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ON AN INVESTMENT-CONSUMPTION MODEL WITH
TRANSACTION COSTS*

MARIANNE AKIANT, JOSE LUIS MENALDI}, AND AGNES SULEMS

Abstract. This paper considers the optimal consumption and investment policy for an investor
who has available one bank account paying a fixed interest rate and n risky assets whose prices are
log-normal diffusions. We suppose that transactions between the assets incur a cost proportional to
the size of the transaction. The problem is to maximize the total utility of consumption. Dynamic
programming leads to a variational inequality for the value function. Existence and uniqueness of
a viscosity solution are proved. The variational inequality is solved by using a numerical algorithm
based on policies, iterations, and multigrid methods. Numerical results are displayed for n = 1 and
n = 2.

Key words. portfolio selection, transaction costs, viscosity solution, variational inequality,
multigrid methods
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1. Introduction. This paper concerns the theoretical and numerical study of a
portfolio selection problem. Consider an investor who has available one riskless bank
account paying a fixed rate of interest r and n risky assets modeled by log-normal
diffusions with expected rates of return «; > r and rates of return variation 0?.
The investor consumes at rate ¢(t) from the bank account. Any movement of money
between the assets incurs a transaction cost proportional to the size of the transaction,
paid from the bank account. The investor is allowed to have a short position in one
of the holdings, but his position vector must remain in the closed solvency region &
defined as the set of positions for which the net wealth is nonnegative. The investor’s
objective is to maximize over an infinite horizon the expected discounted utility of
consumption with a HARA (hyperbolic absolute risk aversion)-type utility function.

This problem was formulated for n = 1 by Magill and Constantinides [21], who
conjectured that the no-transaction region is a cone in the two-dimensional space of
position vectors. This fact was proved in a discrete-time setting by Constantinides
[8], who proposed an approximate solution based on some assumptions on the con-
sumption process. Davis and Norman proved, in continuous time and without this
restriction, that the optimal strategy confines indeed the investor’s portfolio to a
wedge-shaped region in the portfolio plane [10]. An analysis of the optimal strat-
egy, together with regularity results for the value function, can be found in Fleming
and Soner [13, Chap. 8.7] and Shreve and Soner [28]. Taksar, Klass, and Assaf [31]
consider a model without consumption and study the problem of maximizing the
long-run average growth of wealth. A deterministic model is solved by Shreve, Soner,
and Xu [29] with a general utility function which is not necessarily a HARA-type
function. A stochastic model driven by a finite-state Markov chain rather than a
Brownian motion and with a general but bounded utility function has been investi-
gated in Zariphopoulou [32]. She supposes that the amount of money allocated in
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the assets must remain nonnegative and shows that the value function is the unique
constrained viscosity solution of a system of variational inequalities with gradient
constraints. Fitzpatrick and Fleming [12] study numerical methods for the optimal
investment-consumption model with possible borrowing. They examine a Markov
chain discretization of the original continuous problem similar to Kushner’s numeri-
cal schemes [18]. The convergence arguments rely on viscosity solution techniques.

We consider here Davis and Norman’s model [10] in the case where more than
one risky asset is allowed. We restrict to power utility functions of the form %:— with
O0<y<l.

The purpose of the paper is to prove an existence and uniqueness result for the
dynamic programming equation associated with this problem and then solve this
equation by using an efficient numerical method, the convergence of which is ensured
by the uniqueness result.

The mathematical formulation of the problem is given in §2. In §3, we prove that
the value function is the unique viscosity solution of a variational inequality. Since
the utility and the drift functions are not bounded, uniqueness is not derived from
classical results. For the numerical study, an adequate change of variables performed
in §4 reduces the dimension of the problem. Then, in §5, the variational inequality is
discretized by finite-difference schemes and solved by using an algorithm based on the
“Howard algorithm” (policy iteration) and the multigrid method. Numerical results
are presented in §6 in the case of one bank account and one or two risky asset(s).
They provide the optimal strategy and indicate the shape of the transaction and
no-transaction regions. Finally, in §7, a theoretical study of the optimal strategy is
done by using properties of the variational inequality; this analysis corroborates the
numerical results.

2. Formulation of the problem. Let (2, F, P) be a fixed complete probability
space and (F;):>o0, & given filtration. We denote by sg(t) (resp., s;(t) fori=1,...,n)
the amount of money in the bank account (resp., in the ith risky asset) at time ¢ and
refer by s(t) = (si(t))i=0,...,n the investor position at time {. We suppose that the
evolution equations of the investor holdings are

dso(t) = (rso(t) dt+z (14 X)dLi(t) 4 (1 = ps)dM,(t)),
dSi(t) = aisi(t)dt -+ O'Z'Si(t)dW¢<t) + dﬁz(t) - dMi(t), 1 = 1, P (

(1)

with initial values
(2) $;(07)=1;, i=0,...,n,

where W;(¢), i = 1,...,n, are independent Wiener processes, £;(t) and M;(t) repre-
sent cumulative purchase and sale of stock i on [0, t], respectively, and s(t™) denotes
the left-hand limit of the process s at time t. The coefficients A; and u; represent the
proportional transaction costs.

A policy for investment and consumption is a set (c(t), (£i(t), M;(t))i=1,..,n) of
adapted processes such that

1. c(t,w) >0, fot c(s,w)ds < oo for (t,w) a.e.,

2. L;(t), M;(t) are right-continuous and nondecreasing and £;(07) = M;(07) =
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The process s(t) is thus right continuous with the left-hand limit and equations (1)
and (2) are equivalent to

0lt) = w0+ [ (rsol®) )0+ 32 (=0 ADEE) (1= M),
si(t) = :vi+/0 aisi(O)dO-i—/o 15:(0)dWi(8) + Li(t) — My(t), i=1,...,n,
fort > 0.

We define the solvency region as
S:{x:(xo,xl,'“,zn)eR"'i'l’ W(x)ZO},

where

(3) W(z) = xo + Y _min((1 - pi)ai, (1+ A)as)

i=1

represents the net wealth, that is, the amount of money in the bank account after
performance of the transactions that bring the holdings in the risky assets to zero.

Suppose that the investor is given an initial endowment z in §. A policy is
admissible if the bankruptcy time 7 defined as

(4) 7 = inf {t > 0,5(t) ¢ S}

is infinite. We denote by U(x) the set of admissible policies. The investor’s objective
is to maximize over all policies P in U(z) the discounted utility of consumption

(5) J.(P) = B, / " e tu(e(t))dr,

where F, denotes expectation given that the initial endowment x, § is a positive
discount factor and u(c) is a utility function defined by

v

(6) uwe)=, 0<y<l.
Y

We define the value function V as

(7 V(z)= sup J.(P).
PeU(x)

We are facing a singular control problem. We refer to Menaldi and Robin [23] and
Chow, Menaldi, and Robin [7] for various treatments of singular stochastic control
problems.

Remark 2.1. When the process s(t) reaches the boundary 9S8 at time ¢, i.e.,
s(t7) € OS, the only admissible policy is to jump immediately to the origin and
remain there with a null consumption (see Shreve, Soner, and Xu [29]). Consequently,
if the initial endowment z is on the boundary, then V(z) = 0.

Remark 2.2. Let 7 denote the exit time of the interior of S, defined as

(8) r= inf{t >0, 5(t) g&}.
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For all admissible policies P, we have

) J.(P) = E, / " emtu(e(t))dt.
0

On the other hand, for any policy P, we can construct an admissible policy which
coincides with P until time 7 {such that the process s(¢) jumps to the origin at time
7). The value function can then be rewritten as

(10) V(z) = sup By /T e~ Stu(c(t))dt,
PelU 0

where U is the set of all policies.
We make the assumptions

(A1) 6>7(r+2(11_7)i(aia:r>2),

t=1

(A.2) 0<pmi<l, N>0, N+m>0 Vi=1,...,n

Remark 2.3. When the transaction costs are equal to zero (Merton’s problem),
the value function V is finite iff Assumption (A.1) is satisfied (see Davis and Norman
[10] for n = 1, Karatzas et al. [17], and §7 below).

