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ON C-BOCHNER CURVATURE TENSOR
OF A CONTACT METRIC MANIFOLD

JEONG-SIK KM, MUKUT MANI TRIPATHI, AND JAEDONG CHOI

ABSTRACT. We prove that a (k,p)-manifold with vanishing E-
Bochner curvature tensor is a Sasakian manifold. Several inter-
esting corollaries of this result are drawn. Non-Sasakian (k,u)-
manifolds with C-Bochner curvature tensor B satisfying B (¢, X) -
S = 0, where S is the Ricci tensor, are classified. N (k)-contact met-
ric manifolds M?"!| satisfying B (£,X)-R=0or B(§,X)-B=0
are classified and studied.

1. Introduction

In [4], Blair, Koufogiorgos and Papantoniou introduced the class of
contact metric manifolds M with contact metric structures (¢,&,7, g),
in which the curvature tensor R satisfies the equation

R(X,Y)€= (kI +ph)Ro(X,Y)¢, X,Y €TM,

where (k, u) € R%, 2h is the Lie derivative of ¢ in the direction £ and
Ry is given by

Ry(X,Y)Z=g(Y,2)X —g(X,2)Y, X,Y,ZeTM.

A contact Riemannian manifold belonging to this class is called a (x, u)-
manifold. Characteristic examples of non-Sasakian (x, yt)-manifolds are
the tangent sphere bundles of Riemannian manifolds of constant sec-
tional curvature not equal to one.

On the other hand, S. Bochner introduced a Kahler analogue of the
Weyl conformal curvature tensor by purely formal considerations, which
is now well known as the Bochner curvature tensor [5]. A geometric
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meaning of the Bochner curvature tensor is given by D. Blair in [1]. By
using the Boothby-Wang’s fibration [6], M. Matsumoto and G. Chiiman
constructed C-Bochner curvature tensor [10] from the Bochner curva-
ture tensor. In [7], H. Endo defined E-Bochner curvature tensor as
an extended C-Bochner curvature tensor and showed that a K-contact
manifold with vanishing E-Bochner curvature tensor is a Sasakian man-
ifold.

A K-contact manifold is always a contact metric manifold, but the
converse is not true in general. Thus, it is worthwhile to study C-
Bochner curvature tensor and E-Bochner curvature tensor in contact
metric manifolds. Extending the result of H. Endo[7] to a (k, pt)-manifold
we prove the following

THEOREM 1.1. A (k, u)-manifold with vanishing E-Bochner curva-
ture tensor is a Sasakian manifold.

Then, we draw several corollaries of this result to N (k)-contact metric
manifolds [15], the unit tangent sphere bundles [4], N (x)-contact space
forms (8] and (k, u)-space forms [9].

In [12] and [14], contact metric manifolds satisfying R(X,£)-S =0
are studied. Motivated by these studies, we classify non-Sasakian (&, u)-
manifolds with C-Bochner curvature tensor B satisfying B (£, X)-S = 0.
In fact, we prove the following

THEOREM 1.2. Let M?**! be a non-Sasakian (k, ;1)-manifold. If the
C-Bochner curvature tensor B satisfies B (¢, X) - S = 0, then we have
one of the following:

(i) M?"*1 is flat and 3-dimensional;

(ii) M2 js locally isometric to E™1(0) x S™(4);
(iii) M2"*! js an n-Einstein manifold,
(iv) M?"+1 js a 3-dimensional Einstein manifold.

In a recent paper [13], N(x)-contact metric manifolds satisfying R(X,
Y)- B = 0 are studied. Hence, we classify N(k)-contact metric manifolds
satisfying B (¢, X) - R = 0. In fact, we prove the following

THEOREM 1.3. Let M?>"*! (n > 1) be an N(k)-contact metric man-
ifold. If the C-Bochner curvature tensor B satisfies B(£,X) - R = 0,
then either M?"t1 js a Sasakian manifold or M2+ s locally isometric
to the sphere §2"+1 (1).

