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Abstract 

 
The problem of characterizing a distribution is an important problem which has recently attracted the 

attention of many researchers.  Thus, various characterizations have been established in many different 

directions.  An investigator will be vitally interested to know if their model fits the requirements of a 
particular distribution.  To this end, one will depend on the characterizations of this distribution which 

provide conditions under which the underlying distribution is indeed that particular distribution.  In this 

work, several characterizations of Randomly Censored Generalized Exponential (RCGE) distribution are 

presented. These characterizations are based on: ( ) conditional expectation of certain functions of the 

random variable , (  ) a single function of the random variable, (   ) the hazard function of the random 

variable.  

 

 
 

1. INTRODUCTION 

Characterizations of distributions are important to many researchers in the 

applied fields.  An investigator will be vitally interested to know if their model fits 

the requirements of a particular distribution.  To this end, one will depend on the 

characterizations of this distribution which provide conditions under which the 

underlying distribution is indeed that particular distribution.  Various 

characterizations of distributions have been established in many different directions. 

In this work, several characterizations of Randomly Censored Generalized 

Exponential (RCGE) distribution are presented. These characterizations are based on: 

( ) conditional expectation of certain functions of the random variable , (  ) a single 

function of the random variable, (   ) the hazard function of the random variable.  

For a detailed treatment of the RCGE distribution, we refer the interested reader to 

Danish and Aslam , -. 

In , - , the authors take the random variables   and   to be two independent 

random variables with        (cumulative distribution functions)   ( ) and   ( )  
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such that 

    ( )  *    ( )+
   

where     is a constant. Then, they choose the independent random variables   

and    as follows: 

    ( )  (    ( ))(    ( ))  

 and 

   (   )  

 where   ( ) is     of    

Assuming that   and   are positive continuous random variables, the joint 

     (probability density function) of    and   is given by (see , -, page 49, ( )) 

    (   )    ( )*    ( )+
                    (1.1) 

Choosing      ( )     (     )  (      )
 

, we have from (   ) 

    (         )    (      )
   

    2  (      )
 
3
 

               

(1.2) 

The     and      of   are 

  (       )  (   )  (      )
   

    2  (      )
 
3
 

      (1.3) 

 and 

  (       )    2  (      )
 
3
   

             (1.4) 

A random variable with     and     given by (   ) and (   ), respectively, 

is called RCGE random variable. 
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2. CHARACTERIZATIONS 

  

In this section, several characterizations of RCGE distribution are presented. 

These characterizations are based on: ( ) conditional expectation of certain functions 

of the random variable , (  ) a single function of the random variable, (   ) the 

hazard function of the random variable. 

 

2.1.  Characterization based on the conditional expectation  

In this subsection we present characterizations of       given by (   ) in 

terms of conditional expectation of certain function of the RCGE random variable.  

We like to mention here the works of Glänzel and Hamedani , - and Hamedani 

,   - as well as references therein, in this direction. Our characterization results 

presented in this subsection will employ a special version of an interesting result due 

to Glänzel , - (Theorem 2.1.1 below). 

THEOREM 2.1.1.  Let (     )   be a given probability space and let  

  ,   -   be an interval for some     

(                                  )  Let        be a continuous 

random variable with the distribution function   and let    be a real function 

defined on   such that 

 , ( )    -   ( )             

is defined with some real function    Assume that      ( )      ( ) and   is 

twice continuously differentiable and strictly monotone function on the set    

Finally, assume that the equation       has no real solution in the interior of    

Then   is uniquely determined by the functions   and     particularly 

 ( )  ∫  
 

 

 |
  ( )

 ( )   ( )
|    (  ( ))    

where the function     is  a solution of the differential equation    
  

   
  and    

is a constant, chosen to make ∫  
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REMARK 2.1.2.  In Theorem 2.1.1, the interval   need not be closed. 