3. The variational inequality. We state the main theorem.
THEOREM 3.1. Under Assumptions (A.1) and (A.2),
(i) the value function V defined in (7) or (10) is v-Hélder continuous and con-
cave in S8 and nondecreasing with respect to x; fori=0,...,n.
(ii} V is the unique viscosity solution of the variational inequality (VI):

(11) max{AV—l—u* <QK> , max L; V, max MV} n S,
(9(130 1<i<n
(12) V=0 onoS,
where
& - v v
1 iTi oV,
(13) z; ’8 2+Z—1azax —I—m‘oao V.
oV oV
1 Vo= Al
(14) LV (1+)\)a +5‘xl
oV oV
Mi = i )
(15) V=0-mg- o

and u* is the convex Legendre transform of u defined by

w*(p) =max(~cp + u(c))

v

(16)
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The solvency region § is divided as follows:

(17) Bi={z eS8, LV(z)=0},
(18) Si={zeS8, MV(z)=0},
(19) NT; =8\ (B;US;),

(20) NT = ﬁ NT;.

i=1
NT is the no-transaction region. Outside NT', an instantaneous transaction brings

the position to the boundary of NT: buy stock ¢ in B;, sell stock i in S;. After the
initial transaction, the agent position remains in

NT={ses.av+u (g ) =0},
on

and further transactions occur only at the boundary (see [10]).
We shall first recall the definition of viscosity solutions and then prove points (i)
and (ii) of Theorem 3.1 in §3.2 and §3.3, respectively.

3.1. Viscosity solutions of nonlinear elliptic equations. For simplicity, we
restrict ourselves to equations with Dirichlet boundary conditions. Consider fully
nonlinear elliptic equations of the form

(21) F(D*v,Dv,v,z) =0 inO,
(22) v=0 ond0O,

where F is a given continuous function in S¥ x RY x R x @, SV is the space of
symmetric N x N matrices, O is an open domain of RY, and the ellipticity of (21) is
expressed by

(23) F(A,p,v,z) > F(B,p,v,z) ifA>B, A, BeSY, pecRN,veR, z€0.
A special case of (21) is given by

N N
(24)F (X, p,v, 7) = max Z i (2, X + 3 b mhps = oo ulem) o

where (23) is satisfied when the matrix (ai;(z,7));,; is symmetric nonnegative in
OxU.

Bellman equations are clearly equations of this type, whereas variational inequal-
ities like (11)—(12) can also be formulated in this form by using an additive discrete
control which selects the equation which satisfies the maximum.

DEFINITION 3.2. Let v € C(O). Then v is a viscosity solution of (21)—(22) if the
following relations hold, together with (22):

(25) F(X,p,v(z),z) >0 Y(p,X)e J> v(z), Vz €O,
(26) F(X,p,v(z),z) <0 ¥Y(p,X)e J> v(z), V€O,

where J> and J>~ are the second-order “superjets” defined by

J¥ (z) = {(p,X) eRY x sV,

y—a 2

yeO

imsup [o(s) (o) - (py =) = 5(X(y - 2)y - x>] - <o
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and

J> v(z) = {(p,X) eRY x sV,

it [0(s) ~ (@) = (03~ 2) = 5(X(y = Dby~ )1y — ol 2 0}.

yeQ

A viscosity subsolution (resp., supersolution) of (21) is similarly defined as an
upper semicontinuous function satisfying (25) (resp., a lower semicontinuous function
satisfying (26)) (see Crandall, Ishii, and Lions [9]).

3.2. Properties of the value function.
PROPOSITION 3.3. The value function V' is concave in S.
Proof. The dynamic (1) is linear, and the solvency region § is convex. Hence, for

any 6 in [0,1], z and 2" in 8, P in U{x), and P’ in U(x'), we have 6P+ (1-)P' € U(y)
for y = 6 + (1 — )z’ and

V(y) 2 J,0P+(1-6)P) = E/+oo e tu(Be(t) + (1~ )/ (t))dt.

Since wu is concave we infer
V(y) > OJz(P) + (1 - Q)Jm’(,PI>'

Taking now the supremum over all P and P’, we obtain that V is concave. ]

As a consequence, V is locally Lipschitz continuous in § The continuity of V
at the boundary is a consequence of the Proposition 3.5 below. First let us state the
following lemma.

LEMMA 3.4. Suppose (A.1) holds. Then there exists a positive constant a such
that the functions

n ¥
(27) pu(z)=a (xg + }:(1 -~ I/i)CL'i) with v = (v1,...,Upn), Vi = —X\; 0T i,
i=1

are classical supersolutions of equation (11). Consequently, the function

(28) plr)=a (.’I}() + Zmin((l — i)z, (14 )\,)xl)>

i=1

is a viscosity supersolution of equation (11) such that v = 0 on 8S.
Proof. Denote

n

(29) W, (z) = zo + 2(1 — )z
Then
(30) Pu (.’K) = aWV($)7

and we have

(31) Lipy(z) = = (A + vi)ayW, ()77 <0,
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(32) Mgy () = (1 — v)ayW, (z)"* <0,
Ap,(z) = ayW, ()" *G(x)

with

+ W, (2)? (r - —) .

g
From Assumption (A.1), there exists 7 > 0 such that

é 1 LS
> i .
4 "“2(1—7)2( o; )

v

This implies
G(z) < —nW, (2)?
and
(33) Apu(z) < —aymW, ()" = —np, (2).

Moreover

w (5E@) =w @@ ™) = (3 -1) ) P = (1=2)(e) T o)

The constant a can then be chosen such that

Lo

34 Aoy +u (%) <0 w &
(34) ® 3

Since (31), (32), and (34) hold and ¢, > 0 on 88, ¢, is a classical supersolution of

(11) (continuous in & and twice continuously differentiable in §)
Now, ¢ can be rewritten as

@ = min g,.

Consequently, ¢ is a viscosity supersolution of (11) as the minimum of continuous
supersolutions and clearly vanishes on 8S. O
ProposITION 3.5. Suppose (A.1) holds. The value function V satisfies

(35) 0< V(@) <plz) Ve,

where @ is the supersolution defined by (28). Consequently, V is continuous in S.

Proof. Consider z € & and P € U and denote by 7 the first exit time of S of
the process s(t) defined by (1) with s(07) = z. The function ¢, defined in (27)
has C2-regularity and is a classical supersolution of (11). Denote by A° the operator
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A— ca—% and by £5(t) and M¢S(t) the continuous parts of £;(t) and M;(t). We apply

Ito’s formula for cadlag processes (see Meyer [25]) to e~ %%, (s(t)). For any stopping

time 6, the process
e80T, (s(6 AT))

-/ st {Acm )t + Z[Lz% DLE(E) + MMV(s(t))dMs(t)]}
— Y e us(t) - puls(7))]

0<t<OAT

is a martingale.
Since s(t) has a jump only when £;(¢t) or M,(¢) is discontinuous, we have

W, (s(t)) = Wa(s(t7))
- Z[(/\i + Vi) (Li(t) = Li(t7)) + (wi — vi) (Mi(t) — Ma(t7))]

< W, (s(t™)).
Hence,

‘pu(s(t)) < ‘Pu(s(t—))'

In addition, £ and M¢ are nondecreasing. Consequently
AT
(36) MY =e 3N g (s(tAT)) + / e %%u(c(8))do
0

is a supermartingale, as is the process min M;". Therefore
v

E/OT e %tu(c(t))dt < o(x).