In the last, motivated by studies of contact metric manifolds satisfy-
ing R(X,€)-R = 0 ([12, 14]), we consider N (k)-contact metric manifolds
satisfying B (£, X) - B = 0. In fact, we prove the following
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THEOREM 1.4. Let M?**! be an N (k)-contact metric manifold. Then
the C-Bochner curvature tensor B satisfies B (§,X) - B = 0 if and only
if M+ js a Sasakian manifold.

2. Contact metric manifolds

A (2n +1)-dimensional differentiable manifold M is called an almost
contact manifold if either its structural group can be reduced to U (n) x 1
or equivalently, there is an almost contact structure (¢, &,n) consisting
of a (1,1) tensor field ¢, a vector field £, and a 1-form 7 satisfying

(1) *=-I+n®¢ and (oneof) 7€) =1, 9&=0, nop=0.

An almost contact structure is said to be normal if the induced almost
complex structure J on the product manifold M x R defined by

@) 7 (X, A%) - (@( - A&,n(X)gz)

is integrable, where X is tangent to M, ¢ the coordinate of R and X a
smooth function on M xR. The condition for being normal is equivalent
to vanishing of the torsion tensor [¢, ] + 2dn ® £, where [p, ¢] is the
Nijenhuis tensor of . Let g be a compatible Riemannian metric with
(p,&,7), that is,

(3) 9(X,Y) = g(pX,pY) +n(X)n(Y)
or equivalently,
(4) 9(X,9Y)=—g(¢X,Y) and g(X,§)=n(X)

forall XY € TM. Then, M becomes an almost contact metric manifold
equipped with an almost contact metric structure (p,&,7,9).

An almost contact metric structure becomes a contact metric struc-
ture if

(5) g(X, oY) =dn(X,Y), X,YcTM.

In a contact metric manifold, the (1, 1)-tensor field h is symmetric
and satisfies

(6) h&=0, ho + ph =0, VE = —p — ph, trace(h) = trace(ph) = 0,
where V is the Levi-Civita connection.

A normal contact metric manifold is a Sasakian manifold. An almost
contact metric manifold is Sasakian if and only if

(7) Vxp=Ry (¢, X), XeTM,
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while a contact metric manifold M is Sasakian if and only if
8) RIX,Y)e=Ry(X,Y)¢&, X,YeTM.

A contact metric manifold is called a K -contact manifold if £ is a Killing
vector field. An almost contact metric manifold is K-contact if and only
if V€ = —p. A K-contact manifold is a contact metric manifold, while
converse is true if A = 0. A Sasakian manifold is always a K-contact
manifold. A 3-dimensional K-contact manifold is a Sasakian manifold.
Thus, a 3-dimensional contact metric manifold is Sasakian if and only if
h=0.

The (k, p)-nullity distribution N(k,p) ([4, 12]) of a contact metric
manifold M is defined by

N(”’v :u') P Np(ﬁhu)
={U € T,M | R(X,Y)U = (kI + ph)Ro(X,Y)U}

for all X,Y € TM, where (k,u) € R2. A contact metric manifold
with £ € N(k,p) is called a (k, u)-manifold. For a (k, p)-manifold, it
follows that h? = (k — 1) % This class contains Sasakian manifolds
for Kk =1 and h = 0. In fact, for a (k, u)-manifold, the conditions of
being Sasakian manifold, K-contact manifold, x = 1 and h = 0 are all
equivalent. If 4 = 0, the (, u)-nullity distribution N(x, u) is reduced
to the x-nullity distribution N(k) ([15]). If £ € N(k), then we call a
contact metric manifold M an N(k)-contact metric manifold. For more
details we refer to [3].

3. (K, p)-manifolds with vanishing E-Bochner curvature
tensor

In [10}, Matsumoto and Chiiman defined the C-Bochner curvature
tensor in an almost contact metric manifold as follows:

9)

B(X,Y) =R(X,Y)~ M4

20 + 4 2n+4{R°(QY’X)
— Ry (QX,Y) + Ro (QpY, pX) — Ry (QuX, ¢Y)

+29(QeX,Y)p+29(pX,Y)Qp +n(Y) R (QX,§)

+11(X) Ro (6,QY) } - 2R By (g, )
m

s 1Y) Ro (€ X) +n(X) Ro (V,€)}

Ry (Y, X) +

+29(eX,Y)p} +
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where () is the Ricci operator, r is the scalar curvature and m = g;‘ig

