
Aplikace matematiky

Inder Jeet Taneja
On axiomatic characterization of entropy of type (α, β)

Aplikace matematiky, Vol. 22 (1977), No. 6, 409–417

Persistent URL: http://dml.cz/dmlcz/103717

Terms of use:
© Institute of Mathematics AS CR, 1977

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/103717
http://dml.cz


SVAZEK 22 (1977) APLIKACE MATEMATIKY Č Í S U ^ ' 

ON AXIOMATIC CHARACTERIZATION OF ENTROPY 
OF TYPE (a, p)*) 

INDER JEET TANEJA 

(Received January 22, 1976) 

1. INTRODUCTION 

Sharma and Taneja [6, 7] introduced and characterized entropy of type (a, P) 
given by 

(1.1) //„(p 1,. . .,p„;a, )8) = (21-»I-21-'i)-1i:(pt-p?), a 4= P, a, P > 0 , 
i=l 

n 

for a complete probability distribution P = (pl9 ...,pn), p{ ^ 0, £ pi = 1 by 
i= 1 

generalizing a functional equation considered by Chaundy and McLeod [ l ] -
The measure ( l . l ) satisfies a recursive relation as follows: 

(1.2) Hn(p1,..,,pn;<x,p) - Hn^1(p1 + p2,p3, ...,pn;a,p) = 

- ^ ( P i + P2YH2(~^-, - * - • ; a, A + 
^« ~ ^ VPl + P2 Pi + Pi J 

^ ( P i + P 2 ) p H 2 ( - ^ , - J ^ ; l , ( } ) 9 

- K \Pi + Pi Pi + Pi J 

A 
+ -

A 

a # p , a + 1 , j8 + 1 , a, £ > 0 , 

where p, + p2 > 0 , Aa = (2 1" a - l) and A^ = (21_ / f - 1). 

Measure (1.1) reduces to entropy of type f$ (or a) when a = i (or /? = 1) given by 

(1.3) ffXPi,..., p„; 1, /J) = H„(Pi,...,P„;P) = (21-" - l Y ' t l p ? - 1] , 
i = l 

0 + 1, p>0. 

*) The work was supported by a Post-Doctoral Fellowship awarded to the author by Council 
of Scientific & Industrial Research, India. 
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When p -> 1, measure (1.3) reduces to Shannon's entropy [4], viz. 

n 

(1 -4) Hn(Pl, ..., pn) = - £ P, lo%2 Pi • 
; = i 

The measure (1.3) was characterized by many authors by different approaches. 
Havrda and Charvat [3] characterized (1.3) by an axiomatic approach. Vajda [11] 
characterized it by mean value considerations. Daroczy [2] studied (1.3) by a func
tional equation. A joint characterization of the measures (1.3) and (1.4) has been 
done by the author in two different ways. Firstly by a generalized functional equation 
having four different functions (cf. [8]) and secondly by an axiomatic approach (cf. 
[9]). Functional measures of type P have also been obtained by Sharma and the 
author [5]. 

In this communication, we characterize the measure (1.1) by taking certain axioms 
parallel to those considered earlier by Havrda and Charvat [3] along with the recur
sive relation (1.2). Some properties of this measure are also studied. 

2. SET OF AXIOMS 

For characterizing a measure of information of type (a, p) associated with a proba-
n 

bility distribution P = (pt, ...,P„), pt _ 0, £ Pi = - - > w e introduce the following 
i=l 

axioms: 
n 

(I) Hn(pu ..., pn; a, P) is continuous in the region pt _ 0, £ pt = 1, a, p > 0; 
j = I 

(II) H2(l, 0; a, fi) = 0; H2(i, \; a, 0) = 1, a, p > 0; 

(III) Hn(pl9 ..., Pf-1,0, pi+1, ...,P„; 0C,P) = Hn-!(Pt, ... ,Pi-U Pi+W->Pnl<*,P) 

for every i = 1, 2, ..., n; 

(IV) Hn + i(pu ...,Pi-u vh,vi2,pi+u ...,pn;cc,p) -

- Hn(pu ...,Pi-i,phPi+i, ...,pnl a,j8) = 

= - A* - P* H2(vijph vJPi; a, 1) + Ap p\ H2(vix\pi, vJPi; 1, p) , 
Aa Ap Ap — Aa 

a #= P, a, P > 0, a 4= 1, p * 1, 

for every vri + vi2 = pf > 0, i = 1, 2, ..., n, where Aa = (2 1 _ a - 1)*) ancJ 

A, = ( 2 ^ - 1 ) * ) . 

When a = 1 (or p = l), the axiom (IV) reduces to the axiom (iv) used by Havrda 
and Charvat [3] for characterizing the measure (1.3). 