Taking the supremum over all policies P € U, we get V(z) < p(x). As V(z) > 0, we
conclude that V(z) = 0 on 95 and that V is continuous on 95. Since V is locally
Lipschitz continuous in 3‘, V is continuous in S. O

The regularity of V can be stated as follows.

PROPOSITION 3.6. Suppose (A.1) holds. Then V is uniformly v-Hélder conti-
nuous in S, that is,

(37) AC >0, |V(z)-V()<Cla—2'|" Vz,2'€S.

Proof. Consider two initial positions z and z’, and denote by 7 (resp., 7’) the first
exit time of S of the process s(t) (resp., s'(t)) defined by (1) and s(0~) = =z (resp.,
§'(07) = z'). We have

’

Viz) - = sup E/ e %tu(c(t))dt — sup E/ e~ ®tu(c(t))dt
Peu Jo reu  Jo
~8t,,

<swE ( /0 e )t — /0 . e—“u(c(t))dt>

< sup E/ e~ tu(c(t))dt.
reu TAT!
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Using the supermartingale property of min My defined in (36), we get
v

gl e u(c(t))dt < E(e™* M p(s(r A1) — e p(s(r))),

TAT!
and since ¢ vanishes on 08, we have

V(@) - V(@) < sup Be™ (p(s(r)) = (s' (') 1rr<r),
PcU

where 14 denotes the characteristic function of the set A.
Let us fix for instance ||z|| = sup;—g ., |2i|- The function ¢ is v-Hdlder continu-
ous, that is,

lp(@) = p(')] < Cllz - 2'||
for some positive constant C. We thus get

(38) V(z) = V(2') < C sup B(e™*||(s(r') = &' (') | 171 <)
Peu

The process X(t) = s(t) — §'(t) is a diffusion process with generator A + 61 and
initial value £(0) =z — 2’

If the function 9 (x) = ||z||” would satisfy Ay < 0, then ¢(X(7 At))e™ ") would
be a supermartingale which would readily lead to (37). Because v is not smooth, we
consider the function ¢g(z) = 3o (z? + 8)"/? with 3 > 0. We have

6 6 -
Atpp = y(zf +£)F ((r - ;) af - ;ﬁ) +Y v +0)F 2y
i=1
with
1 6 1 26 6
i=w?<—0i2 -1 +a¢——>+xf <—Uf+ai—————>————2.
f 59 (7= 1) p a2 ~ )58

Assumption (A.1) implies
6 1 ]
——<0 and =zo?(y-1 ,— — < 0.
T 7< an 201(7 )+ a; ’y<0
Consequently, there exists a positive constant C such that
Apg < CB2.
Applying Ito’s formula to 13, we obtain
(39) B(e™ N gp(S( AT) < Uple —2) + L7
Taking the limit of (39) when 8 goes to zero and using
P(z) <o(z) < (n+ 1)y(z)
we get

E(e~ 0 My(S(r' AT))) < (n+ Dp(z — '),
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which leads, together with (38), to the desired estimate (37). a
PROPOSITION 3.7. V is nondecreasing with respect to z; fori=20,...,n.
Proof. Let us denote explicitly by s(¢, z) the process s(t) defined in (1) with initial

value z and by 7, the exit time of g‘ of s(t,z). Because

V(@)= sup B /0 " etu(e(t) )dt

and u is positive, it is enough to prove the nondecreasing property of the stopping
time 7, for any control process P.
Define y(t, z) by

vo(tz) = e so(t,z),
yit,z) = e (@i—dodt-oWilg(t 2), i=1,...,n.

The process y(t, z) evolves according to

(40) dyo(t,z) = e (——c(t)dt + zn:(w(l + X)dL;(t) + (1 — /Ji)d/\/l,'(t))> ,

dy;(t,z) = e_("”‘%”?)t"aiwiz(—t;)l(dﬁi(t) — dM;(t))
and satisfies (0, z) = z. Hence, we can write
yit,z) =z +Y(,P),
where Y (¢,P) depends only on P. Consequently,
(41) s(t,z) = (e"tmo, (e HoNHAWilg), Y+ 5(8, P),

where S(t,P) is a process which is independent of z.
Consider £ > z (i.e., & > z; Vi =0,...,n) and fix P in Y. We have from (41)

s(t,z) < s(t, )
and
W(s(t,z)) < W(s(t, 2)),

where W is defined in (3).
Since

7z = inf{t > 0, W(s(t, %)) < 0}

for any t > 73, there exists t' such that 7; <t <t and W(s(#/, %)) < 0. This implies
W(s(t',z)) <0 and ¢ > t' > 7,. Consequently, 73 > 7, and V(&) > V(x). 0

3.3. Existence and uniqueness results. First, we show that the value func-
tion V is a viscosity solution of the variational inequality (11). The problem is reduced
to prove a weak dynamic programming principle (see Fleming and Soner [13]).

LEMMA 3.8. There exists C' > 0 such that

(42) |Jz(P) — Jp(P)| < Cllz - &'||Y Vz,2' €S, VPeU,
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where Jz(P) is given in (9).
Proof. Estimate (42) is readily obtained from the proof of Proposition 3.6. O
PROPOSITION 3.9. The weak dynamic programming principle is satisfied for the
value function V, that is,

(43) V(z)= 1s:ufb>{E </0M e~ u(c(t))dt + eIV (s((6 A T)"))) Vz e 8
€ 0

for any stopping time 6.
Proof. By means of the Markov property, we have for all P in U

r OnT
B / e tu(c(t))dt = / e u(e(t))dt + e~ T, gan-) (P,
0 0

with P’ equal to P “shifted” by 8Ar. Note that P’ may not be admissible. The correct
method would be to proceed with admissible systems composed with a filtration
(Q, Fi, P), a Wiener process W = (W;)i=1,..» in R?, and an admissible control
process P and consider V as the supremum of J,(P) over all admissible systems
instead of the supremum over all admissible policies. We give here a formal proof.
Rigorous proofs are given in Fleming and Soner [13], Nisio [26], El Karoui [11], and
Lions [19]. Thus,

ONT
Jx('P) =F (/0 e"”u(c(t))dt -+ 6“6(0/\7).]3((9/\7)«)(7)/))

<E ( / " e u(c(t))dt + eIV (s((6 A T)—))> .
0

By taking the supremum over all policies P, we deduce one inequality side of (43).
For the reverse inequality, we need to construct nearly optimal controls for each initial
state z in a measurable way. To that purpose, consider ¢ > 0 and {S*}2°, a sequence
of disjoint subsets of S such that

U Sk =3, diameter(S*) < e.

For any k, take z* in S¥ and P* = (c*, (LF, M¥);_1, . ») in U such that
(44) V(zk) — e < Tk (PF).

Now, for a given stopping time ¢ and an arbitrary policy P in U, we define
Pe = (CO’ (['f’Me)z: ,...,n) with

(t) = c(t)licq + c*(t — 0) 159,
LUt) = Li(t)Lecs + (Li(67) + LE(E - 8)) 1150,
ML) = My(t)Lico + (M(07) + ME(t = 0))Lig

for s(f~) € S*. Using (42) and (44) we have

Js(o—)(Pk) = (Jo(-)(P*) = Jue (P*)) + J i (PF)
> ~Ce" ~ e+ V(z)
> —2Ce" — e+ V(s(67)).
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Denote by I the right-hand side of (43). There exists a policy P such that

I-¢<E (/BM e ulc(t))dt + eSOV (s((8 A T)”))) ,
0

and using the Markov property, we get
I—¢ < J,(PP) + (2Ce™ +¢)
and
I —2Ce" — 2 < J(PP") < V(z),

which leads to (43). O

COROLLARY 3.10. The value function V(z) defined by (10) is a viscosity solution
of the variational inequality (11)—(12).

