Teopia Vimosip. Ta Marem. Crarucr. Theor. Probability and Math. Statist.
Bun. 70, 2004 No. 70, 2005, Pages 29-40
S 0094-9000(05)00628-9

Article electronically published on August 5, 2005

ON AN EXTENSION OF THE LYAPUNOV CRITERION OF
STABILITY FOR QUASI-LINEAR SYSTEMS VIA INTEGRAL
INEQUALITIES METHODS
UDC 519.21

NGUYEN HUU DU

ABSTRACT. In this article, we concern ourselves with a new concept for comparing the
stability degree of two dynamical systems. By using the integral inequality method,
we give a criterion which allows us to compare the growth rate of two Itd quasi-linear
differential equations. It can be viewed as an extension of the Lyapunov criterion to
the stochastic case.

1. INTRODUCTION

It is known that studying the asymptotic behavior of dynamical systems is important
both in theory and in application. Therefore, there are many works dealing with this
topic and there exist a large amount of stability criteria for deterministic and stochastic
systems. Among these criteria, the characteristic Lyapunov exponent is a powerful tool
because it is important for explaining the chaos of the systems under consideration (see
[1, 2 0], etc.). We remark that studying the Lyapunov exponent of a function means
comparing its growth rate with the growth rate of the exponential one. However, the
class of exponential functions is rather simple and it does not contain much information
on the behavior of the function considered. By requirement of technical problems, we
have sometimes to replace this class by a larger one, say C, and compare this function
with elements of C in order to know its behavior, especially at ¢ = co. To realize this
we introduce a concept of comparing the behavior of trajectories of solutions of two
differential equations as follows: a system is said to be better than a given one in the
class C in view of stability (we will say that this system is more stable than the given one)
if, whenever all trajectories of the given system starting from a small neighborhood of the
origin 0 belong to the corridor {(¢,z): t > 0, |z| < ¢} generated by a positive function
q: € C, then all trajectories of the second system starting from a suitable neighborhood
of 0 must have the same property.

Naturally, this raises a question: when is one system more stable than another? Of
course, it is a difficult problem even in the deterministic case. In this article, we deal
with a criterion for comparing two quasi-linear systems. This problem is encountered
when we investigate a nonlinear stochastic system via its first linear approximation.

The article is organized as follows. Section 2 gives a concept of comparing two dif-
ferential stochastic equations. In Section 3, we are concerned with the regularity of a
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30 NGUYEN HUU DU

stochastic linear equation and formulate the main theorem. Section 4 deals with its
proof.

Although the result is formulated for the one-dimensional Wiener process (W;), it
remains true for multidimensional processes.

2. COMPARISON OF GROWTH RATES OF STOCHASTIC SYSTEMS

Let (92, F¢,t > 0,P) be a stochastic basis satisfying the standard conditions (see [7])
and (Wi, t > 0) be a Wiener process defined on (2, F;,t > 0, P). For the sake of simplicity
we assume that (W, t > 0) is a one-dimensional process. We consider a system described
by the following stochastic differential equation:

{dXt = a(t, Xy, w) dt + A(t, Xy, w) dW;,

2.1
( ) Xo=x € ];{d7

where, for all z € R?, (a(t,z)) and (A(t,z)) are two stochastic processes, F;-adapted,
with values in R? such that

(2.2) a(t,0) =0, A(t,0)=0 for any t > 0.

Suppose that for any z € R?, equation (2.1) has a unique solution starting from .
Let us recall the classical definition of Lyapunov stability. We write X¢(z,w) for the
solution of (2.1) satisfying Xo(z,w) = x. From (2.2), it follows that X = 0 is a trivial
solution of (2.1).

Definition 2.1 (see [I0], p. 206). The trivial solution X = 0 of (2.1) is said to be stable
if for any € > 0

(2.3) lim P{ sup | Xy(z,w)| < e} =1
z—0 0<t<oo

However, this definition gives no information when the solution X (¢, x) is unbounded
or converges rather fast to 0. We remark that, in fact, considering the stability of the
trivial solution means we compare its trajectories with the constant functions because
the relation supg<;coo |Xi(z,w)| < e implies |X;(z,w)| < e(t) for any ¢t > 0, where
e(t) = e for all t > 0. This suggests that it is necessary to choose functions varying in
time to get more information on the growth rate of solutions. Or, equivalently, instead
of using only one, we can use a family of neighborhoods of 0 depending continuously on
t and study conditions under which the solutions of (2.1) always belong to this family.
Moreover, with the help of this family, we can compare the growth rates of two systems
as explained below.

