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Abstract: In the first part of our review paper, we consider the problem of approximating the Green’s
function of the Lagrange chain by continuous analogs. It is shown that the use of continuous equations
based on the two-point Padé approximants gives good results. In the second part of the paper, the
problem of singularities arising in the classical theory of elasticity with affecting concentrated loadings
is considered. To overcome this problem, instead of a transition to the gradient theory of elasticity, it
is proposed to change the concept of concentrated effort. Namely, the Dirac delta function is replaced
by the Whittaker–Shannon–Kotel’nikov interpolating function. The only additional parameter that
characterizes the microheterogeneity of the medium is used. An analog of the Flamant problem is
considered as an example. The found solution does not contain singularities and tends to the classical
one when the microheterogeneity parameter approaches zero. The derived formulas have a simpler
form compared to those obtained by the gradient theory of elasticity.

Keywords: lattice; gradient elasticity; Green’s function; concentrated force; Flamant problem;
Whittaker–Shannon–Kotel’nikov interpolating function

1. Introduction

The first work in the field of couple stress theory of elasticity is considered to be the
book by the Cosserat brothers [1]. In their theory, in addition to ordinary stresses, the
presence of couple stresses is admitted [2]. Le Roux [3] was the first to propose taking into
account higher displacement gradients in the theory of elasticity.

The couple stress elasticity theories were extensively studied in the papers by Toupin,
Mindlin, and others [4–8]. It was expected that the indicated theories could solve the
problem of the theoretical determination of the stress concentration coefficients. Compre-
hensive reviews of the obtained results were presented in [9–16]. However, difficulties
arose when determining the couple stress elasticity constants. Initially, it was assumed
that these constants would be determined experimentally. Unfortunately, to date such
experiments have not been carried out, due to principal difficulties [9,17].

Regarding the theoretical determination of the parameters of this theory, it is worth
noting a few important papers.

Gradient moduli are determined for two-phase composites in the case of a low con-
centration of inclusions in a homogeneous matrix [18,19]. The possibility of estimating the
values of the gradient moduli for the crystal lattice of metals using the methods of density
functional theory is shown in [20,21].

In [22], the closed-form expressions for five physical constants of the Toupin–Mindlin
theory of isotropic gradient elasticity for polycrystalline materials were obtained. The
gradient parameters can also be determined through atomistic potentials and ab initio
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calculations. In [23], three elastic constants and 11 gradient-elastic ones were determined
for Cu and Al from atomistic potentials for the cubic case of Mindlin’s anisotropic gradient
elasticity theory. Nevertheless, these undoubtedly important results are insufficient for the
effective use of couple stress elasticity.

A simpler problem is to determine the characteristic size of microinhomogeneity of the
given media, which in many cases can be performed theoretically or experimentally [24–28].

In this regard, a number of simplified gradient elasticity theories were proposed using
only one characteristic material length [29,30]. In [25], the authors suggested treating these
theories as a first-step extension of the classical linear elasticity theory. The essence of
such theories is in including scale effects through the introduction of higher-order spatial
gradients to the governing equations of the classical elasticity theory. The characteristic
material length was usually proposed to be determined experimentally.

Detailed descriptions of such experiments, as a rule, are missing. From a mathematical
point of view, the modified equations contain a small parameter with higher derivatives.
This provides a regularization of the solution by taking into account the boundary layers
that appear in the vicinity of the singularity points of the classical solution.

A generalization of the classical definition of a function and its derivatives, which
allows one to obtain regular solutions to singular problems, is proposed in [31,32].

The use of the equations of gradient elasticity allows regularizing the singular solutions
of the classical elasticity theory [33–37]. The main interest is directed at the extent to which
pathological predictions of the classical theory of elasticity in singular stress concentration
problems are altered, mitigated, or possibly even eliminated when couple stresses are taken
into account. However, the results obtained are quite complicated. Is it possible to use a
simpler method to carry out regularization? In our opinion, when passing to the gradient
elasticity theories, it is necessary to change the concept of a concentrated force. This concept
must contain the parameter of microheterogeneity of the media. Thus, if the problems of
constructing Green’s function and the study of the system response to a concentrated load
are close in the classical elasticity theory, then they differ in the gradient theories.