For a (k, )-manifold M?"+1 we have

(10) R(Xay)gz(ﬁl'f‘/ih)RO(XaY)&)
which is equivalent to
(1) R(€ X) = Ro (€, (<I + ph) X) = —R(X,£).
In particular, we get
(12) R(§X) €& =r(n(X)§ — X) — uhX = —R(X, §)¢.
From (9), (10), and (11), it follows that
(13) BEYIE= (2 k) Rox v,
1) Bex) =R (& (2 ) x) = -Bx.0).
Consequently, we have
(15)  B(§X)E= 2—%;71)(n(X)£—X>—uhX=—B<X,£)£,
(16) n(B(X,Y)§) =0,
(a7 (B X)¥) = 25D (g () (V) + g (X, Y).

In [7], H. Endo extended the concept of C-Bochner curvature tensor
to E-Bochner curvature tensor as follows:

B*(X,Y)Z=B(X,Y)Z-n(X)B(,Y)Z
Then, he showed that a K-contact manifold with vanishing E-Bochner
curvature tensor is a Sasakian manifold. Now, we prove Theorem 1.1.

Proof of Theorem 1.1. Let M*"*! be a (k, u)-manifold. If E-Bochner
curvature tensor of M2"*! vanishes, then from (15) and (18), we have

(18)

(19) 0= B (X, 6 =-B(X,¢ = 2" ()¢~ X) - whx,
which, in view of h? = (k — 1) ©?, implies that
(20) h? = Mh.

2
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Taking the trace of (20), we obtain
(21) 0 = trace (h?) =2n (1 — k).
From (21), we have k = 1. Thus, M?"*! becomes Sasakian.

COROLLARY 3.1. An N(k)-contact metric manifold with vanishing
E-Bochner curvature tensor is a Sasakian manifold.

The unit tangent sphere bundle T3 M equipped with the standard
contact metric structure is a (, u)-manifold if and only if the base man-
ifold M is of constant curvature ¢ with k = ¢(2 — ¢) and p = —2¢ ([4]).
In case of ¢ # 1, the unit tangent sphere bundle is non-Sasakian [16]. We
denote by T1 M (c) the unit tangent sphere bundle of a space of constant
curvature ¢ with standard contact metric structure. Then, applying
Theorem 1.1 to T3 M (c), we have

COROLLARY 3.2. If T1 M (c) is of vanishing E-Bochner curvature ten-
sor, then ¢ = 1.

In an almost contact metric manifold, if X is a unit vector which is
orthogonal to £, we say that X and ¢ X span a p-section. If the sectional
curvature ¢ (X) of all p-sections is independent of X, we say that M is
of pointwise constant (-sectional curvature. If an N(k)-contact metric
manifold M is of pointwise constant ¢-sectional curvature ¢, then we
say it an N (x)-contact space form M(c). The curvature tensor of M(c)
is given by [8].

AR(X,Y)Z = (c+3){g(V,2) X —g(X,2)Y}
+ (= 1) {n(X)M(2)Y —n(Y)n(Z2)X
+n(Y)g(X,2)€§ —n(X)g (Y, 2)¢
+9(9Y, 2)pX — g(pX, Z)pY — 2(pX,Y)pZ}
+ 4(k = 1) {n(Y)n(2)X — n(X)n(Z)Y
+n1(X)g (Y, 2) ¢ —n(Y)g (X, Z) €}
+ 4{g(hY,2) X — g(hX,Z)Y
+g(Y,Z2)hX — g(X,Z)hY
+ n(X)n(Z)RY —n(Y)n(Z)hX
+ n(Y)g (hX, Z) € —n(X)g (Y, Z) £}
+ 2{g(hY,Z)hX — g(hX,Z)RY
+9 (phX, Z) phY — g (phY, Z) phX }

for all X,Y,Z € TM, where c is a constant on M if dim (M) > 3.

(22)
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Now, applying Theorem 1.1 to an N(k)-contact space form, we are
able to state the following

COROLLARY 3.3. An N(k)-contact space form with vanishing E-
Bochner curvature tensor is a Sasakian space form.

