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ON CERTAIN CLASSES OF MULTIVALENT
FUNCTIONS INVOLVING A GENERALIZED
DIFFERENTIAL OPERATOR

CHELLIAN SELVARAJ AND KUPPATHAI A. SELVAKUMARAN

ABSTRACT. Making use of a generalized differential operator we intro-
duce some new subclasses of multivalent analytic functions in the open
unit disk and investigate their inclusion relationships. Some integral pre-
serving properties of these subclasses are also discussed.

1. Introduction and preliminaries

Let A, denote the class of functions f(z) of the form
(1) F) =2+ a.t, (peN={1,2,3,..}),
n=1

which are analytic and p-valent in the open unit disk U = {z : z € C and
|z] < 1}. For functions f given by (1) and g given by

g(z) = 2P + Z b 2Pt

n=1

the Hadamard product (or convolution) of f and g is defined by

(Feg)2) =2+ anbyrt™.

n=1
Given two functions f and g, which are analytic in U, the function f is said
to be subordinate to g in U if there exists a function w analytic in U with
w(0) =0, Jw(z)]<1 (z€0),

such that
f(z) =g(w(z)) (2€0).
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We denote this subordination by f(z) < ¢g(z). Furthermore, if the function g is
univalent in U, then f(2) < g(2) (2 € U) < f(0) = ¢g(0) and f(U) C g(U).

Let P denote the class of analytic functions h(z) with h(0) = 1, which are
convex and univalent in U and for which R{h(z)} > 0 (z € U).

Analogous to the operator defined recently by Selvaraj and Santhosh Moni
[6], we define an operator Di’ o on A, as follows:

For a fixed function g € A, given by

(2) g(z) = 2P+ byt (b, >0, peN={1,2,3,...}),
n=1

D3, f(z) : Ay — A, is defined by

DY, f(2) = (f % 9)(2),

D3y f(2) = (L= N *9)() + S 2((f 9)(2)'
3) D3, f(2) = DL (DI 1(2)).
If £(2) € A,, then we have

oo n 8
6 n
(4) D;  f(z) =2+ Z (1 + p> Apbp 2P,

n=1

where § € Ny = NU {0} and A > 0. It easily follows from (3) that

(5) %(Di,gf(z))’ = D35 (@) = (1= ND3,f(2).

Throughout this paper, we assume that p,k € N, g}, = exp(%)7 and

k—1
6 g = S G DI = A+ (FEA)
=0

Clearly, for kK = 1, we have
£21(Nsg:2) = D3 ,f(2).

Making use of the operator Di of (z), we now introduce and study the fol-
lowing subclasses of A, of p-valent analytic functions.

Definition. A function f € A, is said to be in the class Sg’k(/\;g;h), if it
satisfies

2(D3 ,f(2))
pf2 (A g;2)

where h € P and fgyk()\;g; z) #0 (z €U).

(7) <h(z) (z€D),
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Remark 1.1. If we let
0=0 and g(z):zp lf’m(alr"7al;ﬂl7"'aﬂm;z)7

then Sg}k()\;g; h) reduces to the function class Szl)’zl(al; h) introduced and in-
vestigated by Zhi-Gang, Wang Yue-Ping Jiang, and H. M. Srivastava [10].

Remark 1.2. If we let

§=0 and g(z) =2+ Z ((Z))nzp+",
n=1 n

then Sg,k(/\; g; h) reduces to the function class T}, i (a, ¢; h) introduced and in-
vestigated by N-Eng Xu and Ding-Gong Yang [7].

Remark 1.3. Let
1+2
o) = h(z) = 1
Then SP4(X;g;h) = Si. The class S} of functions starlike with respect to
symmetric points has been studied by several authors (see [3], [5], [9]).

Definition. A function f € A, is said to be in the class Kf)’k()\;g;h), if it
satisfies

2(D3 4/ (%))

for some ¢(z) € Sg’k(/\; g; h), where h € P and wg’k(/\; g;z) # 0 is defined as in
(6)-

Definition. A function f € A, is said to be in the class Cg’k(a, A;g;h), if it
satisfies

2(DS _f(2)) 2(DS  f(2)))
N 90 VAN 2 W0 G}
ey (Nigiz) by (Nigi2)

for some o (v > 0) and p(z) € S]‘j’k()\;g; h), where h € P and (wg,k()\;g; 2)) #
0.