It should be noted that links between nonlocal and gradient theories is
nontrivial [37–43]. For example, a deep analysis of the connection between the differ-
ential and integral formulations of the nonlocal elasticity theory shows that these theories
are far from being always equivalent [41,42].

The significance of considering strain gradients when studying the change in the
behavior of isotropic micro- and nanostructures and deriving the exact solutions for their
static bending response is shown in [44]. As mentioned in [45], Green’s tensor of gradient
anisotropic elasticity of Helmholtz type can be utilized as a physically based regularization
of classical anisotropic Green’s tensor. This property makes gradient elasticity relevant
to studying nanomechanical phenomena with the effects of anisotropy. The application
of the modified nonlocal gradient theory, which does not require higher-order boundary
conditions, for modeling single-walled carbon nanotubes can be found in [46].

This paper addresses two issues. The first one is the relations between Green’s func-
tions of discrete and continuous media. The second one concerns the concept of concen-
trated loads in the gradient elasticity theories.

The paper is organized as follows. Section 2 contains preliminary results. Section 3
is devoted to different continuous approximations of dynamic Green’s function for the
Lagrange lattice. The conception of a concentrated force in the gradient elasticity theories
is analyzed in Section 4, based on the generalized Flamant problem. The obtained results
are summarized in Section 5.

2. Governing Relations

The original discrete object is the Lagrange lattice [47–49] (for relevant terminology,
see Appendix in [50]). The lattice is that of point masses, M, located in equilibrium states at
the points of the ξ-axis with coordinates jh(j = 0,±1,±2,±3, . . .) and coupled with elastic
springs of stiffness c (Figure 1).
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Figure 1. 1D mass-spring lattice. Here M is the value of the point mass; c is the stiffness of spring.

According to Hooke’s law, the elastic force acting on the j-th mass is as follows:

σj(t) = c
[
yj+1(t)− yj(t)

]
− c
[
yj(t)− yj−1(t)

]
= c
[
yj−1(t)− 2yj(t) + yj+1(t)

]
; j = 1, 2, . . . , n,

where yj(t) is the displacement of the jth material point from its static equilibrium position
and t is time.

Using Newton’s second law of motion, one obtains the initial system of equations
describing the system motion [49]:

M
d2yj(t)

dt2 = c
[
yj−1(t)− 2yj(t) + yj+1(t)

]
; j = 0,±1,±2,±3, . . . , (1)

Let us introduce a new variable τ = t
√

c/M. Then, DDE (1) can be rewritten in the
following form:

d2yj(τ)

dτ2 = D
(
yj(τ)

)
= yj−1(τ)− 2yj(τ) + yj+1(τ); j = 0,±1,±2,±3, . . . , (2)

where D is the difference operator.
The continuous coordinate ξ is scaled in such a way that ξ = jh at the nodes of the

lattice. The values ym(τ) can be treated as the discrete approximation to the continuous
function u(mh, τ):

ym(τ) = u(mh, τ). (3)

In what follows, it is convenient to replace the nonlocal difference operator in Equation (2)
by the pseudo-differential one. For this, the relation [51] (sect. 8 in chapter “Introduction to
Operational Calculus”) is used:

exp
(
−ih

∂

∂ξ

)
u(ξ, τ) = u(ξ + h, τ),

where i =
√
−1.

Using the shift operator exp
(

h ∂
∂x

)
, one can write:

D = exp
(

h
∂

∂x

)
+ exp

(
−h

∂

∂x

)
− 2 = −4 sin2

(
− ih

2
∂

∂x

)
.