In the case of pure diffusion processes, this is a standard result of the theory of
viscosity solutions (see Lions [20]). For singular stochastic control problems, we refer
to Fleming and Soner [13, Chap. 8, Thm. 5.1].

PRrROPOSITION 3.11. Under Assumptions (A.1) and (A.2), the value function V'
is the unique viscosity solution of the variational inequality (11)—(12) in the class of
continuous functions in S which satisfy

(45) V(z)| <C(L+|lz]|)  VzeS.

Proof. By Corollary 3.10 and equation (35), the value function V is a viscosity
solution of (11)~(12) and satisfies (45). Uniqueness is a consequence of the following
maximum principle.

LEMMA 3.12. If v s a viscosity subsolution and v’ is a viscosity supersolution of
(11) which satisfy (45) and v < v’ on 88, then v < v’ in S.

Indeed, a viscosity solution of (11)—(12) is both a subsolution and a supersolution
with the boundary condition v = 0 on 8S. We prove Lemma 3.12 by using the Ishii
technique; in particular we adapt the proofs of Theorems 3.3 and 5.1 of Crandall, Ishii,
and Lions [9]. They are themselves based on the following corollary of Theorem 3.2
of [9].

LeMMA 3.13. Let V be an upper semicontinuous function and V' be a lower
semicontinuous function in an open domain O of RN. Consider W(z,y) = V(z) —
V'(y) - ~’29|ac —y|? with k > 0 and suppose that (,9) is a local mazimum of W. Then
there exist two matrices X and Y in SV such that

IS <2t/ a Ao —52,— A

(k(z-9),X)eJV(@), (k(E&-9),Y)eJ" V()

and
X 0 I -I
o (X 8 Vem( ),
In this statement, |.| denotes the euclidian norm and I the identity N x N matrix
=2+ .

and J ' is defined as follows:

T o) = {(p,X) €RY x SN, Iz, pn, Xn) € O x RV x SV,
(men) € J2’+U(5L'n), and (xmv(xn)apn7Xn> n"‘) (:l?,U(JJ),p,X)}-
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757 is similarly defined. If F is a continuous function in SN x RY x R x O satisfying
the elliptic condition (23), and v is a viscosity subsolution of (21), we have

(47) F(X,p,v(z),z) >0 Y(p,X) € T Fu(z), Yz e 0.

Consider now v and v’ as in Lemma 3.12 and argue by contradiction in order to
prove v < v’ in 8. Suppose that there exists z in S such that v(z) — v/(2) > 0. For
k > 0, define the function wg in S x S as

wh(@,y) = v(z) = ' (y) = 5|~ P ~ e Wl@)” + Walw)")

where

x) =z + Z(l — )z

and v, ¢, and «' are parameters which will be chosen further. In addition, denote

my = sup wi(z,y).
(z,y)eSXS

In the following, C, C;, and Cs denote generic constants.
LeMMA 3.14. Forv = (1;)i=1,.. n With —X; <v; < p;, there exist C1 and C2 > 0
such that

(48) Cilz] < W, (z) < Colz| VzeS.

Proof. The second inequality of (48) is straightforward. To obtain the first in-
equality, we use the nonnegativity of W (defined in (3)) in S:

W, (z Zmln ~ ;) .’Ew(Vz"i‘)‘)xz >CZ|IE¢| 2 0.

i=1

Moreover,

<W,(z)+ C’i |z;| < CW,(z).

g=1

|lzo| = }W,,(:c) =Y (-

i=1

Consequently,
lz| <CW,(z). O

Fix v > v such that Assumption (A.1) is still valid with 4" instead of v, and v
as in Lemma 3.14. This guarantees my < +oo (see Lemma 3.15). On the other hand,
we have

mE > m= sug{v(m) —'(z) = 26W,(2)" } > v(2) — v/ (2) — 2eW, (2)"
z€

As v(z) > v/(2), there exists € > 0 such that my > ™ > 0 for any k; in the following,
we consider such €.
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LEMMA 3.15. Consider v' >~ and v as in Lemma 3.14. There exist Tx,yr in S
such that

my = w2, Yu) < +00,

(19) blox -l — 0,

and

(50) my — m = sup{v(z) —v'(z) — 25W,,(:E)’Yl}.
k—oo €S

Proof. Since v and v’ satisfy (45), we have
my < C + sup(Cy|z|” = Cala|") < +oo.
zeS
Let (2™, y™) be a maximizing sequence:
’ll)k(m Y )ka_~.>_m_~7
n n
which implies that
Colz™" = Cyjz™|" < C.

Hence, z" is bounded, and similarly 4™ is bounded. Consequently, there exists a con-
verging subsequence of (z”,y"), and the limit (zg,yx) € S X S realizes the maximum
of wg. As

’ ’ k
v(wk) = ' (gr) = (Wa(ze)” + Walye)) = mi + Sk — gel* 2 0

for any k, we conclude that zy, yx, and k|zj — yx|? are bounded. Moreover, for any
subsequence of (zg,y) converging to (£,§) when k goes to infinity, we have £ = §,
and using my > T, we get

k ,
lim sup §|xk —u)? <o(@) — V(&) - 26W, (&)Y —m <0,

k—o00

Consequently, (49) and (50) are satisfied. g
Now, since 7 > 0 and v < v’ on 88, the limit £ of zx and yz is in §; then for any
converging subsequence of (zx,yx), we have (2, yx) € S x S for large k. Applying

Lemma 3.13 with V = v — EW,,’Y, and V' =o' —|—5W,,'7/ at the point (zg,yx) in S x §,
we obtain that there exist X, Y in S™*1 satisfying (46) such that

(i, Xi) = (k(w’“ —yk) + YW ()" 7D, X + ey (7 - 1)Wu($k)’yl_2A)

(51) e T u(a),

¥, Yi) = (k(z’“ ~ ) — Y Walyn)” 715, Y ~ey'(v - 1)Wu(yk)7"2A)
(52) € ‘727*7)/(?%)
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withp= (1,1 —11,...,1 —v,) and A = p'p
Denote

F(X,p,v,z) = max <F0(X p,v,z) + v (pg), ma<x Gi(p), max H;(p )) ,

1<i<n

Fo(X,p,v,x) Zal 22Xy + Zazxzpl + raopy — 6v,
z-_l i=1

Gi(p) = —(1+ Ai)po + pis

Hi(p) = (1= pi)po = pi,
where X = (X;;)ij=0,....ns P = (Di)i=0,...,n-
Note that although F' is continuous, F takes its values in RU{+o0}, since F' = +oc0
when pg < 0. This leads to a difficulty to obtain a uniform continuity property similar
to [9, eq. (3.14)], and consequently straightforward application of the results of [9]

cannot be used. Moreover, as the discount factor é appears only in the F;; component
of F and not in G; and F;, property [9, eq. (3.13)], that is,

F(X,p,v,z) — F(X,p,v',z) < =A(v—7v') for v >, with A >0,

is not satisfied.
Using that v is a viscosity subsolution and v’ is a viscosity supersolution of {11)

(that is, of F(D?%v, Dv,v,z) =0 in S) and using (51) and (52), we get
F(Xk,pka ( ) ) —>—
(kapkv ( ) ) <