*) Throughout this paper we shall adopt the notation Aa for (21 ~~a — l) and AB for (2 l ~ P _ i\ 
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Theorem 2.1. If a =j= /?, a, ft > 0, then the axioms (I) —(IV) determine a measure 
given by 

(2.1) Hn(Pi, . -., P„; a, ft) - (A , - A,)'' _ (p? - p?), 
i = l 

where Aa awd A^ are the functions of the parameters a and ft respectively as defined 
above. 

Before proving the theorem, we prove some intermediate results based on the above 
axioms: 

m 

Lemma 1. If vk _ 0, k = 1, 2,..., m; ]T y* — Pi > 0, lhen 
fc=i 

(2.2) Hn + m-l(P l 5 •••> Pi-1> »1, - . . . I'm, Pi+1, •••, P^ *, 0) = 

A 
= H„(pi, . . . , pn; a, /?) + ——-?-— p" Hjvjpi, . . . , vw/P;; a, 1) + 

+ ^ Pi Hw(v3/pf, . . ., vw/pf-; 1, /?) . 
A/? — Aa 

Proof. To prove the lemma, we proceed by induction. For m = 2, the desired 
statement holds (cf. axiom (IV)). Let us suppose the result is true for numbers less 
than or equal to m. We shall prove it for m + 1. We have 

(2.3) Hn+m(pu..., Pi_u vl9..., vw + 1, pi+l, ..., pn; a, p) = 

= Hn + l(pt, ..., pf_3, vl9 L, Pi+i,..., pn; a, /?) + 

+ - j - ^ 5 — La Hw(v2/L,..., vm + 1]L; a, 1) + -~^— L* Hw(v2/L, ..., vw+ «/L; 1, /,) 
Aa - A^ A^ - Aa 

(where L = v2 + ... + vw+1) 

= Hn(pu ..., pn; a, /?) + — ^ — Pi H2(^/Pi, L / M a, 1) + 
A c " -4/r 

pf H^vJP,, L/pf.; 1, /,) + - ^ — La Hw(v2/L,..., vm + 3/L; a, 1) + 
A/r - A„ A, - Afi 

+ ^ — L" Hm(v2\L,..., vm+1]L; 1, p) = 
Afi Aa 

= Hn(Pu..., pn; a, i?) + *— {pí H2(»,/p (, L/p,; a, l) + 

+ EHm(v2\L,..., vm+í]L; a, l)} + 

+ —^-— {pf H2(»I/PÍ, -./>«! 1, i») + L" H.-W--,..., vm+ tJL; 1, /?)} , 
Aß — A„ 

where P,- = v! + L > 0. 
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One more application of the induction premise yields 

(2.4) Hm+i{v1\ph ..., vm + 1\ph a, p) = H2(v1\ph L\ph a, p) + 

+ — 3 7 - (LIP>)* HML,..., vm+l\L; a, 1) + 
Aa Ap 

+ - ^ — (L\PiY Hm(v2\L,..., vm+1\L; 1, P) . 
^ ~ ^ a 

For p = V (2.4) reduces to 

(2.5) Hm + 1(v1\ph..., vm+1\ph cc, \) = 

= H.K/P;, L\ph a, 1) + (L/pf)
a Hm(v2\L,..., vm+1\L; a, 1) . 

Similarly for a = 1, (2.4) reduces to 

(2.6) Hm + 1(vt\ph ..., vm+1\ph 1, 0) = 

= H^vJP,, L\ph 1, J?) + (L/p,y Hm(v2\L9.-., t;m+1/L; 1, /?). 

Expression (2.3) together with (2.5) and (2.6) gives the desired result. 

Lemma 2. If vu = 0, j = 1, 2, ..., m£, X yu = Pi > 0, i = 1, 2 , . . . , n, £ P* = 
j = i » = 1 

then 

(2 -7 ) /-fm1 + ... + ™ I . ( » l L ^ 1 2 > . » ^ l m 1 *• • • • • *>nU »n2> - ~> "nm*! *> P) = 

= HH(pu...,pn;*,p)+ - ^ — E PiHm i(t ;n /p I , . . . ,v i m s . /P I ;a, l) + 
Aa - A^i = i 

A n 

+ - — * — Z P? Hmi(vn\ph..., vimJph \, p) . 
A^ - Aai=i 

Proof of this lemma directly follows from Lemma 1. 

Lemma 3. 1f F(n; a, p) = Hn(\\n, ..., \\n; a, P), then 

(2.8) F(n; a, p) = - A — F(n; a, 1) + — ^ — F(n; V £) , 
^a ~ ^ 0 ^4/J — ^4« 

wnere 

(2.9) F(n; a, 1) = Aa"
1(n1-°t - 1), a * 1 , 

and F(n;\,p) = A;1(ni~p-\), P 4= 1 . 