Together with equation (2.1), we consider another one

2.0 {dy; = b(t,Y,,w) dt + B(t, Yy, w) dW,,
Yy =y € R,
where (b(t,x)) and (B(t,x)) satisfy the same conditions as (a(t,z)) and (A(t,x)), i.e.,
b(t,0) =0, B(t,0) =0 forallt>0.

We denote by Y;(y) the unique solution of (2.4) starting from y. Let C be the class of
all positive, continuous functions from [0, c0) to R4 and M be a subset of C.

Definition 2.2. The trivial solution X = 0 of system (2.1) is said to be more stable
than the solution Y = 0 of system (2.4) in the comparison class M if and only if for any
q € M, the relation

(2.5) lim P{[¥;(y)] < g; for any £ > 0} = 1
y*)
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ON AN EXTENSION OF THE LYAPUNOV CRITERION OF STABILITY 31

implies that
(2.6) lir% P{|X¢(x)| < ¢ for any t > 0} = 1.

Definition is an extension of the classical definition of stability. Indeed, it is easy
to prove the following theorem

Theorem 2.3 (see [I4]). System (2.1) is stable in the sense of (2.3) if and only if it is
more stable than the trivial system

(2.7) Y =0, Y,cRY

on the class C.

Next, we also give a definition of comparison similar to the definition of asymptotical
stability.

Definition 2.4. System (2.1) is said to be really more stable than (2.4) if condition (2.5)
implies that there exists a ¢* € M such that

*

1
lim sup — log 9 <0
t qt

t—o0
and
(2.8) lirr%J P{|X:(x)| < gf for all ¢ > 0} = 1.
Example. Both systems
(A) X —2X +2X =0,
(B) dy = th dt + Y, dW,

are unstable. The system (A) has the solution X;(z1,z2) = ef(x1 cost +xosint), and by
Itd’s formula we see that Y;(y) = yexp{t + W,}. It is easy to see that (A) is more stable
than (B) in the class C. Indeed, if ¢ € C is such that

lir% P{|Y;(y)| < g¢ for all t > 0} =1,

y—)

then from W; ~ N(0,t) we get q; > cexp{t 4+ ay/t} for some suitable ¢ and . Hence,

| X (21, 22)| < q¢ for any ¢ > 0 provided |z1|+ |x2| is sufficiently small, i.e., we have (2.6).
3. COMPARISON OF QUASI-LINEAR SYSTEMS

For any function f: [0,00) — R™, the number

ALf] = Jim ()]

is called the Lyapunov exponent of the function f. We recall the Lyapunov criterion of
asymptotic stability for the first approximation. If the linear part

(3.1) E=At)¢,  €eRY

is regular (see [6], p. 165) and its top Lyapunov exponent is negative, then the trivial
solution of the perturbed system

(3.2) X =AMX + f(t,X), X, €RY

is asymptotically stable, provided |f (¢, x)| < k|z|™, m > 1.
Naturally, one wants to generalize this result to stochastic systems described by It6’s
differential equations. As mentioned before, the main difficulty we encounter is that the
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Wiener process (W;) has unbounded variations. Then we cannot use directly the method
described in [6]. Recently, N. D. Cong in [4] has shown that if the equation

{dZt — A Z,,

3.3
( ) Zog =1z € ];{d7

is regular then the linear equation

(3.4 {dZt = AyZy + B, Z, dW;,

ZO =z c Rd,
where A; and B; are two functions with values in d x d-matrices, satisfying
(3.5) |A:| < A, |B:| < B for any t > 0,

with two certain constant matrices A and B, is also regular. Suppose that Z;(z) is the
solution of (3.3) satisfying Zy(z) = z. We denote by A[z] the Lyapunov exponent of Z;(z)
defined by

1
Alz] = lim sup : In|Z(2)].

t—o0

In the case the limit exists (instead of limsup), we say that Z;(z) has an exact exponent.
It is known that (see [12]) the spectrum (i.e., the set of all finite Lyapunov exponents)
of (3.3) consists of d nonrandom constants, namely

(3.6) M <A << A

(taking all multiplicities into account).

