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Abstract

C. Baikousssis, D.E. Blair[l] made a study of Legendre curves in
contact metric manifolds. J. I. Inoguchi, T. Kumamoto, N. Ohsugi, and
Y. Suyamal|2] studied fundamental properties of Heisenberg 3-spaces.
M. Belkhelfa, I.E. Hirica, R. Rosca, L. Verstlraelen[3] obtained a com-
plete characterization of surfaces with paralel second fundamental form
in 3-dimensional Bianchi-Cartan-Vranceanu spaces(BCV).

In this paper, making use of method in paper of C. Baikousssis,
D.E. Blair and M. Belkhelfa, I.E. Hirica, R. Rosca, L. Verstlraelen we
obtained helices and their characterizations in BCV-Sasakian spaces
such that the circular helices in BCV—Sasakian space correspond to
the circles in E3, the circular helices in Eucliden space correspond to
the circular helices in BCV —Sasakian space and these helices are non-
geodesical BCV— Legendre curves. We have seen calculable that the
covariant derivative of vector field Y with respect to vector field X
without christoffel symbols in BCV-Sasakian spaces. Also we obtained
more general curvature x and torsion 7 of a curve v in BCV-Sasakian
spaces.
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1 Introduction

Let M be a (2n+1)—manifold and ¢, £ and n are (1, 1), (1,0) and (0, 1) ten-
sors on M, respectively. If these tensors satisfy the following conditions
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then the structure (n,&, ) is called almost contact structure on M. And
(M,n,&, ) is called almost contact manifold

¢? = —I+n¢

23 = 0

rank ¢ = 2n (1)
nog =0

ng =1

If g is a Riemannian metric on the contact manifold (M,n, &, ¢), ¢ satisfies
the equation

9(PX,0Y) = g(X,Y)—n(X)n(Y),
9§, X) = n(X)

then the structure (M,n, &, ¢, g) is called almost contact metric manifold. Fur-
thermore, if the metric g satisfies the equation

9(eX,Y) = —dn(X,Y)

then the structure (M, n, &, ¢, g) is called a contact metric manifold. The nec-
essary and saficiend condition for an almost contact metrik manifold (M, n, &, ¢, g) to
be a Sasakian manifold is holding the equation

(Dxe)Y = g(X,Y)§ —n(Y)X, X, Y € x(M).
Moreover, if the tensor

N x (M) x x(M) — x(M)
(XaY) U N(l)(X,Y):[(p,gp](X,Y)—&—an(X,Y)f

on the Sasakian manifold (M, 7, &, ¢, g) vanishes then the tensor N is called
Sasakian tensor and the contact manifold (M,n,&,p,g) is called Sasakian
manifold [3].

2 Bcv-Sasakian Spaces

{R? g, ,} is called BCV space which denoted by 9* or M3 where g, , is
Bianchi-Cartan-Vranceanu (BCV) metric in R* and denoted by

(2)

dz? + dr’ A Xodx, — z1dTs 2
W

= + (drs + =
{1+ p(a? + 23)}” (3 214 p(af + 3)

for A, € R such that 1+ u (2?2 + 23) # 0. The dimension of this space is
dim M3, = 3. If p =0, A=0, then the space 9M* is called Euclidean
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space and denoted by E3. In the special case that =0 , XA # 0 the
space IM? is called Heisenberg space. Heisenberg space is denoted by N3
[10]. In 1894 and later in 1928, L. Bianchi classified Riemannian metrics in
the 3—dimensional Euclidean space FE®[13, 14].In the same year E. Cartan
[5] and in 1947 G. Vranceanu [15], published some papers related with these
spaces.