Then, DDE (2) can be represented as a pseudo-differential equation:

∂2u(ξ, τ)

∂τ2 = −4 sin2
(
− ih

2
∂

∂ξ

)
u(ξ, τ), (4)

where sin2
(
− ih

2
∂

∂ξ

)
is the pseudo-differential operator given by:

4 sin2
(
− ih

2
∂

∂ξ

)
= −2 ∑

k=1

h2k

(2k)!
∂2k

∂ξ2k = −h2 ∂2

∂ξ2

(
1 +

h2

12
∂2

∂ξ2 +
h4

360
∂4

∂ξ4 +
h6

10080
∂6

∂ξ6 + . . .
)

. (5)

Using only the first term in expansion (5), one obtains the wave equation, i.e., the
partial differential equation (PDE) of hyperbolic type:

uττ − uxx = 0, (6)
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where x = ξ/h.

3. Improved Continuous Approximations and Green’s Functions

Green’s function in the case of a 1D lattice for the time-harmonic process can be
written as:

Gd =
i

2ω
exp(2arcsin(0.5ω)i|n|) , 0 ≤ ω ≤ 2; n = 0,±1,±2,±3, . . . , (7)

where ω is the frequency.
For the classical continuous approximation (6), Green’s function is given by the fol-

lowing expression:

Gc =
i

2ω
exp(ωi|x|) , 0 ≤ ω ≤ 2. (8)

In Figure 2, curves 1 and 2 show the results of calculating 2ωGd/i and 2ωGc/i, respec-
tively. As can be seen from the graph below, the classical continuous approximation gives
satisfactory results only for low frequencies.
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The approximation of Green’s functions for lattices by Green’s functions of continuous
models was considered in [15,16,52,53]. In [15,16], the approximation by the first roots
was utilized. The model using the multi-point Padé approximation in the Fourier space of
discrete Green’s function was described in [52,53].

In the present paper, we analyze the refined continuous models described in [54–56].
These models allow one to properly characterize the vibration frequencies in the entire
considered range. Below, we use this model for obtaining Green’s functions.

Let us consider the question of more accurate (in comparison with (6)) continuous
approximations of DDE (2). Retaining more than one term in expansion (5), we arrive at
the so-called intermediate continuous models [57]. The disadvantage of such models is
high-order PDEs.

It is possible to increase the accuracy of the approximation significantly while maintain-
ing the PDE order using the Padé approximants or the two-point Padé
approximants [54–56,58–60].
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Specifically, such an approximation is carried out as follows. Use the transformation:

− h2 ∂2

∂ξ2

(
1 +

h2

12
∂2

∂ξ2

)
∼ −h2 ∂2

∂ξ2 /
(

1− α2 ∂2

∂ξ2

)
,

where the parameter, α2, is selected in such a way that the resulting continuous equation
provides a good approximation of the lattice frequency to the boundary of the first Brillouin
zone. As a result, we determine α2 = 0.25 − π−2, and the corresponding continuous
equation has the form: (

1− α2 ∂2

∂x2

)
∂2u(x, τ)

∂τ2 − ∂2u(x, τ)

∂x2 = 0. (9)

Equation (9) is called the model with modified inertia [61].
Green’s function in this case takes the form:

Gc1 =
i

2ω
exp

(
ω√

1− α2ω2
i|x|
)

. (10)

The technique described above can also be utilized to build higher-order models. The
approximation, which includes the fourth-order derivatives with respect to the spatial
variable, is given by:(

1− α2
1

∂2

∂x2 + α2
2

∂4

∂x4

)
∂2u(x, τ)

∂τ2 −
(

1 + α2
3

∂2

∂x2

)
∂2u(x, τ)

∂x2 = 0, (11)

where α2
1 = π2−8

π2 , α2
2 =

16 (10−π2)
π4 , α2

3 =
16 (π2−9)

π4 .
For this case, Green’s function can be derived analytically:

Gc2 =
i

2ω
exp(Ωi|x|), (12)

where Ω = π(B+C)
1
2

A ,
A = 2

[(
10− π2)ω2 + 4π2 − 36

]
, B = − A√

2

[(
π2 − 8

)
ω2 − 4π2],

C =
[(

π4 + 48π2 − 576
)
ω4 −

(
8π4 + 192π2 − 2304

)
ω2 + 16π4] 1

2 .
In Figure 2, curves 3 and 4 demonstrate the functions 2ωGc1/i and 2ωGc2/i, re-

spectively. A significant improvement in the approximation compared to the classical
continuous case is observed.