412 



Proof. Replacing in Lemma 2 mf- by m and putting vtj = 1/mn, i = 1, 2, . . . , n; 
j = 1.2,... , m, where m and n are positive integers, we have 

(2A0) F(mn; a, 0) = F(m; a, /?) + — - ^ — (l/m)*"1 F(n; a, 1) + 
^a ~~ Ap 

+ ^~(^hriF(n-AJ), 
Ap - A_ 

(2.11) E(wn; a, /?) = T(n; a, /?) + — _ _ _ (l /n)""1 E(w; a, l) + 
A* - Ap 

+ A> (ijnf-'F^hp). 
Ap - A_ 

Putting w = 1 in (2A0) and using E(l; a, /?) = 0 (by axiom (II)), we get 

F(n- a , /j) = _________ *.(„. _- _) + ______ F ( n ; 1 ; ̂  , 
^ a ~" ^ ^/? ~ Aa 

which is (2.8). 

Comparing the right hand sides of (2.10) and (2.11), we get 

(2.12) F(m; a, p) + —*±— (l/m)*"1 F(n; a, 1) + A* ( l / m ) ^ 1 F(/i; 1, /?) _-
^« ~ -4/i -4^ — Aa 

= E(n; a, j8) + — - - — (l/n)*"1 E(w; a, l) + _ _ _ _ _ (1/n)""1 E(w; 1, /?) . 
A„ — Ap Ap — A. 

Equation (2A2) together with (2.8) gives 

(2.13) A„{[1 - (1/n)"-1] F(m; a, 1) + [(1/w)*"1 - l ] T(n; a, l)} = 

= A,{[1 - (1/n)"-1] T(w; 1, p) + [(1/w)"-1 - 1] T(n; 1, /,)} . 

Put n = 2 in (2A3) and use T(2; a, p) = _/_(£, _•; a, 0) = 1 for all a, p > 0. Then 

A_{(1 _ 2 1 - ' ) F(w; a, 1) - (1 _ ( l /m) - 1 ) } = 

= A,{(1 - 2 1 -" )F(w; 1,/,) - (1 - O H " - 1 ) } = C (say), 

i.e., 
A_{(1 - 2 ' -* )E (w;« , l) - (1 - ( l / w ) - 1 ) } = C , 

where C is an arbitrary constant. 

For m = 1, we get C = 0. 

413 



Thus, we have 

Д - a 

Similarly, 

f ( m ; a > ! ) = ! _ " _ . == A; v ~ " - i), « * i • 

F( m ; i ) ) s) = L _ ^ = A;V-/,-i). 0 + -

which is (2.9). 

Now (2.8) together with (2.9) gives 

(2.14) F(n; a, jj) = — A _ F ( n ; a, 1) + — ^ — F(n; 1, /?) == 
Aa — A^ A^ — Aa 

= ( A s - A / , ) - > ( n 1 - " - n 1 - " ) . 

P r o o f of the theorem. We prove the theorem for rationals and then the con
tinuity axiom (I) extends the result for reals. For this, let m and r/s be positive 

n 

integers such that ^^t = m and if we put pt- = r^m, i = 1, 2,. . . , n then an ap-
i = l 

plication of Lemma 2 gives 

(2.15) Hm(l/m, ..., 1/m, ..., l/m, ..., l/m; a, £) = 

= H„(P l , . . . , />„; a, p) + A* £ p° i /„ ( l / r ( , . . . , l/r,; a, l) + 
Aa - A^ i = i 

+ - 7 ^ ~ - ïp?i/r((l/r,,...;l/r(.;l,/S), 

I.Є., 

Aø - A„ i=l 

Hn(pu ..., p„; a, /?) = F(m; a, ß) - Л £ 1>* HrH «> l) 
A„ - Ao І = I 

- - — ^ Z P i ^ ; ! ^ ) . 
A^ - Aa i=i 

Equation (2A5) together with (2.9) and (2A4) gives 

n 

nn(Pl,...,pn;oi,p) = (Aa-Afi)-1YJ{p*-vl'i), **P, « , / 3 > 0 , 
i = l 

which is (2.1). 

This completes the proof of the theorem. 
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3. PROPERTIES OF ENTROPY OF TYPE (a, fi) 
n 

The measure H„(P; a, /?), where P = (pl9..., pn)9 pt = 0, £ pf = 1 is a probability 
i = l 

distribution, as characterized in the preceding section, satisfies certain properties, 
which are given in the following theorems: 

Theorem 3.1. The measure Hn(P; a, p) is non-negative for a, p > 0. 