The regularity of (3.3) (see [6], p. 139) means that there exists a normal fundamental
matrix Z; of the solution of (3.3) such that the k-column vector of Z; takes the exact
Lyapunov exponent Ag. Set

O, = Z; exp{—At}, t >0, A=diag{A1, Ao, ..., Aa}-
Then it is easy to see [4] that
(3.7) AN@] = A[@ 1] = 0.
Our main result is the following

Theorem 3.1. Suppose that (3.3) is reqular and is really more stable than the system

(3.8)

dY; = a(t,Yy) dt + o(t,Y:) dWr,
YO =yec Rda

in the class C. Then the perturbed system

(3.9) dXy = [AtXt + f(tht)] + [BtXt + g(taXt)] dWt,
. Xt =x € :R,d7

with locally Lipschitz functions f(t,x) and g(t,x) satisfying the condition
(3.10) |f(t,2)] < kmin {[z|* |«’},  |g(t,2)| < kmin {|z]*, |2},

where a > 1> > 0, will be more stable than (3.8) in the class C.
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ON AN EXTENSION OF THE LYAPUNOV CRITERION OF STABILITY 33

4. PROOF OF THE MAIN RESULT

We divide the proof of Theorem 3.1 into several steps. We first investigate a property
of stochastic integral with respect to a Wiener process W;.

Lemma 4.1. Let ¢; be a stochastic process, Fi-progressively measurable and such that

T
P{/ ¢?dt<oo}1 for all T > 0.
0

Then there exists a random variable n = n(¢) such that

(41) ]A%s

where m(t) = fot 2 ds. Furthermore, the distribution of 1n(¢) is the same for every
process ¢y .

|| < my/m) (Imm(e)] +1),

Proof. To simplify notation, we set

:/thsdes, m(t):/otgbids.

We define a family of stopping times 7(t) by

(t) = {inf{s: m(s) > t},

RS if t > m(o0) = limyyo m(t).

From Theorem 7.2" in [9, p. 92], it follows that on an extension ((NZ, f, ﬁ) of (0, F,P),
there exists an F-Brownian motion pu(t) such that u(t) = M(7(¢)), t € [0,00). Conse-
quently, we can represent M (t) by an F-Brownian motion p(t) and the stopping times
m(t), i.e.,

/fstf u(m().

On the other hand, since p(t)) is a Brownian motion, we have, in view of the law of the
iterated logarithm, that

t t
lim sup M =1, lim sup M =1 as.

t—oo V2tInlnt t—0 2tlnlnt

Therefore, the random variable n defined by

- (D)
n:i= Ssup —F——
O<t<oe [t (|Int] +1)

is finite, i.e., P{n < co} and the distribution of 7 do not depend on the process (¢;). The

definition of n implies that
lu(t)] < ny/t(|Int] +1).

/Ogbs(w)dWs < y/m(®) (| mm(®)] + 1).

Lemma 1 is proved. (Il

Hence,
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Lemma 4.2. Under the hypotheses of Theorem 3.1, the growth rate of the solutions of
(3.9) is less than the growth rate of an exponential function. That is, there exist two
random variables M and N such that for any solution X of (3.9) satisfying Xo = x we
have

X; < || M exp{Nt} for any t > 0.

Furthermore, the distribution of M is independent of x.

Proof. By It6’s formula we have

x| — ((XHAX+ F( X)) + 5IB X+ g(t X)IP [ X((BiXo +9(tX0)]7
nlXel = X, - X f
X{(Be Xy + g(t, X))
d
|Xt‘2 th

where X’ denotes the transpose vector of X.
It follows from (3.10) that

Y (Aw + f(t,y)) + 5By + g(t, y)?
|y?