=< h(z) (z €U)

We need the following lemmas to derive our results.

Lemma 1.4 ([1]). Let 8 (8 # 0) and v be complex numbers and let h(z) be
analytic and convex univalent in U with R{Bh(z) +~v} > 0 (z € U). If q(z) is
analytic in U with q(0) = h(0), then the subordination
2q'(2)
2)+ —F~——=<h(z) (€U
o)+ T <) (e )
implies that

q(z) < h(z) (z€N).
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Lemma 1.5 ([2]). Let h(z) be analytic and convezr univalent in U and let w(z)
be analytic in U with R{w(z)} > 0 (z € U). If q(z) is analytic in U with
q(0) = h(0), then the subordination
q(2) +w(2)zq'(2) < h(z) (2 €T)
implies that
q(z) < h(z) (z€0).
Lemma 1.6. Let f(z) € Sg’k(/\;g;h). Then
2(f (N g5 2))
Pl (i g; 2)

Proof. For f(z) € A,, we have from (6) that

(10) < h(z) (z€l).

k—1
, 1 . _
fﬁ,k(A;g;Eiz) =% Z €k pDi,gf(Ek 2)
m=0

gip kb , -
= % Z €; (mﬂ)pDi,gf(&?k )

m=0

:Eipfg,k:(A;g;Z% (.76{07177]6_1})

and
=
1
(fp k(>‘agv Z))/ = % Zé‘i( p)(Di gf(siz))’
=0
Hence
Z(f{f,k(k;g; 2)) 1 k-l Ef;(l_p)z(D‘;\,gf(giz))’
phNgz) ki pf)i(Ngiz)
k—1 _j ) J ’
e.2(D €
(11) _ % kz( )\,gf( kz)) (Z c U)

j=0 Pf;f,k(A;g;EiZ)
Since f(z) € Sgk()\;g; h), we have

Eiz(Digf(s‘,iz))’
pfy k(X gie42)

(12) < h(z) for j€{0,1,...,k—1}.

Noting that h(z) is convex univalent in U, from(11) and (12) we conclude that
(10) holds true. O
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2. A set of inclusion relationships

Theorem 2.1. Let h(z) € P with

(13) %%@ﬂ>1—§ (zeU;A> 1).

If f(z) € 83 (Ng;ih), then f(2) € 85, (Xig;h) provided f3,(X;g;z) # 0
(z € ).

Proof. By using (5) and (6), we have
(14)

k—
(=N 2, (\i g5 2)+ (fpmg, f%Z SPDIEf(E]2) = [ (A g 2).
7=0

Let f(z) € ng(}\;g; h) and
(N g:2)
pfp’k;( 7.97 Z)
Then w(z) is analytic in U, with w(0) = 1, and from (14) and (15) we have

o+1
A g; 2
(16) 17A+Aw(yfi—i—il.
or(Nigiz)
Differentiating (16) with respect to z and using (15), we get
’ o+1 X\ gz /
(17) w(z) + zw'(2) (f (A g52))

RN +pu(z) f5+1(>\ 9:2)

From (17) and Lemma 1.6 we note that
zw'(2)

RA =) +pw(z)

In view of (13) and (18), we deduce from Lemma 1.4 that

(19) w(z) < h(z) (2 €N).

Suppose that

(18) w(z) + < h(z) (z€U).

EC W,
pfx(N g5 2)
Then ¢(z) is analytic in U, with ¢(0) = 1, and we obtain from (5) that
1
@) e = 3086 + (121 )Pl
Differentiating both sides of (20) with respect to z, we get

Z(f,f,k(k;g;Z))’) )= DY)

, 1
@G () TR e = S
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Now, we find from (14), (15) and (21) that

e ) APy
(22) q(z) + 2(1=X) 4 pw(z) B pflf:};l(/\;% z)

since f(z) € Sl‘ff,gl()\;g; h). From (13) and (19) we observe that

< h(z) (z€0),

9%{];\(1 —)) +pw(z)} > 0.