According to the metric 2, an orthonormal basis ¢ = {ey, €s, e3} of x( 9N3)
is denoted by

1 0 )
= {1+ pu(2? + :1:2)} — = ATy
Op 3 0g
={1+ N(% + 5152)} Y + SAT15— (3)
2 Oxs’
L0
T (9:1:3' y,
The dual basis # of ¢ is given by
61 _ dxq )
1+ u&x% +22)’
0% = = , 4
Cru ) @
03—d +_ ToQT1 — X1AT9
BT T @ 43 )

For the orthonormal basis ¢ = {ey, 5, e3} of x (9M3), if Levi-Civita connection on
M3 denoted by D, then we have

0 2ury 0

Delel A €1
D.ey | = | “2px2 0 9 e2 |,
D61€3 0 _é 0 €3

L 2

[ A
D.,e 0 —2pn 9 €1
D.es | = | 2uz 0 0 e |,
D62€3 é O O €3

| 2
D.,e 0 9 0 €1
De3€2 = é €2
D€3€3 2 €3

| 0
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and

[e1, 2] = —2ux0e1 + 2ux1€9 + Neg
[637 62] =0 5

[61, 63] =0.

The transformation ¢ on x( 9M3) given by

P X)) — x (M)
€1 — pler) = e
€2 — ple) = —er
es — plez) = 0

0 _

=111 0

0 0

with respect toorthonormal basis ¢ = {e, e, e3} of x (M3?). On the space
M3 if A0

A .legdl'l — .leldxg
21+ p(a? + x3)

n=0°=drs+

and & = e3, then we have the following relations;

v(§) = 0,

n(€) = 1,

dn(X,Y) = %A,H(X,wm) XY e (), 5)
(Dx@)Y = {9, (XY)E=n(¥Y)X} . )

The structure (903, ©,&,1,9,,) together with the equations 5 is a Sasakian
manifold [2, 16]. From now on for A # 0 we will call the space as BCV-
Sasakian space.

Since D is Levi-Civita connection and for VX, Y € x(9?®) we have

DXy = DX {12161 + Va€9 + 1)363}
= uiDxer +veDxes +vsDxey + X(vi)er + X(vz)ez + X(vs)es,

g

I TI
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where Y = vi1e1+ Vg€a+ Uses,

I = leXel + UQDXeQ + UgDXeg
= Ul(wlg(X)eg —+ w13(X)63) + Ug(—u)lg(X)el + u)Qg(X)eg) + +U3(—W13(X)61 — WQg(X)GQ)

€1 €9 €3
= det ng(X) —wlg(X) wm(X)
(%1 (%) V3

= {WQ3(X)€1 — wlg(X)eg + wlg(X)eg} ANY
and
II = X(v1)61 + X(Ug)eg + X(U3)63

In the above expression wj; (1 < 4,5 < 3) are connection forms. The dual
basis of orthonormal basis ¢ = {eq, e, €3} is {01,02, 05} . Hence

A
wi2(X) = (2uasb' — 2ux 6 — 593)()(),

A
wlg(X) = —592()(),
A
CUQg(X) = 501()()
We know that w;; = —wj;. In this way,

= {%01 (X)er + 292 (X)e2 + (21“5291 — 2pw16% — %93) (X) eg} AY
:{%{91(X)61+92( Jea + 0% (X) es} + (2paf’ (X )—2/mc102(X)—)\93(X))e3}/\Y

A
= {§X — ... ([e1, e2] , X) 63} ANY

A
= §X/\Y—gM (le1, e2] , X) pY.

IT looks hke the Euclidean connection D so we may show X (vl)el + X (vg)es+
X (v3)es as DXY that is, X (v1)e; + X (ve)es + X (v3)es = DXY It is obvious

that D can be given as

A ~
DxY =X NY =g, ([er.e2], X) @Y + DxY . (6)

On the other hand we can show that D satisfies the connection rules( See,
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[16]). We may define some differential operators on x (9?) as follows:

3
grad f=Vf = Zei [f] e,
=1
div X = 9. (V,X)— 'Np (X, [e1,€2]),
Af =div (gradf) = 9xu (vv Vf) — Y. (90 (Vf) ) [617 62]) )
for V f € C*(9M3,R), VX € x (9M?)[16].

3 Frenet Vector Fields in BCV —Sasakian Space

Let v be an arbitrary curve denoted by

yio I o— O3
s — 7(s) = (1(8),72(5),73(5))
in BCV—Sasakian space. Furthermore for the Frenet vector fields {V;, V5, V3}

and the curveture k and torsion 7 of ~ the Frenet equations are denoted
by

Dy, Vy 0 w 0 Vi
Dy, Vy | = -x 0 7 Vs
Dy, Vs 0O -7 0 Vs

If Kk # 0 then we have

1
‘/2 = EDVI‘/l (7>

and hence,
Dy Vo = —kV) +7V5 .