‘ <A+ B+ b+ R

and
|y (Bey + g(t, v))|
lyl?
for any y € R%\ {0}. On the other hand, by (4.1) we have

<|By| +k

b X' (Bs X, X,
/ S( +Zg(87 )) dWS
0 |Xs|
X (B X5 X.))|? X (B X5 X.))|?
Sn\// X4(BX. + g(5 X)) ds{ln/ X4(BX. + g5, X +1]
0 | Xs| 0 | Xs|

)

t
ln/ (|1Bs| + k)* ds
0

<n\/(/0t (|Bs|+k)2ds><

< ny/(B+ k2] In(B + k)2t] + 1]

(since z(|lnx| + 1) is increasing).
Hence,

In|X,| —Inja| < (A+ B +k+ )t + /(B + k)% In(B + k)% + 1],

or
| X,| < exp { (A+ B>+ k+ k)t + 77\/(3 + k)2t [ |In(B + k)2t| + 1] } .
Putting
N=A+BFk+k 41, M=smpexp {n\/(B T R)[In(B + k)2 + 1) — t} < 0
we get )

Xi| < [2|M exp{Nt}, >0,
It is easy to see that the distribution of M is independent of x. The proof is complete.
|

Corollary 4.3. For any fized T < co and € > 0 we have

lim P{ sup |Xi(x)| > E} =1
z—0 0<t<T
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Proof. The result follows from the fact that M has the same distribution for every
r € RL ]

We now turn to the main step of the proof of Theorem 3.1. Suppose that ¢ € C is
such that

lir% P{|Y:(v)| < ¢ for any t > 0} = 1.
y*}
Since (3.3) is really more stable than (3.8), there exists a ¢* € C such that

limsupt ' In(q}/q;) = —€ < 0

t—00
and

(4.2) ZIEI%)P {|1Z:(2)] < ¢; for any t > 0} = 1.
We have to show that

(4.3) ili% P{|X¢(x)| < ¢ for any t > 0} = 1.
By using the transform

(4.4) Uy = ®;' X,

it is easy to see that
dUy = {AU; + @' f(t, ®,U;) — @, ' Byg(t, ®:Uy) } dt + @ g(t, ®,Uy) dW;.

To simplify notation we set

7(1;7 U’) = C01(71 (tv U), 72 (tv U), - 7?d(t7 u)) = (I);l [f(ta q)tu) - Btg(t7 (Ptu)] )

g(t,u) = col(g, (t,u), g (t,u), ..., Gu(t, u)) = O g(t, Du).
Then,
dUy = [AU; + f(t,Uy)] dt +g(t, Uy) dWs.

Note that A[®] = A[®@1] = 0 (see (3.7)); by (3.10) it is easy to see that
(4.5) |f(t,u)| < ks min {|u|°‘7 |u|5} , |g(t, u)| < k¢ min {|u|“7 |u|6} ,

where k: [0,00) — R is a positive function satisfying
1
(4.6) Alk] = limsup n Ink, =0.

Applying Itd’s formula to the process |U;|? we obtain

dU|* = [2U{AU + 2U{ f(t,Uy) + [g(t, Up)|?] dt + 2U;g(t, Uy) dW,.

Therefore, for any Ay < A we have
e 2MNU? = |Upl® + 2 /Ot UL(A = MU, ds + /Ot e 2 (2ULf(s,Us) + [g(s, Us)|?) ds
+2 /Ot e 2UlG(s, U,) dWs.
Since A > A\g > \; for any i = 1,2,...,d we have U.(A — A\I)U, < 0. Hence

t
e MU ? < |Uo|? +/ e (U f(s,Us) + [9(s, Uy)?) ds
(4.7) .0
+2 / e 22 UG(s, Uy) dW.
0
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Let h(t) = max{t°!,t5}, where 0 < e1 < 3 < &2. It is clear that h(-) is an increasing
function and there exists a constant ¢ = c(sl, €9) such that

(4.8) Vit £ 1) < ch(t), > 0.