This last inequality implies G;(p},) < 0 and H;(p})
H;, we obtain

Gi(pr) = Gi(Dh) — €Y Walzr)” ™  + Waye)” "H(Ni + ) < 0

0, and by linearity of G; and

and
Hi(pr) = Hi(pk) + 7' W (@)’ ™+ Wa ()" (s — i) <0.
This leads to
Fo(Xk, pr, v(zk), z) + 6™ ((Pr)o) 2 0 = Fo(Ya, Py, v' (yx), yr) + u* ((Pk)o)-
Using now that u* is nonincreasing and (p})o < (px)o, we obtain
Fo(Xk,pi, v(@k), xk) = Fo(Ye, P, v'(Uk), y&) = 0.
Hence,

Zo = () Yas)

i=

k( (k)i = (ye)i)? +r((mk)o—<yk)o)2>

(53) 0<

l\DI»—-

+

. yi) — eWo(zx)Y + W, (yx)"))
m +f( )

1)

+e(f

?r

(
(
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where
202 O = D, @) " Au
. Z @iy W, (&)Y 7 1p; + rzoy W () "o
i=1
—W, (a:)“Y,
=YW, ()" [7" - 57 + é(ai =)y + Q—’-%-—l—z iafyf:i
with
v = (IV;V’E;))%
We have

’ / 6 1 = @, —~T ?
f(z) <YW, (z) [T‘?+2(1—7’);( i )},

and since 7/ is such that (A.1) is satisfied, f(z) < 0 Vz € R**!. Using (46), we see
that the first term of the right-hand side of (53) is bounded by Ck|zx — yx|*>. Hence,

0 < Cklzy — yk|2 — 6mkk——> —ém < 0.

We thus get a contradiction, and Lemma 3.12 and Proposition 3.11 are proven. |
4. Change of variables.

4.1. Reduction of the state dimension. The value function V defined by (7)
has the homothetic property (see [10])

(54) Vo >0, V(pz) = p"V ().

Consequently, the (n-+1)-dimensional VI (11)-(12) satisfied by V can be reduced to a
n-dimensional VI by using the following homogeneous model, that is, by considering
the new state variables:

n
p=xo+ Z(l — i) (net wealth),
) i=1
Y = E—:—;i)—xi, i=1,...,n (fraction of net wealth invested in stock i)

(55)
and the new control variable

(56) C= g (fraction of net wealth dedicated to consumption).
The function V(z) can be written as

PYn
( Z%) 1~u1 "’(1—un)>

= P"W(y),

=
&
I
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where the function

— —_ - . y1 Yn
(58) W(y)-V<1 ;y“(l_ul),‘”?(l_ﬂn)>

is defined in

n

- " Ai g -
S={y=(y1,-~,yn)€R S 1Y 1_:, {v:} 20}

i=1 g

with {y}~ = max(0, —y). R
Using inequality (35) we deduce that the function W is bounded in S:

(59) 0<W(y <¢<1—Zyz, ey Yn )>§a.

(1 - pn

The function W is the unique viscosity solution of

(60) max (AW +u (BW) max. Li VV, max M, W) in §,
(61) W =0 ondS,
where
- n 2 o
(62) AW = j;l ajkggjfg—;; + ;bj% — W,
(63) BszyW—gngZ,
(64) LW = ZZ - <A1j5) BW,
(65) MW = —%Z
and
(66) ajy = %ﬁyﬁ g o7 (6ks — i) (656 — vi),
(67) bj = yj i[(’}’ ~ Vojy; + o — r(6i; — i),

i=1
(68) B=06~ 7<T+Z[ o —T)ys + 751031122])_

The symbol 6;; denotes the Kronecker index, which is equal to 0 when ¢ # j and equal
to 1 when i = j.

Using the properties of V' and (60), we deduce that W is concave, nonnegative,
and nondecreasing with respect to each coordinate y;.
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Remark 4.1. Equations (60)—(61) depend only on v = (¥;);=1. ., with v; =
(A + 15)/(1 — p;), and so does the function W. Denote by Vy ,, the value function
(7) in order to express explicitly the dependency of V' on the transaction costs and
by Wy, the solution of (60)-(61). We have

Wiauly) = Woo(y)
(69) Voo (1 - Zyi’th-ayn) .
i=1

Using (54), we get

(70) Vau(®) = Voo(zo, (1 — pi)zr, ..., (1 — pin)Zn).

Consequently, it is sufficient to compute the value function V' when the transaction
costs on sale are equal to zero.

This remark could have been observed directly from the model. Indeed, the
quantity s;(t) represents the amount of money in the ith risky asset at time ¢, that
is, the quantity of the ith asset multiplied by the reference price P;(t). This reference
price is useless in practice unless the transaction costs are time dependent. What
matters for the investor is the buying price (1 + \;)P; and the selling price (or net
price) (1 — ;) P;. The relevant quantity to consider is the net value of the ith asset,
that is, (1 — u;)s;. Purchase of dL; units of the ith asset increases the net value of
this asset by dL'; = (1 — p;)dL; and requires a payment of (1 + v;)dL’;, whereas sale
of dM; units reduces the net value by dM’; = (1 — p;)dM; and realizes effectively
dM'; in cash. Consequently, by using a formulation of the problem based on the net
values (1 — p;)s; of the assets, the value function depends only on the coefficients v,
where v; represents the proportional transaction cost on purchase with respect to the
net price of the ith asset.

4.2. Additional treatment for numerical purpose. Our purpose is now to
solve equations (60)—(61).
In order to simplify the numerical computation, we restrict the admissible region

S to

n
S+ = {CE ER”+1, Tly:eoyLp ZO, $0+Z(1 —Ni)xi ZO},
i=1

that is, we suppose that the amounts of money allocated in the risky assets are
nonnegative, while the amount of money in the bank account can be negative as long
as the net wealth remains nonnegative. This is not restrictive since, when o; > r, the
no-transaction cone is inside St and a trajectory which starts in ST remains in S*
(see [10] for n = 1).

This leads to the study of VI (60) in the domain (R1)" :

(71)  max (AW-{—u*(BW), max L;W, max MiW> =0 in (R*)™.
1<i<n 1<i<n, y;>0

This VI degenerates at the boundary and is valid up to the boundary, but the
controls which make the trajectory go out of the domain are not admissible. Note
that the function W has bounded derivatives in (R*)™.



INVESTMENT-CONSUMPTION MODEL WITH TRANSACTION FEES 347

We proceed with a technical change of variables which brings (R*)" to [0,1]",
namely,

P(z) = 0(2)W(y),
n
{ Z; 1+ " y ¢ ’ ) 10
The function % is bounded and concave with respect to 2;, ¢ = 1,...,n, has bounded

derivatives, and satisfies

— _ y

max (A1/) + sup (——CB@Z) + 0(2)%—) , max Ly, max M; 1/)) =0 in{0,1)"

c>0 i, 2>
=0 onl0,1]"N{z =1} Vizl,...,

(73)
where
Aw Z Jka 6z + Z 5’1/%
Ik=1
-Ed) = (7 ZZJ) (R sz ‘aﬁ
7=1
L= (1= %) (v+ (1= 2052 ) - XBw,
M =—(1-2) (7,0 +(1- Zz)%) ;
with
al, = 52i(1 = 2;)2k(1 = 2)8jk,

- n % 2
ijZ((W—l)Ugl_Zi +Oé¢—’l“) (&j* 1—-Z¢>

and (8 defined in (68).

The numerical study is organized as follows: equation (73) is solved by using
the numerical methods explained in §5 below. Then a reverse change of variable is
performed in order to display the numerical results for equation (71) (see §6).
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5. Numerical methods. We consider equations of the form
max (AFPW +u(P))=0 inQ=][0,1]™\T,
(74) PePy
W =0 onl

where AF is a second-order degenerate elliptic operator

m 2 m
APW (z Z ai;(z, P) a4 (@) + Zbi(x,P)gZ(x)-—,B(:c,P)W(x)

with

Z aij(z, P)nin; >0, B(z,P) >0 VYzeQ, neR™, Pe P
i,j=1

Paq is a closed subset of R¥ (which may depend on z) and T is a part of the
boundary 052, which consists of faces of the m-cube [0,1]™. On 6Q\ T, the operator
AP is degenerate.