The next step in the application of refined continuous models to approximate Green’s
functions of discrete systems is 2D lattices [62–69]. In this area, a number of exact solutions
based, as a rule, on the utilization of the discrete Fourier transforms were obtained [65–69].
Unfortunately, it is not always possible to determine the inverse transforms analytically.
However, there exists a significant number of asymptotics of Green’s functions that can be
used to derive refined continuous models. For the 1D case, one can refer to the successful
experience of [50].

4. On the Concept of Concentrated Forces in Media with Microstructure

Consider the solution to the plane problem of the elasticity theory for a half-plane
(Figure 3) under the effect of a concentrated force. Replace the Dirac delta function by
the Whittaker–Shannon–Kotel’nikov (WSK) interpolating function [70–72]. Note that the
Whittaker–Shannon interpolation formula or sinc interpolation definitions are also used.
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Governing equations of the plane elasticity theory are given in the following form:

∂σx

∂x
+

∂τ

∂y
= 0;

∂σy

∂y
+

∂τ

∂x
= 0, (13)

εx =
∂u
∂x

; εy =
∂v
∂y

; εxy =
∂u
∂y

+
∂v
∂x

, (14)

τ = Gεxy, (15)

σx =
E

1− ν2

(
εx + νεy

)
; σy =

E
1− ν2

(
εy + νεx

)
for plane stress problem, (16)

σx = E
(1+ν)(1−2ν)

[
(1− ν)εx + νεy

]
,

σy = E
(1+ν)(1−2ν)

[
(1− ν)εy + νεx

] for plane stress problem, (17)

where G = E
2(1+ν)

, E is the Young’s modulus; ν is the Poisson’s ratio.
Boundary conditions are written as:

σy = N(x, l) = P
sin(πx/l)

πx
; τ = 0 aty = 0. (18)

Here l is the parameter characterizing microheterogeneity of the media. It is important
to note that this parameter can be determined analytically for a number of crystalline
materials [22].

Since:

lim
l→0

sin(πx/l)
πx

= δ(x), (19)

at l → 0 , one obtains from (13) and (18) the familiar Flamant problem.
Thus, for a microheterogeneous medium, the concentrated force in the form of the

Dirac delta function is replaced by the WSK regularized loading [14,15,73].
To solve the boundary value problem (13), (18), we use the complex analysis follow-

ing [74]. The complex functions are introduced:

Φ(z) = − 1
2πi

∞∫
−∞

N
t− z

dt = − iP
2π

(
1− exp(−iπz/l)

z

)
, (20)

Ψ(z) = − 1
2πi

∞∫
−∞

N
t− z

dt +
1

2πi

∞∫
−∞

N

(t− z)2 tdt = − iP
2πz

+ P
(

i
2πz
− 1

2l

)
exp(−iπz/l). (21)

where z = x + iy, −∞ < x < ∞, y ≤ 0, −π ≤ arg(z) ≤ 0.
Antiderivatives for functions (20) and (21) are:

ϕ(z) = − iP
2π

∫ 1−exp(−iπz/l)
z dz

= − iP
2π (γ + ln(iπz/l) + E1(iπz/l) + C1) , −π ≤ arg(z) ≤ 0,

(22)
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ψ(z) = − iP
2π

∫ 1−exp(−iπz/l)
z dz− iP

2π exp(−iπz/l)

= − iP
2π [E1(iπz/l) + γ + ln(iπz/l) + exp(−iπz/l) + C2] , −π ≤ arg(z) ≤ 0,

(23)

where E1(. . .) is the familiar exponential integral [75], and γ is the familiar Euler con-
stant [75].

Further, we use formula (1) from Ch. 1, sect. 32 of the book [74]:

u + iv =
1

2µ

(
κϕ(z)− zϕ′(z)− ψ(z)

)
, (24)

where an overbar denotes the complex conjugate;

κ =

{
3− 4ν for plane strain problem,
3−ν
1+ν for plane stress problem.

.