Therefore, (4.1) and (4.8) imply
t t
/ e~ 25 U'g(s, Uy) AW, gcnh</ e“S\U;y(s,Us)fds).
0
t p—
e MU < |Uof* + / "M (U f (5, Us) + [g(s, Us)|?) ds
0

0
t
+2677h</ 4/\S| .9(s,Us) | ds)
0
By using (4.5) we have

[ f (s, w)| < ks min {Jul 7 jul P}, Jug(s,u)] < ks min {fu]T a0}
2= [g(s,u)| - [g(s, w)| < k7 min {Jul"*, [u "7}
g(s,w)|” =

Hence, from (4.7) we obtain

(4.9)

Putting ks = max (k¢, k7) and using (4.9) we have

—2At|U |2 |U0|2—|-3/ —2>\sk mln{|U ‘1—0—04 |U |1+5} ds

(4.10) )
+ 20nh</ ek, min {\US|2(1+Q), |Us|2(1+5)} ds>.
0

We consider two cases:
Case 1: )\y < 0. Taking A = A4, from (4.10) we obtain

t t
efQAdt\UtF < \U0|2 + 3/ ef2AdS%S|Us\1+°‘ ds + 2cnh</ 674A45E5|Us|2(1+a) ds) .
0 0
By putting v; = |U;|?e=2*4* it is easy to see that
t t
vy < vy + 3/ e“%sng‘l)/z ds + 2cnh (/ 6275E50;+0‘ ds) ,
0 0

where v = (a — 1)A\g < 0.
Since limsup,_, ..t ' Ink; = 0 (see (4.6)) and v < 0, we have

0 pa—
/ eksds =0 < c0.
0

The Cauchy—Schwarz inequality leads to

t t t /
/ 675E3v§1+a)/2 ds < \// erky ds/ eV kit ds < V5§ e“fsk 0aT ds.
0 0 0

On the other hand, since v < 0, we have e?7* < ¢7* for any s > 0. Hence

/ t
vy < vo + 3V0 / evsksvit®ds + 2cnh</ e”sﬁsv;'m ds).
0

Tt is obvious that v < h(t) for any t > 0. We have

t
(4.11) vy < vo + (3V6 + 2077)h</ ek vl ds).
0
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Set H(t,u) = Nh(u), F(t,v) = e"ksv't®, and N = 3v/§ + 2cn. Then (4.11) becomes

t
v < vy + H(t,/ F(s,vy) ds).
0

Suppose that ¢; is the solution of the equation

(4.12) b = " Fe[vo + Nh(g)] ™" g0 =10;
then from Theorem 6.11 in [I3] §2.6, p. 111] we have
(413) Vt < Vg + Nh((bt)

We now estimate the solution ¢; of (4.12). It is easy to see that
dr < 277K, [Ué+a + NFORE ()]
Hence, by putting M = 29Nt A = 2§ we have

t
by < AviT+ M / ek T (¢,) ds.
0

We choose 0 < g1 < 1/2 < 5 such that e1(14+a) :=; > 1 and ea(1 + ) := 2 > 1. Set
v dx
Glu :/ _dr
R A

{ Lyl-n - L ifo<a<l,

We have

1-m 1—71
——utT - if 1<
—72 1=72
It is easy to see that lim, . G(u) = (y2 — 1)7" > 0 and lim, o G(u) = —oco.

By applying Bihari’s inequality (see [6], p. 110) we obtain

G(u) =

¢
(4.14) ¢ < Gl{G (AU%*O‘) + M/ ek ds}
0

for any t satisfying the following relation:

t
- 1
G (Avg™) +M/O e ksds < o

Summing up, we get
t

(4.15) | X4)? < |<1>,5|2<52Atif{|)(O + Nh(G1 [G(AXOPJF“) +M/ ek ds] )}
0

We prove that there exists a random variable A > 0 such that
(4.16) P {|<I>t|e)‘dt < Ag for any t > 0} = 1.
Indeed, the relation limsup, .t 'In(q/)/q: = —e < 0 implies that there is a constant
¢ > 0 such that ¢f < ce (¢/?tg for any t > 0. Moreover, from (4.2) it follows that
Aa < Ag*]. Let Z, = (Zt(l),...,Zt(d)) where Zt(k) is the kth column of Z;. Denote
K= {k: )\[Zt(k)] = Ag}. Since Z; is normal, for ¢ sufficiently large (¢ > to say) we have
|1 Z:]] = maxgex HZt(k)H- Therefore,