Definition. We shall use the following definition of a convex function. 
A function / ( • ) Over the points in a convex set R is convex f) if for all rL, r2 G R 

and ti e (0, 1) 

(3.1) M/(ri) + (1 - /.)/(-;.) = Apr, + (1 - /.) r2) . 

The function f is convex \j if (3.1) hO/ds with i_ in p/ace of :_. 

I' ' 
Theorem 3.2. The measure Hn(P; a, p) is cOnvex f) function of the probability 

n 

distribution P = (pl9 ...,pn), Pf _ 0, ]T pf = 1, when One Of the parameters a 
i = l 

and p (>0) is greater than unity and the other is less than or equal to unity, i.e., 
either a > l , 0 < j8 g 1 Or £ > 1, 0 < a g 1. 

Proof. Let there be r distributions 

(3.2) P t(Z) = {p ,(x1), . . . ,p t(x„)}, tPk(Xi) = l , fc = l , 2 , . . . , r , 
i = l 

associated with the random variable X = (xl9 ..., xw). 
r 

Consider r numbers (a1? ..., ar) such that ak = 0 and £ afc = 1 and define 
k = i 

^ o W = {Po(*i)>--->Po(*,.)}> 
where 

r 

(3.3) p0(x>) = J] ak pk(xi), i = 1, 2,..., n . 
k = i 

n 

Obviously Y*Po(xi) = 1 a n d l n u s Po(X) *s a bonafide distribution of X. 
i = i 

Let a > 1, 0 < p ^ 1, then we have 

(3.4) t ak Hn(Pk; a, fi) - Hn(P0; a, fi) = 
* = 1 

= £ a4 H„(Pk; «, /?) - (A. - A,)"1 {[ t ajPjY - [ £ flyP/J'} g 
k = l * 7 = 1 7 = 1 

= £ ak Hn(Pk; «, ft) - (Aa - A,)"1 { £ ajPj - £ a,^} = 0 
fc=i 7 = 1 i = i 

for a > 1 , 0 < fi = 1 , 
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i.e., 
r 

Y, ak Hn(Pk; a, j8) S Hn(P0; a, ft) for « > 1, 0 < fi g 1 . 
k = l 

By symmetry in a and /?, the above result is also true for j8 > 1, 0 < a ^ 1. 

Theorem 3.3. The measure Hn(P; a, p) satisfies the following relations: 

(i) (Generalized-Additive): 

(3.5) H„m(P*Q; a, p) = G„(P; a, j8) Hm(Q; a, /?) + Gm(<2; a, j8) H„(P; a, j8) , 

a, j8 > 0 , 
where 

(3.6) G„(P; a,/?) = \ £ (p- + p?), a,/i > 0 . 
i = l 

(ii) (Sub-Additive): For a, jS > 1, the measure H„(P; a,/>) is sub-additive, i.e., 

(3.7) H„m(P * Q; a, j8) ^ H„(P; a, j8) + Hm(Q; a, j8) , 

w/iere P = (Pi, . . . ,pM), 6 = (-Ii, . .-,gm) and P* Q = (pxqu •••^plqm; . . . ;p„g i , ••• 
... , pnqm), are complete probability distributions. 

Proof, (i) We have 
„ m 

(3.8) H„m(P * Q; a, fi) = (Aa - A,)"l I I [(p.^f - (P,*?/] = 
; = i j = i 

= K - A)"11 f [M* - (P«JY + M - rt«{] = 
i = l / = 1 

„ m „ n 

= K - ^ r 1 [ I r t K«5 + «5) - I « 5 K P . + P?)] • 
i = i i = i j=i i = i 

Similarly, we can write 
n m 

(3.9) Hnm(P *Q;a,ß) = (Ax - Aß)~' [ L « 3 1 (P« + PÎ) ~ I P? E («5 + <?,*)] 
j=l i = l i = l j=l 

(ii) As G„(P; a, 0) = \ £ (P« + Pi) -S 1 f ° r a, j? ^ 1, the relation (3.5) gives the 
i = l 

sub-additivity (3.7). 

The results of this section show that the measure is suitable for applications, 
meeting at least partially the demand of the information theory for sub-additive 
measures. 
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Some other properties of this measure which make it a good measure of information 

have been mentioned in [7, 10]. 
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S o u h r n 

AXIOMATICKÁ CHARAKTERIZACE ENTROPIE TYPU (a, p) 

INDER JEET TANEJA 

V článkuje charakterizována entropie typu (a, ft) s použitím axiomatického přístu

pu. Jako speciální případ je zahrnuta míra typu /?, kterou již dříve studovali mnozí 

autoři. Sharma a Taneja ji vyšetřovali pomocí zobecnění jisté funkcionální rovnice, 

kterou se předtím zabývali Chaundy a McLeod. V článku se vyšetřují některé vlast

nosti této míry. 
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