Then, the solution of the boundary value problem (13) and (18) can be written as follows:

u + iv = 1
2G

(
κϕ(z)− zϕ′(z)− ψ(z)

)
= iP

4πµ

{
B− (κ + 1)γ− z2

|z|2
+ exp(iπz/l)

(
z2

|z|2
− 1
)}

− iP
4πµ{κ ln(iπz/l) + kE1(iπz/l) + ln(−iπz/l) + E1(−iπz/l)},

(25)

where B = κC1 + C2.

u = P
4πµ

{
−ImB + 2xy

x+y + 2 exp(πy/l) y sin πx/l−xy cos πx/l
x+y

}
+ P

4πµ

{
∑ (−1)(πρ/l)(κ−1) cos((2n+1)θ)

(2n+1)(2n+1)! −∑ (−1)(πρ/l)(κ−1) sin(2nθ)
(2n)(2n)!

}
,

(26)

v = P
4πµ

{
ReB− 1 + 2y2

x2+y2 − 2 exp(πy/l) y2 cos πx/l+xy sin πx/l
x2+y2

}
+ P

4πµ

{
∞
∑

n=0

(−1)n(πρ/l)2n+1(κ+1) sin((2n+1)θ)
(2n+1)(2n+1)! +

∞
∑

n=1

(−1)n(πρ/l)2n(κ+1) cos(2nθ)
(2n)(2n)!

}
,

(27)

where ρ =
√

x2 + y2, −π ≤ θ = argz ≤ 0.
The series in (26) and (27) converge absolutely with a high convergence rate.
From the antisymmetric condition:

u(x, y) = −u(x,−y),

we find ImB = 0.
On the boundary of the half-plane y = 0, one obtains:

u(x, 0) =
P

4πµ
(κ − 1)

∞

∑
n=0

(−1)n(πx/l)2n+1

(2n + 1)(2n + 1)!
=

P
4πµ

(κ − 1)Si(πx/l),

v(x, 0) = P
4πµ

{
B− 1 + (κ + 1)

∞
∑

n=1

(−1)n(π|x|/l)2n

(2n)(2n)!

}
= P

4πµ{B− 1 + (κ + 1)(Ci(π|x|/l)− γ− ln(π|x|/l))},

where Si(. . .) and Ci(. . .) are the familiar sine and cosine integrals [75].
To fix the real constant B, which corresponds to the displacement of the half-plane as a

rigid body, we require that v(1, 0) = 0. Then, we have:

B = 1− (κ + 1)(Ci(π/l)− γ− ln(π/l)).
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The solution to the Flamant problem is given by:

u =
P

2πG


xy

x2+y2 − κ−1
2
(
arctan y

x + π
2
)
, x ≥ 0, y ≤ 0,

xy
x2+y2 − κ−1

2
(
arctan y

x −
π
2
)
, x < 0, y ≤ 0,

(28)

v = − P
2πG

[
κ + 1

4
ln
(

x2 + y2
)
+

x2

x2 + y2

]
, −∞ << x << ∞, y ≤ 0. (29)

As l → 0 , formulas (26) and (27) turn into the solution of the Flamant problem, (28)
and (29), as expected from general considerations [76–78]. Figure 4 demonstrates that the
limit transition will not be uniform for the function u(x, 0) owing to the familiar Gibbs–
Wilbraham phenomenon [79,80].
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The behavior of solutions (26) and (27) at infinity coincides with that of the solutions
to the Flamant problem ((28) and (29)).

Let us compare the obtained results with the known solutions within the framework
of the couple stress theory or the gradient one [31–37]. The equations of these theories are
singularly perturbed in comparison with the equations of the classical elasticity theory [21].
In the case of the couple stress theory, we have two small parameters at higher-order
derivatives, l1, l2 [21], and for the gradient elasticity theory, one small parameter, l [4]. The
difference between solutions based on these theories varies significantly from the solutions
of the classical elasticity theory only in a small vicinity of points or lines of singularity. In
these zones, solutions of the boundary layer type, which rapidly decay when moving away
from the singular point, appear.

Consider the following examples. The singularity of the form 1/r at r → 0 is replaced
by the expression [4]:

(1/r) [exp(r/l)− 1] ∼ 1/l at l → 0.