Let M be a (2n + 1)-dimensional (k, y)-manifold (n > 1). If M has
constant (-sectional curvature c then it is called a (k, u)-space form and
is denoted by M(c). The curvature tensor of M (c) is given by [9]

R(X,Y)Z
= czg{g(Y,Z)X—g(X’ZW}
+ 2 (2(X,0Y)9Z + g(X,0Z) pY — g(Y,90Z) o X}

4
c+3 -4k

+——— (X)m(2)Y —n(Y)n(2)X
+9(X, Z)n(Y)¢ — g (Y, Z) n(X)¢}

+ % {g(RY,Z)hX — g(hX,Z)hY

+9 (phX, Z) phY — g (phY, Z) ph X}

+9(PY, 0Z)hX — g(pX,pZ) hY

+g(hX,Z) %Y — g(hY, Z) p*X

+ p{n(Y)In(2)hX — n(X)n(Z)RY

+g (hY, Z)n(X)§ — g (hX, Z)n(Y )&}

forall X,Y,Z € TM, where c+ 2k =—-1=x — pif Kk < 1.

Now, applying Theorem 1.1 to a (k, u)-contact space form, we are
able to state the following

(23)

COROLLARY 3.4. A (k, p)-contact space form with vanishing E-Boch-
ner curvature tensor is a Sasakian space form.

REMARK 3.5. Theorem 1.1, Corollary 3.1, Corollary 3.2, Corollary 3.3
and Corollary 3.4 are valid for vanishing of C-Bochner curvature tensor
also.

4. (K, p)-manifolds satisfying B (£,X)-S =0

Before proving Theorem 1.2, we give some results and a brief intro-
duction to n-Einstein (k, u)-manifold.
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LEMMA 4.1. [4] In a non-Sasakian (k, u)-manifold M?"+1, the Ricci
operator () is given by
(24) Q=2(mn—-1)—np)I+(2(n—1)+up)h+(2(1—n)+n(2c+p))NE.
Consequently, the Ricci tensor S is given by
(25) SX,Y)=Q2n-1)-nu)g(X,Y)+(2(n—-1)+p) g (hX,Y)
+21=n)+n2c+p)n(X)n().
We also recall the following theorem due to D. Blair.

THEOREM 4.2. [2, 3] A contact metric manifold M*'*! satisfying
R(X,Y)¢ = 0 is locally isometric to E"*1(0) x S™(4) for n > 1 and flat
forn=1.

THEOREM 4.3. [15] If an N (k)-contact metric manifold of dimension
> 5 is Einstein, then it is necessarily Sasakian.

We also need the following definition.

DEFINITION 4.4. [11] A contact metric manifold M is said to be 7-
Einstein if the Ricci operator ) satisfies

Q=al+M&¢,
where a and b are smooth functions on the manifold. In particular, if

b =0, then M is an Einstein manifold.

Now, we prove Theorem 1.2.

Proof of Theorem 1.2. Let M?™*! be a non-Sasakian (x, u1)-manifold.
If Kk = 0 = p, then from (10), we have R(X,Y){ = 0, which in view of
Theorem 4.2 implies that M2?" ! satisfies one of the statements (i) and

(ii). Now, we assume that x and p are not simultaneously zero. From
(25), we have

S(hX,Y)= (2(n—1) —nu)g (hX,Y)
~ (k-1 2Mn-1)+p)g(X,Y)
+ (k-1 2n-)+p)nX)nl),

where we have used no h = 0, h2 = (k — 1) 9% and (3). The condition
B(£,X)-S =0 gives

(27) S(B(X)Y,§)+S(Y,B(§,X)§) =0.
In view of Q¢ = 2nké&, we get
(28) §(X,€) = 2nkn (X),

(26)
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which implies that
(29) S(B(§X)Y,§) =2nsn(B(§,X)Y),
Using (17) in the above equation, we get

. + 2D (g (6, v) ~n(xIn(v).
In view of (15) and (28), we have
gy SEENEN) - = () (v)
_ .2___51“;21) S(X,Y) - uS (hX,Y).
From (27), (30), and (31), we have
2(k—1) _dnk (k- 1)
()  nyz oY= e(Y)