Therefore, from (22) and Lemma 1.5 we conclude that
q9(z) <h(z) (2€U)
which shows that f(z) € Sg’k(/\; g; h). O

Theorem 2.2. Let h(z) € P with
1
(23) R{h(z)} >1- X (z€U; A >1).

If f(z) € Kz;l()\;g; h) with respect to p(z) € ng,rcl(/\;g;h), then f(z) €
ICg’k()\;g; h) provided gog’k()\;g; z) #0 (z € U).

Proof. Let f(z) GICgfkl()\; g; h). Then there exists a function ¢(z) Gngcl()\; g;h)
such that

2D (2))

(24)
Pt (i g; 2)

< h(z) (z€0).

An application of Theorem 2.1 yields ¢(z) € Sgk()\; g; h) and Lemma 1.6 leads
to

2(0° (A g;2))
(25) p() = NGRS ey
Pe) 1 (A g5 2)
D5,
P (N gi2)
By using (5), ¢(z) can be written as follows

- %Di;lf(z) + (1 — i\)Di,gf(z).

Differentiating both sides of (26) with respect to z and using (14) (with f
replaced by @), we get

(26) @D (N g3 2)a(z)

zq'(2) z(ijglf(z))’

(27) DT TN+ pute) Pt (N g 2)
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Now, from (24) and (27) we find that
2q'(2)
RO =X +pi(2)
Combining (23), (25) and (28), we deduce from Lemma 1.5 that
q(z) <h(z) (2€U)
which shows that f(z) € leLk()\;g; h) with respect to ¢(z) € Sg’k()\;g; h). O

(28) q(z) + < h(z) (z€l).

Corollary 2.3. Let0<a <1, -1<B<A<L1 and

(29) h(z) = (iigi)a (z € ).

—1
If A< [1 - (tg)a] , then Sg;l()\;g; h) C SS,,@()\;g; h) and Kg;l()\;g; h) C
K3 w (A g h).

Proof. The analytic function h(z) defined by (29) is convex univalent in U (see
[8]), h(0) = 1 and h(U) is symmetric with respect to real axis. Thus h(z) € P
and

1-A\“ 1+ A\“
< | —— h P U;0 <1l;-1<B<A<L1).
0_(1_3) < R{ (Z)}<(1+B> (2€U;0<a<l;-1<B<AL])
Hence, by using Theorems 2.1 and 2.2 we have the corollary. ]
Corollary 2.4. Let 0 < a <1 and
2 1+az)\\’
h(z) =1+ =1 — .
(30) (=) +ﬂ_2< 0g<1_\/&)> (z € )

If) < 7T;(arctan Va) 72, then Sg:};l()\; g;h) C Sg’k(/\; g;h) and ICgIl(A; g;h) C
/ngk()\;g; h) (z € U).

Proof. The function h(z) defined by (30) is in the class P (cf. [4]) and satisfies
h(Z) = h(z). Therefore,

R{h(=)} > h(—1) =1 — %(arctan Va)? > % (€U;0<a<1).

Hence, by Theorems 2.1 and 2.2 we have the desired result. [
Theorem 2.5. Let 0 < a1 < ag. Then
Ch w2, s gih) € C) (o, As g h).

Proof. Let f(2)€ Cg’k(ag, A; g; h). Then there exists a function ¢(z)e Sg’k()\; g;h)
such that

(31) (1—az) - <h(z) (z€0).

2(D3 ,f(2)) N (2(D3 ,f(2)))
ped(Ngiz) | p(ed L (Nigi2))
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Suppose that
D3I
) (A g5 2)

Then ¢(z) is analytic in U, with ¢(0) = 1. Differentiating both sides of (32) we
get

(32)

Bulig) D5, F)
(33) ale) + @ g2 T T bl (N gia)

Now, using (31), (32) and (33) we deduce that

(34) q(z) + w(2)zq'(2) < h(z),
where 5
W 2(5 (g5 2))\
wlz) = 2( 02 (A g; 2) ) '

In view of Lemma 1.6 and ay > 0, we observe that w(z) is analytic in U and
R{w(z)} > 0. Consequently, in view of (34), we deduce from Lemma 1.5 that

(35) q(z) < h(z).

