ON BIORTHOGONAL SYSTEMS
Yzisutaka Sibuya

1. INTRODUCTION

Let H be a separable Hilbert space. A sequence of pairs {xn, yn} of elements
of H is said to be a biorthonormal system if

1 (@=m),

(Xn, Ym) = Opm =
0 (n+#m).

A biorthonormal system {x, Yot is said to be complete if every f € H can be
written in the form

£f= 27 (£, Yn)xn = 2 (t, Xn)yn’
n=1

n=1

A sequence { ¢n} of elements of H is said to be orihonormal if the system
{¢n, ¢, } is a biorthonormal system. An orthonormal sequence {¢_} is said to be
complete if the system {¢,, ¢,} is complete.

Concerning the relation between the completeness of biorthonormal systems and
the asymptotic estimates for the eigenfunctions of a Sturm-Liouville problem, F.
Brauer [2], [3] proved the following theorem.

THEOREM 1. Let {¢,} be a complete orthonormal sequence, and let {x,, yn}
be a biovthonormal system such that

Z) ]I¢n_xn"2 <+, Z) ||¢n-Yn“2 < oo,
n=1 n=1

Then the system {Xn, yn} is complete.

Let us define a linear transformation K of H into itself by x, - ¢, = K¢,
(n=1, 2, ---). Under the hypotheses of Theorem 1, it can be shown that K is a
bounded transformation (F. Brauer [2, p. 380]). In order to prove Theorem 1, it is
sufficient to prove the existence of the bounded inverse transformation of I+ K,
where 1 is the identity transformation. In particular, if the norm of K is less than
1, the bounded inverse transformation-of I+ K is given by the Neumann series

0
Emzo(- K)™ . This is the essential part of the Riesz-Nagy proof of the Paley-
Wiener theorem on perturbations of orthonormal sequences (F. Riesz and B. Sz.-
Nagy [4, pp. 208-209]). Notice that, if the norm of K is less than 1, we do not need
to assume anything on {y, }. Actually, the Paley-Wiener theorem can be stated as
follows:
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THEOREM 2, Let {¢n} be a complete ovthonormal sequence, and let {xn} be
a sequence of elements of H such that

20 ¢y - x,01% < 1.
n=1

Then there is a sequence {y,} of elements of H such that {x_, y_} is a complete
biovthonormal system.

In the case where the norm of K is not less than 1, we need to assume some
conditions on {y,} in order to prove that {x_, y_ } is complete. Under the hy-
potheses of Theorem 1, Brauer proved the existence of the bounded inverse trans-
formation of I+ K. In particular, he made essential use of the condition

(L.1) 2 ¢y - yull% < 4o
n=1

On the other hand, in his proof of the uniqueness of solutions of the inverse
Sturm-Liouville problem, G. Borg also proved the completeness of biorthonormal
systems in LZ-space [1, pp. 32-60]. In Borg’s paper, a sequence {x,} is said to
be complete if the condition that (f, x,) = 0 for every n implies f = 0. However,
Brauer and Borg deal with essentially the same problem. Instead of using the con-
dition (1.1) in any essential manner, Borg derived the existence of the bounded in-
verse transformation of I + K from the compactness of K.

In this paper, we shall eliminate the condition (1.1) from the hypotheses of Theo-
rem 1 by using a method similar to that of Borg. This refinement of Theorem 1 al-
lows us to reduce the computations required in the asymptotic estimates for eigen-
functions. Actually, if {x,} is the sequence of eigenfunctions of the given boundary
value problem, then the adjoint problem will be used only in determining {y,} for
large n. We shall prove the following theorem.

THEOREM 3. Let {u,, v} be a complete biorthonormal system. Assume that
{x,} (m=1, 2, -+ ) is a sequence of elements of H such that any finite number of
them ave linearly independent, Let {ym} (m=N,N+1, N+ 2, -««) be a sequence
of elemenis of H such that

(1.2) (Xn, Ym) = Onm,

wheve N is a positive integey. Assume that theve exists a compact lineay transfor-
mation K of H into itself such that

(1.3) Xn - U = Kuy.
Then theve exist N - 1 elements yy, **°, YN-1 Of H such that {x,, yn} is a com-
plete biovthonormal system.

For the case N = 1, Theorem 3 can be stated as follows.

THEOREM 4. Let {u,, vn.} be a complete biovthonormal system, and let
{xn, yn} be a biorthonormal system. Assume that theve exists a compact lineayr
transformation X of H into itself such that

(1.4) Xn - Un = Kuy,.
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Then the system {x,,y,} is complete.
In Section 3, we shall show that the following is a corollary of Theorem 4.

THEOREM 5. Let {¢,} be a complete orthonormal sequence, and let {Xn, Ynt
be a biovthonormal system such that

2 "¢'n" XnHZ <+,
n=1

Then the system {xn, yn} is complete.

Remark. Eigenvalue-problem A in the paper of G. Borg [1, Chapter 2, pp. 32-53]
gives an application of Theorem 4, while eigenvalue-problem B in the same paper
[Chapter 2, pp. 53-60] gives an application of Theorem 3.

2. PROOF OF THEOREM 3
First of all, we shall prove

(2.1) I+K")y,m=vy, (m>N),

where * indicates the adjoint transformation. In fact, the relations (2.1) can be de-
rived from the relations

O = (Xpp Vi) = (T+ Ky, y,) = (u,, T+KYy,,) = (u,, vy)
and the completeness of {u,, v_}.
Assume that

(2.2) (I+K)I = 0.

Then we deduce from (2.1) that (f, v ) = 0 (m > N). The system {u_, v,} being
complete, f = Zn< n(# v)u, . Hence the assumption (2.2) implies that

0= 27 (i vy I+ Ku,,.
n<N

From (1.3) we see that

0= 27 (i, vy)x,.
n<N

Since x;, *--, Xpy_; are linearly independent, the quantities (f, v,) (n <N) must be
zero. Thus (f, v, ) = 0 for every n. Hence f= 0.
)-1

Now, K being compact, the inverse transformation (I +K exists and is

bounded. Define yy, ***, yn_1 by
Yy = (I+K*) Vg -

Then it is evident that {xn , yn} is complete.
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3. PROOF OF THEOREM 5

Let us define a linear transformation K by

(3.1) Kf = 27 (£ ¢,)(x, - ¢,).

n=1

This is bounded (F. Brauer [2, p. 380]). Put

N
Kyf = 21 &, ¢,)(x, - ¢).

Then Ky is compact and "K - KN|| — 0 as N — =, Hence K is compact. On the
other hand, K¢, =x, - ¢,. Thus Theorem 5 is a corollary of Theorem 4.
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