PROPOSITION 2.1.3.  Let     (   ) be a continuous random variable 

and let   ( )  2  (      )
 
3 for    (   )   The     of   is (   )  if 

and only if the function   defined in Theorem 2.1.1 has the form  

 ( )  
   

   
2  (      )

 
3          (   )    

PROOF.  Let   have     (   )  then 

 , ( )    -  
   

   
2  (      )

 
3            (   )  

 and 

 ( )   ( )   
 

   
2  (      )

 
3              (   )  

Conversely,  if     is given as above, then 

  ( )  
  ( )

 ( )   ( )
 

(   )      (      )
   

*  (      ) +
         (   ) 

 and hence 

 ( )   (   )  2  (      )
 
3          (   )  

 Now, in view of Theorem 2.1.1,     has       (   ) and     (   )  

COROLLARY 2.1.4. Let      (   )  be a continuous random variable  

The      of   is (   ) if and only if there exist functions   and   defined in 

Theorem 2.1.1 satisfying the differential equation 

  ( )

 ( )   ( )
 

(   )      (      )
   

*  (      ) +
         (   )  

 

REMARKS 2.1.5.  ( ) The general solution of the differential equation in 

Corollary 2.1.4 is 

 ( )  2  (      )
 
3
 (   )

[ ∫   ( )(   )       (      )
   

 2  (      )
 
3
   

    ]  
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 for    (   ) , where     is a constant.  One set of appropriate functions is 

given in Proposition 2.1.3 with       

( )  Clearly there are other pairs of functions  (   ) satisfying the conditions 

of Theorem 2.1.1.  We presented one such pair in Proposition 2.1.3. 

 

2.2.  Characterization based on conditional expectation of single function of 

the random variable 

 

In this subsection we employ a single function   of   and characterize the 

distribution of   in terms of the conditional expectation of  ( )  The following 

propositions have already appeared in our previous work, so we will just state them 

here for the sake of completeness. 

PROPOSITION 2.2.1.  Let       (   ) be a continuous random variable 

with       .  Let  ( ) be a differentiable function on (   ) with  

       ( )   .  Then for      ,  

 , ( )    -    ( )       (   )  

if and only if 

 ( )  (   ( ))
 
 
  

       (   ) 

PROPOSITION 2.2.2. Let      (   ) be a continuous random variable with  

     . Let   ( ) be a differentiable function on  (   ) with         ( )   .  

Then for       , 

 ,  ( )    -      ( )       (   ) 

 if and only if 

  ( )  ( ( ))
 
  

  
       (   ) 
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REMARKS 2.2.3.  ( )   For   ( )  2  (      )
 
3

(   )(   )

 
    

(   ) , Proposition 2.2.1 will give a        ( )   given by  (   )   ( )   For  

  ( )  {  2  (      )
 
3
   

}

    
  

     (   ) , Proposition 2.2.2 will give 

a        ( )  given by  (   )  

  

2.3.  Characterization based on hazard function 

 

For the sake of completeness, we state the following definition. 

DEFINITION 2.3.1.   Let     be an absolutely continuous distribution with 

the corresponding            The hazard function corresponding to     is denoted 

by     and is defined by 

  ( )  
 ( )

   ( )
                                                 (     ) 

 where          is the support of    . 

It is obvious that the hazard function of twice differentiable function satisfies the 

first order differential equation 

  
 ( )

  ( )
   ( )   ( )  

where   ( )   is an appropriate integrable function.  Although this differential 

equation has an obvious form since 

  ( )

 ( )
 

  
 ( )

  ( )
   ( )                     (     ) 

for many univariate continuous distributions  (     )   seems to be the only 

differential equation in terms of the hazard function.  The goal of the characterization 

based on hazard function is to establish a differential equation in terms of hazard 

function, which has as simple form as possible and is not of the trivial form  (     ) .  

For some general families of distributions this may not be possible.  Here, we present 
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a characterization of a RCGE distribution based on a nontrivial differential equation 

in terms of the hazard function. 

PROPOSITION 2.3.2.   Let      (   ) be a continuous random variable.  

The       of      is  (   ) if and only if its hazard function    ( )  satisfies the 

differential equation 

  
 ( )  

 

 (   )
  
 ( ) 2(      )

  
(     )     3                (     ) 

PROOF.  If     has       (   ) , then clearly  (     )  holds.  Now, if  

(     ) holds, then 

  
  ( )

  
 ( )

 
 

 (   )
{
     0  (      )

 
1

(      ) 
}  

 from which we have 

 

  
(

 

  ( )
)  

 

  
[

 

  (   )
   (      )

    
0  (      )

 
1]  

 or 

  ( )    (   )    (      )
   

0  (      )
 
1
  

       (     ) 

Integrating both sides of  (     )  from     to    , we arrive at 

   (   ( ))   (   )  .2  (      )
 
3/  

From the last equality, we obtain 

   ( )  2  (      )
 
3
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