In §3, we have proven that the value function (7), within a change of variables, is
the unique viscosity solution of an equation of type (74). This solution can be approx-
imate by the following numerical method: (i) Discretize (74) by using a consistent
finite-difference approximation which satisfies the discrete maximum principle (DMP)
(recalled below). (ii) Solve the discrete equation by means of the value iteration (suc-
cessive approximation) algorithm or the Howard algorithm (policy iteration). This
method does not require any stronger regularity condition on the viscosity solution
(see Barles and Souganidis [3], Fleming and Soner [13]). The algorithms mentioned in
(i) may be replaced by the (full) multigrid-Howard algorithm (FMGH), introduced
in Akian [1], [2] and based on the Howard algorithm and the multigrid method. This
algorithm is more efficient, but proof of convergence has been obtained only when
the DMP is satisfied, the feedbacks are regular, and the Bellman equation is strongly
elliptic.

For the numerical solution of (74), we use a classical finite-difference discretization
in a regular grid and the FMGH algorithm. Convergence arguments used in [1], [2]
cannot be applied here since the DMP is not satisfied (because of the presence of mixed
derivatives), the equation is degenerate, and the control is singular. Nevertheless,
numerical experiments show that this numerical method converges.

This procedure and the computer implementation are treated by using the expert
system Pandore (see Chancelier, et al. [6], Akian [2]), which has been developed to
automate studies in stochastic control.

5.1. Discretization. Let h = 1/N (N € N*) denote the finite-difference step
in each coordinate direction, e; the unit vector in the ith coordinate direction, and
z = (Z1,...,%m) a point of the uniform grid @ = QN (hZ)™. Equation (74) is
discretized by replacing the first- and second-order derivatives of W by the following
approximation:

W Wiz + he;) — W(x — he;)

(75) Bxi 2h
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or
W(z + he:) = W(z) when b;(z, P) >0,
ow h
(76) B
z W(z) = I/Z(x = hey) when b;(z,P) < 0.
0w W (z + he;) — 2W (z) + W (z — he;)
m G- # ,
2w W (z + he; + he;) — W(z + he; — he;)
(78) Ox;0zx; @) ~ 4h?
+ W(z — he; — hej)4—};2W(x — he; + he;) for i # j.

Approximation (75) may be used when A is uniformly elliptic, whereas (76) has to be
used when A is degenerate (see Kushner [18]). These differences are computed in the
entire grid Q2 by extending W to the “boundary” of Qp, in (RZ)™:

Wi(z) = 0 Ve e I'n (hZ)™,
W(z —he;)) = W(z) Ve {z; =0}NQy,
Wz +he;)) = Wix) Vze{z;=1}NQ,.

We obtain a system of N}, nonlinear equations of Ny, unknowns {Wy(z), x € Q}:

(79) max (ALWy, +u(P))(z) =0 Vz € Qp,
PeP,y

where Nj, = §;, ~ 1/h™. Let P}, denote the set of control functions P : Qp — Pug
and Vj, the set of functions from €, into R. Equation (79) can be rewritten

max (AFWy 4+ u(P)) =0, Wy € V.
PePy,

Then, the operator Af , depending on P in Pp, maps V} into itself (or is a N X N,
matrix).

Because of the degeneracy of the operator A” at some points of the closed m-cube
Q and the presence of mixed derivatives, AP does not satisfy the usual DMP (i.e.,
(APWy(z) <0 Vz € Q) = (Wi(z) > 0 Vz € Q4)). Consequently, equation (79)
may not be stable, even for small step h. However, A,’: can be written as the sum of
a symmetric negative definite operator and an operator which satisfies the DMP; we
thus infer the stability of A, which is confirmed by numerical experiments.

We describe below the available algorithms to solve equation (79).

5.2. The value iteration method. Suppose that the Nj x Nj matrix A sat-
isfies

Ny
(80) (AF)i; >0 Vikj, Y (AD)ij =-A<0 Vi
i=1

which implies that A} satisfies the DMP. Equation (79) can be rewritten as

(81) Wy, = max (MFP W}, + ku(P)),

1
14+ Ak Pep,
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where k > 0 and M¥ = I+ k(AP +\I) is a Markov matrix. (I is the Nj, X Nj, identity
matrix.}) Equation (79) can then be interpreted as the dynamic programming equation
of a control problem of Markov chain with discount factor 1/(1 + Ak}, instantaneous
cost ku(P), and transition matrix MF:
T
k

max WU(XTL,

P,).
(Pn) )

n=0
The value iteration method (see Bellman [5]) consists in the contraction iteration
1
2 P MFPw™ P)).
® WPt = g M (P

The contracting factor is 1/(1 + Ak) = 1 — O(h?) and the complexity! of the method
is

Cpn=0 < lii)zghNh> = O(__h-—(2+m) logh) = 0(N;+2/m log Nh).
When the operator AF does not satisfy the DMP, equation (79) cannot be interpreted
as a discrete Bellman equation. Nevertheless, the iterative method (82) can still be
used if we find A and k such that the L? norm of M¥ (which is no more a Markov
matrix) is lower than 1 for all P. This condition may be obtained for instance when
the discount factor 8(z, P) is large enough.

An example of the use of the value iteration algorithm is given in Sulem [30] for
solving the one-dimensional investment-consumption problem.

5.3. The multigrid—Howard algorithm. Another classical algorithm is the
Howard algorithm (see Howard [16], Bellman [4], [5]), also named policy iteration. It
consists of an iteration algorithm on the control and value functions (starting from
PY or WO

(83) for n > 1, P"e Argmax(AL W™ +u(P)),
PePy,
(84) for n >0, W™ is the solution of AL W + u(P™) =0.

When A,’f satisfies the DMP, the sequence W™ decreases and converges to the solution
of (79) and the convergence is in general superlinear [4], [5], [1], [2].
The exact computation of step (84) is expensive in dimension m > 2. (The

complexity of a direct method is O(N, 2‘2/ ™).) We thus use the multigrid-Howard
algorithm introduced in [1], [2]: in (84), W™ is computed by a multigrid method
with initial value W"~1. The advantage is that each multigrid iteration takes a
computing time of O(N,) and contracts the error by a factor independent of the
discretization step h. For a detailed description of the multigrid algorithm, see, for
example, McCormick [22], Hackbusch [14], and Hackbusch and Trottenberg [15].

Let M?® denote the operator of an iteration of the multigrid method associated
with the equation AL W +u(P) = 0. Starting from W0, we proceed with the following
iteration:

(83),
Wn,O — Wn_l,
(85) for n>1 ¢ fori=1tom,, W= MF"(Wni-1)
W = Wnimn,

! The number of elementary operations for computing an approximation of the solution of (79)
with an error in the order of the discretization error.
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This algorithm converges to the solution W} of (79) if W is sufficiently close to W
and m,, is large enough (independently of the step h) (1], [2].

We introduce now the FMGH algorithm, which solves equation (79) from any
initial value W0.

5.4. The FMGH algorithm. This algorithm [1], [2] fully uses the idea of the
full multigrid method (see, for example, Hackbusch and Trottenberg [15]).

Consider the sequence of grids (Qx)x>1 of steps hy = 2% and denote by Z+!
the operator of the m-linear interpolation from V4, into Vy, ..