Taking the direction derivative of the both sides of equation 8 with respect to
V) and rearranging it we obtain

1 1
(E)DVI% + EDleVi‘/l = —li‘/l + T‘/g . (8)
Again, differentiating both sides of 8 we get
1 1\ 1\ 1, , |
(9)
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From 7 we have

Dy, Vs = —1V5

By the use of

1\ MO

k) T K3 K2
and rearranging 9 we obtain the general equation for curves in BCV—Sasakian
space

. . 2 .
Dy, Vi — 2= DY Vi+ (2 (g) -S4 +T2> Dy, Vi + ikVi — 76V = 0

(10)
In [4] C. Camc: obtained the following result for curves in Sasakian space

D%/l‘ﬁ—QgD%/lVl+ (2 (g) —g+n2+1> Dy,Vi + kcVy =0 .

( See also[6, 12] ). We can give the following result.

Corollary 1 The equation 10 is a general equation for the curves in BCV—Sasakian
space.

Now let us calculate the torsion of a curve in BCV—Sasakian space. Let ~y
be an unite speed curve

yio I o— O3
s > y(s) = (71(8);72(5),75(s))
on BCV—Sasakian space. Let us calculate Frenet vector fields of v ( in the case |n(¥)| # 1).

Assume that 1(y) = o and y(s) = V. By the use of 2, 7T we get g, (Dy,V1,V1) =
0. We may take an orthonormal basis of BCV—Sasakian space as

Vi E—oV
{m, A jl _“0;}. (1)
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Hence we have

Dy Vi = a——t_ 4 12
s AV (12)
a,feR
k=1/a?+
and

DyVi = nVy = Vs = Dy Vi
On the other hand, the directional derivative of ¢V with respect to V; is
Dy, Vi = oDy Vi + (Dvip) Vi
:@(&Jg%ﬁ+ﬂ3%2%>+%@—a%)

1
« ao Bo
— V_|_ —
V1 — o2 ! \/1—025 V1i—o

and similarly the derivative of & — oV is

A
Vit SE-ol) (13

Dy, (£ = oVi) = Dy — Vi — oDy Vi

_ A : Al §—oVi
=l "(%m*ﬁm)
A : oW1 §—oWp
=—=pV| —oV] — o« - ) 14
P Y e R =
and also the derivative of o = n(¥) is
o= Dvlo'
:Dvlg,\’u(‘/hg)
:gx,u(Dleflag)+gxm‘(‘/17DV1€)
_ eV1 E—oW; A
_g,\,u (&m +Bm7€) +g%lt(‘/1’ 290‘/1)
=06v1—o0?% .
Hence we have
1
B=o (15)
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o p
The derivatives of components and are,
P 1 —o? V1—o?
@ . 1 1
Dy | — ) =a—=+ — 16
V1<\/1—02) o T (16)

5N . 1 1
Dy (ﬁ) =b =t P (17)

respectively. Thus we have that
1
DV1‘/2 = DV1 <_DV1‘/1)
K

K 1
= _ED%‘/I + EDlele/l

K 1 oVi f—on)
= ——DvVi+ =Dy, | a +
g2 AT TN ( V1 —o? ﬂ\/1—02

(g () o o

Vit -
K
1 B 1 B
+EDV1 (ﬁ) (5—0‘/1)+g (ﬁ) Dy, (§ —oVh).

Using the equations 12, 13, 14, 15, 16 and 17 we get

DyVa = —=kVi +7V3,

where
V(L0 a A5 ade ) gl
T K2k 2 gYV1—02) V1= 02
Bk B A a’o E—oV)
+< /<¢2+/<a+2/<c+/<;\/1—02 V1—0?

Taking the norm of the vectors of the both sides of the last equation we obtain

A g _ .
_+04ﬁ af ao

+ .
2 a2+ 3 J1-02

Hence we can give the following result.

