢95 and so on. Below, if we simply write
A+ -+ then it means such an expansion. Let us carry out such calculations.

We have

Dy = (_1)%(n,l)N(N,l)E;%N(Nfl)fiN(Nfl)(n71)2(n72)+%N(n71)(zgfn)Jr%gN(nfl)(nfz)

N i—1)(n—1)2=3""'(n —i
Xe(l)N det(fi(pj))lgi,jSN H té]] D(n—=1)" =327 (nN+g—1) N (76)
j=1

By Lemma 16 (i) we have

Hf:l (t1itg;)" N Ho—1 Hszl (t1s — t25)

My = (-1)N —
[Tic;(t1s — tag)(t2i — t25) - [1; =0 (7 — 155)

(1 + (regular term)). (77)

By calculation
FN/DN _ (_1)%N(N71)(n72)6(5)7N

N —1)n(n— 1(n—1)(n—2)s
(TTis, toi) N —Dn(n=2)+5(n=1)(n=2)
[Lic; (5 —t5;)" 2

(1 + (regular term)). (78)

Let Hy be the product of Fy/Dy and My. Then

N, \N+g—1
HN = (—1)%N(N+1)€(S)*N (H'L:l tll) 9

[Tic;(tri — 1)

N
—(i—1)(n—1)%4n — —1)n(n— 5(n—1)(n—2)s
) T a0 NN DD (s (79)

i=1
Multiplying (76) and (79) we have

oo (I )V

MyFyn =
N Tlie, (trs = tg)

det(fi(pj))i<ij<n + -+ .

Thus, by (71), in the limit t2; — 0,..., tany — 0 we get

MyFy =Cy' SAM) (nys) (B1y ooy EN) + 2o
= C"[?/'1 S)\(n,s)(T”Twi:ui + - )

where in the last +--- part is a series in t;, i = 1, ..., N of degree less than —|\(n, s)|.
a



208 A. NAKAYASHIKI

5.6. Example—g = 1—. We take f(z,y) = v — 23 — Ao — Ao, that is, we
set Aag = Ao1 = A1 = 0. In this case ¢;;5 satisfying (ii) of Proposition 2 is unique,
coo;10 = 1 and other ¢;;.1;’s are all zero. Then

P Y1 + Y2 diEl J,'gdl'g
@(p1, =d —7 2% dz; | + —
(P1.p2) = dp, (le(xl ) 1) 2y1 2y2

_ 2y1y2 + z1x2(21 + 22) + Mo(x1 + x2) + 2X00
dyry2 (w1 — @2)?

dCCldCCQ,

and

Theorem 2 gives

o </;1 du1>2 =E(p1.41)° = & Elpyl()pl_)x o </<1> /;1 ®> '

Notice that p(") = (x, —y) for p = (z,y). One can transform the defining equation of
the elliptic curve to Weierstrass form

Y? =4X° — g2 X — g3,
by
X=z Y==2y, go=—-4 o, ¢g3=—4No.

The sigma function in this case coincides with that of Weierstrass. Let p(u) be the
Weierstrass elliptic function. The symplectic basis duy, dri are transformed to

dx  XdX

and @ becomes

-~ 2}/1}/2+4X1X2(X1+X2)—92(X1 +X2)—293
= dX1dX
“ 1Y, Ya(X1 — Xo)? .

= p(ve — v1)dv1dva,

where

Di
vi:/ du.
S

The formula for the sigma function gives

( )2 (Xl _ X2)2 /;ﬁgl) /132 R
o\ —V =  ———— €X w ] .
2 1 1Y, p o S5

This formula coincides with that given by Klein [19].
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5.7. Example: Hyperelliptic case. Consider the case

29
fla,y) =y — 2™ = > " \oa'.
=0

We set )\QQJFLO = 1. One can take Ciy,05i2,0 = (ZQ - il)/\i1+i2+2,0 for 0 < il < g — 1,
i1+ 1 <iy <2¢—i; and all other ¢;, j,.i,;, to be zero. Then [9, 2]

g9
& =d,, <M) + Z du;(p1)dr;(p2)

2yi(a1 —x2) ) =

C 2y1ye 4+ D7 g whah (2X2i0 + Aziv10(21 + 22))

dzyd
dy1y2 (w1 — x2)? e

and

g+ xFdx
dr; = — Z _(k =g+ 1) Mktgt2-i0 5y
k=g+1—1i

Set p; = (x4, v;) and ¢; = (X;,Y:). The formula of the sigma function is given by (61)
with

1 ... 1 1 1
xl e xN Xl PR XN
oo I S § X¢ . XY
Yy YN - - =Yy '
:1:{“ CC?VH X19+1 X]g\;r1
Ty - xnyn —Xai¥1 -+ —XnNYn

and

COn = (_1)%N(N+1)+9N.

This is Klein’s formula [19, 20].

6. Concluding remarks. In this paper we have established the formula for the
sigma function associated to an (n, s)-curve X in terms of algebraic integrals. Some
properties of the series expansion of the sigma function are deduced from it. Namely
it is shown that the first term of the expansion becomes Schur function corresponding
to the partition determined from the gap sequence at infinity and the expansion
coefficients are homogeneous polynomials of the coefficients of the defining equation
of the curve.

The building block of the formula is the prime function. It is a multi-valued func-
tion on X x X with some vanishing property and has the same transformation rule
as that of the sigma function if one of the variables goes round a cycle of X. Remark-
ably, in the case of hyperelliptic curves, Onishi [26] has constructed a function with
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the same properties as a certain derivative of the sigma function. By the uniqueness
of such a function they coincide. In general it is expected that the prime function can
be expressed as a derivative of the sigma function.

Fay’s determinant formula ((43) in [17]) expresses Riemann’s theta function in
terms of prime form and some determinant. To get a formula of the sigma function
one needs to take a limit sending some parameter to a singular point of the theta
divisor. To this end one has to know the structure of sigularities of the theta divisor.
So it is difficult to get the formula of the sigma function by taking a limit of Fay’s
formula in general. We have avoided this task and directly constructed a formula of
the sigma function.
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