If Wy € Vi, Wi1 = IE Wy is defined by

Wk+1(.’l?) = Wk(%) Ve € Qk C Qk+1,
Wk+1(9U ;— y) = Wis1(z) ; Wit1(y) Va,y € k41 such that 9”——}11 € Qa1

and z, y are in the same cell of {2,

where a cell of €, is a m-cube of width A included in Q and with vertices in (hZ)™.
The FMGH algorithm is defined as
For 1 <k <k,
WP is the fith iteration of the sequence defined by (85) in
the grid Qi of initial value WJ.
For 1<k <k,
Wit = II’EHWE
Under appropriate assumptions (strong ellipticity, DMP, regularity of the feed-
back; see [1], [2]), the error between W and the solution W} of (79) with h = hy
is in the order of the discretization error for any k. This property is realized for any
initial value W7, if the numbers m,, and 7 are large enough (but independent of the
level k). Consequently, this algorithm solves equation (79) (with an error in the order
of the discretization error) with a computing time of O(Ny).

6. Numerical results. Equation (71) is solved in (RT)" by using the FMGH
algorithm for n = 1 and n = 2 and various numerical values of the parameters.
Remark 6.1. The regions B; and S; defined in (17) and (18) are characterized by

B, ={z €S, LiW(y) =0, y given by (55)},
S;={x eS8, MiW(y) =0, ygiven by (55)},

where the operators L; and M; are defined in (64) and (65). By extension we use the
notation

Bi = {y € (R+)n7 i/'LW(y) = O}a
Si = {y € (R)", M;W(y) = 0},
(86) NT; = (R*)"\(B; U Sy),

NT = (n]NT

i=1
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6.1. One risky asset. Numerical tests are performed with v = 0.3, § = 10%,
r= 7%, Qa1 = 11%, g = 30%, v=v = ()\1 +/,L1)/(1—[141) = 01,03, 05, ]., 2,3 or 4%
These values of v are obtained for example when A\ = p; ~ v/2 = 0.05, 0.15, 0.25,
0.5, 1, 1.5, 2%.

When v > 0, the regions B; and S are of the form (see §7) : By = [0,77] and
81 = [rT,+00) with 0 < 7~ < . When v = 0 (no transaction costs), the optimal
policy is to keep a constant proportion of risky asset equal to n} (given by (90) below),
that is 7t = 7~ = «}. In our example, 7 = 0.635. The values of 7™ and =~ are
given in Table 1 and displayed in Fig. 1 as functions of v.

TABLE 1.
v (%) | 0.1 0.3 0.5 1 2 3 4
T 0.56 0.54 0.52 047 042 0.39 0.36
wt 068 068 068 068 068 0.68 0.68

The graphs of 7+ and 7~ are similar to those obtained by Davis and Norman [10]
who already observed that the “sell-barrier” is very insensitive to the transaction cost,
while the “buy-barrier” decreases rapidly as v increases. Indeed, even if the selling
cost is high, the risky asset must be sold before it can be realized for consumption. On
the other hand, it may not be worthwhile to invest in the risky asset if the transaction
costs are too high.

The value function W, solution of (71), and the optimal consumption C' are
displayed in Figs. 2 and 3.

From equations (71) and (86), we obtain W(y) = ¢(1 + vy)” in B;, where ¢
is a constant depending on v. In S, W is constant and seems insensitive to the
transaction costs. This means that when the initial proportion in the risky asset is
in 87, the probability of a future purchase is small. On the other hand, if the initial
proportion invested in stock is in Bj, loss of profit (when v increases) is due mainly
to the first transaction.

The values of C are not relevant in By and S; since the investor makes transactions
and thus does not consume. As expected, C decreases in [7~, 77|, as does the fraction
of wealth in cash.

6.2. Two risky assets. We set v = 0.3, § = 10%, and » = 7% and fix the
parameters of the first risky asset to a3 = 11%, o1 = 30%, and vy = (Ay + p1)/(1 —
p1) = 1%.

Four tests are performed:

test 1: o = 15%, 09 =35%, o =2%,
test 2: g = 15%, o9 =35%, vy =0.5%,
test 3: a9 = 15%, o9 =35%, uvp=1%,
test 41  ag = 20%, o9 =50%, uv=1%.

For test 1, the value function W, the optimal consumption C, and their contour
lines are displayed in Figs. 4-7.

The partition of the domain is displayed for each test in Figs. 8-11. As expected,
nine regions appear: buy (resp., sell) asset ¢ when y; is below (resp., above) a critical
level 7r;” (resp., m;") depending on y; (j # i) and no transaction between m; and 7"

After the first transaction, the position of the investor evolves as a diffusion
process with reflection on the boundary of NT. The direction of the reflection is
given by the equation L;W = 0 on the frontier with B; and M;W = 0 on the frontier
with Si.
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Note that the no-transaction interval for the first asset NT1 N {y2 = constant} =~
(0.39,0.78] is much larger than the no-transaction interval [0.47,0.68] obtained in
dimension 1, when only one asset (with same parameters) is available. This is not
surprising since the second asset has larger expected rate of return; it is thus more
interesting to make transactions on the second asset.

We observe that the boundaries of the regions B; and S; seem at first to be straight
lines (y; = constant). This would mean that the investment policies are decoupled
although the dynamics are correlated. In fact, when the cost for purchase vs grows,
the region NT5 grows as expected but the boundaries of S; and B; are also perturbed.
Moreover, a variation of ag and o5 affect both NTp and NT;. A theoretical study of
the boundaries is done below in order to confirm these remarks.

7. Theoretical analysis of the optimal strategy.

7.1. No transaction costs: The Merton problem. When the transaction
costs are equal to zero, the optimal investment strategy is to keep a constant fraction
of total wealth in each risky asset (see Merton [24], Sethi and Taksar [27], Karatzas,
et al. [17], and Davis and Norman [10]). Indeed, set A = y = 0 in equation (71). We

ow

obtain
(87) max { AW + u*(BW), max — max _OWA 0 in (RT)™
a v ! 15%71 33/1 ! 1<ign, y; >0 Byi - m !

0~7m S —_— S e —— SR — — _
0665 -
0630 |
0595
0.560 |
0525
0490 -
0455 -
0420 -
0.385
0350 o e e ey
00 04 08 12 16 20 24 28 32 36 40

F1G. 1. Graph of #* and 7~ forn =1, v=0.3, § = 10%, r = ™%, o1 = 11%, o1 = 30%.
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15.851

15.841 -

15.832

15.822

15.813

15.803

15.794 e ik e S A
00 01 02 03 04 05 06 07 08 09 10

Fic. 2. Value function W forn=1,v=0.3, § = 10%, r = 7%, a1 = 11%, o1 = 30%.

0.109921 -

0.109672
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0.109173

0.108924

0.108674
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0.108176
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0.107677

0.107427 | ==

-t

FiG. 3. Optimal consumption C forn =1, v = 0.3, § = 10%, r = 7%, a1 = 11%, o1 = 30%.
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(30%, 35%),

Fi1G. 4. Value function W for v = 0.3, § = 10%, r = %, a = (11%, 15%), o

v = (1%,2%).

(30%, 35%),

7%, o = (11%,15%), o

Fic. 5. Value function W for v = 0.3, § = 10%, r

v = (1%,2%).
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0.0946

0.0933

FiG. 6. Optimal consumption C for v = 0.3, § = 10%, r = ™%, a = (11%, 15%), ¢ = (30%,
35%), v = (1%, 2%).