The singularity of the form ln|x| at x → 0 transforms into [21]:

ln|x|+ K0(|x|/l) ∼ ln l at l → 0,
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where K0(. . .) is the familiar modified Bessel function of the second kind [75].
Thus, as the spatial variable tends to some singular point, the infinite values are

replaced by finite values approaching infinity as the small parameter tends to zero. At
the same time, obtaining analytical solutions within the framework of the couple stress or
gradient theories of elasticity does not always succeed. It is associated with the problems
of analytical inversion of integral transformations. Let us show that changing the concept
of a concentrated force leads to the same result.

Turn to the Flamant problem. The logarithmic singularity at the origin for the function
v, present in the Flamant problem, is replaced by a large value tending to infinity at l → 0 :

v ∼ P(κ + 1)
4πG

ln l atx → 0. (30)

Some curves for the function v(x, 0) are shown in Figure 5. For plane strain elasticity,
one obtains from expression (30):

v ∼ P(1− v)
πG

ln l atx → 0. (31)
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Figure 5. Comparison of the solution to the Flamant problem for v(x, 0) with solution (27) for various
values of the microinhomogeneity parameter.

The paper [37] examines the effect of concentrated loads within the Toupin–Mindlin
elasticity theory. In particular, a solution is found for an analog of the Flamant problem
for couple stress elasticity. If we reduce this solution to the simplified gradient elasticity
theory [10], which is described by one parameter, then we have:

v ∼ P(1− v)
πG

(ln|x|+ K0|x/l|) ∼ P(1− v)
πG

ln l atx → 0. (32)
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A similar result follows from the analysis of papers [34,36]. The paper [34] presents
the results of the experiment, quantitative comparison with which is difficult. Qualitatively,
experimental values for u(x, 0) at x → ∞ tend to the Flamant solving (28), and this tendency
has an oscillating character. Solving (26) has the same behavior.

5. Conclusions

In the first part of this work, the use of the apparatus of two-point Padé approximants
allowing one to construct continuous approximations of the Lagrange lattice that well
approximate discrete Green’s function is shown.

The importance of this conclusion is as follows. The construction of Green’s functions
for ODEs and PDEs is generally easier than for nonlocal equations. This is due to the
substantially greater development of continuous mathematics in comparison with discrete.
The ability to use the entire arsenal of calculus, functional analysis, and theories of ODE
and PDE allows one to obtain analytical expressions of Green’s functions [81,82]. However,
the problem of such an approximation of nonlocal operators by local ones, for which the
main features of the solution of discrete problems are well described by continuous ones,
arises. It turns out that, at least in the 1D case, this is possible.

In the second part of this paper, we analyze the concept of a concentrated force in the
theory of elasticity. Solutions of the classical elasticity theory near the points of application
of concentrated loads may have pathological singularities. To eliminate these features,
a transition to the various versions of the gradient elasticity theory is usually used. In
this case, regularization occurs due to an increase in the order of the original system. The
new system is singularly perturbed and, owing to the solution of the boundary layer type,
allows elimination of the features of the solution. However, the expressions obtained using
the gradient theories of elasticity are too complicated. In addition, a nontrivial problem of
additional boundary conditions must be solved [40].

The Dirac delta function is usually utilized to model the concentrated force or the
point connection. This idealization often causes physically incorrect results. This can be
avoided by increasing the order of the original system of equations, i.e., passing to couple
stress elasticity or gradient elasticity. However, it is easier to change the approximation
of the concentrated force itself. For example, in paper [83], a distributed delta function
is introduced, and the apt name “a real-world forcing” is suggested for such a function.
The authors of paper [62] replace the derivative of the delta function by a regular “pre-
delta” function.

For a microheterogeneous medium, in our opinion, the WSK approximation is the
most natural.

In our work, it is shown that there exists an alternative possibility of regularizing
the solution by changing the concept of a concentrated force. Namely, the Dirac delta
function is replaced by the Whittaker–Shannon–Kotel’nikov (WSK) interpolating function.
In this case, it is sufficient to utilize only one additional parameter characterizing the
microheterogeneity of the medium.
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