+ 2npg (hX,Y) — pS (hX,Y).
Finally, from (25), (26), and (32), we have

(33) S(X,Y)=ag(X,Y)+bm(X)n(Y),
where
(s —Dns+(n+2)2n - 1) +pp)  p2+np)2(n—1) —npu)
o= n+2 2(n—1)+u

2(k—1) _ p(2+np) ’

n+2 2(n—1) +pu

(5 = D0 — 1) + @) + (2 4+ ) (n(2 + 1) — 2(n — 1)))

- 2(n-1)+p
B8 o= 2—1) s m)

n+2 2(n—-1)+p

Thus, if 4 # 0, then M?"*! is an »-Einstein manifold, which is the
statement (iil). If 4 = 0 and k # 0, then in view of (34), we get b =0
in (33); thus M?"*! becomes an Einstein manifold. Moreover, if n > 1,
in view of Theorem 4.3, we conclude that M?"*! is Sasakian, which is
a contradiction. Therefore we have the statement (iv). This completes
the proof.

In view of Theorem 1.2, we are able to state the following two coro-
laries.
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COROLLARY 4.5. Let M?"*! be a non-Sasakian N (k)-contact metric
manifold of dimension > 5. If the C-Bochner curvature tensor B satisfies

B(¢,X)-S =0, then M1 js Jocally isometric to E™"1(0) x S™(4).

COROLLARY 4.6. Let M?"*! be a non-Sasakian N (k)-contact metric
manifold with n > 1 and k # 0. Then, the C-Bochner curvature tensor
B never satisfies B(£,X) -8 =0.

5. N(k)-contact metric manifolds satisfying B ({,X)-R =0

In an N(k)-contact metric manifold M?"*!, we have

(35) R(X,Y)¢ = kRo(X, V)£,

(36) R(£,X) = xRy (6, X) = ~R(X,£).
Consequently,

@7 BxY)e=2""Urx vy,
(38) B, x) = 2=V (e, x) = —B(X,9).

n+2
Proof of Theorem 1.3. The condition B (£, X) - R = 0 gives
0=[B(§X),R(Y,2)]§-R(B({,X)Y,Z2)§ - R(Y,B({,X) 2)¢,

which in view of (38) provides

0= 28" (X, R, 2) O (R D) X ~ g (XY R(E,2)¢
+0(Y)R(X,2)€ - g (X, Z) R(Y,€) € +n(Z) R(V, X) €
—n(X)R(Y,Z)€+ R (Y, Z) X}
Using (36), we get
20D (R (v, 2) - sBo(y, 2)) = 0
Therefore, either k = 1 or
(39) RY,2)X =r(g(X,2)Y — g(X,Y) Z).

It is well known that, except for the flat 3-dimensional case, a contact
metric manifold of constant curvature is Sasakian and of constant curva-
ture +1. Therefore, in view of (39), M is locally isometric to the sphere
S§?7+1(1). Thus, the proof is complete.
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REMARK 5.1. If the N(x)-contact metric manifold is assumed to be
complete and simply connected, then in the Theorem 1.3, local isometry
is replaced by global isometry.

6. N(k)-contact metric manifolds satisfying B (§, X)-B =0

This section is devoted to the proof of Theorem 1.4.
Proof of Theorem 1.4. The condition B (£, X) - B = 0 gives

which in view of (38) provides

0= —25::21) {g(X,B(Y,2)6)¢ —n(B(Y,2)) X —g(X,Y)B(£,2)¢

+n(Y)B(X,2)—g(X,Z)B(Y,§)¢+n(Z)B(Y,X)¢
-n(X)B(Y,2)¢£+B(Y,Z2)X}.
Using (37), we get
2(k—1 2(k—1
% (R(Y, Z) — T;TQ))RO(Y’ Z)) =0.
Therefore, either k =1 or
2(k—1)
(n+2)
Contracting Y in the above equation, we conclude that
2(k—1)
(n+2)

which gives £ = 1. Thus in the both cases M?"*! is a Sasakian manifold.

Conversely, if M?"*1 is a Sasakian manifold, then in view of (38) we
have B ({,X)- B =0.

B(Y,2)X = (9(X,2)Y —g(X,Y)Z).

0= (2ng (X, 2)),
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