(19)

T =

Proposition 2 Let v C M3 be a Frenet curve in BCV—Sasakian space given
by arc-length parameter. Then the torsion T of v 1is given by

A aB—a ao
A, aB-ap

+ .
2 a2+ 3 V1-o2

T =
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Remark 1 In [1] D. Blair found that in a 3—Sasakian space the value of T is
ozﬁ —af n ao
a2+ 3> J1—o?

As we see that these two values of T are different, in the special case of A = 2
they are the same.

T=1+

(20)

Definition 1 The subspace D,, of Typs(m)
D,, ={X € Typs(m) : n(X) = 0}

1s called contact distribution. 1—dimensional integral submanifold of D, is
called a Legendre curve [3]. According to this definition a Legendre curve on
M3 may be denoted as

y: I - D, Ccm
s — 7(5) = (71(),72(5),73(5))

n(y) =0 ve m =~y (s).Since M3 is a BCV—Sasakian space, a Legendre curve
in 93 is called a BCV—Legendre curve [J].

Now let us calculate the torsion of a BCV—Legendre curve.

Theorem 3 In a BCV—Sasakian manifold, the torsion of a BCV—Legendre

curve v which is not a geodesic is equal to 3

Proof. Let the curve ~
i I — 93
s — y(s) = (7(8),72(5),73(s))

be a BCV-—Legendre curve with arclengthed parameter. From 11 we can
choose an orthonormal basis of a BCV—Sasakian space as

{‘/17(10‘/175} °

Since ~ is a BCV-—Legendre curve we have o = 1 () = 0.Using 12 we
obtain

Dy Vi = ki, Vo= V1.
and similarly,

DV1‘/2 - DV1%0V1
= (pDV1‘/1 + (DV1()0) ‘/1

=—rVi + 35 . (21)
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Furthermore, by the use of Vo = ¢V} and V3 = ¢ we may write

0 k 0
DV1‘/1 A ‘/1
DyVa |= | & 0 5 ||V
DviVs o 2 o |L"
2
) A
which shows that 7= - 1

Remark 2 For the case M is a 3—Sasakian space, D. Blair [1] found that,

Dvl‘/l 0 KR 0 ‘/1
DuVa | = | =k 0 1] |V
Dy Vi 0 -1 0] |

A curve which is not a geodesic is a BCV—Legendre curve if and only if it

starts as a Legendre curve and its torsion is equal to —. This shows us that the

special case of X\ =21is the result of Blair. More generally and more precisely

we have the following theorem.

Theorem 4 Let v be a differentiable curve and BCV—Sasakian space I3
: A

given with condition ¢ = n (%) # 1 at one point of M3. If 7 = 3 and at

one point 0 = o =0 then v is a BCV—Legendre curve.

Proof. For o =1 () # 1, we decomposed Dy, V; as

% +55_0V1
_0-2

DyVi=a—22t S 21
A N

a, € R and

A n ozﬁ —af n ao

2 a2+ 3 J1-02
Here a must be different from zero: In above expression if a« = 0, Dy, V; is
collinear with £ and in turn that V] is collinear with &, this is a contradiction.

So we suppose a # 0. We have the equation 15
1

T= (22)

=0——.
& V1—o0?
Making this substitution for # and using the hypothesis 7 = % 22 gives us

that

. 200 3 ..
04(0+1_a2)+040—040:0. (23)
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Clearly ¢ = 0 is a solution and ¢ = 0 implies ¢ = 0. Thus we now assume

. . g . .
that o is non-constant. Setting v = — this equation becomes
!

dv 2002
U_
do  1—o02

+o0=0.

Integration gives
¢ =a*(1-0%) (C(1-0%) —1)

where C' is a constant. Now suppose that at one point, ¢ = ¢ = 0;then
since o # 0 we have C' = 1. Finally since 02 < 1, we have that o = 0, a
contradiction[1].

|

4 Helices and Their Characterizations in BCV —Sasakian
Space

The characterization and classification for a curve on a Riemannian manifold
is observed in[9, 11]. For a differentiable curve 7 on a Riemannian manifold
M3, we can get the following results;

e If the curvatures x and7of v are all equal to zero, then the curve is a
geodesic,

e If the first curvature x of v is a non-zero constant and 7 is zero, then
the curve is a circle,

e If the first curvature s of v is a non-zero constant and 7 is zero, then
the curve is a circle,

e [f the curvatures x and7Tof v are both constant, then v is an helix,

K
e If the curvatures & and7of 7 are not constant but — is constant then

v is a general helix ( inclined curve)[8],

e If x =0 then the curve 7 is a straight line. If x # 0butis not constand
and 7 = 0 then the curve 7 is a planar curve.