—Adt—‘r(e/Q)t Agt

[[@¢]] = max HZt(k)e_Akt <gje < cqre”

0<k<d

< max HZt(k)e—Adt‘*'(E/Q)t
ke

for t > to. It remains only to put
A= P, ||t
max {c, omax [[@efle™ /g,

to get the result.
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On the other hand, since limy, .o G(A|Xo|!T®) = —oo and the distribution of 1 (and
hence the distribution of M and N) is the same for every Xy, for any € > 0 we have

t
lim P {Gl {G(A|X0|1+a) +M/ ek ds] > 5} =0
Xo—0 0

uniformly in ¢. Therefore,

b-o

| =

t
Jim P {|X0| + Nh (G1 [G(A|XO|1+Q) +M/ ek, dsD >
0o— 0

Hence,
lim P{|X¢ < ¢q,t>0}=1
X; 0 {| t|—qta = } ’

i.e., we get (4.3). This means that (3.9) is more stable than (3.8).
Case 2: \g > 0. We take a 0 > 0 such that \y + 20 < A¢. Using (4.10) with
A = Ay + o we also obtain

t
|Uef? < 2 Pato)t DUO? +3 / e 2R U ds
0

t
+ 2677h</ e Qs+ U, 228 ds)} .
0

By the same argument as above and putting v; = |Ut\2e*2(/\d+‘7)t we have
t
v < vg + (3\/5—1— QCn)h(/ 678E5|U|1+6 ds),
0

where v = (8 —1)(\g + o) <O0.

We choose g1 < % < eg such that vy = e1(1+ 08) < land 75 = e3(1+8) < 1. In
this case, lim, .o G(u) = (71 — 1)~} and lim, . G(u) = +oco. Therefore, the inverse
function G~ is defined on [(y; — 1)7!, +00). Similarly to (4.15),

t
(4.17) | X4)? < |<1>t2@2<&1+f’>t{|xO +Nh<G1 {G (A1Xo|M7) +M/ ek, ds} )}
0

It is easy to see that

t
(4.18) lim {sup e 2%th (Gl {G (A|X0|1+ﬁ) + M/ ek ds} )} =0
0

T—o0 t>T

for any Xj.
In the same way as in the proof of (4.16), we can find a random variable A satisfying

P {|<I>t|e()‘d+2“) < Ag, for any t > 0} =1
In view of (4.17), this implies that
¢
X, < A2qt262‘”{|X0| + Nh <G1 {G(AXOPH’) + M/ e kg ds} )}
0

for any t > 0.
For € > 0 fixed, since M and N are equidistributed, it follows from (4.18) that there
is a Ty > 0 such that

t
P {A%WNh (Gl {G (A Xo['7) + M/ "%k, ds} ) <1forall t > To} >1—
0

DO ™

for any |Xo| < 1.
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On the other hand, from Corollary 4.3 it follows that there is 1 > § > 0 such that if
|X()| < ¢ then

PAX| < it < To} > 1— <.
Summing up, for |Xy| < & we have
P{|X: < g forallt >0} >1—¢,

ie., we get (4.3),
XlimO P{|X¢| < ¢ forallt >0} =1.
O—)

Theorem 3.1 is proved.

Remark. In comparison with the results in [I0, p. 291], we see that Theorem 3.1 allows
us to conclude that the growth rate of solutions of system (3.9) does not exceed the
growth rate of its linear part (3.3), whereas theorems in [I0] lead only to the conclusion
that the trivial solution is stable.

Example. Suppose that a(z) and b(z) are two differential functions whose second order
derivatives are bounded by a constant k. By Taylor’s expansion we have

a(z) = Az + f(x), b(x) = Bx + g(x), z € R,

where |f(z)| < k|z|? and |g(z)| < k|x|?. If the top Lyapunov exponent A\q of the linear
system
dZt = AZt dt + BZt th

is negative, then there exists a neighbourhood U of 0 such that every solution, starting
from U, of the system
dXt = a(Xt) dt + b(Xt) th

has an Lyapunov exponent which does not exceed the top Lyapunov exponent \g.
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