Since 0 < £ <1 and since h(z) is convex univalent in U, we deduce from (31)
and (35) that

2(D3 ,f(2)) (2(D3 ,f(2)))
1
ped 1 (As g3 2) p(@) (A g5 2))
2(D? 2)) 2(D? 2N
L (g IO GO ()
a Pe) x(Ai g5 2) (@) k(A g5 2)) g
=< h(z).
Thus f(z) € ngk(al, A; g; h) which completes the proof of Theorem 2.5. O

(1 — Cul)

3. Integral operator

Theorem 3.1. Let h(z) € P and

R{h(z)} > max {0, —ngc)} (z e ),

where ¢ is a complex number such that R(c) > —p. If f(z) € S;ik()\;g; h), then
the function

(36) F(z) = 2 /Oztc_lf(t)dt

ZC

is also in the class Sgk()\;g;h), provided that ng(}\;g;z) #0 (0 < |z] <1)
where ngk(/\;g; z) 1is defined as in (6).
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Proof. Let f(z) € Sg’k(/\;g;h). Then from (36) and R(c) > —p, we note that
F(z) € A, and

(37) (c+p)DS o f(2) = eD  F(2) + (D3 ,F(2))".

Also, from the above, we have

k—1
1 . , . .
(c+ p)fzf)k()\; g;2) = z Z e, ’? (cDi)gF(efcz) + Efcz(D‘fMgF(afcz))’)
j=0

(38) = cF2 (N gi2) + 2(F (N g5 2)) .

2(FS e (X g5 2))
PE (X g5 2)
Then w(z) is analytic in U, with w(0) = 1, and from (38) we observe that

£21(X5g;2)
E (N g3 2)

w(z) =

(39) pw(z) +c= (c+p)

Differentiating both sides of (39) with respect to z and using Lemma 1.6, we
obtain
2w’ (2) Z(fik(k;g;Z))’

(40) w(z) + (o) +e = pf;f,k(kag; 2 < h(z).

In view of (40), Lemma 1.5 leads to w(z) < h(z). If we let
2D, F(2))
zZ) = 5 ,
PEp (N1 g:2)
then ¢(z) is analytic in U, with ¢(0) = 1, and it follows from (37) that

c+p

(41) F2(Ngi2)a(z) = D3 f(z) - gDi,gF(z»

Differentiating both sides of (41), we get

2(F2 (N g5 2))
(% g5 2)

2D, f () 2D F ()
PE)(Nigiz)  pFy(Nigiz)

2q'(z) + q(z) = (c+p)

or equivalently,

2(D3 4/ (%)

(42) 2 (2) + (pw(2) + ¢)q(z) = PR Ngio)
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Now, from (39) and (42) we deduce that

(2)+ 2q'(z2)  c+p Z(Di,gf(z))/
1 pw(z) +c  pw(z) +c ng,k()‘;g; z)
(D3, F()
pfy (N g5 2)
(43) < h(z), because f(z) € Sg,k()\;g; h).

Combining, R{h(z)} > max{(),f%} and w(z) < h(z) we have R{pw(z) +
¢} >0 (zel).

Therefore, from (43) and Lemma 1.5 we find that ¢(z) < h(z), which shows
that F(z) € Sgk()\;g; h). O

By applying similar method as in Theorem 3.1, we have:

Theorem 3.2. Let h(z) € P and
R{h(2)} > max {0, —mz(f)} (€U %) > —p).
If f(2) € /Cg,k()\;g; h) with respect to p(z) € Sl‘ik()\;g; h), then the function

Flz) = P /ZtC*lf(t)dt

C
z 0

belongs to the class ICg’k(/\;g; h) with respect to

Glz) = <P /0 = Lg(t)dt,

ZC
provided that Gg’k,()\;g;z) #0 (0< ]zl <1).
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