113 g e — —
| 10.092257

102 +
E 0092488 R _ 0.092257 i

081 — B — Yy -
— (50416~ T — ———

— — ' —

079 -[°-

0.68 —

0.57 -
045 -
0.34 -

023

011

| 0.092720
000 OB e 4L e e

0.00 0.11 0.23 034 0.45 0.57 0.68 0.79 091 1.02 113

Fic. 7. Optimal consumption C for v = 0.3, § = 10%, r = 7%, o = (11%, 15%), o = (30%,
35%), v = (1%, 2%).
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FiG. 8. Boundaries of the regions B;, 8;, and NT; for vy =0.3, § = 10%, r = 7%, a = (11%,
15%), o = (30%, 35%), v = (1%, 2%).

1.56 S

1.40

1.25; BN S, NTI NS, S NSy

1.09

0.94 -

018 - I B SR
062 -
047

0.31 o

BN B, NT; N By 51N By

0.16

000 | ——— e b

0.00 0.16 0.31 047 0.62 0.78 0.94 1.09 1.25 140 1.56

Fi1G. 9. Boundaries of the regions B;, S;, and NT; for v = 0.3, § = 10%, r = 7%, o = (11%,
15%), o = (30%, 35%), v = (1%, 0.5%).
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Fi1c. 10. Boundaries of the regions B;, S;, and NT; for v = 0.3, § = 10%, r = ™%, o = (11%,
15%), o = (30%, 35%), v = (1%, 1%).
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Fi1G. 11. Boundaries of the regions B;, Si, and NT; for v=0.3, § = 10%, r = ™%, o = (11%,
20%), o = (30%, 50%), v = (1%, 1%).
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which is equivalent to

(88) W = constant,
—BYW +u*(YW) <0 Vye (RT),

with B(y) defined in (68). Uniqueness of the solution of (88) is not guaranteed since
Assumption (A.2) is not satisfied, but the function W defined in (58) is the minimal
solution of VI (87). Hence, we have

(89) , é!(flﬂg})n{—ﬂ(y)W +ut(vW)} =0.

Equation (89) coincides with the Bellman equation of the problem where the
proportion y; is considered as a control variable (see [10}). Under Assumption (A.1),
the optimal proportion denoted by 7} and called the Merton proportion is given by

oy — T
90 . Ry
(0 a?(1-1)

The optimal fraction of wealth dedicated to consumption is

c =T}§ <5~7<r+2(11—7)§<ai0;r>2)>’

and the value function W is equal to

c*r—-1)
v

The regions “sell i” and “buy ¢” are characterized by

Bi = {y (S (R+)n, Yi S WZ})
Si={ye ®R")", y; > 7]}.

Note that these regions are not obtained by merely setting A = u = 0 in (86) but
by taking the limit of these expressions when A and y tend to 0.

7.2. A general shape of the transaction regions. In this section, we de-
rive formally from VI (71), without numerical computation, the general shape of the
transaction regions, given in Fig. 12. To that purpose, we assume the function W
to be C? in the interior of (R*)™. Although this is not true in general, what is done
below can be adapted by using the theory of viscosity solutions. This approach is
used for example in Fleming and Soner [13] to obtain regularity results for the value
function V' and general properties of the transaction regions for n = 1.

From ((9”‘//3), we have M;W < 0; in addition, the concavity of W implies that

MW = — oy is nondecreasing with respect to ;. Consequently, the region S; defined

in (86) can be written as

S;={ye RN, yi > 7} ()},
+

where 7" is some mapping of

:g = (yla'")y’i—hyi-}'la'-')yn)‘
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n

FiG. 12. General shape of the transaction regions.

To obtain a similar characterization for B;, we consider another change of vari-
ables (p/,y’) obtained by substituting —A; for y; in (55) for some fixed i € {1,...,n}.
Proceeding as above, and using Remark 6.1, we obtain

(91) B;={ye ®R")", 4 <7~ (§)}
with
1+v)y: . |
2 - (L d ¢ =
(92) V=T, o V=

where v; is defined in Remark 4.1. Since y; is non decreasing with respect to y;, we

get
Bi={ye®), y<a (——g)}.
T\ vy

Suppose 7" < 400 and 7; > 0. This implies that 7 and =, are continuous
functions and that the regions S; and B; are connected.

We restrict ourselves to the case n = 2, but what is done below can easily be
generalized to n > 2.

In S, MW = _T = 0. The function W is thus constant with respect to 1
in S;. Consequently the parts of the boundaries 8By and 3853 included in S; are
straight lines of equation ys = constant. Similarly, using the change of variables (92)
with ¢ = 1, we infer that the parts of the boundaries 0B, and 853 included in B; are
straight lines of equation

Yy = %2 _ constant.

1+

By symmetry, we get similar properties for the boundaries 8B, and 85; as dis-
played in Fig. 12. No other property has been obtained for the boundary of NT.

A question which arises now is how is located the “Merton proportion” 7*. In
general, 7* is not necessarily in the region NT. Nevertheless, we have the following
proposition.
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PrROPOSITION 7.1. We use the notation of Fig. 12:

A= (al,az) =951 NP8, B= (b1,b2) = 057 N 9By,
C= (01,62) =8By N JB,, D= (dl,dz) =0B; NdSs,,
/ C1 ’ b1 ’ Co ’ d2
= -, b = —, = e, d =
a 1+wocy ! 1+ v3bsy K 1416 2 1+ vd;
and set
ivs 1
L S
’ﬁ':‘: 1+V1;—Vi7r,zk Zf 7TZ< +l/i’
400 otherwise.
Then
7 <ay, by, w5 <ag,dy
and

’ ~ % ’ ~ %
di, ¢ <77, bg,C2§_7r2,

Proof. We prove m} < a;, i = 1,2. The other inequalities are obtained similarly
by using the change of variables (92). In S;NSs, the function W is equal to a constant
Wy and satisfies (71), which reduces to

—By)Wo + u*(vWo) <0

with 8(y) given in (68). Hence,

1
—By) + (L= TTIWF T <0 Wye S NS,

On the other hand, the point A is in S; NSy N NT. Assuming that W is C? at point
A, we obtain

(93) AW +u*(BW) =0
and
—B(A) + (L= 7y T =0,
Consequently
Bly) = B(A) Vy e S1 NSy ={a,+00) X [ag, +00).

As the function 8(y) is of the form B;(y1) + B2(y2) with quadratic functions §;, we
get

Bi(y:) = Bi(as) Yy > a;.

Consequently, a; > Argmin 3; = 7. 0
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7.3. Special case of no transaction cost for one of the risky assets. We
suppose here n = 2, vy =0, v > 0. The VI (71) then reduces to

~ . oW ow ow
(94)  max (AW + u*(BW), Br B ve BW, max <- o )) =0,

which implies that the function W is independent of y;. Consequently the boundaries
of By and S, are horizontal straight lines of equation y» = 75 and y2 = 75, respec-
tively. Since equation (94) holds for all y; > 0 and W is the minimal solution of (94),
we have

~ oW ow
A (BW)), =— —voBW,———— ) =0 f > 0.
max (211%( W + u*(BW)), 57s V2 B7a ) or Yo
Y2

S N By Ss NS

Ty |
NTLN B, \\ NT, NS5

o
ByNB /Bz NS

s Y

F1G. 13. Boundaries of the transaction regions in the case of no transaction cost for the first
risky asset.

The regions B; and S are delimited by the curve of equation y; = 71 (y2), where

71(y2) = Argmax(AW + u*(BW))
y120
is the solution of

82W oW
wayg-a?— = (2(v - Doty + (1 — T))be‘y;‘ + (a1 —7) + (v = D)oiy)W = 0.
2

Consequently
_ mi BW

7r1(y2)— .
pw + %2 9BW
1—7v Oy

In particular 71(0) = n} and 71(y2) = (1 + vaye)m] in By. In Sy, W is constant
and 73 (y2) = 77 (see Fig. 13). Moreover, by using the concavity of W, we obtain the
estimate

*

Vs
0 < i
<mi(ya) < 1= vars
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