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ON ASYMPTOTIC PROPERTY FOR
NONLINEAR DIFFERENCE SYSTEMS

Sune Kyu Caol, NaMm Jip Koo, AND DONG MAN IMm

ABSTRACT. We study asymptotic equivalence between nonlinear
difference system

Az(n) = f(n,z(n))

and its variational system

Av(n) = fz(n,0)v(n).

1. Introduction

We consider the nonlinear difference system
(1.1) Az(n) = f(n,z(n)), z(ng) = xo,
where A is the forward difference operator, i.e., Az(n) = z(n+1)—z(n),
f : N(ng) x R™ — R™, N(ng) = {ng,no+1,--- ,no + k,---}, np is a
nonnegative integer, and R™ is the m—dimensional real Euclidean space.
System (1.1) has asymptotic equilibrium if there exists a single £ € R™
such that any solution z(n) = z(n, ng, zg) of (1.1) for all |zg| sufficiently
small satisfies
(1.2) z(n) =&+ o(1) as n — oo,
and, for every £ € R™, there exists a solution of (1.1) such that satisfies
(1.2).
Also, for the other nonlinear difference system

(1.3) Ay(n) = g(n,y(n)),

where g : N(ng) x R™ — R™, two systems (1.1} and (1.3) are said to be
asymptotically equivalent if, for every solution z(n) of (1.1), there exists
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a solution y(n) of (1.3) such that
(1.4) z(n) = y(n) + o(1) as n — oo,

and conversely, for every solution y(n) of (1.3), there exists a solution
z(n) of (1.1) such that (1.4) holds.

To study asymptotic relationship between two linear systems, the
problem of asymptotic equivalence have been initiated by H. Poincaré
(1885) and O. Perron (1921). In [8] Medina and Pinto studied asymp-
totic equivalence using dichotomy conditions. Also, Medina [7] investi-
gated this problem using some discrete inequalities combined with the
Schauder’s fixed point theorem.

We established asymptotic equivalence between two nonlinear dif-
ference systems via their variational systems in [2]. Also, in [4], we
characterized asymptotic equilibrium for nonlinear system by means of
neo-similarity, which is defined in [3] as a different discrete analogue of
too-similarity by Conti.

In this paper we study asymptotic equivalence between (1.1) and its
variational system

(1.5) Av(n) = fz(n,0)v(n),

where f, = %ﬁ, and give an appropriate example.

2. Main results

We are concerned with the nonlinear difference system
(2.1) Az(n) = f(n,z(n)), x(ng) = xo.

We assume that

(i) fo= % exists,

(ii) I + f5 is continuous and invertible on N(ng) x R™, where I is the
m x m identity real matrix,

(iii) f(n,0) = 0.

Let z(n) = z(n,ng, zo) be the solution of (2.1) with x(ng,no, o) =
ZXg-

To study asymptotic behavior for (2.1) it is useful to consider its
variational system

(2.2) Av(n) = fz(n,0)v(n) = A(n)v(n)
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and rewrite (2.1), by setting f;(n,0) = A(n) and using the mean value
theorem, as

Az(n) = A(n)x(n) + f(n,z(n)) — fo(n,0)x(n)
(2.3) = A(n)z(n) + G(n,z(n)), (no) = zo,

where .
Gn,z) = /0 (fu(n, 02) — fu(n, 0)]d0z.

Then, by the variational of constants formula [1], the solution of (2.3) is
given by

(2.4) z(n) = ®(n,ng)xo + Z (n,s + 1)G(s,z(s)),
s=ngp
where ®(n, ng) is the fundamental matrix solution of the linear difference
system Az(n) = A(n)z(n).
For system (2.3), we assume that

(2.5) |G(n,z)| <w(n,|z]), n > ng, z € R™,

where w : N(ng) x Ry — Ry is continuous and nondecreasing in u € Ry
for n > ng.

To use the comparison principle we consider the scalar difference
equation

(2.6) Au(n) = M?w(n,u(n)), u(ng) = ug >0,

where M is a positive constant, by the function w(n,u).
We need the following comparison principle which is a slight modifi-
cation of [6] :

LEMMA 2.1. [3] Let p(n,r) be a nondecreasing function in r for any
fixed n € N(ng). Suppose that for n > ng, nonnegative functions u(n)
and v(n) defined on N(ng) satisfies the following inequalities :

n—1 n—1
v(n) = > p(l,o(1) < u(n) = > p(l,u(l)).
I=ng l=ng

If v(ng) < u(ng), then v(n) < u(n) for all n > ng.
Now, we present the result.