We know that every BCV—Sasakian manifold is a Riemannian manifold.
Hence we can get the following results;
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1. Let
i I — 93
s — ()= (11(),72(5),73(5)).

be a unit speed curve in BCV—Sasakian space 93 given with 0 < n (y) =
o < 1 condition. By the use of equations 19 and 22 we get

k=1/a2+ (3

A y o .
_+ozﬁ af ao

+ :
2 a2+ V1-o?

and

T = (24)

Here we have three cases;

(a) If x = 7 = 0, then the curve 7 is a geodesic. Because of « #
0, kK = Va2 + 3* # 0 and than the curve v can not be a geodesic

curve.

(b) If k= ¢ # 0 and 7 = 0 then the curve v becomes a circle. Here
we have two subcases;

i. Supcase k # 0 but 7 =0 then o and ( are both constants so

ao
T=—-+———=0 and we get

2 J1-o2
200
=
ii. If &« and 3 are neither constants than we have a2+ 3% = r? =
c'® so by 24 we get

A= —

&B —af = Fri.
2a0
— 12
V1—o0?
(c) Since we have that xk = y/a?+ 3% and a # 0 than & # 0. On the

other hand we know that 7 # 0 in BCV—Sasakian space. So the
curve in 93 is not a straight line.

Since 7 = 0 from 24 we get A = —

2. Let us consider that the curve
i I — M3
s 7 (5) = (71(5),72(3)773(5))‘

be a unit speed BC'V — Legendre curve. In Teorem 3.3 we had shown
that the torsion of a BCV—Legendre curve ~ which is not a geodesic is

A
equal to 5 Here we have three cases;
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(a) In the case 7 = = (A # 0) the curve v can not be a circle.

5
(b) If ; is a non-zero constant then the curve v is a helix. Now,
let us analyse this. We know that the torsion of a BCV—Legendre
curve v which is not a geodesic is equal to % and also constant.

Hence, x also must be constant and than kK = £ = 0. By 10, we get
3 A 2
DV1‘/1 = —(5 + K )Dle/l. (25)

By using Vi =7, A = —Dy, Dy, and H = Dy, V; we have

A
AH = (5 + k*)H, ( Ais the Laplacian operator)  (26)

A
where —+x? = constand. So 26 tells us that the curve v is a circular

helix. Therefore equation 26 charactherises that =y is a circular helix.

(c) In order to be 7 is a straight line on 93 then x must be zero. So
we get

gA,,u (DVl‘/lagp‘/l) = 0.

A
On the other hand, since 7 = 5 # 0 then v can not be a planar

curve. So this case does not hold.

Corollary 4.1 The circular helices in BC'V—Sasakian space correspond to
the circles in E3.

Corollary 4.2 The circular helices in Fucliden space correspond to the cir-
cular helices in BCV—Sasakian space and these helices are non-geodesical BCV—
Legendre curves.

Example 1 Consider the curve

v I o— e
t — ~(t)= (rcost,rsint,c). c=ceR
An easy calculation gives us that

1 n AT 92
— 2ur
Bt 2zt M

KR =
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and

A1 L
T==|—5—|—5— re.
o\r+1) 1t

. R
So k and T are non-zero constants, then the ratio — is also a constant. Then
T

the curve is a general heliz.
Example 2 Consider the curve
yi I — 93

(s) . 2
s — s)= |(rcoss,rsins, —s | .
Y ) ’2(1+MT2)

An easy calculation gives us that

1
K= |——2ur|,
r
A
T=—.
2

K
We can say that x, 7 and — are constants. Therefore ~ is a circular helix.

-
According to D. Ferus « is also called a w— curve [7].
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