THEOREM 2.2. Assume that (2.5) holds and all solutions of (2.6) are
bounded on N(ng). If the variational system (2.2) has asymptotic equi-
librium, then the original system (2.1) has also asymptotic equilibrium
provided d = M|zo| < ug.
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PROOF. Let z(n,ng,zo) be any solution of (2.1). From the variation
of constants formula in [1] and conditions (i) and (ii), we obtain

n—1
z(n)| = |®(n,mo)lzo+ Y @7 (s +1,m0)G(s,z(s))]|
s=ng
n—1
< |®(n,n0)l|zo| + |®(n,m0)| Y (@7 (s + 1,m0)[|G (s, 2(s))|
s=ngp
n—1
< Mlzo| + M* ) wis, |z(s)))
S§=ng
n—1
= d+M* > w(s,|z(s))),
s=nyg
where ®(n,ng) < M for n,m > ng and d = M|xg|. It follows that
n—1
ja(m)|— M2 Y w(s, Ja(s)]) = d
s=ng
n—1
< ug = u(n) — M? Z w(s,u(s)).
S=T(Q

Applying Lemma 2.1 for p(n,u) = M?w(n,u), we conclude that
lz(n)| < u(n) for each n > ng,

provided d < ug.
We claim that the solution z(n) of (2.1) which can be written as (2.3)
is convergent. If we consider the sequence

n—1
v(n) = Z O (s +1,n0)G(s, z(s)),

s=ng

then we have

n

-1
lo(r) —v(m)| < Y187 (s + 1,m0)||G(s, z(s))]

8

n—1
< MY w(slzs)
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n—1
< M Z w(s,u(s))

= M(u(n) —u(m)), n > m > nyg,

by the monotonicity of w(n,u). It follows that v(n) is Cauchy since u(n)
is convergent. Thus there exists a vector £ € R™ such that any solution
x(n,ng, o) of (2.3) for all |zo| sufliciently small satisfies the following
agymptotic relationship :

z(n) =&+ o0(l) asn — oc.

For the converse asymptotic relationship, we let £ € R™ be any vector
and set
To = cb;olf — Voo,
where @, = limy o ®(n) and v = limy_,oo v(n). Then any solution
z(n) of (2.3) which is equivalent to (2.1) satisfies

z(n,ng,@0)) = B(n,no)lwo+ »_ 875 +1,n0)G(s, x(5))]

S=no

— ®(n,ngp) Z & (s +1,n0)G(s,z(s))
£+ o(1) 3;: n — 0o,

Il

since
o0
®(n,ng) Z & (s +1,n0)G(s,z(s)) = 0 asn — oa.
s=n
This completes the proof. [

As an illustration of Theorem 2.2 we give the following example.

EXAMPLE 2.3. We consider the nonlinear difference equation

(2.7) Az(n) = f(n,z(n)) =

a"z(n)
V1+222(n)

and its associated variational difference equation

(2.8) Av(n) = fu(n,0)u(n) = a™v(n),
where a is a constant with 0 < |a] < 1. Thus
ax a”
f(n,z2) = —— and fo(n,2) = ————.
) = Frgs S = G
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First, we can rewrite (2.7) as (2.3) :

(29) Az(n) = a"z(n) + an[m — 1e(n).
Since
1
G(n,z) ::/0 [fz(n,0z) — fr(n,0)]dbz,
we have
1
~ 0y~ 1]
< a"lz|.

So w(n, |z|) = a™u and it is continuous nondecreasing in u > 0.
Now, (2.6) becomes

(2.10) Au(n) = M2a™u(n), u(0) = ug > 0.

Since any solution u(n) of (2.10) is given by

n—1
u(n) = u0+MZZaS
s=0
1 —qah
= UO+M2< a)»”ZTLO:O,
l1—-a

u(n) is bounded on N(ng). Thus, by Theorem 2.2, (2.7) has asymptotic
equilibrium by setting

n-1

d= lim H(l + a®)|zo|.

n—00
s=0

THEOREM 2.4. Two systems (2.1) and (2.2) are asymptotically equiv-
alent under the conditions in Theorem 2.2.

PRrOOF. Let v(n) be any solution of (2.2). Then we have lim,,_,o v(n)
= Us by asymptotic equilibrium of (2.2). Setting

-1
o = P, Voo — Poos
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where lim,, oo ®(n) = P and poo = Yoo D7 Y(s + 1,n0)G(s, z(s)),

s=ng
then there exists a solution z(n, ng, zg) of (2.1) such that

Jim fo(n) —v(m)] = lim [9(0)(@xt v — P

n—1
+ Z &7 1(s+ 1,m0)G(s,2(s))) — ®(n, ng)vo]

n—od
@oo(@;}voo) — Voo

= 0.

Conversely, we easily see that the asymptotic relationship also holds by
setting vg = g + Poo- This completes the proof. |

ExaMPLE 2.5. Two difference equations (2.7) and (2.8) in Example
2.3 are asymptotically equivalent by Theorem 2.4.
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